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1 Theorems and Conjectures

Theorem 1.1. A natural number n > 2 is a prime iff
n−1∏
k=1

k ≡ n− 1 (mod
n−1∑
k=1

k).

Theorem 1.2. Let p ≡ 5 (mod 6) be prime then , 2p+ 1 is prime iff 2p+ 1 | 3p − 1 .

Theorem 1.3. Let pn be the nth prime , then

pn = 1 +

2·(bn ln(n)c+1)∑
k=1
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
Theorem 1.4. Let Pj(x) = 2−j ·

((
x−
√
x2 − 4

)j
+
(
x+
√
x2 − 4

)j)
, where j and x are

nonnegative integers . Let N = k · 2m − 1 such that m > 2 , 3 | k , 0 < k < 2m and
k ≡ 1 (mod 10) with m ≡ 2, 3 (mod 4)

k ≡ 3 (mod 10) with m ≡ 0, 3 (mod 4)

k ≡ 7 (mod 10) with m ≡ 1, 2 (mod 4)

k ≡ 9 (mod 10) with m ≡ 0, 1 (mod 4)

Let Si = S2
i−1 − 2 with S0 = Pk(3) , then N is prime iff Sm−2 ≡ 0 (mod N)

Theorem 1.5. Let Pj(x) = 2−j ·
((
x−
√
x2 − 4

)j
+
(
x+
√
x2 − 4

)j)
, where j and x are

nonnegative integers . Let N = k · 2m − 1 such that m > 2 , 3 | k , 0 < k < 2m and

k ≡ 3 (mod 42) with m ≡ 0, 2 (mod 3)

k ≡ 9 (mod 42) with m ≡ 0 (mod 3)

k ≡ 15 (mod 42) with m ≡ 1 (mod 3)

k ≡ 27 (mod 42) with m ≡ 1, 2 (mod 3)

k ≡ 33 (mod 42) with m ≡ 0, 1 (mod 3)

k ≡ 39 (mod 42) with m ≡ 2 (mod 3)

Let Si = S2
i−1 − 2 with S0 = Pk(5) , then N is prime iff Sm−2 ≡ 0 (mod N)
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Theorem 1.6. Let Pj(x) = 2−j ·
((
x−
√
x2 − 4

)j
+
(
x+
√
x2 − 4

)j)
, where j and x are

nonnegative integers . Let N = k · 2m + 1 such that m > 2 , 0 < k < 2m and

k ≡ 1 (mod 42) with m ≡ 2, 4 (mod 6)

k ≡ 5 (mod 42) with m ≡ 3 (mod 6)

k ≡ 11 (mod 42) with m ≡ 3, 5 (mod 6)

k ≡ 13 (mod 42) with m ≡ 4 (mod 6)

k ≡ 17 (mod 42) with m ≡ 5 (mod 6)

k ≡ 19 (mod 42) with m ≡ 0 (mod 6)

k ≡ 23 (mod 42) with m ≡ 1, 3 (mod 6)

k ≡ 25 (mod 42) with m ≡ 0, 2 (mod 6)

k ≡ 29 (mod 42) with m ≡ 1, 5 (mod 6)

k ≡ 31 (mod 42) with m ≡ 2 (mod 6)

k ≡ 37 (mod 42) with m ≡ 0, 4 (mod 6)

k ≡ 41 (mod 42) with m ≡ 1 (mod 6)

Let Si = S2
i−1 − 2 with S0 = Pk(5) , then N is prime iff Sm−2 ≡ 0 (mod N) .

Theorem 1.7. Let Pj(x) = 2−j ·
((
x−
√
x2 − 4

)j
+
(
x+
√
x2 − 4

)j)
, where j and x are

nonnegative integers . Let N = k · 2m + 1 such that m > 2 , 0 < k < 2m and
k ≡ 1 (mod 6) and k ≡ 1, 7 (mod 10) with m ≡ 0 (mod 4)

k ≡ 5 (mod 6) and k ≡ 1, 3 (mod 10) with m ≡ 1 (mod 4)

k ≡ 1 (mod 6) and k ≡ 3, 9 (mod 10) with m ≡ 2 (mod 4)

k ≡ 5 (mod 6) and k ≡ 7, 9 (mod 10) with m ≡ 3 (mod 4)

Let Si = S2
i−1 − 2 with S0 = Pk(8) , then N is prime iff Sm−2 ≡ 0 (mod N) .

Theorem 1.8. Let N = k · 2n + 1 with n > 1 , k is odd , 0 < k < 2n , 3 | k and
k ≡ 3 (mod 30), with n ≡ 1, 2 (mod 4)

k ≡ 9 (mod 30), with n ≡ 2, 3 (mod 4)

k ≡ 21 (mod 30), with n ≡ 0, 1 (mod 4)

k ≡ 27 (mod 30), with n ≡ 0, 3 (mod 4)

then N is prime iff 5
N−1

2 ≡ −1 (mod N) .

Theorem 1.9. Let N = k · 2n + 1 with n > 1 , k is odd , 0 < k < 2n , 3 | k and

k ≡ 3 (mod 42), with n ≡ 2 (mod 3)

k ≡ 9 (mod 42), with n ≡ 0, 1 (mod 3)

k ≡ 15 (mod 42), with n ≡ 1, 2 (mod 3)

k ≡ 27 (mod 42), with n ≡ 1 (mod 3)

k ≡ 33 (mod 42), with n ≡ 0 (mod 3)

k ≡ 39 (mod 42), with n ≡ 0, 2 (mod 3)

then N is prime iff 7
N−1

2 ≡ −1 (mod N) .
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Theorem 1.10. Let N = k · 2n + 1 with n > 1 , k is odd , 0 < k < 2n , 3 | k and

k ≡ 3 (mod 66), with n ≡ 1, 2, 6, 8, 9 (mod 10)

k ≡ 9 (mod 66), with n ≡ 0, 1, 3, 4, 8 (mod 10)

k ≡ 15 (mod 66), with n ≡ 2, 4, 5, 7, 8 (mod 10)

k ≡ 21 (mod 66), with n ≡ 1, 2, 4, 5, 9 (mod 10)

k ≡ 27 (mod 66), with n ≡ 0, 2, 3, 5, 6 (mod 10)

k ≡ 39 (mod 66), with n ≡ 0, 1, 5, 7, 8 (mod 10)

k ≡ 45 (mod 66), with n ≡ 0, 4, 6, 7, 9 (mod 10)

k ≡ 51 (mod 66), with n ≡ 0, 2, 3, 7, 9 (mod 10)

k ≡ 57 (mod 66), with n ≡ 3, 5, 6, 8, 9 (mod 10)

k ≡ 63 (mod 66), with n ≡ 1, 3, 4, 6, 7 (mod 10)

then N is prime iff 11
N−1

2 ≡ −1 (mod N) .

Theorem 1.11. A positive integer n is prime iff ϕ(n)! ≡ −1 (mod n)

Theorem 1.12. For m ≥ 1 number n greater than one is prime iff

(nm − 1)! ≡ (n− 1)

⌈
(−1)m+1

2

⌉
· n

nm−mn+m−1
n−1 (mod n

nm−mn+m+n−2
n−1 )

Theorem 1.13. Sequence Si is defined as Si =

8 if i = 0;

(S2
i−1 − 2)2 − 2 otherwise .

then , Fn =

22
n
+ 1, (n ≥ 2) is a prime if and only if Fn divides S2n−1−1 .

Theorem 1.14. Let p ≡ 1 (mod 6) be prime and let 5 - 4p + 1 , then 4p + 1 is prime iff
4p+ 1 | 22p + 1 .

Theorem 1.15. Let Pm(x) = 2−m ·
((
x−
√
x2 − 4

)m
+
(
x+
√
x2 − 4

)m)
, where m and x

are nonnegative integers. Let Fn(b) = b2
n
+ 1 such that n ≥ 2 and b is even number . Let

Si = Pb(Si−1) with S0 = Pb(6), thus If Fn(b) is prime, then S2n−1 ≡ 2 (mod Fn(b)).

Theorem 1.16. Let Pm(x) = 2−m ·
((
x−
√
x2 − 4

)m
+
(
x+
√
x2 − 4

)m)
, where m and x are

nonnegative integers. Let En(b) = b2
n
+1
2

such that n > 1, b is odd number greater than one . Let
Si = Pb(Si−1) with S0 = Pb(6), thus If En(b) is prime, then S2n−1 ≡ 6 (mod En(b)).

Theorem 1.17. Let Pm(x) = 2−m ·
((
x−
√
x2 − 4

)m
+
(
x+
√
x2 − 4

)m)
.

Let Np(b) =
bp+1
b+1

, where p is an odd prime and b is an odd natural number greater than one .
CASE(1). b ≡ 1, 9 (mod 12) , or b ≡ 3, 7 (mod 12) and p ≡ 1 (mod 4) , or b ≡ 5

(mod 12) and p ≡ 1, 7 (mod 12) , or b ≡ 11 (mod 12) and p ≡ 1, 11 (mod 12) .
CASE(2). b ≡ 3, 7 (mod 12) and p ≡ 3 (mod 4) , or b ≡ 5 (mod 12) and p ≡ 5, 11

(mod 12) , or b ≡ 11 (mod 12) and p ≡ 5, 7 (mod 12) .
Let Si = Pb(Si−1) with S0 = Pb(4) . Suppose Np(b) is prime , then :
• Sp−1 ≡ Pb(4) (mod Np(b)) if Case(1) holds ;
• Sp−1 ≡ Pb+2(4) (mod Np(b)) if Case(2) holds ;
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Theorem 1.18. Let Pm(x) = 2−m ·
((
x−
√
x2 − 4

)m
+
(
x+
√
x2 − 4

)m)
.

Let Mp(a) =
ap−1
a−1 , where p is an odd prime and a is an odd natural number greater than one

CASE(1). a ≡ 3, 11 (mod 12) , or a ≡ 5, 9 (mod 12) and p ≡ 1 (mod 4) , or a ≡ 7

(mod 12) and p ≡ 1, 7 (mod 12) , or a ≡ 1 (mod 12) and p ≡ 1, 11 (mod 12) .
CASE(2). a ≡ 5, 9 (mod 12) and p ≡ 3 (mod 4) , or a ≡ 7 (mod 12) and p ≡ 5, 11

(mod 12) , or a ≡ 1 (mod 12) and p ≡ 5, 7 (mod 12) .
Let Si = Pa(Si−1) with S0 = Pa(4) . Suppose Mp(a) is prime , then :
• Sp−1 ≡ Pa(4) (mod Mp(a)) if Case(1) holds ;
• Sp−1 ≡ Pa−2(4) (mod Mp(a)) if Case(2) holds ;

Conjecture 1.1. Let bn = bn−2 + lcm(n − 1, bn−2) with b1 = 2 , b2 = 2 and n > 2 . Let
an = bn+2/bn − 1 , then

1. Every term of this sequence ai is either prime or 1 . 2. Every odd prime number is member
of this sequence . 3. Every new prime in sequence is a next prime from the largest prime already
listed .

Conjecture 1.2. Let bn = bn−1+ lcm(b
√
n3c, bn−1) with b1 = 2 and n > 1 . Let an = bn+1/bn−1

, then
1. Every term of this sequence ai is either prime or 1 . 2. Every odd prime of the form b

√
n3c

is member of this sequence . 3. Every new prime of the form b
√
n3c in sequence is a next prime

from the largest prime already listed .

Conjecture 1.3. Let bn = bn−1+lcm(b
√
2·nc, bn−1) with b1 = 2 and n > 1 . Let an = bn+1/bn−1

, then
1. Every term of this sequence ai is either prime or 1 . 2. Every prime of the form b

√
2 · nc is

member of this sequence . 3. Every new prime of the form b
√
2 · nc in sequence is a next prime

from the largest prime already listed .

Conjecture 1.4. Let bn = bn−1+lcm(b
√
3·nc, bn−1) with b1 = 3 and n > 1 . Let an = bn+1/bn−1

, then
1. Every term of this sequence ai is either prime or 1 . 2. Every prime of the form b

√
3 · nc is

member of this sequence . 3. Every new prime of the form b
√
3 · nc in sequence is a next prime

from the largest prime already listed .

Conjecture 1.5. Let b and n be a natural numbers , b ≥ 2 , n > 2 and n 6= 9 . Then n is prime if

and only if
n−1∑
k=1

(
bk − 1

)n−1 ≡ n (mod
bn − 1

b− 1
)

Conjecture 1.6. Let a , b and n be a natural numbers , b > a > 1 , n > 2 and n 6∈ {4, 9, 25} .

Then n is prime iff
n−1∏
k=1

(
bk − a

)
≡ an − 1

a− 1
(mod

bn − 1

b− 1
)

Conjecture 1.7. Let a , b and n be a natural numbers , b > a > 0 , n > 2 and n 6∈ {4, 9, 25} .

Then n is prime iff
n−1∏
k=1

(
bk + a

)
≡ an + 1

a+ 1
(mod

bn − 1

b− 1
)
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Conjecture 1.8. Let Pm(x) = 2−m ·
((
x−
√
x2 − 4

)m
+
(
x+
√
x2 − 4

)m)
, where m and x are

nonnegative integers. Let N = k · bn− 1 such that k > 0 , 3 - k , k<2n , b > 0 , b is even number,
3 - b and n > 2 . Let Si = Pb(Si−1) with S0 = Pkb/2(Pb/2(4)) , then N is prime iff Sn−2 ≡ 0

(mod N) .

Conjecture 1.9. Let Pj(x) = 2−j ·
((
x−
√
x2 − 4

)j
+
(
x+
√
x2 − 4

)j)
, where j and x are

nonnegative integers. Let N = k · 2m + 1 with k odd , 0<k<2m and m > 2 . Let Fn be the nth
Fibonacci number and let Si = S2

i−1 − 2 with S0 = Pk(Fn) , then N is prime iff there exists Fn
for which Sm−2 ≡ 0 (mod N) .

Conjecture 1.10. Let Pj(x) = 2−j ·
((
x−
√
x2 − 4

)j
+
(
x+
√
x2 − 4

)j)
, where j and x are

nonnegative integers. Let Fm(b) = b2
m
+ 1 with b even , b > 0 and m ≥ 2 . Let Fn be the nth

Fibonacci number and let Si = Pb(Si−1) with S0 = Pb/2(Pb/2(Fn)) , then Fm(b) is prime iff there
exists Fn for which Sm−2 ≡ 0 (mod Fm(b)) .

Conjecture 1.11. Let Pm(x) = 2−m ·
((
x−
√
x2 − 4

)m
+
(
x+
√
x2 − 4

)m)
, where m and

x are nonnegative integers. Let N = bn − b − 1 such that n > 2, b ≡ 0, 6 (mod 8). Let
Si = Pb(Si−1) with S0 = Pb/2(6), thus if N is prime, then Sn−1 ≡ P(b+2)/2(6) (mod N).

Conjecture 1.12. Let Pm(x) = 2−m ·
((
x−
√
x2 − 4

)m
+
(
x+
√
x2 − 4

)m)
, where m and

x are nonnegative integers. Let N = bn − b − 1 such that n > 2, b ≡ 2, 4 (mod 8). Let
Si = Pb(Si−1) with S0 = Pb/2(6), thus if N is prime, then Sn−1 ≡ −Pb/2(6) (mod N).

Conjecture 1.13. Let Pm(x) = 2−m ·
((
x−
√
x2 − 4

)m
+
(
x+
√
x2 − 4

)m)
, where m and

x are nonnegative integers. Let N = bn + b + 1 such that n > 2, b ≡ 0, 6 (mod 8). Let
Si = Pb(Si−1) with S0 = Pb/2(6), thus if N is prime, then Sn−1 ≡ Pb/2(6) (mod N).

Conjecture 1.14. Let Pm(x) = 2−m ·
((
x−
√
x2 − 4

)m
+
(
x+
√
x2 − 4

)m)
, where m and

x are nonnegative integers. Let N = bn + b + 1 such that n > 2, b ≡ 2, 4 (mod 8). Let
Si = Pb(Si−1) with S0 = Pb/2(6), thus if N is prime, then Sn−1 ≡ −P(b+2)/2(6) (mod N).

Conjecture 1.15. Let Pm(x) = 2−m ·
((
x−
√
x2 − 4

)m
+
(
x+
√
x2 − 4

)m)
, where m and

x are nonnegative integers. Let N = bn − b + 1 such that n > 3, b ≡ 0, 2 (mod 8). Let
Si = Pb(Si−1) with S0 = Pb/2(6), thus if N is prime, then Sn−1 ≡ Pb/2(6) (mod N).

Conjecture 1.16. Let Pm(x) = 2−m ·
((
x−
√
x2 − 4

)m
+
(
x+
√
x2 − 4

)m)
, where m and

x are nonnegative integers. Let N = bn − b + 1 such that n > 3, b ≡ 4, 6 (mod 8). Let
Si = Pb(Si−1) with S0 = Pb/2(6), thus if N is prime, then Sn−1 ≡ −P(b−2)/2(6) (mod N).

Conjecture 1.17. Let Pm(x) = 2−m ·
((
x−
√
x2 − 4

)m
+
(
x+
√
x2 − 4

)m)
, where m and

x are nonnegative integers. Let N = bn + b − 1 such that n > 3, b ≡ 0, 2 (mod 8). Let
Si = Pb(Si−1) with S0 = Pb/2(6), thus if N is prime, then Sn−1 ≡ P(b−2)/2(6) (mod N).

Conjecture 1.18. Let Pm(x) = 2−m ·
((
x−
√
x2 − 4

)m
+
(
x+
√
x2 − 4

)m)
, where m and

x are nonnegative integers. Let N = bn + b − 1 such that n > 3, b ≡ 4, 6 (mod 8). Let
Si = Pb(Si−1) with S0 = Pb/2(6), thus if N is prime, then Sn−1 ≡ −Pb/2(6) (mod N).
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Conjecture 1.19. Let Pm(x) = 2−m ·
((
x−
√
x2 − 4

)m
+
(
x+
√
x2 − 4

)m)
Let N = k · 3n − 2 such that n > 3 , k ≡ 1, 3 (mod 8) and k > 0 . Let Si = P3(Si−1) with

S0 = P3k(6) , thus If N is prime then Sn−1 ≡ P3(6) (mod N)

Conjecture 1.20. Let Pm(x) = 2−m ·
((
x−
√
x2 − 4

)m
+
(
x+
√
x2 − 4

)m)
Let N = k · 3n − 2 such that n > 3 , k ≡ 5, 7 (mod 8) and k > 0 . Let Si = P3(Si−1) with

S0 = P3k(6) , thus If N is prime then Sn−1 ≡ P1(6) (mod N)

Conjecture 1.21. Let Pm(x) = 2−m ·
((
x−
√
x2 − 4

)m
+
(
x+
√
x2 − 4

)m)
, where m and x

are nonnegative integers. Let N = k · 3n+2 such that n > 2 , k ≡ 1, 3 (mod 8) and k > 0 . Let
Si = P3(Si−1) with S0 = P3k(6) , thus If N is prime then Sn−1 ≡ P3(6) (mod N)

Conjecture 1.22. Let Pm(x) = 2−m ·
((
x−
√
x2 − 4

)m
+
(
x+
√
x2 − 4

)m)
, where m and x

are nonnegative integers. Let N = k · 3n+2 such that n > 2 , k ≡ 5, 7 (mod 8) and k > 0 . Let
Si = P3(Si−1) with S0 = P3k(6) , thus If N is prime then Sn−1 ≡ P1(6) (mod N)

Conjecture 1.23. Let Pm(x) = 2−m ·
((
x−
√
x2 − 4

)m
+
(
x+
√
x2 − 4

)m)
, where m and x

are nonnegative integers. Let N = k · bn − c such that b ≡ 0 (mod 2), n > bc, k > 0, c > 0

and c ≡ 1, 7 (mod 8) Let Si = Pb(Si−1) with S0 = Pbk/2(Pb/2(6)), thus IfN is prime then Sn−1 ≡
P(b/2)·dc/2e(6) (mod N)

Conjecture 1.24. Let Pm(x) = 2−m ·
((
x−
√
x2 − 4

)m
+
(
x+
√
x2 − 4

)m)
, where m and x

are nonnegative integers. LetN = k ·bn−c such that b ≡ 0, 4, 8 (mod 12), n > bc, k > 0, c > 0

and c ≡ 3, 5 (mod 8). Let Si = Pb(Si−1) with S0 = Pbk/2(Pb/2(6)), thus IfN is prime then Sn−1 ≡
P(b/2)·bc/2c(6) (mod N)

Conjecture 1.25. Let Pm(x) = 2−m ·
((
x−
√
x2 − 4

)m
+
(
x+
√
x2 − 4

)m)
, where m and x

are nonnegative integers. LetN = k·bn−c such that b ≡ 2, 6, 10 (mod 12), n > bc, k > 0, c > 0

and c ≡ 3, 5 (mod 8). Let Si = Pb(Si−1) with S0 = Pbk/2(Pb/2(6)), thus IfN is prime then Sn−1 ≡
−P(b/2)·bc/2c(6) (mod N)

Conjecture 1.26. Let Pm(x) = 2−m ·
((
x−
√
x2 − 4

)m
+
(
x+
√
x2 − 4

)m)
, where m and x

are nonnegative integers. Let N = k · bn + c such that b ≡ 0 (mod 2), n > bc, k > 0, c > 0

and c ≡ 1, 7 (mod 8) Let Si = Pb(Si−1) with S0 = Pbk/2(Pb/2(6)), thus IfN is prime then Sn−1 ≡
P(b/2)·bc/2c(6) (mod N)

Conjecture 1.27. Let Pm(x) = 2−m ·
((
x−
√
x2 − 4

)m
+
(
x+
√
x2 − 4

)m)
, where m and x

are nonnegative integers. LetN = k ·bn+c such that b ≡ 0, 4, 8 (mod 12), n > bc, k > 0, c > 0

and c ≡ 3, 5 (mod 8). Let Si = Pb(Si−1) with S0 = Pbk/2(Pb/2(6)), thus IfN is prime then Sn−1 ≡
P(b/2)·dc/2e(6) (mod N)

Conjecture 1.28. Let Pm(x) = 2−m ·
((
x−
√
x2 − 4

)m
+
(
x+
√
x2 − 4

)m)
, where m and x

are nonnegative integers. LetN = k·bn+c such that b ≡ 2, 6, 10 (mod 12), n > bc, k > 0, c > 0

and c ≡ 3, 5 (mod 8). Let Si = Pb(Si−1) with S0 = Pbk/2(Pb/2(6)), thus IfN is prime then Sn−1 ≡
−P(b/2)·dc/2e(6) (mod N)
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Conjecture 1.29. Let Pm(x) = 2−m ·
((
x−
√
x2 − 4

)m
+
(
x+
√
x2 − 4

)m)
, where m and x

are nonnegative integers. LetN = 2 ·3n−1 such that n > 1 . Let Si = P3(Si−1) with S0 = P3(a)

, where a =

6, if n ≡ 0 (mod 2)

8, if n ≡ 1 (mod 2)
thus , N is prime iff Sn−1 ≡ a (mod N)

Conjecture 1.30. Let Pm(x) = 2−m ·
((
x−
√
x2 − 4

)m
+
(
x+
√
x2 − 4

)m)
, where m and x

are nonnegative integers. LetN = 8·3n−1 such that n > 1 . Let Si = P3(Si−1) with S0 = P12(4)

thus , N is prime iff Sn−1 ≡ 4 (mod N)

Conjecture 1.31. Let Pm(x) = 2−m ·
((
x−
√
x2 − 4

)m
+
(
x+
√
x2 − 4

)m)
, where m and x

are nonnegative integers. Let N = k · 6n − 1 such that n > 2 , k > 0 , k ≡ 2, 5 (mod 7) and
k < 6n Let Si = P6(Si−1) with S0 = P3k(P3(5)) , thus N is prime iff Sn−2 ≡ 0 (mod N)

Conjecture 1.32. Let Pm(x) = 2−m ·
((
x−
√
x2 − 4

)m
+
(
x+
√
x2 − 4

)m)
, where m and x

are nonnegative integers. Let N = k · 6n − 1 such that n > 2 , k > 0 , k ≡ 3, 4 (mod 5) and
k < 6n Let Si = P6(Si−1) with S0 = P3k(P3(3)) , thus N is prime iff Sn−2 ≡ 0 (mod N)

Conjecture 1.33. Let Pm(x) = 2−m ·
((
x−
√
x2 − 4

)m
+
(
x+
√
x2 − 4

)m)
, where m and x

are nonnegative integers. Let N = k · bn − 1 such that n > 2 , k < 2n and
k ≡ 3 (mod 30) with b ≡ 2 (mod 10) and n ≡ 0, 3 (mod 4)

k ≡ 3 (mod 30) with b ≡ 4 (mod 10) and n ≡ 0, 2 (mod 4)

k ≡ 3 (mod 30) with b ≡ 6 (mod 10) and n ≡ 0, 1, 2, 3 (mod 4)

k ≡ 3 (mod 30) with b ≡ 8 (mod 10) and n ≡ 0, 1 (mod 4)

Let Si = Pb(Si−1) with S0 = Pbk/2(Pb/2(18)) , then N is prime iff Sn−2 ≡ 0 (mod N)

Conjecture 1.34. Let Pm(x) = 2−m ·
((
x−
√
x2 − 4

)m
+
(
x+
√
x2 − 4

)m)
, where m and x

are nonnegative integers. Let N = k · bn − 1 such that n > 2 , k < 2n and
k ≡ 9 (mod 30) with b ≡ 2 (mod 10) and n ≡ 0, 1 (mod 4)

k ≡ 9 (mod 30) with b ≡ 4 (mod 10) and n ≡ 0, 2 (mod 4)

k ≡ 9 (mod 30) with b ≡ 6 (mod 10) and n ≡ 0, 1, 2, 3 (mod 4)

k ≡ 9 (mod 30) with b ≡ 8 (mod 10) and n ≡ 0, 3 (mod 4)

Let Si = Pb(Si−1) with S0 = Pbk/2(Pb/2(18)) , then N is prime iff Sn−2 ≡ 0 (mod N)

Conjecture 1.35. Let Pm(x) = 2−m ·
((
x−
√
x2 − 4

)m
+
(
x+
√
x2 − 4

)m)
, where m and x

are nonnegative integers. Let N = k · bn − 1 such that n > 2 , k < 2n and
k ≡ 21 (mod 30) with b ≡ 2 (mod 10) and n ≡ 2, 3 (mod 4)

k ≡ 21 (mod 30) with b ≡ 4 (mod 10) and n ≡ 1, 3 (mod 4)

k ≡ 21 (mod 30) with b ≡ 8 (mod 10) and n ≡ 1, 2 (mod 4)

Let Si = Pb(Si−1) with S0 = Pbk/2(Pb/2(3)) , then N is prime iff Sn−2 ≡ 0 (mod N)

Conjecture 1.36. Let Fp be the pth Fibonacci number .If p is prime , not 5 , and M ≥ 2 then

MFp ≡M (p−1)(1−( p5 ))/2 (mod Mp−1
M−1 )
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Conjecture 1.37. Let b and n be a natural numbers , b ≥ 2 , n > 1 and n 6∈ {4, 8, 9} . Then n is

prime if and only if
n∑
k=1

(
bk + 1

)n−1 ≡ n (mod
bn − 1

b− 1
)

Conjecture 1.38. If q is the smallest prime greater than
n∏
i=1

Ci + 1 , where
n∏
i=1

Ci is the product

of the first n composite numbers , then q −
n∏
i=1

Ci is prime .

Conjecture 1.39. If q is the greatest prime less than
n∏
i=1

Ci − 1 , where
n∏
i=1

Ci is the product of

the first n composite numbers , then
n∏
i=1

Ci − q is prime .

Conjecture 1.40. Let n be an odd number and n > 1 . Let Tn(x) be Chebyshev polynomial of
the first kind and let Pn(x) be Legendre polynomial , then n is a prime number if and only if the
following congruences hold simultaneously • Tn(3) ≡ 3 (mod n) • Pn(3) ≡ 3 (mod n)

Conjecture 1.41. Let n be a natural number greater than two . Let r be the smallest odd prime
number such that r - n and n2 6≡ 1 (mod r) . Let Tn(x) be Chebyshev polynomial of the first
kind , then n is a prime number if and only if Tn(x) ≡ xn (mod xr − 1, n) .

Conjecture 1.42. Let n be a natural number greater than two and n 6= 5 . Let Tn(x) be Cheby-
shev polynomial of the first kind . If there exists an integer a , 1 < a < n , such that Tn−1(a) ≡ 1

(mod n) and for every prime factor q of n− 1 , T(n−1)/q(a) 6≡ 1 (mod n) then n is prime . If no
such number a exists then n is composite .

Conjecture 1.43. Let Pa(x) = 2−a ·
((
x−
√
x2 − 4

)a
+
(
x+
√
x2 − 4

)a)
. Let N = k · bm± 1

with b an even positive integer , 0<k<bm and m > 2 . Let Fn be the nth Fibonacci number
and let Si = Pb(Si−1) with S0 = Pkb/2(Pb/2(Fn)) , then N is prime iff there exists Fn for which
Sm−2 ≡ 0 (mod N) .

Conjecture 1.44. Let n be a natural number greater than one . Let r be the smallest odd prime
number such that r - n and n2 6≡ 1 (mod r) . Let Ln(x) be Lucas polynomial , then n is a prime
number if and only if Ln(x) ≡ xn (mod xr − 1, n) .

Conjecture 1.45. Let b and n be a natural numbers , b ≥ 2 , then bn−1
b−1 ·

bσ(n)−1
b−1 ≡ b + 1

(mod bϕ(n)−1
b−1 ) for all primes and no composite with the exception of 4 and 6 .

Conjecture 1.46. Let b and n be a natural numbers , b ≥ 2 , then bϕ(n)−1
b−1 (bτ(n) − 1) + b ≡ bn−1

(mod bn−1
b−1 ) for all primes and no composite with the exception of 4 .

Conjecture 1.47. Let p be prime number greater than three and let Tn(x) be Chebyshev polyno-
mial of the first kind , then Tp−1(2) ≡ 1 (mod p) if and only if p ≡ 1, 11 (mod 12) .

Conjecture 1.48. Let p be prime number greater than two and let Tn(x) be Chebyshev polynomial
of the first kind , then Tp−1(3) ≡ 1 (mod p) if and only if p ≡ 1, 7 (mod 8) .
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Conjecture 1.49. Let p be prime number greater than three and let Tn(x) be Chebyshev poly-
nomial of the first kind , then Tp−1(5) ≡ 1 (mod p) if and only if p ≡ 1, 5, 19, 23 (mod 24)

.

Conjecture 1.50. Let n be an odd natural number greater than one , let k be a natural number

such that k ≤ n , then n is prime if and only if :
k−1∑
i=0

in−1 +
n−k∑
j=0

jn−1 ≡ −1 (mod n)

Conjecture 1.51. Let n be a natural number greater than one and let Tn(x) be Chebyshev poly-

nomial of the first kind , then n is prime if and only if :
n−1∑
k=0

2Tn−1

(
k

2

)
≡ −1 (mod n) .

Conjecture 1.52. Let n be a natural number greater than one and let Ln(x) be Lucas polynomial

, then n is prime if and only if :
n−1∑
k=0

Ln−1(k) ≡ −1 (mod n) .

Conjecture 1.53. Let p be an odd prime number , let Rp(3) =
3p−1
2

and let Si = S3
i−1 + 3Si−1

with S0 = 36 , then Rp(3) is prime number iff Sp−1 ≡ 36 (mod Rp(3)) .

Conjecture 1.54. Let p be an odd prime number greater than three , let Rp(−3) = 3p+1
4

and let
Si = S3

i−1 + 3Si−1 with S0 = 36 , then Rp(−3) is prime number iff Sp−1 ≡ 36 (mod Rp(−3)) .

Conjecture 1.55. Let P (a)
n (x) =

(
1
2

)
·
((
x−
√
x2 + a

)n
+
(
x+
√
x2 + a

)n)
. Given an odd

integer n (≥ 3) and integer a coprime to n , n is prime if and only if P (a)
n (x) ≡ xn (mod n)

holds .

Conjecture 1.56. Let n be an odd natural number greater than one . Let r be the smallest odd
prime number such that r - n and n2 6≡ 1 (mod r) . Let Pn(x) be Legendre polynomial , then n
is a prime number if and only if Pn(x) ≡ xn (mod xr − 1, n) .

Conjecture 1.57. Let n be a natural number greater than one and let Fn(x) be Fibonacci poly-

nomial , then n is prime if and only if :
n−1∑
k=0

Fn(k) ≡ −1 (mod n) .

Conjecture 1.58. Let an be the least unused prime greater than 3 such that (an + an−1)/2 is
prime, with a0 = 13 , then :

1. Every term of this sequence ai is prime of the form 12k + 1 .
2. Every prime of the form 12k + 1 is a member of this sequence .

Conjecture 1.59. Let m and n be a natural numbers , m ≥ 1 , n > 2 , n 6= 9 and gcd(m,n) = 1

. Then n is prime if and only if
n−1∑
k=1

(
2mk − 1

)n−1 ≡ n (mod 2n − 1)

Conjecture 1.60. Let p, q, r be three consecutive prime numbers such that p ≥ 11 and p < q < r

, then 1
p2
< 1

q2
+ 1

r2
.
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Conjecture 1.61. Let p and q be consecutive prime numbers such that p ≥ 5 and p < q , then⌊
q
p
− p

q

⌋
= 0 .

Conjecture 1.62. Let a, n, k be natural numbers greater than 0 . If n is a prime number then∑
d|n

(
σk(d) · an/d

)
≡ 2a (mod n)

Conjecture 1.63. Let Pm(x) = 2−m · ((x−
√
x2 − 4)m+(x+

√
x2 − 4)m) . Let Fn(b) = b2

n
+1

where b is an even integer , 3 - b, 5 - b and n ≥ 2 . Let Si = Pb(Si−1) with S0 = Pb/2(Pb/2(8)) ,
then Fn(b) is prime iff S2n−2 ≡ 0 (mod Fn(b)) .

Conjecture 1.64. Let Pm(x) = 2−m · ((x−
√
x2 − 4)m+(x+

√
x2 − 4)m) . Let Fn(b) = b2

n
+1

where b is an even integer , 3 - b , b ≡ 2, 4, 10, 12 (mod 14) and n ≥ 2 . Let Si = Pb(Si−1) with
S0 = Pb/2(Pb/2(5)) , then Fn(b) is prime iff S2n−2 ≡ 0 (mod Fn(b)) .

Conjecture 1.65. Let Pm(x) = 2−m · ((x−
√
x2 − 4)m+(x+

√
x2 − 4)m) . Let Fn(b) = b2

n
+1

where b is an even integer , 5 - b , b ≡ 2, 4, 10, 12 (mod 14) and n ≥ 2 . Let Si = Pb(Si−1) with
S0 = Pb/2(Pb/2(12)) , then Fn(b) is prime iff S2n−2 ≡ 0 (mod Fn(b)) .

Conjecture 1.66. Let an = 62an−1 − an−2 with a1 = 8 and a2 = 488 , let bn = 482bn−1 − bn−2
with b1 = 22 and b2 = 10582 , then each member of the sequences {an} and {bn} can be used as
an initial value for Inkeri’s primality test for Fermat numbers .

Conjecture 1.67. Let Pm(x) = 2−m ·
((
x−
√
x2 − 4

)m
+
(
x+
√
x2 − 4

)m)
Let N = k · bn − 1 such that n > 2 , k < 2n and
k ≡ 27 (mod 30) with b ≡ 2 (mod 10) and n ≡ 1, 2 (mod 4)

k ≡ 27 (mod 30) with b ≡ 4 (mod 10) and n ≡ 1, 3 (mod 4)

k ≡ 27 (mod 30) with b ≡ 8 (mod 10) and n ≡ 2, 3 (mod 4)

Let Si = Pb(Si−1) with S0 = Pbk/2(Pb/2(3)) , then N is prime iff Sn−2 ≡ 0 (mod N)

Conjecture 1.68. Let n be a natural number greater than two . Let r be the smallest odd prime
number such that r - n and n2 6≡ 1 (mod r) . Let Hn(x) be Hermite polynomial , then n is either
a prime number or Fermat pseudoprime to base 2 if and only if Hn(x) ≡ 2xn (mod xr − 1, n) .

Conjecture 1.69. Let n be an odd natural number greater than one . Let r be the smallest odd
prime number such that r - n and n2 6≡ 1 (mod r) . Let P (α,β)

n (x) be Jacobi polynomial such that
α , β are natural numbers and α+β < n , then n is a prime number if and only if P (α,β)

n (x) ≡ xn

(mod xr − 1, n) .

Conjecture 1.70. Let n be an odd natural number greater than one . Let r be the smallest odd
prime number such that r - n and n2 6≡ 1 (mod r) . Let Fn(x) be Fibonacci polynomial , then n
is prime if and only if Fn(2x) ≡ (1 + x2)

n−1
2 (mod xr − 1, n) .

Conjecture 1.71. Let Pm(x) = 2−m · ((x−
√
x2 − 4)m+(x+

√
x2 − 4)m) . Let Fn(b) = b2

n
+1

where b is an even natural number and n ≥ 2 . Let a be a natural number greater than two such
that

(
a−2
Fn(b)

)
= −1 and

(
a+2
Fn(b)

)
= −1 where

( )
denotes Jacobi symbol. Let Si = Pb(Si−1) with

S0 equal to the modular Pb/2(Pb/2(a)) mod Fn(b). Then Fn(b) is prime if and only if S2n−2 ≡ 0

(mod Fn(b)) .
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Conjecture 1.72. Let Pm(x) = 2−m · ((x−
√
x2 − 4)m + (x+

√
x2 − 4)m) . Let N = k · bn + 1

where k is positive natural number , k < 2n , b is an even positive natural number and n ≥ 3 .
Let a be a natural number greater than two such that

(
a−2
N

)
= −1 and

(
a+2
N

)
= −1 where

( )
denotes Jacobi symbol. Let Si = Pb(Si−1) with S0 equal to the modular Pkb/2(Pb/2(a)) mod N .
Then N is prime if and only if Sn−2 ≡ 0 (mod N) .

Conjecture 1.73. Let Pm(x) = 2−m · ((x−
√
x2 − 4)m+ (x+

√
x2 − 4)m) . Let M = k · bn− 1

where k is positive natural number , k < 2n , b is an even positive natural number and n ≥ 3

. Let a be a natural number greater than two such that
(
a−2
M

)
= 1 and

(
a+2
M

)
= −1 where

( )
denotes Jacobi symbol. Let Si = Pb(Si−1) with S0 equal to the modular Pkb/2(Pb/2(a)) mod M .
Then M is prime if and only if Sn−2 ≡ 0 (mod M) .

Conjecture 1.74. Let Pm(x) = 2−m · ((x−
√
x2 − 4)m + (x+

√
x2 − 4)m) . Let N = k · bn + 1

where k is an even positive natural number , k < 2n , b is an odd positive natural number greater
than one and n ≥ 2 . Let a be a natural number greater than two such that

(
a−2
N

)
= −1 and(

a+2
N

)
= 1 where

( )
denotes Jacobi symbol. Let Si = Pb(Si−1) with S0 equal to the modular

Pkb/2(a) mod N . Then, if N is prime then Sn−1 ≡ a (mod N) .

Conjecture 1.75. Let Pm(x) = 2−m · ((x−
√
x2 − 4)m+ (x+

√
x2 − 4)m) . Let M = k · bn− 1

where k is an even positive natural number , k < 2n , b is an odd positive natural number greater
than one and n ≥ 2 . Let a be a natural number greater than two such that

(
a−2
M

)
= 1 and(

a+2
M

)
= 1 where

( )
denotes Jacobi symbol. Let Si = Pb(Si−1) with S0 equal to the modular

Pkb/2(a) mod M . Then, if M is prime then Sn−1 ≡ a (mod M) .

Conjecture 1.76. Let Pm(x) = 2−m · ((x−
√
x2 − 4)m + (x+

√
x2 − 4)m) . Let Mp(a) =

ap−1
a−1

where a is a natural number greater than one and p is an odd prime number. Let c be a natural
number greater than two such that

(
c−2
Mp(a)

)
=
(

c+2
Mp(a)

)
= 1 where

( )
denotes Jacobi symbol.

Let Si = Pa(Si−1) with S0 = Pa(c). Then , if Mp(a) is prime then Sp−1 ≡ Pa(c) (mod Mp(a)) .

Conjecture 1.77. Let Pm(x) = 2−m · ((x−
√
x2 − 4)m + (x +

√
x2 − 4)m) . Let Np(b) =

bp+1
b+1

where b is a natural number greater than one and p is an odd prime number. Let c be a natural
number greater than two such that

(
c−2
Np(b)

)
=
(

c+2
Np(b)

)
= 1 where

( )
denotes Jacobi symbol. Let

Si = Pb(Si−1) with S0 = Pb(c). Then , if Np(b) is prime then Sp−1 ≡ Pb(c) (mod Np(b)) .

Conjecture 1.78. Let Pm(x) = 2−m · ((x−
√
x2 − 4)m+ (x+

√
x2 − 4)m) . Let M = k · bn− c

where k, b, n, c are natural numbers such that k > 0 , b > 1 , n > 1 and c > 0. Let a be a
natural number greater than two such that

(
a−2
M

)
= −1 and

(
a+2
M

)
= 1 where

( )
denotes Jacobi

symbol. Let Si = Pb(Si−1) with S0 equal to the modular Pkb(a) mod M . Then, if M is prime
then Sn−1 ≡ Pc−1(a) (mod M) .

Conjecture 1.79. Let Pm(x) = 2−m · ((x−
√
x2 − 4)m + (x+

√
x2 − 4)m) . Let N = k · bn + c

where k, b, n, c are natural numbers such that k > 0 , b > 1 , n > 1 and c > 0 . Let a be a
natural number greater than two such that

(
a−2
N

)
= 1 and

(
a+2
N

)
= 1 where

( )
denotes Jacobi

symbol. Let Si = Pb(Si−1) with S0 equal to the modular Pkb(a) mod N . Then, if N is prime
then Sn−1 ≡ Pc−1(a) (mod N) .
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Conjecture 1.80. Let Pm(x) = 2−m · ((x−
√
x2 − 4)m + (x+

√
x2 − 4)m) . Let Mp(a) =

ap−1
a−1

where a is a natural number greater than one and p is an odd prime number . Let c be a natural
number greater than two such that

(
c−2
Mp(a)

)
= −1 and

(
c+2
Mp(a)

)
= 1 where

( )
denotes Jacobi

symbol. Let Si = Pa(Si−1) with S0 = Pa(c). Then , if Mp(a) is prime then Sp−1 ≡ Pa−2(c)

(mod Mp(a)) .

Conjecture 1.81. Let Pm(x) = 2−m · ((x−
√
x2 − 4)m + (x +

√
x2 − 4)m) . Let Np(b) =

bp+1
b+1

where b is a natural number greater than one and p is an odd prime number . Let c be a natural
number greater than two such that

(
c−2
Np(b)

)
= −1 and

(
c+2
Np(b)

)
= 1 where

( )
denotes Jacobi

symbol. Let Si = Pb(Si−1) with S0 = Pb(c). Then , if Np(b) is prime then Sp−1 ≡ Pb+2(c)

(mod Np(b)) .

Conjecture 1.82. Let n1, n2, . . . , nk be a sequence of k consecutive odd composite numbers . Let
gpf(ni) be the greatest prime factor of ni . Then , all gpf(ni) , 1 ≤ i ≤ k are mutually different .

Conjecture 1.83. Let Pm(x) = 2−m · ((x−
√
x2 − 4)m + (x+

√
x2 − 4)m) . Let N = k · bn + 1

where k is positive natural number , k < 2n , b is a positive natural number greater than one and
n ≥ 3 . Let a be a natural number greater than two such that

(
a−2
N

)
= −1 and

(
a+2
N

)
= −1 where( )

denotes Jacobi symbol. Let Si = Pb(Si−1) with S0 equal to the modular Pkb2/2(a) mod N .
Then N is prime if and only if Sn−2 ≡ −2 (mod N) .

Conjecture 1.84. Let Pm(x) = 2−m · ((x−
√
x2 − 4)m+ (x+

√
x2 − 4)m) . Let M = k · bn− 1

where k is positive natural number , k < 2n , b is a positive natural number greater than one and
n ≥ 3 . Let a be a natural number greater than two such that

(
a−2
M

)
= 1 and

(
a+2
M

)
= −1 where( )

denotes Jacobi symbol. Let Si = Pb(Si−1) with S0 equal to the modular Pkb2/2(a) mod M .
Then M is prime if and only if Sn−2 ≡ −2 (mod M) .

Conjecture 1.85. Let Pm(x) = 2−m · ((x−
√
x2 − 4)m + (x+

√
x2 − 4)m) . Let N = 4 · 3n− 1

where n ≥ 3 . Let Si = S3
i−1 − 3Si−1 with S0 = P9(6) . Then N is prime if and only if Sn−2 ≡ 0

(mod N) .

Conjecture 1.86. Let Pm(x) = 2−m · ((x−
√
x2 − 4)m + (x+

√
x2 − 4)m) . Let N = 4 · 3n + 1

where n ≥ 3 . Let Si = S3
i−1 − 3Si−1 with S0 = P9(4) . Then N is prime if and only if Sn−2 ≡ 0

(mod N) .

Conjecture 1.87. Let Pm(x) = 2−m · ((x−
√
x2 − 4)m + (x+

√
x2 − 4)m) . Let N = k · bn± 1

where k is positive natural number , 4 | k , k < 2n , b is an odd positive natural number
greater than one and n ≥ 3 . Let a be a natural number greater than two such that

(
2−a
N

)
=(

a+2
N

)
= −1 where

( )
denotes Jacobi symbol. Let Si = Pb(Si−1) with S0 equal to the modular

Pkb2/4(a) mod N . Then N is prime if and only if Sn−2 ≡ 0 (mod N) .

12


