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Philip Gibbs

Abstract: A Diophantine m-tuple is a set of m distinct non-zero integers
such that the product of any two elements of the set is one less than a
square. The definition can be generalised to any commutative ring. A
computational search is undertaken to find Diophantine 5-tuples
(quintuples) over the ring of quadratic integers Z[\/B] for small positive
and negative D. Examples are found for all positive square-free D up to 22,
but none are found for the complex rings including the Gaussian integers.

Introduction

A Diophantine m-tuple with the property D(n) over a commutative ring is a
set of m distinct non-zero elements of the ring with the property that the
product of any two distinct elements of the m-tuple increased bynis a
squared element in the ring

al-aj+n=xij2, 1<i<j<m
n itself can be an integer or some other element of the ring.

Diophantus looked for m-tuples with the property D(1) over the rational
numbers finding 3-tuples (rational Diophantine triples) and 4-tuples (rational
Diophantine quadruples) [1]. Fermat considered Diophantine quadruples over
the integers finding examples including the set {1,3,8,120} [2]. Euler showed
that Fermat’s Diophantine quadruples could be extended to rational
Diophantine quintuples [3]. In recent times rational Diophantine sextuples
were found [4,5,6,7]. It is now known that there are infinitely many [8,9].
However, by a result still subject to peer review there is known to be no
Diophantine quintuples in integers [10].

Diophantine m-tuples with the property D(n) have been studied over various
other commutative rings including integer polynomials [11-13], real
polynomials [14], finite fields [14,15], Gaussian integers [16-20] and other
guadratic rings [21-25], and algebraic rings [26-29]. These results have mostly



been limited to quadruples. The focus here is on the existence of Diophantine
quintuples with the property D (1) over quadratic rings.

Generalities

A Diophantine m-tuple with property D (n) over a commutative ring X (such as
the integers) provides an m-tuple with property D(n?) in the quadratic ring
extension X[\/ﬁ]. Simply multiply each element and each root by vn.
Furthermore, if X is also a field (such as the rationals) there is an m-tuple with
property D (1) in X[/n] obtained by dividing through by vn.

For the case of property D(1) well-known extensions methods can be used. In
any ring X a Diophantine pair can usually be extended to a regular triple and a
triple can usually be extended to a regular quadruple using the method of
Arkin, Hoggatt, Strauss [30]. If X is also a field then a quadruple can normally
be extended to a regular quintuple using the method of Dujella [31]. These
methods will only fail in exceptional circumstances where the formula returns
zero, or duplicates of existing elements of the set, or (in the case for extension
of quadruples) when the denominator is zero. See [4] for the meaning of
“regular”. By these methods an infinite number of quadruples can normally be
constructed for any non-finite ring and an infinite number of quintuples for any
non-finite field.

Furthermore, the extension methods usually provide two alternative extension
elements a,;,,1,am+2 € X when the m-tuple being extended is not itself
regular. If both these elements can be added to the set, this then provides an
almost-(m + 2)-tuple where only the product (@41, @42 + 1) is usually not
a square. This is therefore a full (m+2) -tuple over the ring

X[\/amﬂ,amﬂ + 1]. This means for example that there are Diophantine
quintuples over the quadratic ring Z[\/B] for some positive D and there are

Diophantine sextuples over the quadratic field Q[\/ﬁ] for some positive D. An
alternative method for constructing such sextuples is to use the formula for
regular sextuples [32] to extend a Diophantine quintuple over a field X with a
new element aq. This does not normally provide a sextuple over X but the
products (a;as + 1)(aja6 +1), i <j will all be squares. This gives the

sextuple property D(1) over the field extension X[ /a;, ag + 1]. Finally, in a



survey of rational Diophantine sextuples three examples of almost Diophantine
septuples were found where only one product fails to be one less than a
square [33]. This provides three examples of Diophantine septuples over

Q[VD] for three different positive integers D.

Diophantine quadruples over Z[vVD]

The extension formula provide an infinite number of Diophantine quadruples

with property D(1) over the quadratic ring Z[\/B] for any square free integer
D ¢ {0,1}, positive or negative.

Irregular D (1) quadruples that include two regular triples are easy to check for.
This requires two factorisation steps starting with the factorisation of the
number 3 [4]. For D < 0 only a few factorisations are possible and it can be
checked that all cases lead to invalid quadruples where two elements are equal,
or one element is zero. In the remaining cases where D > 0 and square free,
every number has an infinite number of factorisations from solutions of Pell’s
equations. These provide an infinite number of irregular quadruples.

A computational search easily finds many other irregular quadruples for D > 0
which do not contain two regular triples. No irregular quadruples have been
found for D < 0 and it seems reasonable to conjecture that they do not exist.

Diophantine quintuples over Z[\/E]

A search for Diophantine quintuples with property D(1) over Z[VD] was
conducted for square free D with |D| < 50, including the Gaussian integers.
160 examples were found. There were solutions for all positive square-free
values for D between 2 and 22. All of them were irregular but included two
regular quadruples. No Diophantine quintuples were found for negative D.

The smallest example was the quintuple

(4, 7+3V5, 7-3V5 = 50+22V5 = 50-—22V5}

A full list is given below. Each is shown in the form D, (a b), (¢ d), ... to indicate
a++VDb, c¢++/Dd,



), (4 8), (42 30), (7416 5244), (-28 20)

1), (88 148), (426 309), (15240708 10776808), (-79360 56116)
,(70), (24 0), (368 260), (368 -260)

, (7 4), (7 -4), (119 -84), (119 84)

, (39 20), (39 -20), (4407 3116), (4407 -3116)

312), (-5 4), (-39 36), (345 244), (-26887 19012)

40), (272 170), (2454 1530), (18934804 13388928), (73664 -52088)
4 1), (30 9), (872 552), (766340 541884), (8272 -5848)

4 10), (18 42), (-116 92), (39728 28092), (-206956 146340)

31 15), (31 -15), (6200 -4384), (6200 4384)

403 279), (403 -279), (81536 -57652), (81536 57652)
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0 23), (40 35), (-144 87), (53768 31043), (-484536 279747)
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), (43 29), (138 66), (199730 89322), (-550 246)

), (14 6), (20 -6), (760 338), (112 -50)

), (-56 36), (90 51), (42580 19044), (-1708 764)
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), (7 3), (7 -3), (50 -22), (50 22)

), (

), (

), (

), (
(-

’ ’
’

’

3,(
3, (
3,(
3, (
3, (
3, (
3, (
3, (
3,(
3, (
3, (
3, (
3,(
3, (
3,(
5 (
5(
5(
5(21),
5, (24),
5(
5(
5(
5(
5(
5 (
5(
5 (
5(
5(
5(
5(
5(
5 (
6,(3

’

’

1
, (34 10), (110 -48), (1870 836), (30590 -13680)

, (590 168), (1954 -850), (9918590 -4435728), (619150 276892)
, (60 -26), (228 -64), (3408 1524), (134460 -60132)

, (41 20), (-147 66), (-2360 1056), (1780 804)

8 4), (-144 72), (-170 114), (49028 21926), (-245480 109782)

10 30), (32 26), (694 312), (19339980 8649102), (-10988 4914)

, (18 6), (25 -9), (41 17), (1288 -576), (24320 10876)

, (18 8), (20 8), (76 -34), (198 -88), (30 -12)

, (20 32), (48 72), (-570 258), (-13363820 5976482), (264576 118322)
, (28 0), (148 30), (148 -30), (974948 -436010), (974948 436010)

, (30 8), (32 14), (54 -24), (2140 956), (1932 -864)

, (86 38), (108 6), (148 -66), (57950 -25916), (17710 7920)
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2), (-6 4), (12 8), (2180 890), (-240 98)

,(63), (-12 7), (36 16), (10424 4256), (-284 116)

,(103), (36 -13), (44 12), (5340 -2180), (10680 4360)

, (42 18), (-57 38), (232 136), (3511515 1433570), (-63721 26014)

, (60 12) (136 -52), (1574 -634), (50415540 -20582058), (32544 13286)

0 3) (232 88), (416 166), (6311712 2385603), (-336 127)
0 4), (0 8), (0 30), (35670 13482), (-35670 13482)
4 1), (20 -7), (28 5), (860 325), (1596 -603)
4 4), (28 26), (-1440 555), (80288 30347), (-1564864 591463)
6 3), (60 27), (-70 27), (-6420 2427), (5404 2043)
,(102), (162 -60), (196 64), (80914 -30582), (36750 13890)
) (-37 14), (38 16), (476 180), (-6984 2640)
, (28 13), (48 48), (-92 38), (-194804 73629), (186708 70569)
,(3212), (114 -42), (126 24), (69802 26382), (7350 -2778)
), (120 72), (-132 50), (33460 12647), (-22740 8595)
10, (0 2), (22 8), (-36 12), (1220 386), (-3168 1002)
10, (4 0), (340 95), (3066 855), (29566740 9349824), (115120 -36404)
10, (9 0), (101 20), (725 -228), (12005 3796), (984165 -311220)
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11, (10), (15 0), (68 -20), (4180 -1260), (68 20)
13, (0 6),
13, (0 10), (0 48), (0 132), (5940326 1647550), (-5940326 1647550)
13, (0 15), (0 21), (0 88), (2599040 720844), (-2599040 720844)
13, (0 48), (0 132), (0 10), (5940326 1647550), (-5940326 1647550)
), (
), (

8), (0420), (1891450 524594), (-1891450 524594)

13, (0 60), (262 82), (-262 82), (-8121086 2252384), (8121086 2252384)

13, (0 72), (0 609), (0 235), (965971160 267912196), (-965971160 267912196)
13, (2 0), (12 0), (24 -6), (2250 -624), (130 36)

13, (2 0), (12 0), (24 6), (2250 624), (130 -36)

13, (4 0), (306 75), (2760 675), (23955860 6644160), (93240 -25860)

13, (6 0), (8 2), (8 -2), (166 46), (166 -46)

13, (6 0), (86 20), (86 -20), (26530 7358), (26530 -7358)

13, (6 0), (268 22), (268 -22), (786926 -218254), (786926 218254)

13, (8 4), (-20 10), (88 26), (131076 36354), (-4204 1166)

13, (10 0), (148 34), (148 -34), (137826 38226), (137826 -38226)



13, (13 3), (31 -5), (1500 408), (1838860 510008), (6276 -1740)

13, (18 8), (68 32), (-84 30), (-197714 54836), (415446 115224)

13, (19 1), (256 -52), (1983 -549), (54109770 -15007350), (11098 3078)
13, (20 2), (44 -12), (120 -30), (509616 -141342), (512 142)

13, (20 4), (58 -16), (230 -52), (539340 -149586), (988 274)

13, (35 7), (78 6), (105 -29), (5430 1506), (230878 -64034)

13, (38 10), (148 40), (166 -46), (5210 -1444), (6630 1836)

13, (44 10), (44 -10), (234 0), (297970 82642), (297970 -82642)

14, (3 2), (5 2), (21 18), (23235 6210), (-1085 290)

14, (8 2), (22 -4), (252 60), (104280 27870), (1116 -298)

15, (0 1), (176 72), (1464 392), (10510630 2713833), (-43350 11193)
15, (0 22), (6 2), (-6 2), (-4190 1082), (4190 1082)

15, (48 14), (90 42), (-184 48), (98668 25476), (-334920 86476)

17, (12 0), (21 5), (21 -5), (438 -106), (438 106)

17, (12 0), (228 34), (2908 -704), (47516 11524), (12252156 -2971584)
17, (319), (35 11), (2108 616), (50877720 12339660), (-55068 13356)
17, (32 0), (385 0), (2831 0), (69759088 16919064), (69759088 -16919064)
19, (0 1), (80 25), (-80 25), (47952 11001), (-47952 11001)

19, (0 42), (308 79), (-308 79), (-8684060 1992260), (8684060 1992260)
19, (0 48), (707 166), (-707 166), (9925300 2277020), (-9925300 2277020)
19, (8 1), (344 -75), (648 129), (419480 -96235), (512280 117525)

19, (21 3), (31 7), (192 -44), (3348 -768), (980 220)

21, (0 2), (0 40), (0 924), (14231674 3105606), (-14231674 3105606)
21, (0°2), (0 924), (0 40), (14231674 3105606), (-14231674 3105606)
21, (7 1), (78 -10), (99 -21), (2108 460), (117204 -25576)

21, (50 10), (444 -86), (672 -146), (28302 6176), (9385390 -2048060)
22,(90), (39 0), (152 0), (106904 22792), (106904 -22792)

22, (18 3), (24 -5), (528 -108), (386828 -82472), (808 172)

26, (15 0), (435 52), (8675 -1700), (140755 27604), (88390995 -17334900)
29, (4 0), (41 7), (41-7), (2166 -402), (2166 402)

29, (7 1), (27 -5), (32 4), (1890 -350), (162 30)

29, (12 2), (110 -10), (154 -28), (123288 -22894), (8304 1542)

29, (17 1), (17 -1), (112 0), (58386 -10842), (58386 10842)

29, (17 3), (17 -3), (20 0), (1174 218), (1174 -218)

29, (44 0), (331 23), (331 -23), (8292066 -1539798), (8292066 1539798)
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30, (70), (17 0), (264 0), (63120 11524), (63120 -11524)

31, (0 18), (98 18), (-98 18), (-88494 15894), (88494 15894)

33, (0 16), (63 11), (-63 11), (4630 806), (-4630 806)

33,(62), (-17 3), (27 5), (-688 120), (528 92)

33, (17 0), (31 0), (1104 0), (1164768 202760), (1164768 -202760)
33,(519), (-57 11), (-464 116), (257618 44846), (-191742 33378)

34, (50), (81 12), (81 -12), (16817 -2884), (16817 2884)

34, (61 8), (101 -16), (2535 -400), (27151431 -4656432), (336423 57696)
37,(40), (345), (312 45), (302484 49728), (1144 -188)

37,(40), (43 5), (43 -5), (7482 -1230), (7482 1230)

37, (18 0), (742 74), (21322 -3504), (344554 56644), (448041594 -73657584)
37, (30 4), (900 114), (1680 -276), (202070 33220), (7870030 -1293824)
38, (12 1), (114 9), (356 -8), (1888752 306396), (277300 -44984)

39, (0 20), (0 348), (0 42), (142394510 22801370), (-142394510 22801370)
39, (0 42), (0 348), (0 20), (142394510 22801370), (-142394510 22801370)
41, (10), (40 0), (483 0), (39164 6116), (39164 -6116)

41, (11), (-3 3), (38 6), (18440 2880), (-128 20)

41, (19 1), (404 -56), (411 55), (1762140 275200), (1131048 -176640)

41, (69 3), (125 17), (366 -54), (1145250 -178858), (835006 130406)

46, (16 4), (-32 8), (81 12), (312011 46004), (-841 124)
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