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1 Introduction

As a more general platform which extends the notions of the classical set, fuzzy set, interval valued fuzzy
set, intuitionistic fuzzy set and interval valued intuitionistic fuzzy set, Smarandache developed the concept
of neutrosophic set which consists of three member functions, so called truth membership function,
indeterminacy membership function and falsity membership function (see [I} 2, 13]). The neutrosophic
set model is an important tool for dealing with real scientific and engineering applications because it
can handle not only incomplete information but also the inconsistent information and indeterminate
information which exist commonly in real situations. For further particulars on neutrosophic set theory,

we refer the readers to the site
http://fs.gallup.unm.edu/FlorentinSmarandache.htm

Guo et al [4] extended the rough set model on two different universes in intuitionistic fuzzy approximation

spaces to a single-valued neutrosophic environment. Jun [5] introduced the notion of (®, ¥)-neutrosophic



subalgebra of a BCK/BCI-algebra X for ®, ¥ € {€,q,€ Vq}, and investigated related properties. He
provided characterizations of an (€, €)-neutrosophic subalgebra and an (€, € V ¢)-neutrosophic subalge-
bra. Given special sets, so called neutrosophic €-subsets, neutrosophic g-subsets and neutrosophic € V ¢-
subsets, he provided conditions for the neutrosophic €-subsets, neutrosophic g-subsets and neutrosophic
€ Vg-subsets to be subalgebras. He considerd conditions for a neutrosophic set to be a (¢, € Vq)-
neutrosophic subalgebra. Saeid and Jun [6] gave relations between an (€, € V ¢)-neutrosophic subalgebra
and a (g, € V g)-neutrosophic subalgebra. They discussed characterization of an (€, € V g)-neutrosophic
subalgebra by using neutrosophic €-subsets, and provided conditions for an (€, € V ¢)-neutrosophic subal-
gebra to be a (g, € V g)-neutrosophic subalgebra. They investigated properties on neutrosophic g-subsets
and neutrosophic € V g-subsets.

The aim of this article is to provide an algebraic tool of neutrosophic set theory which can be used
in applied sciences, for example, decision making problems, medical sciences etc. We consider a general
form of neutrosophic points, and then we discuss generalizations of the papers [6] and [5]. As a generaliza-
tion of (€, € V g)-neutrosophic subalgebras, we introduce the notions of (€, € \/q(kmkhkF))—neutrosophic
subalgebra, and (€, q(i,,k; kp))-neutrosophic subalgebra in BCK/BCI-algebras, and investigate sev-
eral properties. We consider characterizations of (€, € Vq(i, i, ky))-neutrosophic subalgebra. We dis-
cuss relations between (€, €)-neutrosophic subalgebra, (€, q(ky k;,kx))-neutrosophic subalgebra and (€,

€ Vq(ky ks kp))-Neutrosophic subalgebra.

2 Preliminaries

By a BCI-algebra we mean a set X with a binary operation * and the special element 0 satisfying the

axioms:

(al) ((zxy)* (zx2))* (zxy) =0,

)
(a2) (zx (zxy))*y=0,
(a3)
(ad) xxy=y*xx=0 = z =y,

for all x,y, 2z € X. If a BC'I-algebra X satisfies the axiom
(a5) 02z =0 for all x € X,

then we say that X is a BCK-algebra. A nonempty subset S of a BCK/BCI-algebra X is called a
subalgebra of X if x xy € S for all x,y € S.

The collection of all BC'K-algebras and all BCI-algebras are denoted by Bx (X) and B;(X), respec-
tively. Also B(X) := Bk (X) U Br(X).

We refer the reader to the books [7] and [8] for further information regarding BC'K/BCI-algebras.

Let X be a non-empty set. A neutrosophic set (NS) in X (see [2]) is a structure of the form:

A= {(z; Ar(x), Ar(x), Ap(x)) |z € X}



where Ar : X — [0,1] is a truth membership function, A; : X — [0, 1] is an indeterminate membership
function, and Ap : X — [0,1] is a false membership function. For the sake of simplicity, we shall use the

symbol A = (A, Ar, Ap) for the neutrosophic set
A= {(z; Ar(z), Af(2), Ap(2)) | © € X}

Given a neutrosophic set A = (Ar, A, Ap) in a set X, o, € (0,1] and v € [0,1), we consider the

following sets (see [5]):

Te(Aja) :={r € X | Ar(z) = a},
Ie(A; B) == {z € X | As(x) = B},
Fe(4) = {z € X | Ap(z) <7
Ty(Asa) ={z € X | Ar(z) + o > 1},
1A 8) = {w € X | Ag(a) + > 1},
Fy(A7) = {o € X | Ap(x) +~ < 1},
Tevqe(Aja):={x e X | Ar(z) > aor Ap(x) +a > 1},
Ievo(A;8) :={x € X | Ar(z) > B or Ar(z) + 3 > 1},
Fevq(A;) :={z € X | Ap(z) <vor Ap(z) +v <1}.
We say Te(A; ), Ie(A; 3) and Fec(A;~y) are neutrosophic €-subsets; Ty(A; ), I,(A; 8) and F,(A;7)

are neutrosophic g-subsets; and Tey 4(4; ), Iev q(A; B) and Fey 4(A;) are neutrosophic € V g-subsets.
It is clear that

Tevqe(A;a) =Te(A;a) UT,(A4; o), (2.1)
Tevq(A; B) = Ie(A; B) U 14 (A; B), (2.2)
Fevq(A;y) = Fe(A;v) U Fy(4;7). (2.3)

Given ®,¥ € {€,q,€ Vq}, a neutrosophic set A = (Ar, A7, Ar) in X € B(X) is called a (®, ¥)-

neutrosophic subalgebra of X (see [5]) if the following assertions are valid.

re€To(Aag), y€To(Asay) = xxy € To(A;ar Aay),
€ lp(A;fe), y € lo(A;By) = wxy € Ty(A; B ABy), (2.4)
€ Fp(A;7), y € Fa(A;yy) = zxy € Fu(A;v. V)

for all z,y € X, ag, oy, Bz, By, € (0,1] and 5,7, € [0, 1).

3 Generalizations of (€, € Vg)-neutrosophic subalgebras

In what follows, let k7, k; and kr denote arbitrary elements of [0, 1) unless otherwise specified. If kr, k;
and kp are the same number in [0,1), then it is denoted by k, i.e., k = kr = kr = kp.
Given a neutrosophic set A = (Ar, A7, Ap) in a set X, a, 8 € (0,1] and v € [0,1), we consider the



following sets:

Ty, (A;0)={z e X |Ar(z)+ a+kr > 1},
Iy, (A;B8) :={z € X | Af(2) + B+ kr > 1},
Fy (Asy) i={z € X | Ap(2) + v+ kr < 1},
Tevg,, (Aja) ={r € X | Ar(z) > aor Ar(x) + a + kr > 1},
Tev g, (A;B) i={rx € X | Ar(z) > B or Ar(x) + B+ k; > 1},
Fevg,, (A7) ={z e X | Ap(z) <~vor Ap(z) + v+ kr < 1}.
We say Tg, . (4; ), Iy, (4; 5) and Fy,, (4;~) are neutrosophic qi-subsets; and Tey, G (4; ), Tevq, (A4;5)
and Feygq, (A;7) are neutrosophic (€ V qi)-subsets. For ® € {€, ¢, s Qrs sy Qps € Vq, € Vg,

€ Vkr, € Vi, € Varp}, the element of Te(A;a) (resp., Is(A;8) and Fg(A;7)) is called a neu-
trosophic Te-point (resp., neutrosophic Ig-point and neutrosophic Fg-point) with value « (resp., 8 and

)
It is clear that

Tevq, (Asa) = Te(Aa) UT,, (A;a), (3.1)
Tev g, (A5 8) = Ie(A; B) U Iy, (A3 B), (3.2)
FE\/qu(AVY) :FG(AW)UFqu(AW)- (3.3)

Given a neutrosophic set A = (Ar, A7, Ar) in a set X, a, 8 € (0,1] and v € [0,1), we consider the
following sets:

TE(Asa) :={z € X | Ap(z) > o}, (3.4)
IE(A;B) :={z € X | Ar(z) > B}, (3.5)
FE(Aiv) = (o € X | Ap(e) <) (3.6)

Proposition 3.1. For any neutrosophic set A = (Ar, A1, Ar) in a set X, a, 3 € (0,1] and v € [0,1),
we have

a<iFt = T, (A4a) CTE(A ), (3.7)
B <5 = 1, (A;8) CIE(A; D), (3.8)
721455 = Fu(A) C FE(A;), (3.9)
a> 158 = Te(Aa) C T, (4 ), (3.10)
B> = Ie(A;8) C 1y, (4;8), (3.11)
< = Fe(47) C Fy(47). (3.12)

Proof. If @ < 35% then 1 — o > X% and @ < 1 — o Assume that = € T, (A;). Then Ap(z) +
k>1-—a>YE and so Ap(z) > 3% —k = L5E > o. Hence z € T(A;a). Similarly, we have
the result (3.8). Suppose that v > 15% and let » € F,, (A;7). Then Ap(z)+~+k < 1, and thus
Ap(z) <1-y-k<1-3FE

>
Z 3

1k 1k
x € Te(A; «), then

5+ < 7. Hence x € FZ(A;v). Suppose that o > 5=, If

AT(x)+a+k22a+k>2-l;2k+k:1



and so z € T, (A;a). Hence Te(Aja) C Ty, (A;a). Similarly, we can verify that if 8 > 5%, then
Ic(A; B) C I, (A; ). Suppose that v < % If x € Fe(A; ), then Ap(z) <, and thus

Ap(@)+y+k<2y+k<2- 52+ p=1,
that is, z € I, (4;7). Hence Fe(A;v) C Fy, (A;7). 0

Definition 3.2. A neutrosophic set A = (Ar, Ar, Ap) in X € B(X) is called an (€, € Vqy ky kp))-
neutrosophic subalgebra of X if
v €Te(Aan), y € Te(Asay) = wxy € Tevg,, (Ao A ay),
v € Ic(A;B), y € Ie(A; By) = wxy € Levg,, (4;Ba A By), (3.13)
T € Fe(A;7a), y € Fe(Asyy) = wxy € Fevg,, (A7 V)
for all z,y € X, ag, oy, Bz, By, € (0,1] and 75,7, € [0, 1).

An (€, € Vq(, k; kp))-neutrosophic subalgebra with kr = k; = kp = k is called an (€, € Vg)-

neutrosophic subalgebra.

Lemma 3.3 ([5]). A neutrosophic set A = (Ap, A1, Ap) in X € B(X) is an (€, €)-neutrosophic
subalgebra of X if and only if it satisfies:

Ap(xxy) 2 Ar(z) A Ar(y)
(Ve,ye X) | Ar(z*xy) > Ar(x) A Ar(y) . (3.14)

Ap(z*xy) < Ap(z)V Ar(y)
Theorem 3.4. If A = (Ap, Ay, Ar) is an (€, €)-neutrosophic subalgebra of X € B(X), then neutrosophic
(A; B) and Fy, (A;7y) are subalgebras of X for all o, B3 € (0,1] and v € [0, 1)

whenever they are nonempty.

qr-subsets Ty, (As;a), I

dk

Proof. Let z,y € Ty, (A;a). Then Ap(z) +a+kr > 1 and Ar(y) +a+kr > 1. It follows from Lemma
3.9/ that

Ar(z*xy) +a+kr > (Ar(z) AN Ar(y)) + a + kr
= (Ar(z) + a+kr) A (Ar(y) + a+ kr) > 1
and so that x xy € Ty, (A;a). Hence T, (A;a) is a subalgebra of X. Similarly, we can prove that
I, (4; 3) is a subalgebra of X. Now let z,y € Fy, (A;7). Then Ap(z)+y+kr <1and Ar(y)+y+kp <
1, which imply from Lemma (3.3 that
Ap(z*y)+~v+kr < (Ap(z)VAr(y)) + v+ kr
= (Ap(x)+v+kr)V(Ar(y) + v+ krp) < 1.

Hence z xy € Iy, (A;7) and so Fy, (A;7) is a subalgebra of X. O

Corollary 3.5. If A = (Ap,A;, Ar) is an (€, €)-neutrosophic subalgebra of X € B(X), then neutro-
sophic qi-subsets Ty, (A4; o), I, (4; B) and Fy, (A;7) are subalgebras of X for all o, 8 € (0,1] and y € [0,1)

whenever they are nonempty.

(@23



If we take k7 = k; = kp = 0 in Theorem (3.4, then we have the following corollary.

Corollary 3.6 ([5]). If A = (Ar, A1, Ar) is an (€, €)-neutrosophic subalgebra of X € B(X), then
neutrosophic q-subsets Ty(A; ), I,(A; B) and Fy(A;v) are subalgebras of X for all o, € (0,1] and
v € [0,1) whenever they are nonempty.

Definition 3.7. A neutrosophic set A = (A, Ay, Ap)in X € B(X) is called a (q(rr ks ke)s € V(kr ks kr))-
neutrosophic subalgebra of X if
€Ty, (A;a,), y € Ty, (Aay) = zxy € Teva, (A0 A ay),
v € Iy (A Br), y € Iy, (A;By) = %y € levy, (A; Be A By), (3.15)
z € Fy, (A7), y € By, (Aiyy) = axy € Fevg, (A7 V)
for all z,y € X, oy, oy, Bz, By, € (0,1] and ~,,v, € [0,1).
A Qg b kr)s € VA(kr kr,ke))-neutrosophic subalgebra with kr = k; = kp = k is called a (g,

€ Vqyi)-neutrosophic subalgebra.

Theorem 3.8. If A = (A7, A1, Ar) 5 @ (Qky ky kr)> € V(kp kr.kp))-neUtrosophic subalgebra of X €
B(X), then neutrosophic qy-subsets Ty, (A;a), Ig, (A;B) and Fy, (A;v) are subalgebras of X for all

kg
ae (fr 1], B e (155,1] and v € [0, 252) whenever they are nonempty.

Proof. Let z,y € Ty, (A;a) for a € (1=fz 1]. Then z*y € Tev gy, (A;a), that is, z xy € Te(A;a)
orxxy €Ty (Aia). fzxy € Te(Aja), then xxy € Ty, (A;a) by (3.10). Therefore Ty, (A4;a) is
a subalgebra of X. Similarly, we prove that I, (A; B) is a subalgebra of X. Let z,y € Fy,, (A4;~) for
~v € 10, 172’”). Then zxy € Feyg,, (A;7), and so xxy € Fe(A;y) or xxy € Fy, (A;y). fxxy € Fe(4;y),
then z xy € Fy, (A;v) by (3.12). Hence Fy, (A;7) is a subalgebra of X. O

Taking kp = k;y = kp = 0 in Theorem 3.8 induces the following corollary.

Corollary 3.9 ([5]). If A = (Ar, A;, Ar) is a (g, € V q)-neutrosophic subalgebra of X € B(X), then
neutrosophic q-subsets Ty(A; «), I,(A; B3) and Fy(A;~y) are subalgebras of X for all a, 8 € (0.5,1] and
v € [0,0,5) whenever they are nonempty.

We provide characterizations of an (€, € \/q(kT’kbkF))—neutrosophic subalgebra.
Theorem 3.10. Given a neutrosophic set A = (Ar, Ar, Ar) in X € B(X), the following are equivalent.
(1) A= (Ar, A1, Ap) is an (€, € Vq(iy k; kp))-neutrosophic subalgebra of X.
(2) A= (Ar, A;, Ap) satisfies the following assertion.
Ar(z xy) > AMAr(2), Ar(y), 1557}
(Vz,y € X) | Ar(zxy) > AMAr(2), Ar(y), 54 |- (3.16)
Ap(zxy) < V{Ar(z), Ar(y), 5=}

Proof. Let A= (Ar, A1, Ar) be an (€, € Vq(iy &, kr))-neutrosophic subalgebra of X. Assume that there
exist a,b € X such that

Ar(axb) < \{Azr(a), Ap(b), 5z},



If Ar(a) A Ar(b) < 382, then Ar(a*b) < Ar(a) A Ar(b). Hence
Ap(axb) < ar < Ap(a) AN Ar(b)

for some oy € (0,1]. Tt follows that a € Te(A;ay) and b € Te(A; ;) but a x b ¢ Te(A; o). Moreover,
Ar(a*xb) + ar <20 <1—kr, and so axb ¢ Ty, (Ajar). Thus axb ¢ Teyg, (A5 ar), a contradiction.
If Ap(a) A Ap(b) > 1=ET then a € Te(A; 101), b € Te(A; 25£T) and a x b ¢ Te(A; 15ET). Also,

2 ’ 2 2

Ap(axb) + 5T < 50T 4 196 — 1 — o,

ie,axbé¢ Ty, (4; 1*2kT ). Hence axb ¢ Tey G (4; 1*2’” ), a contradiction. Consequently,

AT(CC * y) > /\{AT<$)7 AT(y)7 l_sz}

for all z,y € X. Similarly, we know that A;(z xy) > A{A;(z), Ar(y), %} for all x,y € X. Suppose
that there exist a,b € X such that

Ap(axb) > \/{Ar(a), Ap(b), 5=},

Then Ap(axb) > vp > \{Ap(a), Ap(b), 2=£E} for some vp € [0,1). If Ap(a)V Ap(b) > 2=EE, then
Ap(a*b) > yp > Ap(a) vV Ap(b) which implies that a,b € Fe(A;yp) and a b ¢ Fc(A;yr). Also,
Ap(axb) +9r > 2yp > 1 — kp, that is, a*x b ¢ Fy, (A;yr). Thus a xb ¢ Feyy,, (A;vr), which is a

contradiction. If Ap(a) V Ap(b) < 1=E=, then a,b € Fe(A; 2£2) and a + b ¢ Fe(A; 15F2). Also,

Ap(axb)+15pe > 1ke 4 1oke — 1 — |y

and so axb ¢ Fy,
V{Ar(x), Ar(y), 1_2’“”} for all z,y € X.

Conversely, let A = (A, A7, Ar) be a neutrosophic set in X which satisfies the condition (3.16)). Let
z,y € X and G, By € (0,1] be such that x € Ic(A; 3;) and y € Ic(A; By). Then

Ar(exy) = NA@), Ar(), 52} = (8o 8, 155

Suppose that G, < 1_2’” or B, < 1_2’”. Then A;(x *y) > By A By, and so z xy € Ic(4; By A By). Now,

assume that G, > 1;’” and 3y > 1*21“. Then Aj(z xy) > 1;’”, and so

(A;15F2). Hence a+ b ¢ Fey g p (A L-kr)  a contradiction. Therefore Ap(z *y) <

Ar(z*y) + o A By > 5 + Lk =1k,

that is, x xy € Iy, (A; Bz A By). Hence zxy € Ievg, (A; Bz A By). Similarly, we can verify that if
r € Te(Ajay) and y € Te(A; ay), then zxy € Tey g, (A;apAay). Finally, let 2,y € X and 7;,v, € [0,1)
be such that « € Fc(A;v,) and y € Fe(A;vy). Then

AF(x * y) < \/{AF($>7AF<Z/)7 %} < \/{717’71/7 1_2kF }’

If v, > 1*2’““ or 7y > 1*2’”, then Ap(z*y) < vy Vv, and thus 2 xy € Fe(A;v, V). If 72 < % and

Ty < 1_2kF7 then Ap(z xy) < % Hence

Ap(z*xy)+ 72 Vyy < 1_2’“‘" +# =1-kp,

that is, zxy € Fy, (A;7: Vyy). Thus 2 xy € Feyg,, (A;72 Vyy). Therefore A = (A, Ar, Ar) is an (€,
€ V g )-neutrosophic subalgebra of X. O



Corollary 3.11 ([5]). A neutrosophic set A = (Ar, A;, Ap) in X € B(X) is an (€, € V q)-neutrosophic
subalgebra of X if and only if it satisfies:
Ar(z xy) > NAr(x), Ar(y), 0.5}
(Vo,y € X) | Ar(zxy) > AN{Ar(2), Ar(y).0.5}
Ap(zxy) < V{Ar(z), Ap(y),0.5}
Proof. 1t follows from taking kr = k; = kp = 0 in Theorem 3.10. O

Theorem 3.12. Let A = (Ar, A1, Ar) be a neutrosophic set in X € B(X). Then A= (Ar, A, Ar) is an
(€, € VQ(ip ky k) ) -neutrosophic subalgebra of X if and only if neutrosophic e-subsets Te(A; ), Ic(A;B)
and Fe(A;7) are subalgebras of X for all a € (0,2F2], 3 € (0,5L] and v € 25, 1) whenever they

are nonempty.

Proof. Assume that A = (A, A, Arp) is an (€, € Vqu, &, kp))-Neutrosophic subalgebra of X. Let
B e (0,25 and z,y € Ic(A; B). Then Aj(z) > 3 and A;(y) > 3. It follows from Theorem [3.10) that

Ar(zxy) > N{Ar(2), Ar(y), 5} > palshe = g

and so that =y € Ic(A;3). Hence I¢(A;3) is a subalgebra of X for all 8 € (0,1 kl]. Similarly, we
know that Te(A;a) is a subalgebra of X for all a € (0, 22]. Let v € [15£2,1) and 2,y € Fc(4;7).
Then Ap(x) <+ and Ap(y) <. Using Theorem [3.10/ implies that

Ap(z*y) < \/{AF(x)aAF(w SE} <y Vv IE — g

Hence z xy € Fc(A;7), and therefore Fe(A;~y) is a subalgebra of X for all y € [1_2’“” ,1).
Conversely, suppose that the nonempty neutrosophic €-subsets T (A; a), Ic(A; 5) and Fe(A;7) are
subalgebras of X for all a € (0, 2£2], 3 € (0, 15£] and v € [2=F£, 1). If there exist a,b € X such that

Ar(axb) < N{Ar(a), Ap(b), 5z},
then a,b € Te(A; ar) by taking ar = A{Ar(a), Ar(b), 5L }. Since Te(A; ar) is a subalgebra of X, it
follows that a x b € Te(A; ar), that is, Ar(a *b) > ar. This is a contradiction, and hence
Ar(z+y) > \{Ar(x), Ar(y), 5=}
for all z,y € X. Similarly, we can verify that
Arw ) > NAr@), Ar(y), 52}
for all z,y € X. Now, assume that there exist a,b € X such that
Ap(axb) > \/{Ar(a), Ap(b), 5=},

Then Ap(a*b) > vrp > \/{Ar(a), Ar(b), 1*2’”} for some yp € [1*2]”,1). Hence a,b € Fc(A;vr), and
s0 axb € Fc(A;vF) since Fe(A;vr) is a subalgebra of X. It follows that Ar(a *b) < vr which is a
contradiction. Thus

Ap(zxy) < \/{AF(x)a Ap(y), 52}

for all #,y € X. Therefore A = (Ar, A7, Ap) is an (€, € Vq(iy i, ky))-neutrosophic subalgebra of X by
Theorem 13.10. O



Corollary 3.13. Let A = (Ar, Ar, Ar) be a neutrosophic set in X € B(X). Then A = (Ar, A1, Ar) is
an (€, € V q)-neutrosophic subalgebra of X if and only if neutrosophic €-subsets Te(A4; ), Ic(4;3) and
Fc(A;y) are subalgebras of X for all o, 8 € (0,0.5] and v € [0.5,1) whenever they are nonempty.

Proof. 1t follows from taking kr = k; = kp = 0 in Theorem 3.12. O

Theorem 3.14. Every (€, €)-neutrosophic subalgebra is an (€, € V(g k, kp))-neutrosophic subalgebra.

Proof. Straightforward. O
The converse of Theorem [3.14! is not true as seen in the following example.

Example 3.15. Consider a BCI-algebra X = {0,a,b,c} with the binary operation * which is given in

Table [1] (see [8]).

Table 1: Cayley table for the binary operation “x”

* 0 a b c
0 0 a b c
a a 0 c b
b b c 0 a
c c b a 0

Let A= (Ar, A1, Ar) be a neutrosophic set in X € B;(X) defined by Table 2

Table 2: Tabular representation of “A = (Ap, Ar, Ap)”

0 0.6 0.5 0.2
a 0.7 0.3 0.6
b 0.3 0.6 0.6
c 0.3 0.3 0.4
If ky = 0.36, then
X if .
Te(4;0) = if o€ (0,0.3)
{0,a} if a €(0.3,0.32].
If k; = 0.32, then
X it 6 € (0,0.3],
TIe(43 ) = e
(0,6} if B (0.3,0.34].



If kr = 0.36, then

{0} ify€0.32,04),
Fe(A;y) =< {0,¢} ify€[0.4,0.6),

X if v € [0.6,1].
We know that Te(A4; a), Ie(A; B) and Fe(A; ) are subalgebras of X for all « € (0,0.32], 3 € (0,0.34] and
v €10.32,1). Tt follows from Theorem [3.12/that A = (Ar, A, Ar) is an (€, € Vq(ky k, kp))-NEUtrosophic
subalgebra of X for kr = 0.36, k; = 0.32 and kp = 0.36. Since Ar(0) = 0.6 < 0.7 = Ar(a) A Ar(a)
and/or Ar(0) =0.5> 0.3 = Ar(c)V As(c), we know that A = (A, Ar, Ar) is not an (€, €)-neutrosophic
subalgebra of X by Lemma 3.3l

Definition 3.16. A neutrosophic set A = (Ar, A7, Ap) in X € B(X) is called an (€, qup k; kp))-
neutrosophic subalgebra of X if

v €Te(Asayz), y € Te(Ajay) = xxy €Ty (Ajaz Aay),

z € Ie(A;Bs), y € Ie(A; By) = wxy € Iy, (A;Bs A By), (3.17)
z € Fe(A;72), y € Fe(Ayy) = xxy € Fy (A7 V)

for all z,y € X, ag, oy, Bz, By, € (0,1] and 75,7, € [0, 1).

An (€, q(ky ky ke))-neutrosophic subalgebra with kr = kr = kp = k is called an (€, qx)-neutrosophic
subalgebra.

Theorem 3.17. FEwvery (€, Q(kr ky k) -Neutrosophic subalgebra is an (€, € Vq(uy k; kp))-neutrosophic
subalgebra.

Proof. Straightforward. O

The converse of Theorem [3.17 is not true as seen in the following example.

Example 3.18. Consider the BCTI-algebra X = {0,a,b,c} and the neutrosophic set A = (Ar, Ar, Ar)
which are given in Example [3.15. Taking k7 = 0.2, k; = 0.3 and kr = 0.24 imply that

Te(A;0) = { {0,a} if a€(0.3,0.4],
[ x if 3 € (0,0.3],
Ic(A;B) = { {0,b} if B € (0.3,0.35],

and

{0} if 8 € [0.38,0.4),
Fe(A;y) =< {0,¢} if 8€[0.4,0.6),
X if 3 €[0.6,1).
Since X, {0}, {0,a}, {0,b} and {0,c} are subalgebras of X, we know from Theorem [3.12 that A =
(Ar, A, Ap)is an (€, € V(i k; &y ) )-neutrosophic subalgebra of X for kr = 0.2, kr = 0.3 and kr = 0.24.
Note that

axb¢ Ty ,(A;0.25A0.4) for a € Te(A;0.4) and b € T(A4;0.25),
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bxcd Iy, (A;0.5AN0.27) for b e Ic(A;0.5), ¢ € Ic(A;0.27)
and /or
axc ¢ Fy ,,(A;0.6V0.44) for a € Fe(A;0.6), c € Fe(A;0.44).
Hence A = (A1, Ay, Ap) is not an (€, q(0.2,0.3,0.24))-neutrosophic subalgebra of X.

Theorem 3.19. If 0 < kr < jr < 1, 0 < k; < j;r <1 and 0 < jp < kp < 1, then every (€,

€ VQ(ky k1 kp))-neutrosophic subalgebra is an (€, € Vq(j, j, j»))-neutrosophic subalgebra.

Proof. Straightforward. O

The following example shows that if 0 < kp < jr <1,0<k; <jr<land 0 <jr < kp <1, then an
(€, €Vq(jr.j;.jr))-neutrosophic subalgebra may not be an (€, € Vg, k, kx))-Neutrosophic subalgebra.

Example 3.20. Let X be the BCI-algebra given in Example [3.15 and let A = (Ap, A5, Ap) be a
neutrosophic set in X defined by Table 3

Table 3: Tabular representation of “A = (Arp, A;, Ap)”

X AT(.T) A[(,ﬁE) AF(.I')
0 0.42 0.40 0.44
a 0.40 0.44 0.66
b 0.48 0.36 0.66
c 0.40 0.36 0.33
If k7 = 0.04, then
X if o € (0,0.40],
Te(A;0) = ¢ {0,b} if a € (0.40,0.42],

{b}  ifa € (0.42,0.48).

Note that Te(A; ) is not a subalgebra of X for « € (0.42,0.48].
If k7 = 0.08, then

X if 8 € (0,0.36],

{0,a} if B € (0.36,0.40],
{a}  if B € (0.40,0.44],
0 if 8 € (0.44,0.46).

IG(AQﬂ) =

Note that Ic(A;G) is not a subalgebra of X for 8 € (0.40,0.44].
If kr = 0.42, then

0 if v € [0.29,0.33),
{c} if v € [0.33,0.44),
{0,¢} if v €[0.44,0.66),
X if v €[0.66,1).

Fe(Asvy) =
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Note that Fe(A;~) is not a subalgebra of X for v € [0.33,0.44). Therefore A = (Ar, Ay, Ar) is not an
(€, E\/q(kT’kI,kF))—neutrosophic subalgebra of X for kr = 0.04, k; = 0.08 and kr = 0.42.
If jr = 0.16, then

To(A:a) X ?f a € (0,0.40],
0,6} if a € (0.40,0.42].
If j; = 0.20, then

X if 8 € (0,0.36],
Ic(A: ) = i/ < (0,036

{0,a} if B € (0.36,0.40].
If jF = 0.12, then

Fu(Aiy) = {0,¢} if v €[0.44,0.66),
ETT x if € [0.66,1).

Therefore A = (Ap, A, Ar) is an (€, € Vg, j; j»))-neutrosophic subalgebra of X for jr = 0.16,
jr = 0.20 and jp = 0.12.

Given a subset S of X, consider a neutrosophic set Ag = (Agr, Asr, Asr) in X defined by

gy e { (W10 ifwes,
S (0,0,1) otherwise,

that is,
1 ifzesS
A = ’
s7(@) { 0 otherwise,
1 ifzeS
A = ’
s1(@) { 0 otherwise,
and
0 ifzesS
A = ’
sr(2) { 1  otherwise.

Theorem 3.21. A nonempty subset S of X € B(X) is a subalgebra of X if and only if the neutrosophic

set AS = (AST,AS],ASF) s an (E, GVQ(kT,kI,kp

—~

)-neutrosophic subalgebra of X.

~

Proof. Let S be a subalgebra of X. Then neutrosophic €-subsets T (Agr; ), Ic(AsT; 8) and Fe(Asr;y)
are obviously subalgebras of X for all a € (0, lfsz], 0 € (0, 1;’”] and v € [172’” ,1). Hence As = (Asr,
Asr, Asr) is an (€, €Vq(i, &, kp))-Neutrosophic subalgebra of X by Theorem [3.12.

Conversely, assume that Ag = (Ast, Asr, Asr) is an (€, E\/q(kTykI’kF))—neutrosophic subalgebra of
X. Let z,y € S. Then

Asr(z+y) > NAsr(x), Asr(y), F2} = 18 = Lz,

12



Asi(zxy) > NAsi(@), Asi(y), 551} = 1A S5k = 15k
and
Asp(zxy) <\[{Asr(2), Asp(y), 52} =0 v 52 = 15k

which imply that Agr(x *y) =1, Agr(x *xy) =1 and Agp(x *y) = 0. Hence z xy € S, and so S is a
subalgebra of X. O

Theorem 3.22. Let S be a subalgebra of X € B(X). For every a € (0,=£z], 3 € (0,55] and
v € [%,1), there exists an (€, € Vq(iy k; kp))-neutrosophic subalgebra A = (Ar, A1, Ap) of X such

that Tc(A;a) = S, Ic(A; 8) = S and Fe(A;v) = S.

Proof. Let A= (Ap, A, Ar) be a neutrosophic set in X defined by

if
(0,0,1)  otherwise,

that is,
a ifzeS
A = ’
r(@) { 0  otherwise,
ifxes,
A](%) = 6 .
0 otherwise,
and

if
Ap(x)::{ ~v ifzels,

1 otherwise.
Obviously, Te(A;a) = S, Ic(A; 8) = S and Fe(A;v) = S. Suppose that
AT(a * b) < /\{AT((I), AT(b), %}

for some a,b € X. Since #Im(Ar) = 2, it follows that A{Ar(a), Ar(b), %} =« and Ap(a*xb) = 0.
Hence Ar(a) = a = Arp(b), and so a,b € S. Since S is a subalgebra of X, we have a xb € S. Thus

Ar(a*b) = a, a contradiction. Therefore

Ar(zxy) > N{Ar(z), Ar(y), 257}

for all x,y € X. Similarly, we can verify that

AI(-T * y) > /\{A[(%),A[(y), %}

for all z,y € X. Assume that there exist a,b € X such that

Ap(ab) > \/{Ap(a),AF(b)’ Ike
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Then Ap(axb) =1 and \/{AFr(a), Ar(b), 1_2kF} = v since #Im(Ap) = 2. Tt follows that Ap(a) = v =
Ap(b) and so that a,b € S. Hence a xb € S, and so Ap(a *b) =, which is a contradiction. Thus

./L' " y \/{AF 1—2’€F}
for all z,y € X. Therefore A = (Ar, A7, Ap) is an (€, € Vq(ky k, kr))-neutrosophic subalgebra of X by
Theorem 13.10L O
Corollary 3.23. Let S be a subalgebra of X € B(X). For every a € (0,0.5], 8 € (0,0.5] and v € [0.5,1),

there exists an (€, € Vq)-neutrosophic subalgebra A = (Ar,Ar, Ar) of X such that Te(A;a) = S,
Ic(A;8) =S and Fc(A;v) = S.

Proof. Tt follows from taking kr = k; = kp = 0 in Theorem [3.22. O
Theorem 3.24. Given a neutrosophic set A = (Ar, A;, Ar) in X € B(X), the following are equivalent.
(1) A= (Ar, A1, Ar) is an (€, €Vq(ky k; kp))-neutrosophic subalgebra of X.

(2) The neutrosophic (€ V qi)-subsets Tev g, (4;a), Iey a, (A4;8) and Fey G p (A;7) are subalgebras of
X for all a, 8 € (0,1] and v € [0,1).

Proof. Assume that A = (Ar, A7, Ap) is an (€, €V, k, kp))-neutrosophic subalgebra of X. Let z,y €
Iev gy, (A; ) for B € (0,1]. Then Aj(z) > Bor Ar(x) +B+kr > 1, and A;(y) > B or Ar(y) +B+kr > 1.
Using Theorem [3.10, we have

(xxy) /\{AI 1_2’“}.
Case 1. Ar(z) > B and A;(y) > B. If B > 5EL, then
(xxy) /\{AI 1_2'“} = %7
and so Aj(zxy) + 3 > 15 kI + 15 k’ =1—kr. Hence xxy € I, (A;8). If B < 1*21”, then

Ar(z*y) > /\{Al(x),AI(y), k) >,

and thus z x y € Ie(A4;8). Hence x xy € Ic(A; B) U1y, (A;B) = lev g, (4; B).
Case 2. Af(z) > B and Af(y) + B+ kr > 1. If B > 1552 then

Ar(zxy) > NAr(2), Ar(y), 52} = i) A 5552 > (1= B— k) A S =1 -8 — ki,

and so z xy € Iy, (A;B). If B < 1*21”, then

AI(‘r*y) 2 /\{A[(:C%A[(y),%} 2 /\{ﬁvl - B—kr, lakl} =0,

and thus x xy € Ic(A4; ). Therefore z xy € Icy ax, (4;0).

Case 3. Aj(z) + B+ kr > 1 and A;(y) > B. We have x xy € Icy gy, (A;B) by the similar way to the
Case 2.

Case 4. Aj(zx)+B+kr>1and A;(y) +B8+k >1. If3>1 k’ ,then 1 — 3 —k; < = k’ , and so

Al(x*y) Z/\{A[(!%%A[(y),%}> 1 -8 —kip,
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Le,xxy €l (A4;0). If g < 1_2’“, then

Ar(z*y) > /\{AI(CU)»AI(Z/)» LRy > (1-B—k)nig =1 >p

ie, xxy € Ic(A;8). Hence z xy € Iy gk, (4;5). Consequently, Tev g, (A; B) is a subalgebra of X.
Similarly, we can prove that if 2,y € Tevg,, (4;a) for a € (0,1], then z xy € Tevgy, (A;ja), that
is, Tev g, (A;a) is a subalgebra of X. Let z,y € Fevg, (A;7) for v € [0,1). Then Ap(z) < 7 or
Ap(z) +v+kr <1,and Ap(y) <~ or Ap(y) +7+ kr < 1. Using Theorem [3.10, we have

Ap(zxy) < \[{Ar(z), Ar(y), 5=},

Case 1. Ap(r) <vyand Ap(y) <v. Ify <L kF , then

Ap(z+y) < \[{Ar(2), Ap(y), 152} = 5=,

and so Ap(z*xy)+v < %‘F%:l*kpﬂ Hencex*yEFqu(A;fy). If v > %,then

Ap(zxy) < \[{Ar(2), Ar(y), 52} <,

and thus z xy € Fc(A;7). Hence xz xy € Fe(A;7v) U Fqu (A;7) = Fevg,, (4;7).
Case 2. Ap(z) <vand Ap(y) +7v+kr < 1. If v < 1552 then

Ap(zry) < \{Ar(@), Ap(y), 5595} = Ap(y) V 3£ < (1= 7 —kp) V152 =1 -y — kp,

and so z xy € Fy, (A;7). If v > 15, then

Ap(zxy) < \{Ar(2), Ap(y), 252} <\ {1 =7 —kp, 252} = 4,

and thus x xy € Fc(A;v). Therefore x xy € Fey e p (4;7).

Similarly, if A7(z) + 8+ kr <1 and A;(y) < B, then x xy € Fevy g, (4;7).

Finally, assume that Ap(2)+v+kr < 1and Ap(y)+v+kr <1. Ify < 1_2kF ,then 1—y—kp > %,
and so

Ap(zxy) < \/{AF(ﬂf)aAF(y), heY <1 -y — kp,
Le, xxy € Fy, (4;7). Ity > %, then

Ap(wy) < \{Ar(@), Ar(y), 2} < (1 -y —kp) v 152 = 15 <y,

Le, zxy € Fe(A;v). Hence x xy € Fev g, (A;7). Therefore Fey g, (A;7) is a subalgebra of X.
Conversely, suppose that (2) is valid. If it is possible, let

A (x*y)<a</\{AT AT() IQkT}

for some o € (0,3=52). Then z,y € Te(4A; ) C Tey arp (A; @), which implies that z xy € Tev g, (A; ).

Thus Ap(z xy) > > aor Ap(z *y) + a+ kpr > 1, a contradiction. Hence

AT(CC * y) > /\{AT@g)v AT(y)7 %}
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for all x,y € X. Similarly, we can verify that

Ar(wxy) > \{Ai(2), Ar(y), S5}

for all z,y € X. Now assume that there exist a,b € X and v € (%7 1) such that

Ap(axb) >y > \/{Ar(a), Ap(b), £},

Then a,b € Fc(A4;v) C Fevq,, (4;7), which implies that a xb € Fey Gk p (4;7). Thus Ap(axb) <~ or
Ap(axb)+ v+ kp < 1, which is a contradiction. Hence

Ap(zxy) = \[{Ar(2), Ar(y), 157}

for all z,y € X. Using Theorem 3.10, we conclude that A = (Ar, A, Ap) is an (€, € Vq(ur ks kp))-
neutrosophic subalgebra of X. O
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