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Abstract

We express a problem from visual astronomy in terms of Geometric
(Clifford) Algebra, then solve the problem by deriving expressions for the
sine and cosine of the angle between projections of two vectors upon a
plane. Geometric Algebra enables us to do so without deriving expressions
for the projections themselves.

“Derive expressions for the sine and cosine of the angle of rotation,
B, from the projection of u upon the bivector M to the projection of
v upon M.”
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1 Introduction

In this document, we will solve—numerically as well as symbolically—a problem
of a type that can take the following concrete form, with reference to Fig[l}

“At a certain location on the Earth, a vertical pole casts a shadow
on a perfectly flat, horizontal plaza. On that plaza, local residents



!
Sun's rays

Lot
o
.
.
.
w
.
o

Pole
(gnomon)

Figure 1: A gnomon (vertical pole) casts a shadow on a perfectly flat, level
plaza. The direction of vector s is from the base of the gnomon to the tip of the
shadow. The direction of the Sun’s rays is . Upon the plaza, local inhabitants
have drawn a line pointing in the direction “local north” (f). The unit vector
in the direction of the plane’s normal is g.

who are fans of naked-eye astronomy have traced a north-south
line running through the base of the pole. With respect to a right-
handed orthonormal reference frame with basis vectors a, B, and
¢, the direction of the Sun’s rays is given by the unit vector r =
ar, + Brb + ¢r.. The direction of the upward-pointing vector normal
to the plaza is g = ag, + ng + Cg., and the direction of the Earth’s
rotational axis (i.e., the direction from the center of the Earth to
the North Pole) is iy, = anr, + Ban + ¢np.. What is the angle, 3,
between the north-south line and the pole’s shadow?”

2 Formulating the Problem in Geometric-Algebra
(GA) Terms, and Devising a Solution Strategy

2.1 Initial Observations

Let’s begin by making a few observations that might be useful:

1. A vertical pole that is used to cast a shadow on a flat surface for the
purpose of astronomical observations is known as a gnomon. We’ll use
that term in the rest of this document.

2. By saying “the direction of the Sun’s rays is r = ar, + bry + cr.”, we
assumed that all of the Sun’s rays are parallel. We’ll use that assumption
throughout this document.

3. For our purposes, the Earth can be assumed perfectly spherical.
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Figure 2: The plaza is a plane tangent to the Earth (assumed spherical) at the
point at which the gnomon is embedded .

4. The plaza is a plane tangent to the Earth at the point at which the gnomon
is embedded (Fig. 2).

5. The direction of the shadow is the direction of the perpendicular projection
of r upon the plaza. Fig. 2 shows why: the gnomon is perpendicular to
the plaza, so the shadow is the perpendicular projection some vector Ar
upon the plaza. Thus, the direction from the base of the gnomon to the
tip of the shadow is the same as the direction of the projection of I upon
the plaza.

6. The direction from south to north, as traced on the plaza by local residents,
is the perpendicular projection of n. upon the plaza. As proof of that
assertion, consider Fig. 3. The south-north line on the plaza is tangent to
the great circle that passes through the Earth’s North Geographic Pole,
and that also passes through the base of the gnomon. The plane that
contains that great circle also contains the both g and n.. Therefore, that
plane is perpendicular to the plaza. Putting all of these ideas together,
the south-north line on the plaza is the projection of some scalar multiple
pn, of the vector n.. Thus, that line has the direction of n.’s projection
on the plaza.

2.2 Recalling What We’ve Learned from Solving Similar
Problems via GA

Let’s refresh our memory about techniques that we may used to solve other
problems via GA:
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Figure 3: The direction “local north” (i.e., the direction from south to north, as
traced on the plaza by local residents) is the same as that of the perpendicular
projection of n. upon the plaza.

1. Problems involving projections onto a plane are usually solved by using
the appropriately-oriented bivector that is parallel to the plane, rather
than by using the vector that is perpendicular to it. The Appendix
(Section@ shows how to find the required bivector, given said vector. The
conclusion is that for the unit perpendicular vector &€ = ae, + E)eb + cee,
the appropriately-oriented unit bivector is

M = abe, + bée, — ace, (2.1)

In GA terms, € is the “dual” of the bivector M. We can also see that if
we write M in the form M = abmy;, + bémy. + acmy,, then

Map = €, Mpe = €, Mge = —€p. (2.2)

2. The perpendicular projection of a given vector w upon a given unit
bivector, M, is (Reference [1], p. 65 , and Ref. [2], p.119):

Pyt (W) = (W . M) l\A/Iil. (2.3) Notation: Pc (d) is the
projection of d upon C.

3. The inverse (M_l) of the unit bivector M is —M .
4. For any vector y that is parallel to the bivector A, Ay = —yA.

5. Putting the last three observations, we arrive at

Py (w) = M (w : M) . (2.4)



6. If two vectors p and q are parallel to the bivector M, then pq = eM¢, where
the scalar ¢ is the angle of rotation from p to q. Therefore, p-q+pAq =
cos ¢ + M sin ¢. The algebraic sign of ¢ is positive if the direction of that
rotation is the same as the orientation of M, and negative if in the opposite
direction.

7. Equating terms of the same grade in the previous item, we find that
cos¢=p-q;

A1 2.5
sing=M (PAQ). (25)

8. Macdonald’s definitions (Ref. [2], p. 101) of the inner and outer products
are often useful. Those definitions are, for a multivector A of grade j and
a multivector B of grade k:

A; - By = (AB)j—; (Note: Aj - By does not exist if j > k);

(2.6)
Aj AN B = <AB>[€+]

2.3 Further Observations, and Identifying a Strategy

We ’ve been discussion how to find the angle between the south-north line and
the gnomon’s shadow. Now, to provide results that will be more generally useful,
we’'ll treat two arbitrary vectors u and v (not necessarily unit vectors) and an
arbitrary unit bivector, M (Fig. 4). We wish to find the sine and cosine of 3,
the angle of rotation from Py, (u) to Py, (u).

We could solve the problem by calculating each of those projections according
to Eq. , then calculating the sine and cosine of the requested angle from Eq.
(2.5). However, our review of GA in the previous section suggests a strategy
that will save us considerable trouble. We’ll begin by using Eq. to express
the two projections that interest us:

Py () = (uM) M

Can we now use Eq. (2.5) to calculate cos 8 and sin 37 Not yet: although
u and v are unit vectors, their projects upon M may not be. Therefore,
we'll need to calculate ||Py; (u) || and ||Py; (v) ||, a detail to which we’ll return

momentarily. First, we need to calculate {(u . M) M_l} . [(v . M) M ] and
[ (o d) W] [ (v ¥) .

The definitions of the inner and outer products in Eq. (2.6) use the product
A; By, which in our case (because we want to know the rotation from Py, (u) to

Py (0)) is
[(a-me) 8] [(v-nr) nr).



Figure 4: Diagram of the translation, into GA terms, of the more-general type of
problem that was motivated by our consideration of the specific case of shadows
cast upon a flat, horizontal plaza by a vertical pole. We’ll derive expressions for
the sine and cosine of the angle of rotation 8 from the projection of u upon the
bivector M to the projection of v upon M. The vector é is the dual of M, and
is therefore normal to M.



We could also find ||Py; (u) ||
and ||Py; (v) || via a route
similar to that used in deriving

Eq. (2.7)). For example,

[Pxr (@) [ = 4/ [Pyr ()]

N

= /[ty [y

- (uM)

= [lu- M.

»

Next, we recognize that v - M is a vector, and is parallel to M. Therefore,

using Eq. (2.4)), we can write (v . M) M ' as M (v . M) Using this idea in

the previous equation,

(o 3) ™ [(v- v

Il
=
c
§>
N——
<
§>
/
<
§>
—

= (u : M) (v : M) . (2.7)

Now, let’s return to the question of ||Py; (u)|| and [Py, (v)||. Because

the vector Py (u) is parallel to the unit bivector M, [Py, (u)] M is just a 90°
rotation of Py (u). Thus, || [Py (w)] M| = |[Py; (u)||. But [Py (u)| M =

(u : M) M M =u- M. After using similar reasoning for ||[Py; (v) ||, we find
that

IPyg (w) || = Jlu- M|, and

IPxe (V) [ = [lv - M. (2.8)

Putting all of these ideas together, plus Eq. (2.5, and recognizing that
u-M and v- M are vectors (and therefore are of grade 1),

o0 (v 3),

- - ) (2.9a)
[[u - M|[|v - M|

sin 8 =

(v M) (V'M)h. (2.9b)

os 3 = = =
[[u- Mf[}v - M]|

3 Solutions for cos 8 and sin 3

We'll begin by writing M and the two vectors as

u = au, + buy + cu,,
v = av, + bvy + ¢v,., and

M = abmy;, + bémy, + aémye.

3.1 Expressions for u - M and v-M

Vector u is of grade 1, and bivector M is of grade 2, so from Eq. (2.6)),

u-M = (uM),_,
au

27
o + buy + éuc> abmgy, + bemy. + éémac) )

=a (7ubmﬂb - ucmac) + 6 (uamab - ucmbc) +c (Uamac + ubmbc) .



Similarly,

v M = a(—vpsmap — VeMae) + b (VaMap — VeMpe) + € (VaMae + VeMpe) -

3.2 Expressions for |[u-M]| and ||v- M]||

Using the expressions that we developed in Section u- M2 and ||v - M|,
plus the fact that m2, + mZ, + m?2, = 1 because M is a unit bivector,

- MZ = (1= mi.) + i (1= mZ) +ul (1—mi,)

(3.1a)
+ 2uaubmacmbc + 2ubucmabmac - 2uaucmabmbc )

and

v M? = 0f (L= mi) + i (1= mZ,) + 02 (1 - mi,)

(3.1b)
+ 2Uu,'Ub777/0,(:"77/bc + 2Ub’UcTnaanu,c - 2vavcmabmbc .

Using the correspondence (Eq. (2.2)) between coefficients in M and &, we
can also write Eq. (3.1)) as

Ju-M|? = u? (T1—e€2)+up (1—ep) +ul(1—e?) (3.20)
— 2UqUpEg €y — 2UpUcepEe — 2UgUcqEp '

and

||v1\A/I||2 :vg (1 —ei) —|—vf (1 —612,) +v3 (1 —ei)

(3.2b)
— 204Vp€a€hp — 2VpVe€pee — 2V Ve€q e -

3.3 Solution for sin g

As you might expect, the expansion of Eq. (2.9)a becomes extensive and messy,
so we’ll do it in several steps.



Does our answer make sense?

3.3.1 Expansion of ((u . M) (v . M>>2

After considerable simplification, using the expressions developed in Section 3.1
foru-M and v - M,

((u . M) (v . M>>2 = ab [(uavb — UpUa) M2y 4 (UpVe — Ueh) MapMipe

+ (uavc - ucva) MapbMac ]

+ beé [(upve — ucvy) M, + (Uay — Upva) MapMipe (3.3)

+ (uavc - ucva) MpcMac ]

+ a¢é [(uqVe — Ucv,) m2, 4 (UaVy — UpVa) MapMac

+ (upve — uctp) MicMac | -
3.3.2 Expansion of l\A/[71<(u . M) (V : M)>2

Surprisingly, left-multiplying the expression for ((u . M) (v . M))g (Eq. (3.3))

by M gives a comparatively simple result. The inverse of a unit bivector is
just the negative of that bivector, so M_l =M= —éf)mab — Bémbc —atmyge.
After expanding, carrying out massive cancellations, and using the fact that
m?2, +m2, +m2, =1,

~ =1 ~ ~

M <(u . M) (v . M>>2 = (UqUp — UpVq) Map + (UpVe — UeVP) Mipe (3.4)

+ (UgVe — UeVq) Mege-

The expression on the right-hand side of Eq. will be the numerator
of the final expression for sin 5. We should stop here to ask ourselves whether
that expression makes sense. For example, does it behave as it should, given the
physical situation for which it’s been derived? One thing we know is that if the
vectors u and v are reversed, then angle 8 will remain the same in magnitude,
but will change algebraic sign. The same is true for the right-hand side of Eq.
, so in this respect, at least, it does make sense.

We also note that if u = v, then the right-hand side of Eq. (3.4)) is zero, as
it should be, because when u=v, § = 0.

3.3.3 Final result for sin 8

Using our result from Eq. ((3.4)

(Ua¥p — UpVe) Map + (UpVe — UVD) Mipe + (UaVe — UeVa) Mac
[u- M[||lv-M]|

sin 8 = . (3.5)

10



where ||u- M| and ||v - M|| are the square roots of the expressions on the
right-hand side of Egs. (3.1). Using the correspondence (Eq. (2.2])) between
coefficients in M and &, we can also write Eq. (3.5) as

(uaVp — UpVa) €c + (UpUe — UcVB) €q — (UqVe — UcVa) €
[u-M]l|lv- M|

sin 8 = (3.6)

3.4 Solution for cos (3

The work needed to derive the expression for cos 8 is much less extensive than
was needed for sin 8, so we will omit many of the details.

The expansion of ((u . M) (v . M))o reduces to

((u . 1\7[) (v . M))O = UgVq (1 — mfc) + upvyp (1 - mic)
+ UeVe (1 - mib) — (UVe + UeVg) MapMipe (3.7)

+ (upve + Uety) MapMac + (UaVp + UpVa) MpcMage-

Then, according to Eq. (2.9), cos 3 is the right-hand side of Eq. (3.7), divided
by the product ||u- M]|||v - M| (from Eqs. (3.1)). Using the correspondence
(Eq. (2.2)) between coefficients in M and &, we can also write Eq. (3.7) as

((u . M) (v . M))O = uqq (1 —€2) +wpvy, (1 —e})

+ ucve (1= €2) — (UgVe + UcVa) €qec (3-8)

— (upve + ucvp) epee — (UgUp + Upvg) €ah.

Once again, we should ask whether our answer makes sense. For example,
does interchanging the vectors u and v leave the result unchanged, as it should?
Yes.

In addition, if u = v, then (u . M) (v . M))o reduces to the expression
that we found for ||u- M]|? (Eqs. (3.1)). This result, too, is as it should be.

We could also, more laboriously, verify that sin® 8 + cos? § = 1.

4 Testing the Formulas that We’ve Derived

Fig. [5|shows an interactive GeoGebra construction (Reference [3]) that compares
the calculated and actual values of sin 5 and cos 5.

11

Does our answer make sense?



Via Geometric (Clifford) Algebra : Drag the orange points to vary u,
Calculate the Angle 3 between the Projections of Two Vectors. v, and &.

The vector € is normal to the plane of projection, and is the ? (u . M) . (v . M)

1 Calculated cos 3 = ~————~= = 0.3331.
& ' - My M
.

according to an orthonormal, right —handed basis as e
By construction, cos 3 = cos (70.5411°) = 0.3331.

dnal of that plane's bivector, M. Write the vectors u, v, and é

u=ay,+ l;ub+ CUe, V= av, + l;v;,+ Cv,, and & = ae, + l;e;, + Ce..
54 + 3.156b + —0.3249¢

97a + 0.2925b + 0.3517¢

&= —0.1247a + 0.089b + 0.9882¢

M = 0.9882ab + —0.1247b¢ + —0.089a¢
u-M = —3.1477a + —0.7713b + —0.3277¢
v.M = —0.2577a + —2.3275b + 0.1771&.

- M2 =2 (1-€2) +uf (1-e}) +u? (1=ed)
20U UCCH — 2URUCHE — 2UgULolry AN

v NP2 = o2 (1 ) + 0 (1 — ) + o2 (1 ) o
20,UpCaCh — 20pUCHC e — 2VaUCalen b ¥
~—-n?
u-M) - (v-M) = w0, (1 —€?) +woy, (1 - e}  — w.) e s o — e aa
( ) < ) ( >, (e Calculated sin3 = (v — ) €c + (““"A ucty) €a — (Uate = Ua) € _ 0.9429.
e, (1= €2) = (g0 + Ueb) g Jlu- Mflv-M]|
= (e + ucty) esec — (taty + UyPa) Cace By construction, sin 3 = sin (70.5411°) = 0.9429.

Figure 5: An interactive GeoGebra construction (Reference [3]) that tests the
formulas derived herein by comparing the calculated and actual values of sin 8
and cos .

5 Conclusions, and Summary of the Formulas
Derived Herein

A\ a1
The key idea in these derivations was that because the vectors (u . M) M

and (v . M) l\A/Ii1 are parallel to M, we can calculate the sine and cosine of 3

from the product (u . M) (v . M), rather than having to calculate them from

the product [ (- M) M’l] [(v-™) M’l]

Writing u, v, and €, and M, as

e u = au, + buy + Cu,,
e v = av, + bu + ¢v,,
e e = ae, + bey + ce,, and

o M = abmg, + bémp, + aémg, (: abe, + bee, — ééeb),

we found that (Egs. (3.5) and (3.6))

(UqUp — UpVa) Mt + (UpVe — UcUh) Mipe + (UgVe — UcVq) Mage

sin 8 = = =
[u- Mf[lv - M]|

b

(U — UpVq) €c + (UpUe — Uelp) €q — (UaVe — UcVq) Ep

Jlu - M [}v - V|

)

12



where ||u- M| and ||v - M|| are the square roots of the expressions on the
right-hand side of Egs. (3.1).

WE also find that (Egs. and (3.8))
(- (v M)

cos 3 = = = )
[[u- M|[|v - M|

where

((u . M) (v . 1\7[>>0 = Uqvq (1 — mgc) + wpvy (1 — mic)
+ ueve (1= m2,) — (Uae + UcVa) MapMie

+ (upve + Uelp) MapMace + (UaVp + UpVa) MpcMae;

= UgVq (1 — eg) + upvy (1 — eg)
+ uov, (1 - ez) — (UaVe + Uy) €g€c

— (upve + uety) epee — (U + Upvy) €qep.
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6 Appendix: Calculating the Unit Bivector M
of a Plane Whose Dual is the Vector e

As may be inferred from a study of References [I] (p. (56, 63) and [2] (pp.
106-108) , the bivector M that we seek is the one whose dual is é. That is, M
must satisfy the condition

& =MI 3 =

M =éls. (6.1)

where I3 is the right-handed pseudoscalar for G3. That pseudoscalar is the
product, written in right-handed order, of our orthonormal reference frame’s

13

Although we won't use that fact
here, 13—1 is I3's negative:
I;' = —abe.
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To make this simplification, we
use the following facts:

e The product of two
perpendicular vectors
(such as 4 and b) is a
bivector;

e Therefore, for any two
perpendicular vectors p
and q, gqp = —qgp; and

e (Of course) for any unit
vector p, pp = 1.

See also Ref. [4].

basis vectors: I3 = abé (and is also béa and ééf)). Therefore, writing M as
M = ae, + bey, + ce.,

M = él;
— (éea + ‘E)eb + éec) abeé
= aabeée, + babée, + ¢abée,

= abe, + bée, — acey. (6.2)

In writing that last result, we’ve followed [2]’s convention (p. 82) of using
ab, bé, and a¢ as our bivector basis. Examining Eq. (6.2) we can see that if we
write M in the form M = abmg, + bémy. + acémy. , then

Mab = €cy  Mpe = €qy  Magc = —E€p- (63)

14
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