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Abstract
In this paper, the notion of neutrosophic Q- fuzzy left N-subgroups is introduced
in a near ring and investigated some related properties. Characterization of
neutrosophic Q- fuzzy left N-subgroups with respect to T-norm and S-norm are
given. Few homomorphic image and its pre-image on neutrosophic Q- fuzzy
are obtained.

Section 1: Introduction

Nagarajan and Manermaran [2013] gave few algebraic properties on M-fuzzy factor
group, and obtained some its power fuzzy group, homomorphic image and preimage,
union and intersection. Makamba [1992] discussed direct product and isomorphism of
fuzzy subgroups. Ajmal [1994] studied on homomorphism on factor fuzzy group. They
gave an idea to introduce M-fuzzy group, & its normality in a ring. Das [1981] found
some new results on fuzzy group and level subgroups. It is also motivated to find N-
fuzzy group in hemi-ring. Fang [1994] studied on fuzzy homomorphism & fuzzy
isomorphism, and it leads to N-fuzzy subgroup in near-ring. Kim [1997], Kim & Kim
[1994], Mukherjee and Bhattacharya [1984, 1986], and analyzed on some
characterizations of fuzzy subgroups, and it give an idea to verify also few
characterizations on N-fuzzy group in a near-ring. Kumar et. al. [1992] obtained some
new structures on fuzzy normal subgroup and fuzzy quotient group which initiate to
make an attempt on N-fuzzy normal subgroup in a near-ring. Kumbhoikar and Bapal



312 K. Thirusangu, S. Poornavel and R. Vasuki

[1991] found correspondence theorem for fuzzy ideals in near-ring. Liu et.al. [2001]
and Morsi & Yehia [1994] got few properties on quotient fuzzy group and quotient
fuzzy ring induced from fuzzy ideals in near-ring, and same argument will argue
quotient N-fuzzy subgroup in near-ring. Further

Section 2: Preliminaries and Definitions

Definition 2.1: A near ring is a non — empty set R with two binary operations
+and . satisfying the following axioms: (1). (R, +) is a group; (2). (R, .) is a semigroup;
(3).x.(y+2)=x.y +x.zforall x,y,z,\inR. Then Itis called a left near — ring by
(3). In this paper, it will use the word near- ring. Here xy denotes Xx.y; (2).
x.0 =0, and x(-y) = -(xy for x, y in R.

Definition 2.2: A two sided R — subgroup of a near —ring R is a subset H of R such that
(1). (H, +) is a subgroup of (R, +); (2). RH < H; (3). HR < H. If H satisfies (1) and
(2), then itis a left R-subgroup of R, while if H satisfies (1) and (3), then it is a right
R-subgroup of R.

Definition 2.3: A fuzzy set n in a set R is a function u: R — [0, 1]. If Q is set, then a
Q-fuzzy set A isa functionk: R x Q — [0, 1].

Definition 2.4: Let G be any group. A mapping u: G — [0, 1] is a fuzzy group if
(FG1). u(xy) = min{u(x), u(y)}and (FG2). u(x~1) = u(x), forall x,y € G.

Definition 2.5: Let A be any non-empty set, and X be the universe of discourse. A
neutrosophic Q-fuzzy set A on X x Q characterized by a truth membership function
Ta(X, q), an indeterminacy function 1a(X, ) and a falsity membership function Fa(x, Q)
isdefinedas A={<(x,Qq), Ta(x, q), la(x, q), Fa(x, q) >:x € X, q € Q}, where Ta,
Ian FA : XxQ—[0.1]and 0< Ta(x,q)<1;0<1a(X,q) <1; 0<Fa(x, q) <1, for
allx e X,and q € Q.

Definition 2.6: Let X, Y be two non-empty sets and f: X — Y be a function. (i). If B
={ < (y, q), Te(y, q), Ie(y, q), Fe(y,q) >:y € Y, q € Q} is a neutrosophic Q-fuzzy set
inY, then the preimage of B under f, denoted by f~1(B), is the neutrosophic fuzzy
set in X defined by f1(B) = {<(x, q), F}(Ts(x, 0)), f1(Is(X, q)), FX(Fs(x, q)) >: x € X, q
e Q} where f*(Ta(x, q) = Ta(f(x), q); F(Is(x, 9) = Is(f(x), @); F*(Fa(x, q) = Fa(f(x), ).
@i). FA={<(x q), Ta(x, q), Ia(x, 9), Fa(x, g) > : x € X, q € Q} is a Neutrosophic
fuzzy set in X, then the image f(A) of A under f is the neutrosophic fuzzy set in Y

defined by f(A) ={ A={<(y, q), Tia(y, a), lian(y, ), Fia(y,a) >:y € Y, q € Q}
where

Tra (¥ Q) = SUP (e gy -1 0. (Ta(X @) if 71 (v, @) = {3; 0, otherwise.
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(Y, A) = SUP gy 10,0 Ua (e, @) if f71(y, @) = {3 0, otherwise.

Fia)(y, 0) = infoegye r1pF G0 @) if £, q) # {3.where Fray(y, q) = (1-f(1-
Fa)(y, q) ; 1, otherwise.

Definition 2.7: A neutrosophic left R-fuzzy subgroup of a near ring R is a
neutrosophic fuzzy set A = (Ta, la, Fa) on X in definition (2.3) such that

(1). (@) Ta(x-y) = min { Ta(X), Ta(y)}; (b). 1a(x-y) = min { 1a(x), Ia(y)};
(c). Fa(x-y) < max { Fa(x), Fa(y)};

(2). (@) Ta(xy) =2 min { Ta(x), Ta(y)}; (b). 1a(xy) > min { 1a(x), la(y)};
(). Fa(xy) <max { Fa(x), Fa(y)} forall x,y € R.

Definition 2.8: A = <X, Ta(x), la(x), Fa(x) > and B =<x, Tg(X, Is(x), Fs(x) > are
two neutrosophic fuzzy sets on X. Then,

(ii). A< B, if Ta(X) <Ts(x), la(x) < Is(X), Fa(x) > Fs(x), for all x e X.
(i).A U B = < x, max(Tx (x), Tg(x)), max(Ia(x), [g(x)), min((F5(x), Fg(x)) >.
(iii). AN B = < x, min(Ty (%), Tg(x)), min(I5(x), Ig(x)), max ((Fa(x), Fg(x)) >.

Definition 2.9: The complement A° of a neutrosophic fuzzy subset A = (Ta, la, Fa) on
X is defined by A® = {< X, Tac(x), [pc(X), Fac(x) > :x € X } where Tpac(x) = Fp(%),
IAC(X) =1- IA(X), FAC(X) = TA(X) ) forall x e X.

Definition 2.10: Let f be a mapping from a near ring Ry to a near ring R2 and A = (Ta,
Ia, Fa) be a neutrosophic fuzzy set in R1. Then f(A) the image of p is neutrosophic fuzzy
set (T, |#a), Ffa)) in Rz defined by

Tray(y) = sup ( Ta(x): x e F1(y) = {}; 0, otherwise. for all y € Ry;
Fray(y) =sup (Fa(x): x € fi(y) = {3; 0, otherwise. for all y e Rz;
Tria(y) = inf (la(X): x € F1(y) ={}; 0, otherwise. for all y € R;

Definition 2.11: Let A = (Ta, la, Fa) be a neutrosophic fuzzy set in a near ring R. For
each t e [0, 1], upper cut-set of A is defined as the set {x € R: Ta(x) >t; Fa(x) >t;
Ia(X) < t}.

Definition 2.12: (T-norm): A triangular norm is a function T: [0, 1] x [0., 1] — [0, 1]
that satisfies the following conditions (T1): T(x, 1) =x; (T2). T(x,y) = T(y, X);
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(T3): T(x, T(y, 2)) = T(T(X,Y),2); (T4). T(X,y) < T(x,z) ify<zforall x,y,zin [0, 1].

Definition 2.13: Let Q, N be non-empty sets, and . be amap fromN xR — R. Let A
= (Ta, la, Fa) be a neutrosophic fuzzy set in a near ring R. Then A is a neutrosophic
Q-fuzzy left N-subgroup of R if (1a) Ta(n(x-y),q) > T {Ta(x, q), Ta(y, q)}; (1b).
Ta(nx, q) > Ta(x, q)

(22) 1a(n(x-y).a) = T {la(x, a), la(y, @)}, (2b). Ia(nx, ) = 1a(X, 0)

(32) Fa(n(x-y),a) <S {la(x, ), la(y, @)}; (3b). la(nx, 0) < Ta(x, q)
forall x,yinR; qinQ,and nin N.

Section 3: Homomorphic properties of neutrosophic Q-fuzzy left N-subgroups
The following theorem is first started:
Theorem 3.1: If A= (Ta, la, Fa) and B = (Tg, Ig, Fg) are neutrosophic Q-fuzzy left N-
subgroups of a near ring R’, then their intersection (A n B) s a neutrosophic Q-fuzzy
left N-subgroup of R.
Proof: Letx,y € R.Letn € N,and g € Q. It gets that
(12) Tane) (N(x-y), q) = min { Ta (n(x-y), a), Ta ((n(x —y)), a)
>min{T{Ta(x,q), Ta(y, D)} T{Te((x, ), Te(y.a)}}
=min{T{Ta(x,a), Te (y, )}, T{Ta(x,a), Te(y,a) }}
=T {min{Ta(x,a), Te (v, )}, min{Ta(x, ), Te(y.a)}}
=T{Te).(x 0), Tam).(x, ) }
(28) lare) (n(x-y), @) = min { 1a(n(x-y), a), la ((n(x —y)), A)
=min{T{la(x ) laly, 0} T{le((x,a),ls(y,a)}}
=min{T{la(x ) ls(y, )}, T{lalx,q).ls(y,a)}}
=T {min{la(x q), s (y, )}, min{la(x,q), ls(y.a)}}
=T A{las).(X, ), larm).(x, ) }
(32) Fae) (n(x-y), ) = min { Fa(n(x-y), ), Fa ((n(x—y)), )
<min {S{Fa(x,q), Fa(y, 0} S{Fe((x, ), Fe(y.a)}}
=min {S{Fa(x,q),Fs(y, )}, S{Fa(x,q),Fs(y,q)}}
<S{min{Fa(x,q), Fs (y, )}, min{Fa(x,q),Fe(y,q)}}
=S {F@ne).(x, 0), Fane).(x ) }
(1b).TianB) (N, @) = Min{ Ta(nx, q), Te (nx,q) }=> min{Ta (X, q), Te (X, q) }= Ta~
B) (X, 0).
(2b).1a~B) (Nx, @) =min {1a(nx, q), Is(nx, q) } > min {1a(x, q), Is(X, q) }= la~B)
(x, 9).
(3b).Fan) (nx, @) =min { Fa(nx, q), Fs (nx, q) } <min { Fa(x, q), Fe (X, ) }= Fa~
B) (X, 0).
Thus (A N B) is a neutrosophic Q-fuzzy left N-subgroup of R.
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Theorem 3.2: Every imaginable neutrosophic Q-fuzzy left N-subgroup p == (Ta, la,
Fa) on anear ring (R, +, .) is a neutrosophic fuzzy left N-subgroup of R.
Proof: Assume p is an imaginable Q-fuzzy left N-subgroup of a near ring (S, +,.).
Letx,y € R, q € Q,and n € N. Then it observes that
Since ‘¢’ is imaginable, it finds that
min { Ta(x, @), Ta(y, @)} =T (min { Ta(x, q), Ta(y, q)}, min { Ta(x, q), Tay, a)}}
2T{Talx,q), Taly, )}
>min{ Ta(x, q), Ta(y,q)} (by property of T-norm).
Thus T {Ta(X,q), Ta(y, @)} =min{Ta(x,q), Ta(y,q)}
It follows that (1a) Ta(n(x-y),q) > T {Ta(x, q), Ta(y, 9)} = min {Ta(X, q), Ta(y, 0)}.
In addition, (1b). Ta(nx, q) > Ta(x, Q).
Similarly, it implies that
min {1a(X, @), la(y, 0)} =T (min {1a(x, ), la(y, )}, min {1a(x, ), la(y, o)} }
2T {la(x, a), la(y, a)}
>min { 1a(X, q), la(y, q)} (by property of T-norm).
Thus T {1a(x, q), 1a(y, @)} =min {1a(x, q), la(y, 9)}
(2a) 1a(n(x-y),a) = T {la(x, q), 1a(y, @)} = min {la(x, ), la(y, a)}.
Also (2b). Ia(nx, q) > 1a(X, Q).
In addition,
min { Fa(x, 4), Fa(y, @)} =S (max { Fa(x, ), Fa(y, )}, max { Fa(x, q), Fa(y, a)} }
<S{Fax,q), Faly, a)}
<max { Fa(x, q), Fa(y,q)} (by property of T-norm).
Thus S { 1a(x, q), 1a(y, @)} = max { la(x, q), 1a(y, )}
(3a) la(n(x-y), a) < S {la(x, @), la(y, a)} = max {Ta(x, a), Ta(y, )}
(3b). 1a(nx, q) > 1a(x, Q).
Hence p is a neutrosophic Q-fuzzy left N-subgroup of R.

Theorem 3.3: If A =(Ta, la, Fa) is a neutrosophic Q-fuzzy left N-subgroup of a near
ring R" and f is an endomorphism (near ring) from R — R, then A¢ = (T, la,, Fy,) is
a neutrosophic Q-fuzzy left N-subgroup of R.
Proof: Letx,y € R.Letn € N,and g € Q. It gets that
(18). Ty, (n(x-y), @) = Ta (F(n(x —y)), @) = Ta (F (x, ), f(y, 9) = T{Ta(f(x, q), Taf(y, q)}
> T{ Ty, (x, ). Ta, (v, 0) }-
(28). Iy, (n(x-y), @) = Ia (f (N(x - Y)), @) = 1a (F (x, @), f(y, @) = T {1a (F(x, ), Iaf(y, 0)}
> T{ Iy, (%, Q) s, (v, ) }
(3). Fy, (n(x-y), 0) = Fa (f(n(x —y)), a) = Fa (f (x, a), Ty, a) < S {Fa (f(x, a), Faf(y, @)}
> S{ Fa, (x,0), Fa, (v, 0) -
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(1b). Ty, (0x), @) =Ta(F(nx, @) =Ta(f(x,q) > Ty (X Q).

(2b). Ly, (nx, 0) =la(f(nx, ) =1a(f(x,0) = 4, (X Q).

(3b). Fa, (nx,0)  =Fa(f(nx, q) =Fa(f(x,q) =F4, (X, 0).

Thus At = (Ta,, In,, F4,) is a neutrosophic Q-fuzzy left N-subgroup of R.

Theorem 3.4: Let ¢: R — R’ be an onto homomorphism on near rungs. The pre-image

of a neutrosophic Q-fuzzy left N-subgroup of near ring R" under f is a neutrosophic Q-

fuzzy left N-subgroup of near ring R.

Proof: Let u = (Ty, Iy, Fu) be a neutrosophic Q-fuzzy left N-subgroup of a near ring R’.

Let A = (Ta, In, F2.) be the pre-image of p under f. Then it finds that

(12). T (n(x-y), @) = Tu (@ (N(X=¥)), a) = Tu (@ (x, ), f(y, a) = T { Tu (@ (x, Q). Tuop(y, A}
> T{T.(x,q), To(y. a) }-

(28). h.(n(x-y), ) = L (@ (N(x = ¥)), A) = L (@ (X, ), (y, @) = T {1 (@(x, A), lup(y, A)}
= T{hx a) iy, 9}

(32). Fr(n(x-y), ) = Fu (¢ (n(x—Y)), 0) = Fu (¢ (X, a), (y, 9)) < S { Fu (¢ (x, ), Fuf(y, o)}
> S{F.(x,q), Fa(y,q) }.

(1b). Ta(nx), @) =Tu(p (NX, 0) = Tu (e (x,q) = Ta(X, q).

@b). h(nx,a)  =lu(e (X, a) =lu(o (X, 0) = Ir(X q).

@3b). Fu(nx, a)  =Fu(e (nx, q) =Fu (e (x,q) = F.(x, 0).

Thus A = (Tx, Ix, F.) is a neutrosophic Q-fuzzy left N-subgroup of R.

Theorem 3.5: Let f: R — R’ be an onto homomorphism on near rungs. The pre-image
of a neutrosophic Q-fuzzy left N-subgroup of near ring R’ under f with supreme
property is a neutrosophic Q-fuzzy left N-subgroup of near ring R.
Proof: Let u = (Ty, Iy, Fu) be a neutrosophic Q-fuzzy N-subgroup of a near ring R’
with supreme property. Let A = (Ta, Ix, F».) be a neutrosophic Q-fuzzy N-subset in
R'.
Let x!, yt € R" and xo € f1(xY), yo € f(y?) be such that

Tiio, @) =}y ¢ po1 ety Tu (1 @)

sup )
Tu0o, @) = j, ¢ p=1(y1) Tu (h @) respectively

sup
|u(x0 ,q) = h € f—l(xl) Iy (h,q)
sup _
Lo, @) = € Floh) 1, (h, q) respectively

Flio )= ¢ s ety Fo ()
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in .
Fulvo,q) = hoe f‘];(yl) F, (h, q) respectively.

Then it can deduce that
sup
(1a). Tu f(n(xl - yl):CI) s € f—l(n(xl _ yl),q) Tp (z,9)
= T{T, (x0,9), T, (o, 9)}
up Sup
2 7 e 10 B0 D,y € 1) 00 )

= T{T,) (x,@),T,” )}
(2. 1S (G = Y,0) =, & pt et — y1, ) e @D

T{Iu (xO' Q)' I/J (yO' q)}

Sup Sup
T e ot ) MO0 D (1, € £19) 100 D)

T{,” (x.q),1,” (.9}

nf
@), B/ (G =y)0) =, a1y, gy B @0

< S{Fu (xO' Q)' F,u (yO' q)}
inf inf
= {h € f—l(xo) Eu(xO' q)' (h,CI) € f—l(y) Fy(yOI Q)}
=TS (x9,ES 9}
Sup
zq) € fi g (79
2 Ty Vo, q)
Sup
S (o efig ' Fod)
= u (x,q).

S
(2b). 1, F(nx,q) = (2.q) € ;tf)l(nx, 7 I, (z,q9)

=1, Vo, q)

_ Sup

= hefiygh Fod)
=17 (x.q).

@) BS0n) = (e g o (50

2 K Vo, q)
_ inf
(h) € f ',
= F/ (x,q).
Hence A is a neutrosophic Q-fuzzy left N-subset of R.

v

v

(1b). T, T (nx,q) =

Fp (xorq)
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Section 4: Other properties of neutrosophic Q-fuzzy left N-subgroups

Theorem 4.1: Let f: R — R’ be an onto homomorphism on a near rings. If A == (T,
., F2.) be a neutrosophic Q-fuzzy N-subset in R. Then its image A" = (T».f, I, F.f)isa
neutrosophic Q-fuzzy left N-subgroup of R'.

Proof: Here f(R) = R". Let y1, y» € R, and q € Q. Assume that A; = f(y1, q);
Az =f(y2, q); and Azz = F(n(y1- y2), 0)).

Consider A1 — A ={x € R: (X, q) = (a1, q) — (a2, q) for some (a1, q) € A1, and (a2, q) €
Ao.

If (X, q) € A1— Az then (X, q) = (a1, q) — (a2, ) for some (a1, q) € Az, and (az, q) € Az.
implies that f(x, q) = f(x1, q) — f(x2, Q) = y1 —VYa.

Thus (x, @) € F((y1, @) = (y2, @) = F(n(y1-y2), Q) = Asz,

This gives that A1 — A2 < A1,

It follows that

T (n(y1-y2), 9)

sup { Tu(x, @) : (x, q) € F(n (y1-y2), Q)

sup { Ta(x, q) : (X, ) € A2}

sup{ Ta(x,0): (X, q) € A1 — Az}

sup { Ta(x1, q) - Ta(X2, q) : (X1, q) € A1, (X2, Q) € Az}

v v

Since the norm T is continuous, and every € > 0,
Sup {Ty(x1,@): (x1,q9) € A1} — (x1%q) € A} < dand
Sup{Ty(x2,9): (x2,q) € Az} — (x2%q) €EA; } <6
implies that
T {Sup{Ty(x1,q) : (x1,9) €A1}, Sup{T)(x3,-9): (x2,q) € Az} — T {(x1 *
), (X2 %,q)} <E.

Choose (a;,q) € A; and (az, q) € A, such that Sup {T,;(xy,,q): (x;,q9) €A, }—
Ty(a;,9) <6
implies that
T{Sup { Ta(x1,q): (x1,q) € Ay }, Sup {Ty(x2,.q): (x2,9) € A2} —T{T,(as,q) —
Tl(az, CI)} <E.
Consequently it gives that
T, (01 = ¥2,@)
> sup{T(T;(x1,q) € Ajand T;(x,,q) € A;): (x1,q) € Ajand (x5,q) € Ay}
= T{sup{T (x1, q): (x1,q) € Ar}.sup{T,(x2,q): (x2,q) € A2)}}
> T{T)) 1 ), T/ 2, 9}
Similarly, it an show T,” (nx, q) = T,” [x, q).
Al these results are hold for I,” and F,” by using T-norm , and S-norm respectively.
It concludes that Af = (T, I,f, F.f) is a neutrosophic Q-fuzzy left N-subgroup of R’.
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Theorem 4.2: Let A = (Ta, la, Fa) be a neutrosophic Q-fuzzy left N-subgroup of a
near ring R. Then < A > is a neutrosophic Q-fuzzy left N-subgroup of R generated by
A. In addition, < A > is the smallest neutrosophic Q-fuzzy left N-subgroup containing
A.
Proof: Letx,y € R,n e N,and q € Q.
Assume that <A>(x,q) =t1; <A> (y, q) = t2, and Ta(n(x-y), q) = t.
Now t = <A>(n(x-y),q)

<T{<A>(nx,q),,<A>(ny,q)}

= T{ty, 2} =1 (say).
Thenty =<A>(x,q) = sup{k: (X,q) e <Ax>} > t.
Therefore there exists ki with (X, q) € <Ax>.
Alsoto =<A>(y,q)=sup {Kk: (y,q) e <Ac>}>t.
Therefore there exist k2 > t with (y, q) € < Ax>.
Without loss of generality, assume that ki, k2 so that < A, > < <Ay, > Thenx,y € <A;>
which is a contradiction since k2 > t. Thus t > ts.
Consequently,
ANX-Y), Q) 2T {<A>(X,q,<A>(y, @ } .... (1).
Now let, if possible ts={<A>(nx,q)} < {<A>(x,Qq)}=t.
Thenti=<A>(x,q) =sup{k:(X,q) e <Ax>} >ta.
Therefore there exists k with (x, q) € < Ak > and t1 > k > tz implies that (nx, ) € < Ak
> < <Ak >which is a contradiction. Thus ts = {<A>(nx, q) > {<A>(X,q) } =t2...(2).
Consequently the equations (1) and (2) yield that <A> is a neutrosophic Q-fuzzy left
N-subgroup of R.
Finally to show that <A> is the smallest neutrosophic Q-fuzzy left N-subgroup
containing A.
Let us assume that B is a neutrosophic Q-fuzzy left N-subgroup of R such that A — B.
Claimthat< A>c B.
Let it possible, t=<A>(x,q) > B (X, q)forsomex € R,and g € Q.
Let £ >0 be given. Thent=Ar=sup {k: (x,q) e <Ax>andte<k<t.
So that (x, q) € <Ax> < < Ax-c > Tforall € > 0.
Now a = aix1 + ax2 +...+ anXn Where ai € R, and Xi € Ace implies that A(xi, q) >t - e.
Then B(x, q) > (t - €) for all € > 0. Thus B(x, q) > T { B(x1, q), B(x2, q), ..., B(xn, 0)}
> (t-¢) for all € > 0. Therefore B(x, q) = t, which is a contradiction to our supposition

Theorem 4.3: Let A = (Ta, la, Fa) be a neutrosophic Q-fuzzy left N-subgroup of a
near ring R. Define A" = (Ta", Ia*, FA") by Ta™(x,q) = Ta(x,q) + 1 — Ta(0,9), 1a"(x,q)
=1a(x,q) + 1-Ta(0,q), Fa*(X, q) =Fa(x, q) + 1 —-Fa(0, q), forall x inR,and g in Q,.
Then A™ is a neutrosophic normal Q-fuzzy left N-subgroup of R containing A.
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Proof: Letx,y e R,n e N,and q € Q.
It implies that
Ta" (N(x-y) ,a) =Ta(n(x-y), q) +1-Ta(0, q)
2T {Ta(x, q), Ta(y, )} + 1-Ta(0, q)
2T{Tax,0q) +1-Ta(0, q), Taly, 9)} +1-Ta(0, q) }
> T{Ta" (x0), TA" (y,0) }

Ta* (nX, q) =Ta(nx, q) +1-Ta(0, q)
>Ta(X,q) +1-Ta(0, q)
=Ta"(X, Q).

Similarly 1a™ (n(x-y) ,q) = la(n(x-y), q) + 1 - 1a(0, q)
2T {la(x, 0), 1a(y, @)} + 1 - 1a(0, )
2T {la(x, 0) +1-1a(0, q), la(y, )} + 1 - 1a(0, q) }
> T{Ia"(x9), 1" (y.,0) }

Ia* (nX, Q) =la(nx, q) +1-1a(0, Q)
> 1a(X, q) + 1 — 1a(0, q)
= 1a%(x, q).

Also  Fa™ (n(x-y),q) =Fa(n(x-y),q)+1-Fa(0,q)
< S{Fa(x, q), Faly, )} +1-Ta(0, 0)
< S {Fa(x,q) + 1-Fa(0, a), Faly, )} + 1 -Fa(0, ) }
2S{Fa"(x,0), Fa" (y.,0) }

Fa™ (nXx, q) = Fa(nx, q) + 1 -Fa(0, q)
>Fa(x,q) +1-Fa(0, q)
=Fa'(X, Q).
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