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Sacred Mathematics : Japanese Temple Geomet
Fukagawa Hidetoshi - Tony Rothman

Still Harder Temple Geometry Problems

Chapter 6 - Problem 3

Remarkable properties in this construction.
Letr be the inscribed circumferendesadius (green color). Then:

0 CH=RS= 4.

0 AAMB perimeter= square of side BCperimeter .
O O,M=BC.

0 BH=3r,CH=4 ,BC= 5= A BHC is thBythagorean r (3,4,
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+ 20 = A
B ﬂ} N O (= Area of A CHD

a=0+p-a - Semiperimeter oA CHD

— = = B CHHD
r,=0,Pcosd = (OlM -0, N) co® = _ 2 _ (2asino)(2aco® ) _
= —a(tana + tan 2r )cos@ = CH+HD+DC 2asind+2acod+ 2
=-atana cosZ —a sina2 = 2
_ 2asind co® _ 2 sid

=-atana (2coéa - 1ra sin@ =
=-2asing cosr +a tam — a Ssin@

T sind+cod+ 1 tad+ t sef

_ 2asin 2
1-tan2r — sec@

r, =a(tana - 2sin2r | r,
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By equaling the calculated inradius we obtain tik#ing trigonometric equation in theangle:

r,=r,=r =>tana - 2sin2r = 2sin &
or, 1-tan2Zr - seca

tgna -1= 1 = 2sin2Z — =]-tan2r — sec@
2sin 2o 1- tan2 - sec? tan— 2sipo?2

that can be written as- 1 =]1-tan&r— secZ i.e., ;=1— tan 2r — sec@
sina/ cosy _1 1
4sing cosy 4cosa
and this is obtained,
+
1= ;—1 (1-tan2r— sec? F _ir2cosz @ tam2>- sec?>)
2(1+coszr ) 2 cos@

=2(+cos2Zr - ( 2cos? )A tam2 seax2=) 4cos2 2&iR2 2tansecar+ E C
By the variable changintga =t, the above trigonometric equation becomes the edgebquation

1-t? 2 2 1+t?
_2 +

4 - _
1+t> 1+t? 1-t* 1-t?

1=0,
and simplifying,

1-t2 -t (L+1)°
1+t?  (a1j(-t)

reduced cubic equation, whose exact solutions doeldbtained by the Cardano’s formula, but it is
not necessary since, by simple inspection, welssé + 2 is a root of it. Moreover, this is the only
permissible in the context of this problem. Indeelthinating this root, the other two, which are

obtained from the resulting 2nd grade equationcviairet =J2-1,t=-J2-1 whose respective
arcs tangent are =xr/8 y a =—3x/8, and it is straightforward that ABC can not be isosceles for
these values of .

+1=0=(t’-85+2= 0

4
24-3)
Thus, tang = 2,tan 2 = 2tana = 212:——4andtan4a: 2tan2y = 32=£4
1-tarfag 1= 2 3 1-tarf Zr 1_(_4)
3

Now it is easy to calculate the other parametecsraling to this results:

0 |CH=RS= 4
CH =2asind = 2asin2r = 23 2t2 = ZaDZEQ =—8a
1+t 1+2 5 _
r=atana - 2asin2r = a—gazéa :%:4
RS= BRand = 3rtanfr- 2 F- 3 tan@=- Eﬁ—gj:/%a[ﬁ—gj=—§a

Without further difficulty can be proved the remiaig properties:
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0 | perimeter ofA AMB= 4BG= 20

AM =atanf = atan@ -2 = atafjyr -2(- @] = a tarh= =22 4
da -1 7
_ a a t=2|__ 25§
AB=asecf = asecf -2 ¥ a seer -2(- =- =— =|AB=—2a
i A ¥ a s¢ 2 4 1-2sif 2r 2t )’ 7
da-11 1-2 5
1+t
Therefore,
— 24 25 —
BM +AM +AB =a+7 a+7 a=8 a=4(2 9 =4BC=20r.
0 |O,M=BC

OM = atana = 2a= BC.

0 |ABHC = ADHC arePythagorean triangled] (3,4, %

— —t2 —
BH =2aco0sd =- 2a cos@ = - %=ga:>
HC =2asind = 2asin2r = %\%:ga: = (EWCE(F r3,4,5

BC=2a=>|BC= 51

\¥)

In the first picture you can see many more relatiips; eg)AM bisects Q H.

Moreover, from the angular relationships which @educted directly from the 2nd figure,

+20=
d n} =|[ =40 -n|.
a=0+f-a
Consequently,
24
tanf = tan(4r — 7 = tand :7
value that had already been obtained to calcutetd&eight of the triangle.

Thus, the construction is only possible in isoss@t@ngles whose pair of equal angles has a value
such that ”

tanf=—,
A 7

B =T73.74°

To construct an isosceles triangle with these dteariatics, we can take 7 units to the side andrithe uneven height, or 7 units for the inrad®, 3
for the side and 60 on the uneven height.
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Alternative demonstration, changing the referenceystem and the way we define the inradius

B(X, ) =(-2acosg ,@

C(Xc, yc):(o,— 2asin’§)

_(X%tX ¥tk
M y - ]
(Xus Y) ( 5 5 j

B

_ I -
M(%> Y) —(—acosg " aS'“’%) o, Eyztanz X=%5)

B

D(X%, yD)=(o, 2asinEJ o, Ey:tan(ﬂ_ ?’:@)X
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Determination of théncentercoordinates by intersections of pairs of bisectors

rDOlEy:—tan(%—gjx+ msir(g o, Y =cCot (x+aco£j asir%

feo, =Y :tang(x+ 2a cosgj o, SY=-

y= —tan(%—gj X+ 2ase|4§ 3s|n— - cosé CO£

=|r,=x,=ald

y = cot— (x+ acos’gj asir% tan(4 j+ Cotg
y= tan%(x+ Zacoggj ZCO£ tal’ﬁ

=r,=y,zag—2 4

O1(X1’ 3/1)E 'oq N Mvg

O,(X,, ¥,)= f'so, N Tho,

-y Lrtan?

3sm— tan'g— cog

r,=ald
1- tanﬁ B
72,Eﬂan§+ 1 2 1-tan?
1+tanz rn=r, = (Btanz——lj( co£+ 3: 4Dta£+

p 2 4 1+ tan’i 2

2Cc0Ss™

r, :aE-ITZ
cotz+1

Performing now the change of variabhign , we have:

2 2
EIRREEES
1-t t 1+t 1-t

}A-7*-t+1=0,

ENJR e
ﬂ

and simplifying,

equation with no integer roots. By the variablengiag z = 3t, the above equation becomes

22-77-3z2+9=0,

one of whose roots is8= 1. Undoing the change of variable is obtairled% :tané . The other
two roots aret =1++/2, both inadmissible because they are related tartipement/ = 3:
Therefore,
2tar£ 2@1» 2tar£ 233—’
tané— 4__ 3 :§:>tanﬁ— 4 =§
,3 2 4 ,3 3\ 7
2 1-tarf & 1_(]') 1- taR = 1-()
3 SOR 4
X
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After been prefixed the isosceles triangleABC, there are Alegrees of freedanthat can be

parameterizedy the angleg ando, elevation angles o€D and BH , respectively.

| to the complexity of the

resulting equations. After several attempts, kasy to be convinced that the allocation shown in

ms Critica

For an analytical study, the choice of treference syste

the figure below is the most convenient since libved to define the equations of two pairs of
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bisectors in the simplest possible way, andininadiusr, andrs co

ordinate of theiincenters
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BH=h=H=H(h,0)

f'eo, =Y = (tanﬁ;5jx

Fo, =Y = —[tan%ﬂ (x~h)

YT ( 5)
I’803 Ey=- tanz X
ABHC

o, =Y = [cot%aj (x~h)

ABHD

ANO,P r,= O,NcosNQ P= (Q M NM)cos NQ P
- MeA NM= NO | - gﬂ/ ;
O,M =atanMCQ , NM=atan NQ P == a( ta > cgs- syﬂ

—

NOlF;:y,@:’B—;y
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Coordinates of theincentersO; y O3 by intersection of bisectors and theadiusr, andrs:

tanm
2

X = h—
tanf =9 4 tan 9

Oz(xzi yz)E ko, N Tho,

r2:y2: r2: —
’3_5 anyzd coty;5+cot'825

y+9d

y—b
’B 5+tan

Cotm

_ 2
X, =h
tang + cothd

O,(%, ¥s) = o, N Tyo, L ="Y;=|I3=
—tané Cotﬂ coté + tanm
2 2 2
y3 ! 5
tan—+ co
2

o

Identifying both inradius, we obtain the equations
r,=r, - cot/ 94 cotP =9 = o + tadF2
2 2 2 2
r=r, < (tan'g ycosy— siryj( cog+ t&K+2_5j:2

Eliminating the auxiliary parameteasandh,

ABHC: =228 _ h_ 2sy
siny sinf+o) a sinf+9d)

n=r, < (tan’gzycosy— siry)( cog+ tag—) _2siny_

sinf/+9)

yields a system of two trigonometric equationsh@ parameterg andd, considering3 as known:

cotLZJ ) ; o cot— + tar:VT

(tan’g ycoty— lj( co%+ taF!./Jr—Jj SiK+J 3

2
or,

coty;5+ cot'B;J— cot—+ a2

2
(tan’mycoty— 1)( co{é+ ta|¥+—5) taKJr—J c6§/+—5:
2 2 2 2 2
06
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Developing,

1-tan’ tard ¥ taktg? 5 tah+ o
e g
tanJ—/ + tan— tan[j— tan- 2 1 taﬁ tan
2 2 2 2 2 2
anP+taf t tah? 5 o+ & | tdh+ 4o L
] 2,3 2 2-1|| cot=+ 2 g 2 gij =1
1-tan? tanl  2tak 2 1 taf w@h| 1 4 @ tan? + tm 8
2 5 2 9 2 2 A
142 2
1—tar% tans
2
1—tan’ | ¥ tabigl 2 taf 5 -1t én
- 2 "2, 2° 2q 2 2_.9s 2 2.4
anf+tarl | taf- tad b+t 2 v o
2 2 2 2 2 2 2 2
2
tanﬁ +tan’ + tan? 5 talk + tag tan? + taré tarf + tag
0 2 23 2_1| cot2+—2 g 2 2 =1+ —g
1- tan tanZ 2ta|¥ 2 3 tag tan 1—tan}—/ tan— T ta|¥ tan
2 2 2 2 2
2
1-tanY. tard ¥ taktg? 5| % tah )
] 2 52 5—cot— 2 2 52—1: 0
tan” + tan s wE 2wl
2 2 2 2 2 2
tan'§+ tar% 1+ taﬁ‘; ta% + ta% ta(g+ tagn tang + tan%-
] E —-1|| cot—+ - -1=0
1-tan® taf  2tal R A N AP s A ]
2 2 5 2 2 5

With the changes of variablek,= tang JUs tang V= tang thistrigonometric systembecomes

e

D[(l ku 2u

analgebraic system

j ( kv _ 1jl—uv 1=0
-V u+v
u+v W Vv u+-v_l 0
v 1—uv 1—u 1= uv

And by changingl_%/ = z in the equation] we obtain the quadratic equationzin
u+v

7 +(1k+ kv_}j z-1=0.
-v v
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Solving,

1M1 1+kv 111 #kvl
z==|=- + (14| —— .
2lv k-v 4/ v k-v

2
In the context of this problem the solutiar l[—l— * kv} —\/1+7ﬂ—1— iF kv} is not acceptable
v k-v

2lv k-v
becausez<0= uv>1, but this is not possible ag and o are acute angles and therefore

o<tanl2’< 1 < tang< 1

So, we have:

11 1+kv 11 Bkvl
z==|=- + [1+5] - :
2lv k-v 4 v k-v

1_UV:> uzl_—vz, and replacing in this equatiay its
u+v V+ Zz

1M1 1+kv 111 #kvl
1-vi=|=- + |1+ —-
2lv k-v 4 v k-v
[Ju=
1M1 1+kv 11 #kvl
V+H{Z| = - +, 1+ ==
2lv k-v 4 v k-v

We obtained an equation farin terms ofk (as known) and, but if we would eliminates in [J
replacing in this equation the roots [af it would obviously lead to an analytically inttable

equation for:
1[1 1+kv} 1{1 1+va
1-vi=| = - +,[1+=] -
2lv k-v 4 v k-v

2
v+ 1{1_1+kv}_ 1+1[1— L kv} =>v="?
2lv k-v 4 v k-v

[{k+ugl—_u2_lJ(1+ u+ vj_ w v} WV,

Undoing the last change of variablez

value:

_v 1-uv) 1- uv| 1= uv

Furthermore, it is trivial that for any isoscele@angle/\ABC there is ainique solutiorbecause the
three inradius are monotonous and continuous fomstof the angley and d (anyone can be

persuaded of this through the empirical demonsimatiat this software provides).

Therefore, we conclude that the problem is solvaibiy by numerical methodsand it is not

possible to determine the equation that provigeas a explicit function of3.
r
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