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Abstract

I focus in this text on the construction of functions f; with the delta property C; (f;) = d;,;, where C; are operators
which associate to a function its i-th raw moment. A formal method for their construction is found, however results are
divergent, from what a non-existence of such functions is conjectured. This also prevents an elegant series expansion
with order-by-order moment matching. For a finite interval some partial results are presented: a method of expansion
into raw moment series for finite number of moments and a “non-delta” method based on computing Legendre-expansion
coefficients from moments. As by-product some coefficients formulas are found: coefficients for expanding a Hermite
function into the Taylor series and coefficients for expanding into the Taylor series an element of a Fourier series (i.e.
common formula for sine and cosine) thus formally merging the two (sine and cosine) Fourier sub-series into one.

1 Introduction

An approximation is often based on matching an infinite set of numbers {¢;} which characterizes the function to be
expanded (I will denote it g) by some different, well chosen function form. Let {C;} be a set of functionals

If C; is linear then the most efficient way of constructing an expansion is:

e Find a set of functions {f;} having the delta property with respect to {C;}
dij = Ci (f3)

e Construct the approximation A, as sum

K3

Ag = Zcifi = Zci (9) fi-
The approximation A, has the same characterization as g:
Ci (4q) = C; chfj
J
= Z CjCi (f])
J
=D ¢ibi
J
=c;

=Ci(g)
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In this text the characteristic numbers are raw moments

b
en(g) =my (g) = / z"g (z) dx.

It seems this is an interesting and active field of mathematics with many people involved in the so-called “moment problem”.
Here a notice should be made: in this text g can be an arbitrary function with appropriate properties (integrable, etc...)
which is too loose for statistics. A statistical probability needs to be always positive and this is not guaranteed for g.
Therefore the link with statistics in this text might be limited.

2 Orthonormal function approach

2.1 Interval (-1,1) and finite intervals

A finite interval in the moment computation can be seen as equivalent to a moment computed over the whole real axis
for a function which is non-zero only on some limited interval. Then the recipe for constructing functions with the delta
property is as follows. Starting with

b
/ " frn (2) dz = O

one expands both, 2™ and f,, () into series of (some) orthonormal functions {P;} (in the L? metrics).

/G[Zankpk [melpl
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What does the last line mean? In the matrix notation it can be rewritten as

1=ab"

or, in other words, if {a;} are the coefficients which express how 2™ is built from Py (x), then the coefficients {b,} are
their inverse (up to a transpose), i.e. they encode how Pj, () is expanded into z™. This is usually a know information for
many common cases, it is the power expansion of the orthonormal system {P;}. The approximation of g can be written

as oo
("T) = Z M fn
n=0
with

oo
n — § wl,nP)l (.f)
1=0
where w; ,, are such that
o0
= E 'LUmeL'k
k=0

One can notice an interesting property which I would call “fractal composition™ the same coefficients (with exchanged
indices) are used twice in the summation
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Now the bad news: it seems such summations do not converge.

2.2 Using Legendre polynomials

The best known orthonormal system on the interval (—1, 1) is the system of normalized Legendre polynomials
2 1
Lo(2) = \| TP (@)

k=0

n nt+k—1
= 20 2 ).
we= (1) (%)

Summation in (2) implies that also the “inverse” summation in the first term of (1) is finite. The coefficients w, ) take

the form -
o2n+1 n) [ntk=Ll

k= on 2 ).

w2 (1) (72

One might construct functions with the delta property f, progressively, by defining the number of terms in the series

where P, are Legendre polynomials

with

N
frjlv = Z wk’nﬁk (ZL') .
k=0

It might be easy to show (presumably at = 1, where the value of all Legendre polynomials is 1) that the limit N — oo
does not exist, the function values tend to infinity (in many points). The “small good news” is that fY keeps the delta
property for m < N, i.e.

1
/ 2™ N (z) dx = 6y for m < N.
-1

All £19 functions are shown in Fig. (1). The behavior of the f4¥ functions with increasing N is shown in a quasi-logarithmic
plot sig(f2) x In (1 + }fQND in Fig. (2). It seems the functions £ () gain more and more variations as N increases and
therefore one may assume that even a shape-limit for these functions does not exist.

2.3 Moment expansion in situation where order of approximation is known in advance

If one desires to match N raw moments {m;} " of a function g, m; = f_ll x'g (z) dx, the recipe is as follows:

e Construct functions fN—1!

N-1
= Z wg,n Ly (),
k=0
where i
2k +1_, (K (o=t
=1/ =2 2 3
won =) (] ®
and
Ly (z) = Z Wk, m @
m=0
2k +1
= P,
5 i (2)
with Py, (z) being the Legendre polynomials.
e Construct the approximation A, (x)
N-1
Agil( )= meJN—l
3=0

w



Figure 1: Plots of the £!° functions, n =0, ..., 10.
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Figure 2: Behavior of the functions f2, f5, f4° and f2° shown in a quasi-logarithmic plot. Lines represent
sig(f2)In (1+ | £2"]).
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Figure 3: Functions /z, exp (x), sin (z) and In (x + 2) approximated by moment and Taylor series with 11 terms.

Approximations of four functions! /z, exp (), sin(x) and In (z + 2) with 11 moments matched, together with Taylor
series of the identical length (value and 10 derivatives matched) are shown in Fig. (3). For any finite polynomial both,
moment expansion (based on Legendre polynomials) and Taylor series, give an exact approximation. Therefore T omit the
22 function which I usually include in my other texts and replace it with /z. Graphs are shown on a grater interval than
(=1,1), it is assumed that for many functions the approximation may hold also in some neighborhood of this interval.
The method is integral-based and therefore there are hopes for convergence also in cases of non-analytic functions (e.g.

V).
2.4 Non-delta approach

Numerical results suggest that for an arbitrary high (but fixed) N a valid approximation quv can be constructed for many
common functions. It seems the “infinite” functions f, = f° can be combined so as to give finite results. Maybe one
could define some finite linear combinations of these functions

-Fn = ch,ufu

n my texts I usually chose In (z + 1), which is however inappropriate in the current settings: all higher moments could be computed but
not the zero-order one.




and use those in expansion. Clearly, functions F,, loose the delta property

- ch,uci (fu)

= § Cn,u(si,u
u

= an-

= i-th moment of F,,

Question of moment matching arises. What is the i-th moment of a series of F,, functions?

Oi (i )\n]:n>
n=0

n=0

o
= § Ancn,i

n=0

One wishes to match this moment to a fixed moment m; given in advance

00
m; = E Cn,i/\n-
n=0

This should be seen as a condition on A, coefficients ¢, ; are interpreted as fixed. In matrix notation
m=c'\
SO
A= (cil)T m.
Let me summarize the recipe:
e One has functions F,, defined as linear combinations of (infinite) functions f,, via mixing matrix ¢y, .

e One has moments m,; of a function g to be approximated.

e One computes coefficients \,, as

Ap = 2 (cfl)im m;

K3

e The moment expansion of g can then be written as
Ag (@) =D AnFn, (4)
n=0

where one needs to keep in mind that this approximation is not “order-by-order” but holds in the limit of large
number of terms.

2.5 Example of a non-delta approach

A clever person might invent its own, original version of the mixing ¢, ,. I will try the most obvious one where 7,
functions are scaled Legendre polynomials. One has

fn = Zwk,nﬁk (Jf)
k=0

or, in the matrix language

f=w"L,



where the coefficient w are given by (3). So

or

leading to one concrete realization of the mixing

Let me recall the computation of A

- E wn ’Lml

This is probably not a very surprising result: we are in the standard “Legendre expansion”, with moments related to the
expansion coefficients in a straightforward way as shown by the following computation

an/l g (z) Ly, (z)dx

-1

:/ dz g (x anzx

= Zw,”/ g (z) z'de
7 -1
= Z Wn, 11

Well, a different choice of the mixing ¢, , is still an open possibility. The important question for using this approach in
analytic formulas for moment expansion is: Am I able to compute (analytically) the sum ), wy im;?

2.6 Using Fourier series

I was maybe wrong claiming the Legendre polynomials as being the most famous orthonormal system on (—1,1). It might
actually be the system of trigonometric functions as appearing in the Fourier series

1
V2
The “problem” with this system is that it is usually written as two series, sine and cosine. To get the knowledge of the

wy,n, coefficients one needs to have a general expression giving the dependence of the k-th function on ™. With some
work one can succeed and merge the two series into one:

sin (nmwz), cos(nmx), n=1,2,3,...

% for k=0

tr () = < sin (%171'1') for k=1,3,5,....

S

cos (%7‘(‘37) for k =2,4,6,...
Here is the general power expansion for tx:
= Z wk:,nxnv
n=0
where
%5,6’“ for k=0
k
Wh,n = T4iy/T) T T (e ) 5
" Re <\/: Z\/:) *(=157)) for k >0 ©)

n!



with | | denoting the floor function.
The “general theory” tells us that we should build the functions f.¥ as

fN<)—ZN: t (x)
n X)= We,nlk (T) .
k=0

Numerical computations lead to a deception: functions £ does not seem to have the delta property for any fixed N (and
m), neither seem to approach this property with increasing N. For some reason the construction of “delta” function fails,
presumably it is associated with some inappropriate order changing of integral and infinite summation which appears in
formulas following the expression (1). Momentum matching approximation based on the Fourier series seems to be an
impasse.

The non-delta approach for Fourier series follows from

w= [ swne
/ 11 9 () i -
. iwk / 11 g (x)a"

oo
= E Wi, nMn
n=0

with wy, ,, given by (5). This approach also fails (numerical observation).

2.7 Finite interval (a,b)

On a general interval (a,b) one needs to scale everything properly. System of orthonormal functions on such interval is

written as
2 2 b
Ogla,b) (x) — On <b — a+ ) ’

b—a —a b—a

where {O,,} represents an orthonormal system on (—1,1). One needs to determine the coeflicients wﬁff’b). A brute-force
computation gives

a 2 2 a+b
O (x) = aon (b—axb—a)

2 2 a+b\"
_b—azw"’k<b—ax+a—b)
00 k k—j J
2 k 2 a+b k—j
e () (2) (55 -

oo k k—
2 k 2 T /la+b 1 q
ey ) ) ()




If I assume the infinite sum can be re-arranged?, then

2 \?/a+b\"1
(a,b) q
On"" (2) ( )(ba) (ab) ac
=0 k=

| & k 2\ fa+ b\
= q
Zank(k_q)(b_a) L
k=q

q=0
o0
_ (a;b) .q
- an’q x
q=0

So one has

_i k 2\ fa+b\*"
N Wn.k k—q b—a a—b
k=q

I did no numerical computation for a general interval (a,b), I have no numerical results supporting or dismissing the

validity of the last formula.

With a system of orthonormal functions and with coeflicients wgf’qb), one can proceed in a way identical to the (—1,1)

case.

2.8 Infinite interval (—oo, 00): unsuccessful attempt

One well know system of orthonormal function on the interval (—oo,00) are Hermite functions
z2

Vo () = (2"nIV7) 2 T Hy (2),

where H,, are Hermite polynomials
% (—1)" L2 dh e
n=(=1)"e" —e " .
dz™

The tricky thing is to find the coefficients w,, , appearing in power expansion of the Hermite functions

o0

Uy, (x) = Z Wy .

k=0

It is a technical task and the result is
1
Wp k= (2”n!ﬁ) 2

K= > DV b, o)
j=k—2| %]

__ (2(z)h
2(k—7-[5])]"

B = {0 for k >n

H, 1 else
0 if n and k have a different parity
Hyp = nl(—1) B ok .
' W if n and k have the same parity

Now one can proceed mechanically, functions with the delta property should be built as

[eS)
= Z wn,kwrr
n=0

2In an infinite triangle with elements indexed by k, ¢, ¢ < k rows were summed. Now summing the same triangle by columns.




Numerical computation show that this construction does not work. The cut-off functions f,iv (z) seem not to exhibit any
delta property and seem not to approach the delta property with increasing N.
I also tested the “non-delta” approach on the (—oo, 00) interval using the standard normal distribution®

1 22

g(z) = \/72?6_7-

The method is identical to the non-delta approach on a finite interval (4) where I chose 1, as functions in the approximation
series

Ag (2) = Anthn.
n=0

Coefficients A,, are given by
oo
An = Z WM,
i=0

with m; moments to be matched and w, ; given by (6). Attempt leads to a failure: approximation seems to diverge.

3 Conclusion, Summary

Ideas and results presented in this text are rather disappointing because it seems that functions with the delta property
(with respect to the moment expansion) cannot be found. Some practical recipes are proposed for finite interval: Given
a sequence of numbers {m;} (interpreted as moments) one can build approximation in two ways:

e One fixes the number of moments to match to a finite number {m;} then constructs cut-off functions with the

delta property and builds the series as described in section (2.3).

i<N?

e Omne computes (if clever and lucky) Legendre-expansion coefficients from moments and performs standard expansion
into the orthogonal basis of the Legendre polynomials, see sections (2.4,2.5).

Besides, I constructed two possibly interesting coefficients formulas (5) and (6) which seem not to be common in the
literature. The first one allows to formally merge sine and cosine series of a Fourier series into one series, the second one
represents the Taylor expansion of the Hermite functions.

Finally I ask myself whether something new with respect to the “moment problem” was presented. Probably not. Yet,
if there would be a way to deduce from the Legendre coefficients positiveness of the Legendre expansion then a direct link
from moments to conclusion about existence and uniqueness of the corresponding probability distribution could be made:

[{mi}] < [An - anml &

Ag(x) = Z ALy (x) is positive on (—1,1)| <+ Ay is a unique probability distribution
n=0

where the uniqueness follows from the uniqueness of the L? expansion into the Legendre polynomials.

30ne of rare common functions with all moments defined and easily computable on the whole real axis.
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