Question 446 : 7 as sum of arctangents

Edgar Valdebenito

abstract

This note presents some formulas of pi in terms of sum of arctangents.

1. Introduction.

Examples of 7 as sum of arctangents (Machin’s formulas)

2 2
Z _tan™ [tan 2—”) +tan™ [tan 4—”} —tan™ 2
2 5 5 5
2 2 2
7 =tan™ (tan 2—”) +tan™ (tan 4—”j +tan™ (tan 6—”) +tan™ 7
7 7 7 17
2 2
7 =tan™ (tan 2—”) +tant (tan 4—”)
9 9
2 2
+tan| | tan s +tant| | tan 871 |- tan™ 12
9 9 29

2. General formula

Let neN={1,2,34,..} , then

n 2 .
S, = tan™ (tan Zkﬂj :{n—ﬂ'}zjt(—l)n tan™ _mln{|xn|,|yn|}
k=1 2n+1 2 |2 maX{|Xn|,|yn|}
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Remark 1: [x] is the integer part of x , |x| is the absolute value of x .

Remark 2: Re(z),Im(z) are the real and imaginary part of z .

3. Particular examples

37 4,41
S, =——tant— 7
== - )
S, = 37 a0 (8)
2 169
S, =2r—tan™ % ©)
S, =27 +tan™* g%g (10)
s, = 5—7[—tan'1 1393 (11)
2 3363
S, =—+tant =—— 12
09 5741 (2
8119
S,, =37 —tan™ 13
n =% 19601 &
S, =3z +tan™ 13860 (14)
33461
4. The sequence Z, =X, +iy,
Z,, =2(1+1)Z,,+2Z, Z,=1+3i,Z, =-4+10i,neN (15)
5. The sequences X, Y,
X, =2X . —2Y ., —2
{ym ox 4 zz/m ¥ 2in X =1% =-4,y,=3,y,=10,neN (16)
n+2 = n+1 n+1 n



Xoa =4X .3 —8X,,, —8X ., —4X, X =1X,=-4,%X,=-34,x,=-116

yn+4 = 4yn+3 _8yn+2 _8yn+l _4yn y 3 y2 _10 y3 _14 y4

3 _l [1+1__+_i}2n+1+[1+1__ij2n+1+(1_1_+ij2n+1 2n+l
1L 72 72
-\ 2n+1 -\ 2n+1 -\ 2n+1 2n+l
1 1+i 1-i 1+i
=—||1l+—F— - 1+—= +|1-—f eN
4 4(( ﬁj ( ﬁj ( ﬁj J

6. The sequences Z,X,,Y,
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