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Abstract

In this paper the notion of b#D-sets is introduced. Some weak separation axioms namely

b* — Dy, b* — Ro, b*-R; and b%-S; are introduced and studied. Some lower separation axioms
are characterized by using these separation axioms.
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1 Introduction and Preliminaries

In the year 1996, Andrijivic 1] initiated the study of b-open sets in topology. Recently Usha
Parameswari et.al.[6] introduced the notion of b*-open sets and b#-closed sets. The concept of
D-sets was introduced by Tong [5] using open sets and some separation axioms are studied using
this notion. Following this Keskin and Noiri [2] introduced the notion of bD sets and their properties
are investigated. In this paper, the notion of b#D sets and the associated separation axioms are
investigated. Some new types of separation axioms namely b#-Rg, b¥-R1, b#-S; are also introduced
using b#-closure operator. The relationships with analog concepts that are available in the literature
of topology are discussed.

Throughout this paper X denotes a topological space on which no separation axiom is assumed.
For any subset A of X, cl(A) denotes the closure of A and int(A) denotes the interior of A in X.

Definition 1.1 A subset A of a space X is said to be
(i) b-open [1] if A C cl(int(A)) Uint(cl(A)).
(i3)b* -open [6] if A = cl(int(A)) Uint((cl(A)).
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The complements of b-open and b#-open sets are respectively called b-closed and b#-closed sets.

Definition 1.2 [4] A subset A of a topological space X is called a bD-set if there are U,V €
bO(X,7) such that U # X and S=U —V.

Definition 1.3 [J] A collection mx of subsets of X is called a minimal structure on X (briefly
m-structure) if $ € mx and X € mx.

Definition 1.4 [3] A collection u of subsets of X is called a supra topology on X if ¢, X € u and
w is closed under arbitrary union in which case (X, ) is called a supra topological space or supra
space.

The collection B of subsets of X is a supra basis for some supra topology p on X if every non
empty member of y is a union of members of B. The collection of b#-open sets in (X, 7) is a supra
basis for a supra topology on X. We identify this supra topology on X by 7# induced by 7. The
members of 77 are called supra®-open sets in (X, 7).

The intersection of all b#-closed sets of X containing A is called the b#-closure of A denoted
by b#cl(A) and the union of all b#-open sets in X contained in A is called the b*-interior of A
and is denoted by b#int(A). The notations bO(X,7), bC(X, ), b*O(X,7), b*C(X,7), bD(X,T)
respectively denote the family of all b-open sets, b-closed sets, b#-open sets, b#-closed sets, bD-sets
in X.

2 b"-T}, Spaces

Recently Usha et.al., introduced b#-T}, Spaces. In this section these separation axioms are further
investigated.

Definition 2.1 [7] Let (X, 7) be a topological space. Then X is said to be

(i).6% Ty if for any two distinct points x and y of X there exists a b*-open set G such that
(xeGandy¢ G)or (ye G andz ¢ G).

(ii).b7 -T} if for any two distinct points x and y of X there exist b¥ -open sets G and H such
that v € G but y ¢ G andy € H but x ¢ H.

(iii).b% -Ty if for any two distinct points x and y of X there exist disjoint b¥ -open sets G and
H such that x € G andy € H.

Proposition 2.2 Let X be a topological space. If X is b7 -Ty, then every singleton subset of X is
supra® -closed in (X, ).

Proof.

Suppose that X is b*-Ty and x is any point in X. Let y € X — {x}. Then x # y. Therefore there
exists a b -open set U such thaty € U but x ¢ U. Thus for each y € X — {x}, there exists a b¥ -
open set Uy such that y € U, C X — {x}. Therefore | J{Uy : y # x} C X — {x} which implies that
X —{z} =U{U, : y # x}. This implies that X —{x} is supra™-open and so {z} is supra® -closed.
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Theorem 2.3 (X, 7) is b*-Ty if and only if b*cl {z} = {x} for every x € X.

Proof. Assume (X,7) is b#-Ty. Fiz x € X. Fory # z, there exist a b¥-open set H with y € H,
x ¢ H that implies HN{x} = ¢. This proves that y ¢ b*cl{x} for everyy # x. Therefore b cl {x}
= x. Suppose b#cl{x} = {z} for every x € X. Let x #vy. Theny ¢ b#cl{x}. Then there exist a
b -open set H withy € H,x ¢ H. Also y # x implies x ¢ b cl {y}. Then there exist a b¥-T}-open
set G with x € G, y ¢ G. Therefore (X, ) is b*-T}.

Theorem 2.4 Let X be a topological space. Consider the following statements.

(i) X is b%-Ty.

(ii) Given xo, for x # xo in X, there is a b -open set U in X containing xo such that x ¢
b#cl(U).

(iii) For each x € X, ({7 cl(U): U is b*-open in X containing z = {x}. Then the implications
(i) = (ii) < () hold.
Proof. To prove (i) = (ii). Assume X is b%-Ty. Fiz 29 € X. Let x # xg. Since X is a b*-Ty,
there exist disjoint b -open sets U and V such that xo € U and x € V.. Then X —V is b¥ -closed.
Then U C X — V. Since X —V is b -closed, b#cl(U) C X — V. Ifx € b#cl(U) thenz € X =V
which is not possible. Therefore x ¢ b#cl(U). Now to prove (ii) = (iii). Suppose that for each
x # y, there exist a b¥-open set U such that x € U and y ¢ b#cl(U). Then N {b#cl(U): U is
b#-open in X containing x = {x}. (iii) = (i) follows easily.

Remark 2.5 The implication (iii) = (i) of Theorem 2.4 does not hold as given in the following
example.

Example 2.6 In the real line R, for a < b, [a,b] is b -open, (a,b) is b¥-closed and all other
intervals are neither b¥-open nor b¥ -closed. By Example 4.10 of [G], it is easy to see that the
conditions (ii) and (i) holds in R, but R is not b* -Ts.

Definition 2.7 A topological space (X, 7) is called b* -symmetric if for all x and y in X, x €
b#cl(y) implies y € b¥cl(x).

Proposition 2.8 If X is b¥-symmetric and b¥#-T,, then X is b#-Ty.

Proof. Let xz,y be such that x # y. Since X is b#-Ty, there is a b¥-open set U such that
v €U C X —{y}. Then x ¢ b#cl({y}). Since X is b¥ -symmetric, y ¢ b*cl({z}). Therefore there
is a b¥ -open set V such thaty € V. C X — {x}. This shows that X is b¥-T}.

3 b#*D-Sets

Definition 3.1 A subset S of a topological space X is called a b# D-set if there are b¥-open sets
U,V such that S =U —V, U is a proper subset of X.

It follows that every proper b#-open subset S of X is a b#D-set and a b#D-set need not be
b#-open. In particular, the empty set is a b#D-set and the whole set X is not a b#D-set. Therefore
the collection of all b#D-sets is not a minimal structure 4] on X. The family of all b#D-sets of X
is denoted by b# D(X, 7). The next example shows that a b# D-set need not be b*-open.
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Example 3.2 Let X = {a,b,c} and T = {¢,{a},{b},{a,b},X}. Thenb”O(X,7) ={¢,{a,c},{b,c}, X}
and b* D(X, 1) ={¢,{a},{b},{a,c},{b,c}}. Then itis clear that {a} is a b* D-set but not b -open.
Also the set {a,c} is both a b* D-set and a b* -open set.

Remark 3.3 Every b# D-set is a bD-set. But, the converse is not true as seen from the next
example.

Example 3.4 Let X = {a,b,c} and 7 = {¢,{a},{c},{a,c},X}. Then b*D(X,7) = {¢,{a,b}}
and bD(X,7) = {¢,{a},{b},{c},{a,b},{a,c},{b,c}}. Then it is clear that {a} is a bD-set but
not a b# D-set.

The following implication diagram holds.
b-open <b#-open
U I
bD-set <b#D-set

Definition 3.5 A topological space (X, T) is said to be

(i) b -Dy if for any pair of distinct points x and y of X there exists a b* D-set of X containing
x but not y or a b¥ D-set of X containing y but not .

(ii) b% -Dy if for any pair of distinct points x and y of X there exists a b* D-set of X containing
x but not y and a b¥# D-set of X containing y but not x.

(iii) b*-Dy if for any pair of distinct points x and y of X there exist disjoint b* D-sets F' and
G of X such thatx € F andy € G.

Proposition 3.6 For a topological space (X, 1), the following properties hold

(i) If (X,7) is b -Ty, then it is b* -Dy,, for k = 0, 1, 2.

(ii) If (X, T) is b7 -Dy,, then it is b¥-Dy_q, for k = 1,2.
Proof. (i) follows from the fact that every proper b* -open subset S of X is a b D-set. (ii) Suppose
(X,7) is b7 -Dy. Let x # yinX. Since X is b*-Dy, there exist b* D-sets G and H such that x € G
buty ¢ G andy € H but x ¢ H. Clearly x € G but y ¢ G ory € H but x ¢ H. Therefore (X,7)
is b -Dy. Suppose (X,T) is b#-Dy. Let v # yinX. Since X is b*-D; there exist disjoint b* D-sets
G and H such that x € G andy € H. Clearly x € G but y ¢ G and y € H but x ¢ H. Therefore
(X, 7)isb?”-D;.

Remark 3.7 The next examples show that the converses in the above proposition are mot true.

Example 3.8 Let X = {a,b,c} and 7 = {¢,{a},{b},{a,b},X}. b¥O(X,7) ={¢,{a,c},{b,c}, X}
and b* D(X, 1) = {¢,{a},{b},{a,c},{b,c}}. Then (X,7) is b*-D; but not b*-T}.

Example 3.9 Let X = {a,b,c} and 7 = {¢,{a},{c},{a,c},X}. b7 O(X,7) ={¢,{a,b},{b,c}, X}
and b* D(X, 1) = {¢,{a},{c},{a,b},{b,c}}. Then (X,7) is b*-Dy but not b*-T;.
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Proposition 3.10 A space (X, ) is b*-Dy if and only if it is b* -Ty.

Proof. Suppose that (X,7) is b#-Dy. Let x # y in X. Since X is b*-Dy, there is a b¥ D-set
G with x € G and y ¢ G. Since G is a b# D-set we have G = U; — Uy where U # X and
Uy,Uy € b#O(X, 7). Then we have two cases : Case(i) y ¢ Uy where Uy is b¥ -open with x € Uy
and y ¢ Uy. Case (ii) y € Uy and y € Uy where Uy is b -open with y € Uy and x ¢ Us. Thus
in both the cases, (X, 7) is b*-Ty. Conversely, if (X,7) is b*-Ty, by Proposition 3.6(i),(X,7) is
b#-D.

Proposition 3.11 A space (X, 7) is b*-Dy if and only if it is b*-Ds.

Proof. Suppose that (X, 7) is b*-Dy. Let x # y in X. Since X is b¥-D;, there exist b¥ D-sets
G1,Gy in X such that x € Gy, y ¢ G1 and y € Go,x ¢ Ga. Since Gy and G are b# D-sets we have
Gi1 = Ui — Uy and Gy = Us — Uy, where Uy, Us,Us and Uy are b¥-open sets in X. Then z € Gy
implies x € Uy and x ¢ Us. Since y ¢ Gy we have Case (i) : y ¢ Uy Case (i) : y € Uy and y € Us.
Now y € Gy implies y € Us and y ¢ Uy. Since v ¢ Ga, we have case (iii) x ¢ Us case (iv) x € Us
and x € Uy. From case(i) and (iii), x € Uy — Uz and y € Us — Uy implies (U; — Us) N (Us — Uy)
= ¢. From case (i),x € Uy — Uy implies (Uy — Uz) N Uz =¢. From case (w), x € Us — Uy implies
(Us — Uy) N Uy =¢. Therefore (X, ) is b -Dy. Converse follows from Proposition 3.6(ii).

Corollary 3.12 If (X,7) is b*-D; then it is b* -Ty.
Proof. Follows from Proposition 3.6(ii) and Proposition 3.10.

Lemma 3.13 Let (X, 7) be a topological space and x € X. Then (i) if A is regular closed then A
is b -open. (i) if A is reqular open then A is b¥ -closed.

Proof. If A is reqular closed then A = cl(int(A)) that implies cl(A) = cl(int(A)) and int(cl(A))
= int(cl(int(A))) C cl(int(A)). (ie.) int(cl(A)) Ucl(int(A)) = cl(int(A)) = A. This proves (i). If
A is reqular open then X — A is reqular closed that implies X — A is b#-open and A is b¥-closed.
This proves (ii).

Proposition 3.14 Let x # y in (X, 7). Suppose there exists reqular closed sets G and H such that
(i))ze€G,y¢G (or)ye H, x ¢ H.
(i) r€G,y¢Gandye H, x ¢ H.
(i) reG,y¢ G, yeH, x¢ Hand GNH = ¢. Then
a) if (i) holds for any pair of distinct points x and y of X then (X, T) is b™-Tj.
b) if (ii) holds for any pair of distinct points x and y of X then (X,7) is b¥-Ty.
¢) if (i) holds for any pair of distinct points x and y of X then (X, T) is b¥ -Tj.
Proof. Follows from Lemma 3.13.

4 b"-R;-Spaces
In this section, separation axioms namely b#-Ry and b#-R; are introduced and characterized.

Definition 4.1 A topological space (X, T) is called b* -Ry if for every b -open set U, b¥#cl({z}) C U
forallz e U.
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Example 4.2 Let X = {a,b,c} and 7 = {¢,{c},{b},{a,b},{b,c},X}. Then v¥O(X,7) =
{¢,{c},{a,b}, X} and b*C(X) = {¢, X, {a,b},{c}}. It can be proved that (X,T) is b*-Ry.

Example 4.3 Let X = {a,b,c} and T = {¢,{a},{b},{a,b},X}. Thenb*O(X,7) ={¢,{a,c},{b,c}, X}
and b*C(X) = {¢, X,{a},{b}}. It can be proved that (X, T) is not b*-Ry.

Definition 4.4 A space X is a b%-Ry if for any x,y in X with b*cl {x} Nb¥cl{y} =¢, there exist
disjoint b* -open sets U and V such that b*cl {z} is a subset of U and b*cl {y} is a subset of V.

Proposition 4.5 If (X,7) is b*-Ry, then (X, ) is b -Ry.

Proof. Suppose (X,7) is b*-Ry. Let U be b*-open such that x € U. If y ¢ U, since x ¢ b¥cl {y},
we have b¥cl {x} # b cl{y}. So, there exists a b* -open set V such that b*cl{y} CV and z ¢ V
implies y & b cl {x}. Thus b¥cl{z} C U. Therefore (X,T) is b -Ry.

Theorem 4.6 Let X be a topological space. Then the following statements are equivalent. (i) X
is b*-Ry. (i) Any two distinct points of X are b -symmetric.

Proof. Suppose X is b#-Ry and x # y. Let z € b¥cl({y}) and U be any b¥ -open set such that
y € U. Then x € U. Since X is b*-Ry, every b¥-open set containing y contains x. This implies
y € b cl({z}) and therefore (X, T) is b¥ -symmetric. This proves (i) = (ii). Conversely suppose X
is b -symmetric. Let V be a b -open set such that x € V. Ify € b¥cl({x}) then x € b¥*cl(y). This
implies V N {y} = ¢. That isy € V. Therefore b*cl({x}) C V for every x € V. This proves that
X is b*-Ry. Therefore (ii) = (i).

The notions of b#-symmetric and b#-R, are equivalent from Definition 2.7 and Theorem 4.6.

Proposition 4.7 A topological space (X,T) is b*-Ry if and only if for every point z,y in X,
b#cl{z} # b7l {y} implies b cl {x} Nb¥cl {y} =¢.

Proof. Suppose that (X,7) is b*-Ry. Let x,y € X such that b#cl{x} # b¥cl{y}. Then, there
exists z € X with z € b*cl{x} and z ¢ b cl {y}. There exists V € b#O(X) such thaty ¢V, z €V,
x € V. Therefore x ¢ b#cl {y}. Thus x € [X —b¥cl{y}] which implies b¥cl{x} C [X — b¥*cl{y}]
and b#cl{x} N b*cl{y} =¢. Conversely, let V € b#O(X) and z € V we have to show that
b#cl{z} CV. Lety ¢ V. This impliesy € X —V. Then x # y and x ¢ b¥cl{y}. This shows
that b cl {x} # b#cl {y}. Since b¥cl{x} Nb#cl{y} =¢, y ¢ b*cl{x} and b¥cl{x} C V. Therefore
(X,7) is b*-Ry.

Proposition 4.8 If (X,7) is b#-Ry then for x,y € X with b*cl{x} N b¥cl{y} =¢ there ewist
b#-closed sets Fy and Fy such that © € Iy, y¢EF,yeFy, x¢ Fy and X = F; U Fy.

Proof. Suppose (X,7) is b”-Ry. By Definition 4.4, for any z,yinX with b%cl {x} N b*cl {y}
=¢, there exist disjoint b¥ -open sets U and V such that b*cl{z} C U and b¥cl{y} C V. Taking
complement, X —b%cl{z} DX —U and X —b#cl{y} DX —-V. Let X - U =F, and X -V =
Fy. That is Fy C X —b*cl{x} and Fy C X — b*cl{y}. This shows that x € Fy, y & Fy, y € Fy,
x ¢ Fy. ThenUNV = ¢ implies X = Fy U F.
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Proposition 4.9 Suppose (X, 7) is b*-Ry. Then for every x and y with x € X — b*cl {y},x and
y have disjoint b¥ -open neighbourhoods.

Proof. Assume (X,7) is b"-Ry. Fiz x #y. Let v € X —b*cl{y}. Then b*cl{x} # b*cl{y}. By
using Proposition 4.7, b*cl{z} Nb#cl{y} =¢. Since (X,7) is b*-Ry, b*cl{x} and b¥*cl{y} have
disjoint b¥ -open neighbourhoods. This implies x and y have disjoint b¥ -open neighbourhoods.

5 b7-Sy-Spaces

In this section we introduce a new separation axiom b#-Sy and it is characterized with other
separation axioms.

Definition 5.1 A topological space (X,T) is b*-Sy if b7 cl(A) is b -closed for every subset A of X.
The example for a space which is b#-S is given below.

Example 5.2 Let X = {a,b,c} and 7 = {¢,{a,c},{b,c},{b},{c},X}. Thenb?C(X,7) ={9,{b},{a,c},X}.
It can be proved that (X, T) is b*-Sy.

The next example shows that there is a space which is not b#-Sj.

Example 5.3 In the real line R with the standard topology, each open interval (a,b) is b*-closed

where a [ b. All other non-empty intervals are not b¥-closed. Let A = (f%, %) Then by Example

6.6 of [6], b7 cl {0} = {0} is not b* -closed. This shows that the set of real numbers R with standard
topology is not b#-Sy.

Theorem 5.4 Suppose (X, 7) is b*-Sy. Then (X,7) is b" -1y if and only if {x} is b -closed for
every x € X.

Proof. Suppose (X, ) is b*-T\. Then by Theorem 2.3, b*cl{X} = {z}. Since (X, 7) is b*-Sy, it
follows that {x} = b#cl{X} is b¥-closed. Now Suppose {x} is b*-closed for every x € X. Then
b#cl{X} = {z} for every x € X. Again by Theorem 2.3, (X,7) is b% -T}.

Theorem 5.5 X is b#-Sy if and only if b*int(A) is b* -open for A C X.

Proof. Assume X isb#-Sy. Then b*cl(A) is b* -closed for every subset A of X. Taking complement,
X —b#cl(A) is b -open that implies b*int(X — A) is b” -open. This shows b int(A) is b -open for
A C X. The proof for the converse is analog.

Theorem 5.6 If (X, 7) is b -Ry and b*-Sy then every b*-open set is a union of b* -closed sets.
Proof. Suppose (X,7) is b*-Ry and b*-Sy. Let U be a b*-open set. Since (X, T) is b¥-Ry,
b#cl{X} C U for every x € U. This implies U = J{b#cl{X}: 2 € U}. Since (X,7) is b*-Sy,
b#cl { X} is b7 -closed for every x € X. Therefore U is a union of b¥-closed sets.

Proposition 5.7 If a topological space (X,T) is b*-Ty, b -Ry and b¥-Sy space then it is b* -Ty.
Proof. Let x and y be two distinct points of X. Since X is b*-Ty, there exists a b -open set U
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such that x € U and y ¢ U. Since v € U and y ¢ U we have b*cl{X} C U and y ¢ b*cl{X}.
Take V =X —b#cl{X}. This impliesy € V and x ¢ V. Since X is b*-Sp, b cl {X} is b¥ -closed
and V is b#-open. Therefore there exist b*-open sets U and V containing x and y respectively,
such that y ¢ U and x ¢ V. This implies that X is b* -T}.

Theorem 5.8 Let (X,7) be b*-Sy. Then the following are equivalent.

(i) (X, 7) is b*-Ry.

(ii) For any F € b#C(X), x ¢ F there exists U € b#O(X) with F CU and x ¢ U.

(iii) For F € b*C(X), x ¢ F the condition F Nb#cl{x} holds.

(iv) For any x # vy, either b cl {z} = b#cl{y} or b¥cl{x} Nb¥cl{y} =¢.
Proof. To prove (i) = (ii). Suppose (X,7) is b¥-Ry. Let F € b#*C(X), x ¢ F. Therefore
v € X—F. Since X —F is b"-open and (X,7) is b -Ro, b7 cl{x} C X—F. Take U = X —b%cl {z}.
Since X is b¥-S0, b cl {z} is b -closed and U is b* -open. Clearly x ¢ U and X — b#cl{x} D F.
Therefore F C U. Now to prove (ii) = (iii). Suppose F € b#C(X), x ¢ F there exists U € b# O(X)
with F CU andx ¢ U. Since U € b*O(X), UNb¥cl {x} =¢ and therefore FNb¥cl{x} =¢. Neat to
prove (iii) = (). Suppose that for any x # y, b*cl {x} # b#cl{y}. Then there exists z € b¥cl {x}
such that z ¢ b#cl {y} and therefore z ¢ b¥cl {x}. Also there exists V € b*O(X) such thaty ¢ V,
z €V and x € V. Therefore we have x ¢ b¥cl{y}. By assumption, b¥cl{z} Nb¥cl{y} =¢. To
prove (i) = (i). Suppose that for any x # y, b#cl {x} Nb#cl {y} =¢. Let V € b#O(X) andx € V.
For any x # y, x € b¥cl{y}. This implies b*cl{x} # b¥cl{y}. Since b¥cl{x} Nb#cl{y} =¢
forye X —V, b#cl{z} N (UyeX—V b cl {y}) =¢. Also V € b#O(X) and y € X —V implies
b#cl{y} € X — V. Therefore X —V = Uyex—v vl {y} and (X — V)N (b7cl{z}) = ¢. This
implies b¥cl {z} CV and (X,7) is b¥-Ry.
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