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ABSTRACT
In this paper, the concepts of generalized neutrosophic contra-continuous function, gen-
eralized neutrosophic contra-irresolute function and strongly generalized neutrosophic

contra-continuous function are introduced. Some interesting properties are also stud-
ied.
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1 INTRODUCTION

The notion of a fuzzy set has influenced almost all branches of mathematics since its
introduction by Zadeh (1965). Fuzzy sets have applications in many fields such as in-
formation theory (Smets, 1981) and control theory (Sugeno, 1985). The theory of fuzzy
topological space was introduced and developed by Chang (1968) and since then vari-

ous notions in classical topology have been extended to fuzzy topological space. The
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idea of “intuitionistic fuzzy set” was first published by Atanassov (1983) and many
works by the same author and his colleagues appeared in the literature (Atanassov
(1986, 1988); Atanassov and Stoeva (1983)). Later, this concept was generalized to
7intuitionistic L—fuzzy sets” by Atanassov and Stoeva (1984). The concepts of “fuzzy
contra-continuity” was introduced by Ekici and Kerre (2006). The concepts of gener-
alized intuitionistic fuzzy closed set was introduced by Dhavaseelan et al. (2010) and
also discussed contra-continuity (Dhavaseelan et al. (2012)). After the introduction
of the concepts of neutrosophy and neutrosophic set by Smarandache (1999, 2000),
the concepts of neutrosophic crisp sets and neutrosophic crisp topological spaces were
introduced by Salama and Alblowi (2012).

In this paper, the concepts of generalized neutrosophic contra-continuous func-
tion, generalized neutrosophic contra-irresolute function and strongly generalized neut-
rosophic contra-continuous function are introduced by using the concept studied in
(Dhavaseelan et al. (20xx)). Several interesting properties and characterizations are
discussed. Further, interrelations among the concepts introduced are established with

interesting counter examples.

2 NEUTROSOPHIC TOPOLOGY

Definition 2.1. Let T,IF be real standard or non standard subsets of |07, 17[, with
Supr = tgup, Nfr = tins

SUPT = Tsup, INfI = Ling

SUPF = fsups N fr = fing

N — Sup = tsup + lsup + foup

n—inf = tins + ting + fing - T,LF are neutrosophic components.

Definition 2.2. Let X be a nonempty fixed set. A neutrosophic set [NS for short] A is
an object having the form A = {(z, u,(z),0,(x),v,(x)) : € X}, where p,(z),0,(x)
and v, (x) which represents the degree of membership function (namely u,(z)), the
degree of indeterminacy (namely o,(x)) and the degree of nonmembership (namely

7, (2)) respectively of each element = € X to the set A.

Remark 2.1. (1) A neutrosophic set A = {(z, u,(z),0,(x),v,(x)) : 2 € X} can be
identified to an ordered triple (i1 ,,0,,7,) in |07, 17 on X.
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(2) For the sake of simplicity, we shall use the symbol A = (u,,o0,,v,) for the
neutrosophic set A = {(z, p,(x),0,(z),v,(z)) : x € X}.

Definition 2.3. Let X be a nonempty set and the neutrosophic sets A and B in the

form
A= {<xnuA(x)70-A(x)’7A(x)> HEUES X}7 B = {<x7MB(x)7O-B<x)7,YB(x)> SRS X} Then

(a) AC Bl (1) < 1, (2), 0,(2) < 0,(2) and 7, () > 7, () for all « € X;
(b) A=Biff AC Band B C A;

(€) A= {{z,7,(x).0,(x), u,(x)} : € X}; [Complement of A]

(d) ANB = {(2.41,(2) A iy (2),0,(2) A 0, (2),7, (@) V 7, (@) 2 0 € X

(©) AUB = {{z,11,(x) V 11, (2), 0, (2) V 0, (2),7,(2) A7, () : @ € X}

(1) [JA = {2, 11, (2),0,(2),1 — pr,(2)) : @ € X}:

(8) (A= {{x.,1—7,(),0,(x),7,(x)) : v € X}.

Definition 2.4. Let {A; : ¢ € J} be an arbitrary family of neutrosophic sets in X.
Then

(&) NAi = {(2, Ay, (2), Aoy (2), vy, (2) - o € X

(b) UAl = {(l’, \/:U’Ai (x)7\/0—Ai(I)7/\’YAi (ZL’)) HEUES X}

Since our main purpose is to construct the tools for developing neutrosophic topo-

logical spaces, we must introduce the neutrosophic sets 0, and 1, in X as follows:
Definition 2.5. 0, = {(2,0,0,1) :z € X} and 1, = {(x,1,1,0) : x € X}.

Definition 2.6. [9] A neutrosophic topology (NT) on a nonempty set X is a family
T of neutrosophic sets in X satisfying the following axioms:
(i) 0,1, €T,

(i) G1NGy € T for any G1,Gy € T,

(i) UG; € T for arbitrary family {G; | i € A} CT.
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In this case the ordered pair (X,T) or simply X is called a neutrosophic topological
space (NTS) and each neutrosophic set in 7" is called a neutrosophic open set (NOS).
The complement A of a NOS A in X is called a neutrosophic closed set (NCS) in X.

Definition 2.7. [9] Let A be a neutrosophic set in a neutrosophic topological space
X. Then

Nint(A) = |J{G | G is a neutrosophic open set in X and G C A} is called the
neutrosophic interior of A;

Ncl(A) = ({G | G is a neutrosophic closed set in X and G O A} is called the

neutrosophic closure of A.

Definition 2.8. Let X be a nonempty set. If r, ¢, s are real standard or non standard
subsets of |07, 17| then the neutrosophic set x,.; s is called a neutrosophic point(in short
NP )in X given by

(r,t,s), ifz=ua,

(07071)7 if z #.’L'p

mr,t,S(xp) =

For x, € X, it is called the support of x,; , where r denotes the degree of membership
value , t denotes the degree of indeterminacy and s is the degree of non-membership

value of z,; ;.

3 GENERALIZED NEUTROSOPHIC CONTRA-CONTINUOUS FUNCTIONS

Definition 3.1. Let (X,T) and (Y, S) be any two neutrosophic topological spaces.

(i) A function f : (X,T) — (Y,5) is called neutrosophic contra-continuous if the

inverse image of every neutrosophic open set in (Y, S) is a neutrosophic closed

set in (X, 7).

Equivalently if the inverse image of every neutrosophic closed set in (Y, S) is a

neutrosophic open set in (X, 7).

(ii) A function f : (X,7T) — (Y, .5) is called generalized neutrosophic contra-continuous
if the inverse image of every neutrosophic open set in (Y, .S) is a generalized neut-

rosophic closed set in (X, 7).
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Equivalently if the inverse image of every neutrosophic closed set in (Y,.5) is a

generalized neutrosophic open set in (X, 7).

(iii) A function f: (X,T) — (Y, 5) is called generalized neutrosophic contra-irresolute
if the inverse image of every generalized neutrosophic closed set in (Y,S5) is a

generalized neutrosophic open set in (X, 7).

Equivalently if the inverse image of every generalized neutrosophic open set in

(Y, S) is a generalized neutrosophic closed set in (X, 7).

(iv) A function f: (X,T) — (Y, S) is called strongly generalized neutrosophic contra-
continuous if the inverse image of every generalized neutrosophic open set in (Y, .S)

is a neutrosophic closed set in (X, T).

Equivalently if the inverse image of every generalized neutrosophic closed set in

(Y, S) is a neutrosophic open set in (X, 7).

Proposition 3.1. Let f: (X,T) — (Y,S) be a bijective function. Then f is a gener-
alized neutrosophic contra-continuous function if Ncl(f(A)) C f(NGint(A)) for every
neutrosophic set A in (X, 7).

Proof. Let A be a neutrosophic closed set in (Y, .S). Then Ncl(A) = A and f~1(A) isa
neutrosophic set in (X,T). By hypothesis, Ncl(f(f~1(A))) C f(NGint(f~1(A))).
Since f is onto, f(f7'(A)) = A. Therefore, A = Ncl(A) = Ncl(f(f7'(A))) C
F(NGint(£~(A))). Now, A C F(NGint(f~(A))), f~(4) € f~(f (NGint(f~(4))))
NGint(f~'(A)) € f~'(A). Hence, f~'(A) is a generalized neutrosophic open set in

(X,T). Thus, f is a generalized neutrosophic contra-continuous function. O]

Proposition 3.2. Let (X,7T) and (Y, S) be any two neutrosophic topological spaces.
Let f: (X, T) — (Y,95) be a function. Suppose that one of the following properties
hold.

(i) f(NGel(A)) € Nint(f(A)), for each neutrosophic set A in (X, 7).
(i) NGel(f~1(B)) C f~'(Nint(B)), for each neutrosophic set B in (Y, S).

(iii) f~Y(Ncl(B)) € NGint(f~'(B)), for each neutrosophic set B in (Y, S).

Then f is a generalized neutrosophic contra-continuous function.
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Proof. (i)= (ii) Let B be a neutrosophic set in (Y,S), then A = f~!(B) is a neut-
rosophic set in (X, T). By hypothesis, f(NGcl(A)) C Nint(f(A)), f(NGel(f~Y(B)) C
Nint(f(f~'(B))) C Nint(B). Now, f(NGel(f~'(B))) C Nint(B). Therefore, NGcl(f~(B)) C
S H(Nint(B)).

(ii)= (iii) Let B be a neutrosophic set in (Y, S), then f~!(B) is a neutrosophic
set in (X,T). By hypothesis, NGcl(f~'(B)) C f~'(Nint(B)). Taking complement
NGA(F1(B)) 2 F\(Nink(B)), NGint(F1(B)) 2 /- (Nind(B)), NGint(f~(F)) 2
fHNe(B)).

Suppose that (iii) holds. Let A be a neutrosophic closed set in (Y,S5).
Then Ncl(A) = A and f~1(A) is a neutrosophic set in (X,T). Now, f~1(A) =
f7YUNcl(A)) € NGint(f~'(A)) € fY(A). Therefore, f~*(A) is a generalized neut-

rosophic open set in (X, 7). Thus, f is a generalized neutrosophic contra-continuous

function. ]

Proposition 3.3. Let (X,7) and (Y, S) be any two neutrosophic topological spaces.
Let f: (X, T) — (Y,95) be a function. Suppose that one of the following properties
hold.

(i) f7Y(NGcl(B)) C NGint(NGcl(f~'(B)) for each neutrosophic set B in (Y, S).
(il) NGel(NGint(f~Y(B))) C f~Y(NGint(B)) for each neutrosophic set B in (Y, 5).
(i) f(NG(NGint(A))) € NGint(f(A)) for each neutrosophic set A in (X, 7).

(iv) f(NGcl(A)) C NGint(f(A)) for each neutrosophic set A in (X, T).

Then f is a generalized neutrosophic contra-continuous function.

Proof. (i)= (ii) Let B be a neutrosophic set in (Y, S). Then f~!(B) is a neutrosophic
set in (X,T). By hypothesis,f'(NGcl(B)) C NGint( NGcl(f~'(B))). Taking com-
plement f~1(NGcl(B)) 2 NGint(NGcl(f~1(B))), f*(NGcl(B)) 2 NGcl(NGel(f~1(B))),
f~YUNGint(B)) D NG (NGint( f~1(B))), f " (NGint(B)) 2 NGc(NGint(f~*(B))).
Thus, NGcl(NGint(f~1(B))) C f~Y{(NGint(B)).

(ii)= (iii)Let A be a neutrosophic set in (X, T). Put B = f(A), then A C f~(B).
By hypothesis, NGcl(NGint(A)) C
NGcl(NGint(f~Y(B))) C f~Y{(NGint(B)), NGcl(NGint(A)) C f~1(NGint(B)). There-
fore, f(NGcl( NGint(A))) C NGint(B) = NGint(f(A)). This means that f(NGcl(NGint(A))) C
NGint(f(A)).
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(iii)= (iv) Let A be any generalized neutrosophic open set of (X,T). Then
NGint(A) = A. By hypothesis, f(NGcl(A)) = f(NGcl(NGint(A))) € NGint(f(A)).
Thus, f(NGcl(A)) € NGint(f(A)).

Suppose that (iv) holds. Let B be a neutrosophic open set in (Y,S). Then,
/7Y B) = Ais aneutrosophic set in (X, T). By hypothesis, f(NGcl(A)) C NGint(f(A)).
Now, F(NGl(A)) € NGint(f(A)) € f(A), F(NGel(A)) C f(A), NGel(A) C [ (f(4)) =
A. That is., NGcl(A) C A. But A C NGcl(A). Hence A = NGcl(A). Thus, A is a
generalized neutrosophic closed set in (X, 7). Hence, f is a generalized neutrosophic

contra-continuous function. O

Proposition 3.4. Let (X, T) and (Y, S) be any two neutrosophic topological spaces. If
f:(X,T) — (Y,S) is a neutrosophic contra-continuous function then it is a generalized

neutrosophic contra-continuous function.

Proof. Let A be a neutrosophic open set in (Y,S). Since f is a neutrosophic contra-
continuous function, f~'(A) is a neutrosophic closed set in (X, 7). Every neutrosophic
closed set is a generalized neutrosophic closed set. Now, f~1(A) is a generalized neut-
rosophic closed set. Hence, f is a generalized neutrosophic contra-continuous function.

The converse of Proposition 3.4., need not be true. See Example 3.1. O]

Example 3.1. Let X = {a,b, c}. Define the neutrosophic sets A and B in X as follows:

A= <l’, <ﬁ> %7&)7 (0%470#57 0_64)7 (&7 &7 ﬁ»a and
B = <ZE,( a b c

o5 01 05) (50 010 03): (65 050 07)):

Then the families ' = {0,,,1,, A} and S = {0,,1,,
X. Thus, (X,T) and (X, S) are neutrosophic topological spaces. Define f : (X,T) —
(X,S) by f(a) =0, f(b) = a, f(c¢) = c. Then fis a generalized neutrosophic contra-

continuous function. Now, f~!(B) is not a neutrosophic closed set in (X, T') for B € S.

B} are neutrosophic topologies on

Hence, f is not a neutrosophic contra-continuous function.

Proposition 3.5. Let (X,7T) and (Y, S) be any two neutrosophic topological spaces.
If f:(X,T)— (Y,95) is a generalized neutrosophic contra-irresolute function then it

is a generalized neutrosophic contra-continuous function.

Proof. Let A be a neutrosophic open set in (Y, S). Every neutrosophic open set is
a generalized neutrosophic open set. Since f is a generalized neutrosophic contra-
irresolute function, f~!(A) is a generalized neutrosophic closed set in (X, T). Thus, f

is a generalized neutrosophic contra-continuous function.

7
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The converse of Proposition 3.5., need not be true as shown in Example 3.2. O

Example 3.2. Let X = {a,b,c}. Define the neutrosophic sets AB and C in X as
follows: A = (z, (&%, 24, o), (&, o0 22)s (2, &, 52)),

1 5
o5 05 05) (5% 06 05) (050 040 05)) and
_ b b b
C={ (310505 (0305 05) (01 050 05))

Then the families 7= {0,,1,,A4, B} and S = {0
on X. Thus, (X, T) and (X, S) are neutrosophic topological spaces. Define f : (X,T) —
(X,S) as follows: f(a) = b, f(b) = a, f(c) = ¢. Then fis a generalized neutrosophic
contra-continuous function. Let D = (x, (5%, 0%, 53) (5%, 0—2, 75) (5%, 0b5, 55)) be a
generalized neutrosophic closed set in (X, .5), f~(D) is not a generalized neutrosophic

v» 1y, C'} are neutrosophic topologies

open set in (X, T"). Hence, fis not a generalized neutrosophic contra-irresolute function.

Proposition 3.6. Let (X,7T) and (Y, S) be any two neutrosophic topological spaces.
If f:(X,T)— (Y,S) is a strongly generalized neutrosophic contra-continuous function

then f is a neutrosophic contra-continuous function.

Proof. Let A be a neutrosophic open set in (Y, S). Every neutrosophic open set is
a generalized neutrosophic open set. Now, A be a generalized neutrosophic open set
n (Y,S). Since f is a strongly generalized neutrosophic contra-continuous function,
f7Y(A) is a neutrosophic closed set in (X,T). Hence, f is a neutrosophic contra-
continuous function.

The converse of Proposition 3.6 need not be true as it is shown in Example 3.3. [

Example 3.3. Let X = {a,b,c}. Define the neutrosophic sets A,B and C as follows:

€ (o (s, C><Oii

0.9 0.97 0.9 : 0.1 0.
Then the families T" = {0,,1,,A,B} and S = {0,,1,,C} are neutrosophic topo-
logies on X. Thus, (X,7T) and (X,S) are neutrosophic topological spaces. Define
[ (X, T) — (X,9) as follows: f(a) = a, f(b) = b, f(c) = b. Then f is a neut-
rosophic contra-continuous function. But, for a generalized neutrosophic open set
D= (z,(35, 555, 55), (&%, 555. 5 ), (&, 2, 55)) in (X, S), f~1(D) is not a neutrosophic
closed set in (X,T). Hence, f is not a strongly generalized neutrosophic contra-

continuous function.
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Proposition 3.7. Let (X,T) and (Y, S) be any two neutrosophic topological spaces.
If f:(X,T) — (Y,S) is a strongly generalized neutrosophic contra-continuous function

then f is a generalized neutrosophic contra-continuous function.

Proof. Let A be a neutrosophic open set in (Y,S). Every neutrosophic open set is
a generalized neutrosophic open set. Thus A is a generalized neutrosophic open set
in (Y,95). Since f is a strongly generalized neutrosophic contra-continuous function,
f7YA) is a neutrosophic closed set in (X,T). Every neutrosophic closed set is a
generalized neutrosophic closed set. Hence, f is a generalized neutrosophic contra-
continuous function.

The converse of Proposition 3.7 need not be true. See Example 3.4. O

Example 3.4. Let X = {a,b,c}. Define the neutrosophic sets A,B and C as follows:

A= <I7 (0%17 %7 %)7 (04447 %a 0_65)7 (&7 %7 %)>7
B =z, (5% a7 a5) (%507 05) (61 050 a5)) and
C= <.Z', (&7 0%7 0_05)7 (&7 (%p 0_C5)a (()Lv 0%7 ﬁ)>

The families T = {0,,1,,
X. Thus, (X,7T) and (X, S
(X, 9) as follows: f(a) = ¢, f(b) = ¢, f(c) = ¢. Then f is a generalized neutrosophic
contra-continuous function. Let D = (z, (5%, %, o5): (59 0—%, 5z ) (59 0_é4’ 53)) be a
generalized neutrosophic open set in (X, .S), then f~(D) is not a neutrosophic closed

S ={0,,1,,C} are neutrosophic topologies on

N
oy
—
&)
B
erk

are neutrosophic topological spaces. Define f : (X,T) —

set in (X,T). Hence, f is not a strongly generalized neutrosophic contra-continuous

function.

Proposition 3.8. Let (X, T) and (Y, S) be any two neutrosophic topological spaces. If
[ (X, T)— (Y,9) is a strongly generalized neutrosophic contra-continuous function,

then f is a generalized neutrosophic contra-irresolute function.

Proof. Let A be a generalized neutrosophic open set in (Y,S). Since f is a strongly
generalized neutrosophic contra-continuous function, f~1(A) is a neutrosophic closed
set in (X, T). Every neutrosophic closed set is a generalized neutrosophic closed set.
Now, f~!(A) is a generalized neutrosophic closed set in (X, T'). Hence, f is a generalized
neutrosophic contra-irresolute function.

The converse of Proposition 3.8 need not be true as it is shown in Example 3.5. [

Example 3.5. Let X = {a,b,c}. Define the neutrosophic sets A,B and C as follows:
A= (x,(

o1 o1 08) (01 01 08 (65 050 0)s

9
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B=(z, (&% o5 55) (& w5 52) (f5 o3 55)) and
C=(z, (5 555 (@)

The families T' = {0,,1,,

X. Thus, (X,T) and (X, S) are neutrosophic topological spaces. Define f : (X,T) —
(X,S) as follows: f(a) = b, f(b) = a,f(c) = c¢. Then f is a generalized neut-
rosophic contra-irresolute function. But, for a generalized neutrosophic closed set

D = (r,(5 i) (& 0 ) (5. 5, 55)) i (X, ). f71(D) is not a neutro-

sophic open set in (X, 7). Hence, f is not a strongly generalized neutrosophic contra-

5
v, A, B} and S = {0,,1,,C} are neutrosophic topologies on
)

continuous function.

Proposition 3.9. Let (X, 7),(Y,S) and (Z, R) be any three neutrosophic topological
spaces. Let f : (X,T) — (v,S) and g : (Y,S) — (Z,R) be functions. If f is a
generalized neutrosophic contra-irresolute function and g is a generalized neutrosophic

contra-continuous function, then go f is a generalized neutrosophic continuous function.

Proof. Let A be a neutrosophic open set in (Z, R). Since g is a generalized neutro-
sophic contra-continuous function, g7'(A) is a generalized neutrosophic closed set in
(Y, S). Since f is a generalized neutrosophic contra-irresolute function, f~!(g7'(A)) is
a generalized neutrosophic open set in (X, T"). Hence, go f is a generalized neutrosophic

continuous function. O]

Proposition 3.10. Let (X, 7T),(Y,S) and (Z, R) be any three neutrosophic topological
spaces. Let f : (X,T) — (V,S) and g : (Y,S) — (Z,R) be functions. If f is a
generalized neutrosophic contra-irresolute function and g is a generalized neutrosophic

continuous function, then go f is a generalized neutrosophic contra-continuous function.

Proof. Let A be a neutrosophic open set in (Z, R). Since g is a generalized neutrosophic
continuous function, g~*(A) is a generalized neutrosophic open set in (Y, S). Since f
is a generalized neutrosophic contra-irresolute function, f~'(g7*(A)) is a generalized
neutrosophic closed set in (X, 7). Hence, g o f is a generalized neutrosophic contra-

continuous function. O

Proposition 3.11. Let (X, T) ,(Y,S) and (Z, R) be any three neutrosophic topological
spaces. Let f : (X,T) — (V,S) and g : (Y,S) — (Z,R) be functions. If f is a
generalized neutrosophic irresolute function and g is a generalized neutrosophic contra-

continuous function, then go f is a generalized neutrosophic contra-continuous function.

10
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Proof. Let A be a neutrosophic open set in (Z, R). Since ¢ is a generalized neutrosophic
contra-continuous function, g~*(A) is a generalized neutrosophic closed set in (Y, 9).
Since f is a generalized neutrosophic irresolute function, f~*(g71(A)) is a generalized
neutrosophic closed set in (X, T'). Hence, g o f is a generalized neutrosophic contra-

continuous function. O

Proposition 3.12. Let (X, T) ,(Y,S) and (Z, R) be any three neutrosophic topological
spaces. Let f: (X,T) — (YV,S) and g : (Y,S) — (Z, R) be functions. If f is a strongly
generalized neutrosophic contra-continuous function and g is a generalized neutrosophic

contra-continuous function, then g o f is a neutrosophic continuous function.

Proof. Let A be a neutrosophic open set in (Z, R). Since g is a generalized neutrosophic
contra-continuous function, g~*(A) is a generalized neutrosophic closed set in (V,5).
Since f is a strongly generalized neutrosophic contra-continuous function, f~!(g71(A))

is a neutrosophic open set in (X, 7). Hence, go f is a neutrosophic continuous function.
O

Proposition 3.13. Let (X, T) ,(Y,S) and (Z, R) be any three neutrosophic topological
spaces. Let f: (X,T) — (Y,S) and g : (Y,S) — (Z, R) be functions. If f is a strongly
generalized neutrosophic contra-continuous function and g is a generalized neutrosophic

continuous function, then g o f is a neutrosophic contra-continuous function.

Proof. Let A be a neutrosophic open set in (Z, R). Since ¢ is a generalized neutrosophic
continuous function, g~*(A) is a generalized neutrosophic open set in (Y, S). Since f
is a strongly generalized neutrosophic contra-continuous function, f~1(g7'(A)) is a
neutrosophic closed set in (X, 7). Hence, g o f is a neutrosophic contra-continuous

function. []

Proposition 3.14. Let (X, T) ,(Y,S) and (Z, R) be any three neutrosophic topological
spaces. Let f: (X,T) — (YV,S) and g : (Y,S) — (Z, R) be functions. If f is a strongly
generalized neutrosophic continuous function and g is generalized neutrosophic contra-

continuous function, then g o f is a neutrosophic contra-continuous function.

Proof. Let A be a neutrosophic open set in (Z, R). Since g is a generalized neutrosophic
contra-continuous function, g~*(A) is a generalized neutrosophic closed set in (Y, 9).
Since f is a strongly generalized neutrosophic continuous function, f~!(g7!(A)) is a
neutrosophic closed set in (X,7). Hence, g o f is a neutrosophic contra-continuous

function. O

11
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Proposition 3.15. Let (X, T) ,(Y,S) and (Z, R) be any three neutrosophic topological
spaces. Let f : (X,T) — (¥,S) and ¢g : (Y,S) — (Z,R) be functions and (Y, .S)

be a neutrosophic T: space if f and g are generalized neutrosophic contra-continuous
2

functions, then g o f is a generalized neutrosophic continuous function.

Proof. Let A be a neutrosophic open set in (Z, R). Since g is a generalized neutrosophic
contra-continuous function, g~*(A) is a generalized neutrosophic closed set in (V,5).
Since (Y, S) is a neutrosophic T, space, g '(A) is a neutrosophic closed set in (Y, .S).
Since f is a generalized neutrosophic contra-continuous function, f~'(g7'(4)) is a
generalized neutrosophic open set in (X, 7). Hence, go f is a generalized neutrosophic
continuous function.

The Proposition 3.15., need not be true, if (Y,.S) is not a neutrosophic T% as shown

in Example 3.6. O
Example 3.6. Let X = {a, b, c}. Define the neutrosophic sets A,B,C and D as follows:
a b c a b c a b c
A - <._'L', (m7 0.3 0_4)7 (ﬁ) 0.37 M)a (0_47 057 ﬁ)%
o a b c a b c a b c
B = <.7), <ﬁ7 0.6’ ﬁ)? (ﬁ? 0.6’ ﬁ)u (ﬁu 0.3 ﬁ)>7
_ a b c a b c a b c
C =z, (5195 04) (60 95 04) (6.0 9.0 0.9)) and
_ a b c a b c a b c
D= <$a (ﬁa 0.4 ﬁ)a (ﬁa 04° ﬁ)? (ﬁa 0.6’ ﬁ))

Observe that the families T = {0,,1,,4,B} ,S = {0,,1,,C} and R = {0,,1,,D}
are neutrosophic topologies on X. Thus, (X,T) ,(X,S) and (X, R) are neutrosophic
topological spaces. Define f : (X,T) — (X, S) by f(a) = a, f(b) = b, f(¢) = b and
g: (X,9) = (X,R) by g(a) = b,g(b) = a,g(c) = c. Then f and g are generalized
neutrosophic contra-continuous functions. Let D be a neutrosophic open set in (X, R).
f~Yg7 (D)) is not a generalized neutrosophic open set in (X,T). Therefore, g o f is
not a generalized neutrosophic continuous function. Further (X, .S) is not neutrosophic
Tl .

2

Proposition 3.16. Let (X, 7),(Y,S) and (Z, R) be any three neutrosophic topological
spaces. Let f: (X,T) — (Y,S) and g : (Y,S) — (Z, R) be functions and (Y, S) be
neutrosophic T%. If f is a neutrosophic contra-continuous function and g is a generalized
neutrosophic contra-irresolute function, then go f is a strongly generalized neutrosophic

continuous function.

Proof. Let A be a generalized neutrosophic open in (Z, R). Since g is a generalized

neutrosophic contra-irresolute function, g=*(A) is a generalized neutrosophic closed set

12
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in (V,95). Since (Y,S) is a neutrosophic T space, g 1(A) is a neutrosophic closed
set in (Y,S). Since f is a neutrosophic contra-continuous function, f~(g7(4)) is a
neutrosophic open set in (X,7T). Hence, g o f is a strongly generalized neutrosophic
continuous function.

If (Y, .S) is not a neutrosophic T% space, then Proposition 3.16 need not be true as

it is shown in Example 3.7. ]

Example 3.7. Let X = {a, b, c}. Define the neutrosophic sets A,B,C and D as follows:

A=(z,(55 59 59) (75 05 09) (31 017 o))
B = (z, (3 010 51 (61 o0 1) (61 000 05))
C = (o (%55 05 (5 05 03 (5 0.0 75)) and
D =z, (35 55 03) (35 02 03 (355 057 07))-

S ={0,,1,,C} and R = {0,,1,,D} are neut-
rosophic topologies on X. Thus, (X,7T), (X,S) and (X, R) are neutrosophic topo-
logical spaces. Define f : (X,T) — (X,S) as f(a) = a, f(b) = a,f(c) = b and
g:(X,9) = (X,R) by g(a) = ¢,g(b) = a,g(c) = b. Then f is neutrosophic contra-
continuous function and g is a generalized neutrosophic contra-irresolute function. But,
for the generalized neutrosophic open set D in (X, R), f~'(¢g~'(D)) is not a neutro-
sophic open set in (X,7). Hence g o f is not a strongly generalized neutrosophic

continuous function. Moreover, (X, .S) is not a neutrosophic 71 space.
2

Proposition 3.17. Let (X, T) and (Y, S) be any two neutrosophic topological spaces.
For a function f : (X,T) — (Y,5), the following statements are equivalent:

(i) fis a generalized neutrosophic contra-continuous function;

(ii) For each neutrosophic point x,; of X and for each neutrosophic closed set B of
(Y, S) containing f(x,s), there exists a generalized neutrosophic open set A of
(X, T) containing z,., s, such that A C f~(B);

(iii) For each neutrosophic point z,, ¢ of X and for each neutrosophic closed set B of
(Y, S) containing f(x,s), there exists a generalized neutrosophic open set A of
(X, T) containing z,;,, such that f(A) C B.

Proof. (i)= (ii) Let f be a generalized neutrosophic contra-continuous function. Let
B be a neutrosophic closed set in (Y, S) and ;s a neutrosophic point of X such that
f(z,+5) € B. Then z,;5 € f~1(B) = NGint(f~!(B)). Let A= NGint(f~*(B)), then

13
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A is a generalized neutrosophic open set and A = NGint(f~'(B)) C f~!(B). This
implies, A C f~1(B).

(ii)= (iii) Let B be a neutrosophic closed set in (Y,S) and let z,;s be a neut-
rosophic point in X, such that f(z,;s) € B. Then z,,s € f~'(B). By hypothesis,
f7Y(B) is a generalized neutrosophic open set in (X,T) and A C f~'(B). This implies
that f(A) C f(f~'(B)) € B. Thus, f(A4) C B

(iii)= (i) Let B be a neutrosophic closed set in (Y, S) and let z,;, be a neut-
rosophic point in X, such that f(z,;s) € B. Then z,,, € f~'(B). By hypothesis,
there exists a generalized neutrosophic open set A of (X,T), such that x,,, € A and
f(A) C B. Thisimplies, z,,s € A C f~*(f(A)) C f~1(B). Since A is generalized neut-
rosophic open, A = NGint(A) C NGint(f~'(B)). Therefore, z,,, € NGint(f~'(B)),
f1B) = U,,,.cy-1m(@res) © NGint(f~1(B) C f~1(B). Hence, f~(B) is a gen-

eralized neutrosophic open set in (X, 7). Thus, f is generalized neutrosophic contra-

continuous function.

]

Proposition 3.18. Let (X, T) and (Y, S) be any two neutrosophic topological spaces.
Let f: (X,T) — (Y,S) be any function. If the graph g : X — X X Y of { is a general-
ized neutrosophic contra-continuous function, then f is also a generalized neutrosophic

contra-continuous function.

Proof. Let A be aneutrosophic open set in (Y, .5). By definition f~'(A) =1, f ' (A) =
g (1, x A). Since g is a generalized neutrosophic contra-continuous function, g=*(1, x
A) is a generalized neutrosophic closed set in (X, T). Now, f~!(A) is a generalized neut-
rosophic closed set in (X, 7). Thus, f is a generalized neutrosophic contra-continuous

function. O

Proposition 3.19. Let (X,T) and (Y, S) be any two neutrosophic topological spaces.
Let f: (X,T) — (Y,S) be any function. If the graph g : X — X x Y of fis a
strongly generalized neutrosophic contra-continuous function, then f is also a strongly

generalized neutrosophic contra-continuous function.

Proof. Let A be a generalized neutrosophic open set in (Y, .S). By definition f~(A) =
1,Nf YA = ¢g!(1, x A). Since g is strongly generalized neutrosophic contra-

N

continuous, ¢g7'(1, x A) is a neutrosophic closed set in (X,T). Now, f~'(A) is a

14
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neutrosophic closed set in (X, T). Thus, f is a strongly generalized neutrosophic contra-

continuous function. O

Proposition 3.20. Let (X, T) and (Y, S) be any two neutrosophic topological spaces.
Let f: (X,T) — (Y,S) be any function. If the graph g : X — X xY of fis a generalized
neutrosophic contra-irresolute function, then f is also a generalized neutrosophic contra-

irresolute function.

Proof. Let A be a generalized neutrosophic open set in (Y, S). By definition f~1(A) =
1,Nf(A) = g'(1, x A). Since g is a generalized neutrosophic contra-irresolute
function, g7'(1, x A) is a generalized neutrosophic closed set in (X, T). Now, f~1(A)
is a generalized neutrosophic closed set in (X, 7T’). Thus, f is a generalized neutrosophic

contra-irresolute function. O

4 INTERRELATION

From the above results proved, we have a diagram of implications as shown below.

In the diagram @, , @ and @ denote a neutrosophic contra-continuous func-
tion, generalized neutrosophic contra-continuous function, generalized neutrosophic
contra-irresolute function and strongly generalized neutrosophic contra-continuous func-

tion respectively.

@ ‘
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