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1 Theorems and Conjectures

n—1 n—1
Theorem 1.1. A natural number n > 2 is a prime lﬁH k=n-—1 (mod Z k).
k=1 k=1

Theorem 1.2. Let p =5 (mod 6) be prime then , 2p + 1 is prime iff 2p +1 | 3 — 1.

Theorem 1.3. Let p,, be the nth prime , then
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Theorem 1.4. Let Pj(x) = 277 - ((x —Va?— 4)j + (z + \/m)]> , where j and x are
nonnegative integers . Let N = k - 2™ — 1 such thatm > 2,3 | k, 0 < k < 2™ and
(k=1 (mod 10) with m = 2,3 (mod 4)
k =3 (mod 10) with m = 0,3 (mod 4)
k=7 (mod 10) with m = 1,2 (mod 4)
k=9 (mod 10) withm = 0,1 (mod 4)
Let S; = S? | — 2 with Sy = Py(3), then N is prime iff S;,_» = 0 (mod N)

—_ ~— ~— ~—

Theorem 1.5. Let Pj(z) = 277 - ((:z: — \/m)j + (= + \/m)j> , where j and = are
nonnegative integers . Let N = k - 2™ — 1 such thatm > 2,3 | k, 0 < k < 2™ and
(k=3 (mod 42) with m = 0,2 (mod 3)
k=9 (mod 42) with m =0 (mod 3)
k=15 (mod 42) with m =1 (mod 3)
k =27 (mod 42) withm = 1,2 (mod 3)
k =33 (mod 42) withm = 0,1 (mod 3)
Lk =39 (mod 42) with m =2 (mod 3)
Let S; = S? | — 2 with Sy = Py(5), then N is prime iff S;,_» = 0 (mod N)
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Theorem 1.6. Let Pj(z) = 277 - ((:c — \/m)J + (= + m)]> , where j and x are

nonnegative integers . Let N = k - 2™ 4+ 1 such thatm > 2,0 < k < 2™ and

(k=1 (mod 42) with m = 2,4 (mod 6)

k=5 (mod 42) with m = 3 (mod 6)

k=11 (mod 42) with m = 3,5 (mod 6)

k =13 (mod 42) with m =4 (mod 6)

k=17 (mod 42) withm =5 (mod 6)

k=19 (mod 42) with m =0 (mod 6)

k =23 (mod 42) with m = 1,3 (mod 6)

k=25 (mod 42) with m = 0,2 (mod 6)

k=29 (mod 42) with m = 1,5 (mod 6)

k =31 (mod 42) with m =2 (mod 6)

k =37 (mod 42) with m = 0,4 (mod 6)
(

(k=41 (mod 42) withm =1 (mod 6)
Let S; = S? | — 2 with Sy = Py(5), then N is prime iff S;,_» = 0 (mod N).

Theorem 1.7. Let P;(x) . (( — ) (x + \/9527) > , where j and x are
nonn(egatlve integers . Let N = k 2m+1 such thatm > 2,0 < k < 2™ and
k=1 (mod 6) and k = 1,7 (mod 10) with m =0 (mod 4)
k=5 (mod 6) and k = 1,3 (mod 10) withm =1 (mod 4)
k=1 (mod 6) and k = 3,9 (mod 10) with m =2 (mod 4)
(k=5 (mod 6) and k = 7,9 (mod 10) with m =3 (mod 4)

Let S; = S? | — 2 with Sy = Py(8), then N is prime iff S;,_» =0 (mod N).
Theorem 1.8. Let N = k- 2"+ 1 withn > 1, kisodd, 0 <k <2",3 | k and
(k=3 (mod 30), withn=1,2 (mod 4)

k=9 (mod 30), withn=2,3 (mod 4)

k=21 (mod 30), withn=0,1 (mod 4)
|k =27 (mod 30), withn=0,3 (mod 4)
then N is prime iff 5"z = —1 (mod N).

Theorem 1.9. Let N =k - 2"+ 1withn > 1, kisodd, 0 < k <2",3 |k and
(k=3 (mod 42), withn =2 (mod 3)
k=9 (mod 42), withn=0,1 (mod 3)
k=15 (mod 42), withn =1,2 (mod 3)
k =27 (mod 42), withn =1 (mod 3)
k =33 (mod 42), withn =0 (mod 3)
Lk =39 (mod 42) wzth n=0,2 (mod 3)
= —1 (mod N).




Theorem 1.10. Let N =k -2" + 1withn > 1, kisodd, 0 <k < 2", 3 | k and
(k‘ =3 (mod 66), withn=1,2,6,89 (mod 10)

k=9 (mod 66), withn=0,1,3,4,8 (mod 10)

k=15 (mod 66), withn=2,4,5,7,8 (mod 10)

k=21 (mod 66), withn=1,2,4,5,9 (mod 10)

k =27 (mod 66), withn=0,2,3,5,6 (mod 10)

k=39 (mod 66), withn=0,1,57,8 (mod 10)

) ( )

) ( )

) ( )

( )

k =51 (mod 66), withn=20,2,3,7,9 (mod 10

k =57 (mod 66), withn =3,5,6,8,9 (mod 10
\k =63 (mod 66), withn =1,3,4,6,7 (mod 10
then N is prime iff 117z = —1 (mod N).

(
(
(
k =45 (mod 66), withn=0,4,6,7,9 (mod 10
(
(

Theorem 1.11. A positive integer n is prime iff p(n)! = —1 (mod n)

Theorem 1.12. For m > 1 number n greater than one is prime iff

(7 1>'m+1
—_— 2™ —mn+m—1 ™ —mnt+m4+n—2
n

(™ =)= (n— 1)[ ’ n-1 (mod n~ n-1 )

8 ifi = 0;
Theorem 1.13. Sequence S; is defined as S; = f then , F, =
(S2.,—2)*—2 otherwise .

22" +1,(n > 2) is a prime if and only if F,, divides Son—1_; .

Theorem 1.14. Let p = 1 (mod 6) be prime and let 5 1 4p + 1, then 4p + 1 is prime iff
dp+1|2%+1,

Theorem 1.15. Let P, (x) = 27™ - <($ —Va? — 4)m + (z + Va2 — 4)m> , where m and x
are nonnegative integers. Let F,(b) = b*" + 1 such that n > 2 and b is even number . Let
S; = Py(Si_1) with Sy = Py(6), thus If F,,(b) is prime, then Son_1 = 2 (mod F,(b)).

Theorem 1.16. Let P, (z) =27 - ((:B — Va2 — 4)m + (z + Va2 — 4)m> , where m and x are

nonnegative integers. Let F,,(b) = Z’QT“ such that n > 1, b is odd number greater than one . Let

S; = By(Si_1) with Sy = Py(6), thus If E,,(b) is prime, then Syn_1 = 6 (mod E,(b)).
Theorem 1.17. Let Pyy(z) =27 (o = va? = 4)" + (v +va? = 1))

Let N,(b) = z;;:r_+11 , where p is an odd prime and b is an odd natural number greater than one .

CASE(1). b = 1,9 (mod 12) , or b = 3,7 (mod 12) and p = 1 (mod 4), orb = 5
(mod 12) and p = 1,7 (mod 12), orb =11 (mod 12) and p = 1,11 (mod 12).

CASE(2). b = 3,7 (mod 12) and p = 3 (mod 4) , or b = 5 (mod 12) and p = 5,11
(mod 12), orb =11 (mod 12) and p = 5,7 (mod 12).

Let S; = Py(S;—1) with Sy = Py(4) . Suppose N,(b) is prime , then :

e S, 1 = By(4) (mod N,(b)) if Case(1) holds ;

® S,_1 = Pyi2(4) (mod Ny(b)) if Case(2) holds ;
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Theorem 1.18. Let Py(z) =27 (o = Va7 = 4)" + (2 + Va? = 4)").

Let M,(a) = “;__11 , where p is an odd prime and a is an odd natural number greater than one

CASE(I). a = 3,11 (mod 12), ora = 5,9 (mod 12) and p = 1 (mod 4), ora =7
(mod 12) and p = 1,7 (mod 12), ora =1 (mod 12) and p = 1,11 (mod 12).

CASE(2). a = 5,9 (mod 12) and p = 3 (mod 4), or a = 7 (mod 12) and p = 5,11
(mod 12), ora=1 (mod 12) andp = 5,7 (mod 12).

Let S; = P,(S;_1) with Sy = P,(4) . Suppose M,(a) is prime , then :

e S,_1=P,(4) (mod My(a)) if Case(1) holds ;

® S, 1= P, 5(4) (mod My,(a)) if Case(2) holds ;

Conjecture 1.1. Let b, = b, o + lem(n — 1,b, o) withby = 2, by = 2andn > 2. Let
ap = byio/by — 1, then

1. Every term of this sequence a; is either prime or 1. 2. Every odd prime number is member
of this sequence . 3. Every new prime in sequence is a next prime from the largest prime already
listed .

Conjecture 1.2. Let b, = b,_; —|—lcm(Lx/ﬁJ ybp_1) withby =2andn > 1. Let a, = by, 41/b,—1
, then

1. Every term of this sequence a; is either prime or 1. 2. Every odd prime of the form L\/FJ
is member of this sequence . 3. Every new prime of the form L\/ﬁj in sequence is a next prime

from the largest prime already listed .

Conjecture 1.3. Let b, = b,_+Ilcm(|v/2-n],b,_1) withb, = 2andn > 1. Let a,, = b1 /b,—1
, then

1. Every term of this sequence a; is either prime or 1 . 2. Every prime of the form Lx/ﬁ n] is
member of this sequence . 3. Every new prime of the form L\/ﬁ -n| in sequence is a next prime

from the largest prime already listed .

Conjecture 1.4. Let b, = b,_+Ilcm(|/3-n],b,_1) withb, = 3andn > 1. Leta,, = b1 /b,—1
, then

1. Every term of this sequence a; is either prime or 1. 2. Every prime of the form L\/g -n] is
member of this sequence . 3. Every new prime of the form L\/g -] in sequence is a next prime

from the largest prime already listed .
Conjecture 1.5. Let b and n be a natural numbers , b > 2, n > 2andn # 9. Then n is prime if

n—1 (O
and only lfz (bk — 1)71_1 =n (mod b—l)
k=1

b—1

Conjecture 1.6. Let a, b and n be a natural numbers , b > a > 1,n > 2andn ¢ {4,9,25} .

n—1
a" —1 " —1
Then n is prime i b —a) = d
ennlsprlmelﬁ‘g( a) a_l(mo b—l)

Conjecture 1.7. Let a, b and n be a natural numbers , b > a > 0, n > 2andn ¢ {4,9,25} .

a” +1 " —1
(mod b—l)

n—1

Then n is prime lﬁ‘H (Vf +a) =
k=1

a+1



Conjecture 1.8. Let P,,(v) = 27" ((x — Va2 — 4)m + (= + \/m)m>, where m and x are
nonnegative integers. Let N = k -b" — 1 suchthatk > 0,31k, k<2™,b > 0, b is even number,
3f{bandn > 2. Let S; = P,(S;—1) with Sy = Piy2(Py2(4)) , then N is prime iff S,_o = 0
(mod N).

Conjecture 1.9. Let Pj(x) = 277 - <(:c —Va?— 4)j + (z + Va2 — 4)j), where j and x are
nonnegative integers. Let N = k - 2™ + 1 with k odd , 0<k<2™ and m > 2. Let F}, be the nth
Fibonacci number and let S; = S? | — 2 with Sy = Py(F,,) , then N is prime iff there exists F,
for which S,,_» =0 (mod N).

Conjecture 1.10. Ler Pj(z) = 277 - <(:1c —Va?— 4)j + (z + Va? - 4)j>, where j and x are
nonnegative integers. Let F,,(b) = b*" + 1 with b even, b > 0 and m > 2. Let F,, be the nth
Fibonacci number and let S; = P,(S;_1) with Sy = Pyj2(Pyj2(Fy)) , then F,,(b) is prime iff there
exists F,, for which S,,,_5 =0 (mod F,, (b)) .

Conjecture 1.11. Let P, (x) = 27™ - <(m — Va2 — 4)m + (z + Va? — 4)m> , where m and

x are nonnegative integers. Let N = b" — b — 1 such that n > 2, b = 0,6 (mod 8). Let
Si = Py(Si—1) with Sy = Py2(6), thus if N is prime, then S,_1 = P12)/2(6) (mod N).

Conjecture 1.12. Let P, () = 27™ - ((m — VT —4)" + (z + V27— 4)m> , where m and
x are nonnegative integers. Let N = b" — b — 1 such that n > 2, b = 2,4 (mod 8). Let
Si = Py(Si—1) with Sy = Py2(6), thus if N is prime, then S,_1 = —PFy5(6) (mod N).

Conjecture 1.13. Let P, () = 27™ - <(a: — VT —4)" + (x + V27— 4)m) , where m and
x are nonnegative integers. Let N = b" + b+ 1 such that n > 2, b = 0,6 (mod 8). Let
S; = Py(Si—1) with Sy = Py2(6), thus if N is prime, then S, _1 = Py/5(6) (mod N).

Conjecture 1.14. Let P,,(x) = 27" - <(m —Va?— 4)m + (z + V% — 4)m> , where m and
x are nonnegative integers. Let N = b" + b+ 1 such that n > 2, b = 2,4 (mod 8). Let
Si = Py(Si—1) with Sy = Py2(6), thus if N is prime, then S,_1 = —Pp19)/2(6) (mod N).

Conjecture 1.15. Let P,,(x) = 27" - <(x —Va?— 4)m + (z + Va? — 4)m> , where m and
x are nonnegative integers. Let N = b" — b + 1 such that n > 3, b = 0,2 (mod 8). Let
Si = Py(Si—1) with Sy = Py2(6), thus if N is prime, then S,_1 = P,/2(6) (mod N).

Conjecture 1.16. Let P, (x) = 27™ - <(x —Va? — 4)m + (z + Va? — 4)m> , Wwhere m and
x are nonnegative integers. Let N = b" — b+ 1 such that n > 3, b = 4,6 (mod 8). Let
Si = Py(Si—1) with Sy = Py2(6), thus if N is prime, then S,_1 = —P_9)/2(6) (mod N).
Conjecture 1.17. Let P, (x) = 27™ - <(:C — Va2 — 4)m + (:U + Va2 — 4)m> , where m and
x are nonnegative integers. Let N = b" + b — 1 such that n > 3, b = 0,2 (mod 8). Let
Si = Py(Si—1) with Sy = Py2(6), thus if N is prime, then S,_1 = P_2)/2(6) (mod N).

Conjecture 1.18. Let P, (v) = 27™ - ((m —VaT—4)" + (z + V27 — 4)m> , where m and
x are nonnegative integers. Let N = b" + b — 1 such that n > 3, b = 4,6 (mod 8). Let
Si = By(Si—1) with Sy = Py2(6), thus if N is prime, then S,_; = —PFy5(6) (mod N).
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Conjecture 1.19. Let P, (z) =27™ - ((:c —Va?—4)" + (x + V27— 4)m)
Let N =k -3" —2suchthatn >3, k=1,3 (mod 8) and k > 0. Let S; = P;(S;_1) with
So = Psi(6), thus If N is prime then S,,_; = P3(6) (mod N)

Conjecture 1.20. Let P, (z) = 2™ . ((x —VaT—4)" + (z + V27— 4)m)
Let N =k -3" — 2 such thatn >3, k=5,7 (mod 8) and k > 0. Let S; = P5(S;_1) with
So = Psi(6), thus If N is prime then S,,_; = P,(6) (mod N)

Conjecture 1.21. Let P, (z) =27 - ((ac —Va?— 4)m + (z + Va2 — 4)m> , where m and x
are nonnegative integers. Let N = k - 3" +2 such thatn > 2, k = 1,3 (mod 8) and k > 0. Let
S; = P3(S;—1) with Sy = Psx(6) , thus If N is prime then S,,_; = P3(6) (mod N)

Conjecture 1.22. Let P, (z) =27 - ((m —Va? — 4)m + (z + V22— 4)m> , where m and x
are nonnegative integers. Let N = k - 3" + 2 such thatn > 2,k = 5,7 (mod 8) and k > 0. Let
S; = P3(S;—1) with Sy = Ps;(6) , thus If N is prime then S,,_1 = P,(6) (mod N)

Conjecture 1.23. Let P,,(x) =27 - ((m — \/H)m + (:L‘ + \/my”) , where m and x
are nonnegative integers. Let N = k - b™ — ¢ such that b = 0 (mod 2),n > be,k > 0,¢ > 0
andc=1,7 (mod 8) Let S; = Py(S;—1) with So = Py/2(FPy/2(6)), thus If N is prime then S,,_, =
Blo/2)-fe/21(6) (mod N)

Conjecture 1.24. Let P, (z) = 27" - ((m — \/m)m + (x + \/m)m> , where m and x
are nonnegative integers. Let N = k-b" —c such thatb = 0,4,8 (mod 12),n > be,k > 0,¢ > 0
andc = 3,5 (mod 8). Let S; = P,(S;—1) with Sy = Pyij2(Py)2(6)), thusIf N is prime then S, _; =
Bloy2)-1/2/(6) (mod N)

Conjecture 1.25. Let P, (x) =27 - <(:L‘ — \/m)m + (I + m)m> , where m and x
are nonnegative integers. Let N = k-b"—c such thatb = 2,6,10 (mod 12),n > be,k > 0,¢ >0
andc = 3,5 (mod 8). Let S; = P,(S;—1) with Sy = Pyij2(Py2(6)), thusIf N is prime then S, _; =
—P/2).1¢/2)(6) (mod N)

Conjecture 1.26. Let P, (x) =27 - ((ac —Va? - 4)m + (x + \/my”) , where m and x
are nonnegative integers. Let N = k - b" + ¢ such that b = 0 (mod 2),n > be,k > 0,¢ > 0
andc=1,7 (mod 8) Let S; = Py(S;—1) with So = Pyij2(Py/2(6)), thus If N is prime then S, =
Blo/2)-1/24(6) (mod N)

Conjecture 1.27. Let P, (x) =27 - ((a: — Va2 — 4)m + (x + \/my”) , where m and x
are nonnegative integers. Let N = k-b"+c such thatb = 0,4,8 (mod 12),n > be,k > 0,¢ > 0
andc = 3,5 (mod 8). Let S; = Py(S;—1) with Sy = Py 2(FPy/2(6)), thus If N is prime then S, =
Bloy2)-fe/21(6) (mod N)

Conjecture 1.28. Let P, (z) = 27™ - ((a: — \/m)m + (= + \/m)m) . where m and x
are nonnegative integers. Let N = k-b"+c such thatb = 2,6,10 (mod 12),n > be,k > 0,¢> 0
andc = 3,5 (mod 8). Let S; = Py(S;—1) with Sy = Py 2(FPy/2(6)), thus If N is prime then S, =
—P/2).1¢/21(6) (mod N)



Conjecture 1.29. Let P, (x) =27 - ((:c —Va?— 4)m + (z + Va2 — 4)m) , where m and x
are nonnegative integers. Let N = 2-3" — 1 such thatn > 1. Let S; = P3(S;_1) with Sy = P3(a)
6, ifn=0 (mod 2)

, where a = thus , N is prime iff S,_1 = a (mod N)
8, ifn=1 (mod 2)

Conjecture 1.30. Let P, (z) =27 - ((ac —Va?— 4)m + (z + Va2 — 4)m> , where m and x

are nonnegative integers. Let N = 8-3"—1 such thatn > 1. Let S; = P3(S;_1) with Sy = P12(4)
thus, N is prime iff S,—1 = 4 (mod N)

Conjecture 1.31. Let P, (z) =27 - ((m —Va?— 4)m + (z + Va2 — 4)m> , where m and x
are nonnegative integers. Let N = k - 6" — 1 such thatn > 2,k > 0, k = 2,5 (mod 7) and
k < 6" Let S; = Ps(S;—1) with Sy = P3.(P5(5)) , thus N is prime iff S,,—2 = 0 (mod N)

Conjecture 1.32. Let P, (z) =27 - ((x —Va?— 4)m + (z + Va2 — 4)m> , where m and x
are nonnegative integers. Let N = k - 6" — 1 such thatn > 2,k > 0, k = 3,4 (mod 5) and
k < 6" Let S; = Ps(S;—1) with So = P3.(P5(3)) , thus N is prime iff S,,—2 = 0 (mod N)

Conjecture 1.33. Let P, (x) =27 - ((a: — Va2 — 4)m + (x + \/my”) , where m and x
are n(onnegative integers. Let N = k - 0" — 1 such thatn > 2, k < 2" and
k =3 (mod 30) with b =2 (mod 10) and n = 0,3 (mod 4)
k =3 (mod 30) with b =4 (mod 10) and n = 0,2 (mod 4)
k =3 (mod 30) with b =6 (mod 10) andn =0,1,2,3 (mod 4)
) )
1

|k =3 (mod 30) withb=8 (mod 10) andn = 0,1 (mod 4)
Let S; = Py(Si—1) with Sy = Pyj2(Py2(18)) , then N is prime iff S,,—» = 0 (mod N)

Conjecture 1.34. Let P, (z) = 27™ - ((:c — \/m)m + (= + \/m)m) . where m and x
are n(onnegative integers. Let N =k - 0" — 1 such thatn > 2, k < 2" and
k=9 (mod 30) with b= 2 (mod 10) andn = 0,1 (mod 4)
< k=9 (mod 30) with b =4 (mod 10) andn = 0,2 (mod 4)
k=9 (mod 30) withb =6 (mod 10) andn =0,1,2,3 (mod 4)
)

(k=9 (mod 30) withb=8 (mod 10) andn = 0,3 (mod 4)
Let S; = Py(Si—1) with Sy = Py 2(Py/2(18)) , then N is prime iff S,,_» = 0 (mod N)

—_— — ~— ~—

Conjecture 1.35. Let P, (z) = 27™ - <(a; — \/m)m + (= + \/m)m> , where m and x
are nonnegative integers. Let N = k - 0" — 1 such thatn > 2, k < 2" and
k=21 (mod 30) withb=2 (mod 10) and n = 2,3 (mod 4)
k=21 (mod 30) withb=4 (mod 10) and n = 1,3 (mod 4)
k=21 (mod 30) withb=8 (mod 10) andn = 1,2 (mod 4)
Let S; = Py(Si—1) with Sy = Pyy2(Poy2(3)) , then N is prime iff S,,_o = 0 (mod N)

Conjecture 1.36. Let F), be the pth Fibonacci number If p is prime , not 5, and M > 2 then

M = ]\4(1071)(1*(%))/2 (mod J\J([/jp__f)




Conjecture 1.37. Let b and n be a natural numbers , b > 2, n > landn ¢ {4,8,9} . Then n is
bt —1

prime if and only ifz (v + 1)n_1 =n (mod b——l)
k=1

Conjecture 1.38. If q is the smallest prime greater than H Ci; + 1, where H C; is the product

i=1 =1
n

of the first n composite numbers , then q — H C; is prime .

i=1

Conjecture 1.39. If q is the greatest prime less than H C; — 1, where H C; is the product of

i=1 i=1
n

the first n composite numbers , then H C; — q is prime .

i=1
Conjecture 1.40. Let n be an odd number and n > 1. Let T,,(x) be Chebyshev polynomial of
the first kind and let P, (x) be Legendre polynomial , then n is a prime number if and only if the
following congruences hold simultaneously e T,,(3) =3 (mod n) e P,(3) =3 (mod n)

Conjecture 1.41. Let n be a natural number greater than two . Let v be the smallest odd prime
number such that v { n and n* # 1 (mod r) . Let T,,(x) be Chebyshev polynomial of the first
kind , then n is a prime number if and only if T,,(z) = =" (mod z" — 1,n).

Conjecture 1.42. Let n be a natural number greater than two and n # 5 . Let T,,(x) be Cheby-
shev polynomial of the first kind . If there exists an integer a, 1 < a < n, such that T,,_1(a) = 1
(mod n) and for every prime factor q of n — 1, T(;,_1y/4(a) # 1 (mod n) then n is prime . If no

such number a exists then n is composite .

Conjecture 1.43. Let P,(z) =27%- ((x — \/m)“ + (z+ mf) .Let N =F-b"+1
with b an even positive integer , 0<k<b™ and m > 2. Let F, be the nth Fibonacci number
and let S; = Py(S;j—1) with Sy = Pry2(Py2(Fy)) , then N is prime iff there exists F,, for which
Si—2 =0 (mod N).

Conjecture 1.44. Let n be a natural number greater than one . Let r be the smallest odd prime
number such that r { n. and n* # 1 (mod r) . Let L, (x) be Lucas polynomial , then n is a prime
number if and only if L, (z) = 2™ (mod 2" — 1,n) .

Conjecture 1.45. Let b and n be a natural numbers , b > 2, then b;_—_ll . ba;)i)_l =b+1

(mod bw;?f L) for all primes and no composite with the exception of 4 and 6 .

Conjecture 1.46. Let b and n be a natural numbers , b > 2, then %(bﬂ”) —1)+b=bt

(mod %) for all primes and no composite with the exception of 4 .

Conjecture 1.47. Let p be prime number greater than three and let T,,(x) be Chebyshev polyno-
mial of the first kind , then T,_1(2) =1 (mod p) if and only if p = 1,11 (mod 12).

Conjecture 1.48. Let p be prime number greater than two and let T,,(x) be Chebyshev polynomial
of the first kind , then T,,_1(3) = 1 (mod p) ifand only ifp = 1,7 (mod 8).
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Conjecture 1.49. Let p be prime number greater than three and let T,,(x) be Chebyshev poly-
nomial of the first kind , then T,,_1(5) = 1 (mod p) if and only if p = 1,5,19,23 (mod 24)

Conjecture 1.50. Let n be an odd natural number greater than one , let k be a natural number

k—1 n—k
such that k < n, then n is prime if and only if : Z i Zj”_l = —1 (mod n)
i=0 =0

Conjecture 1.51. Let n be a natural number greater than one and let T, (x) be Chebyshev poly-

n—1
k
nomial of the first kind , then n is prime if and only lfz 2T, 1 (5) = —1 (mod n).
k=0
Conjecture 1.52. Let n be a natural number greater than one and let L,,(x) be Lucas polynomial
n—1
, then n is prime if and only lfz L,-1(k) =—1 (mod n).
k=0

Conjecture 1.53. Let p be an odd prime number , let R,(3) = 3p2_1 and let S; = S? | +3S;_4

with Sy = 36, then R, (3) is prime number iff S,_; = 36 (mod R,(3)) .

Conjecture 1.54. Let p be an odd prime number greater than three , let R,(—3) = 31%1 and let
S; =83 | +3S,_1 with Sy = 36, then R,(—3) is prime number iff S,—1 = 36 (mod R,(—3)) .

Conjecture 1.55. Ler P\ (z) = (1) - ((a: — Va2 ta) + (v + Va2 + a)n) . Given an odd
integer n (> 3) and integer a coprime to n , n is prime if and only ifPT(La) () = 2" (mod n)
holds .

Conjecture 1.56. Let n be an odd natural number greater than one . Let r be the smallest odd
prime number such that r { n and n> # 1 (mod r) . Let P,(z) be Legendre polynomial , then n

is a prime number if and only if P,,(z) = 2" (mod 2" — 1,n).

Conjecture 1.57. Let n be a natural number greater than one and let F,(x) be Fibonacci poly-

n—1
nomial , then n is prime if and only lfz F.(k) = —1 (mod n).
k=0
Conjecture 1.58. Let a,, be the least unused prime greater than 3 such that (a, + a,_1)/2 is
prime, with ag = 13, then :
1. Every term of this sequence a; is prime of the form 12k + 1.
2. Every prime of the form 12k + 1 is a member of this sequence .

Conjecture 1.59. Let m and n be a natural numbers, m > 1,n > 2,n # 9and gcd(m,n) =1
n—1

. Then n is prime if and only zfz (2"”f — 1)”71 =n (mod 2" — 1)
k=1

Conjecture 1.60. Let p, q, r be three consecutive prime numbers such thatp > 11 andp < q <r

1 1 1
Jthen =5 < =5 + = .
P2 q2+r2



Conjecture 1.61. Let p and q be consecutive prime numbers such that p > 5 and p < q , then

[1-1]=0

Conjecture 1.62. Let a,n, k be natural numbers greater than 0 . If n is a prime number then
Z (on(d) - a"/d) = 2a (mod n)

djn

Conjecture 1.63. Let P, (z) = 27 ((x — Va2 — 4)™ + (x + 22 — 4)™) . Let F,(b) = b*" +1
where b is an even integer , 31 b,5{ bandn > 2. Let S; = Py(S;—1) with Sy = Pyj2(Py2(8)) ,
then F,(b) is prime iff Son_o =0 (mod F, (b)) .

Conjecture 1.64. Let P,,(z) = 27" ((x — V22 — )™ + (z + /22 — 4)™) . Let F,(b) = v*" + 1
where b is an even integer, 31 b, b = 2,4,10,12 (mod 14) andn > 2. Let S; = P,(S;_1) with
So = Pyj2(Pyy2(5)) , then F,(b) is prime iff Son_o = 0 (mod F, (b)) .

Conjecture 1.65. Let P, () =27 ((x — V22 — 4)" + (v + V22 — 4)™) . Let F,,(b) = b*" +1
where b is an even integer, 51 b, b= 2,4,10,12 (mod 14) andn > 2. Let S; = P,(S;_1) with
So = Pyj2(Pyy2(12)) , then F,(b) is prime iff Son_o = 0 (mod F,(b)) .

Conjecture 1.66. Let a,, = 62a,_1 — a,_o with a; = 8 and a; = 488, let b,, = 482b,,_1 — b,,_»
with by = 22 and by = 10582, then each member of the sequences {a,} and {b,} can be used as

an initial value for Inkeri’s primality test for Fermat numbers .

Conjecture 1.67. Let P, (z) =2"™ . <(x — VT —4)" + (z + V27— 4)m>
Let N =k -b" — 1 suchthatn > 2, k < 2" and
k=27 (mod 30) withb=2 (mod 10) andn = 1,2 (mod 4)
k =27 (mod 30) withb=4 (mod 10) andn = 1,3 (mod 4)
k =27 (mod 30) withb =8 (mod 10) and n = 2,3 (mod 4)
Let S; = Py(Si—1) with Sy = Pyyy2(Py/2(3)) , then N is prime iff S,_» = 0 (mod N)

Conjecture 1.68. Let n be a natural number greater than two . Let r be the smallest odd prime
number such that v f nand n* # 1 (mod r) . Let H,,(x) be Hermite polynomial , then n is either

a prime number or Fermat pseudoprime to base 2 if and only if H,(x) = 22" (mod 2" — 1,n) .

Conjecture 1.69. Let n be an odd natural number greater than one . Let v be the smallest odd
prime number such thatr ¥ n andn® # 1 (mod r) . Let pie?) (x) be Jacobi polynomial such that
a, B are natural numbers and o+ 3 < n., then n is a prime number if and only ifPéa’ﬁ) (x) =a"
(mod z" — 1,n).

Conjecture 1.70. Let n be an odd natural number greater than one . Let v be the smallest odd
prime number such that vt n and n®* # 1 (mod r) . Let F,(x) be Fibonacci polynomial , then n
is prime if and only if F,(2z) = (1 + xz)% (mod z" — 1,n).

Conjecture 1.71. Let P,,(z) = 27 ((x — Va2 — 4)™ + (x + 22 — 4)™) . Let F,(b) = b*" +1
where b is an even natural number and n > 2. Let a be a natural number greater than two such
that (%) = —1 and (E?;) = —1 where () denotes Jacobi symbol. Let S; = Py(S;_1) with
So equal to the modular Pyy(FPy/2(a)) mod F,(b). Then F,(b) is prime if and only if Soyn_o = 0

(mod F, (b)) .
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Conjecture 1.72. Let P,,(x) =27 ((z — V2?2 —4)" + (x+ Va2 —4)"). Let N = k- b" + 1
where k is positive natural number , k < 2" , b is an even positive natural number and n > 3 .

Let a be a natural number greater than two such that (“—;,2) = —1and (“—;@2) = —1 where ( )

denotes Jacobi symbol. Let S; = Py(S;_1) with Sy equal to the modular Pyy)5(Py/2(a)) mod N.
Then N is prime if and only if S,,_5 =0 (mod N).

Conjecture 1.73. Let P,,(z) =27 ((x — Va2 —4)" + (x +vVa? —4)") . Let M = k- b" — 1

where k is positive natural number , k < 2" , b is an even positive natural number and n > 3

. Let a be a natural number greater than two such that (“7*2) = 1and (“—]\Jf) = —1 where ( )

denotes Jacobi symbol. Let S; = P,(S;_1) with Sy equal to the modular Pyy/5(Fy/2(a)) mod M.
Then M is prime if and only if S,,_5 =0 (mod M) .

Conjecture 1.74. Let P, (x) =27 - ((z — Va2 —4)" + (v + V2?2 —4)"). Leae N = k- b" + 1

where k is an even positive natural number , k < 2", b is an odd positive natural number greater

than one and n > 2. Let a be a natural number greater than two such that (“—;,2) = —1 and

(a—;f) = 1 where () denotes Jacobi symbol. Let S; = P,(S;_1) with Sy equal to the modular
Pyyjo(a) mod N. Then, if N is prime then S,_; = a (mod N).

Conjecture 1.75. Let P, (x) =27 ((r —Va? —4)" + (x+ Va2 —4)"). Let M = k-b" — 1

where k is an even positive natural number , k < 2", b is an odd positive natural number greater

than one and n > 2 . Let a be a natural number greater than two such that (a—]\_f) = 1 and

(“—;}2) = 1 where () denotes Jacobi symbol. Let S; = P,(S;_1) with Sy equal to the modular
Pyyjo(a) mod M. Then, if M is prime then S,_1 = a (mod M) .

Conjecture 1.76. Let P, (z) =27 - ((z — V22 — 4)™ + (z + V2% — 4)™) . Let My(a) = 2=

a
where a is a natural number greater than one and p is an odd prime number. Let c be a natural

number greater than two such that ( J\f[;(i)> = < 1\2&)) = 1 where () denotes Jacobi symbol.

Let S; = P,(S;—1) with Sy = P,(c). Then, if M,(a) is prime then S,_ = P,(c) (mod M,(a)) .

Conjecture 1.77. Let P (z) = 27" - ((z — Va2 — 4)™ + (z + Va2 — 4)™) . Let N, (b) = 44
where b is a natural number greater than one and p is an odd prime number. Let c be a natural

c—2 c+2

number greater than two such that <m> =~ (b)) = 1 where ( ) denotes Jacobi symbol. Let

Si = Py(Si—1) with Sy = Py(c). Then , if N,(b) is prime then S,_1 = Py(c) (mod N,(b)) .

Conjecture 1.78. Let P,,(z) =27 ((x — V22 —4)™ + (x + V22 —4)™) . Let M = k- b" — ¢
where k,b,n, c are natural numbers such thatk > 0, b > 1, n > 1l and ¢ > 0. Let a be a
natural number greater than two such that (“—]\_42) = —1and (“—;}2) = 1 where () denotes Jacobi
symbol. Let S; = Py(S;_1) with Sy equal to the modular Py,(a) mod M. Then, if M is prime
then S, 1 = P._1(a) (mod M) .

Conjecture 1.79. Let P, (z) = 27" ((x — V22 — 4" + (x + V22 —4)™) . Let N = k- 0" + ¢
where k,b,n, c are natural numbers such thatk > 0, b > 1, n > land c > 0. Let a be a
natural number greater than two such that (%) = 1 and (“T”) = 1 where () denotes Jacobi
symbol. Let S; = Py(S;_1) with Sy equal to the modular Py,(a) mod N. Then, if N is prime

then S, 1 = P._1(a) (mod N).
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Conjecture 1.80. Let P,(z) =27™ - ((x — Va2 — 4)™ + (z + Va2 — 4)™) . Let M,(a) = 2=

where a is a natural number greater than one and p is an odd prime number . Let c be a natural
number greater than two such that ( J\Z(i)) = —1 and (ﬁé)) = 1 where () denotes Jacobi
symbol. Let S; = P,(S;_1) with Sy = P,(c). Then , if M,(a) is prime then S,_1 = P,_5(c)

(mod M,(a)) .

Conjecture 1.81. Let P, (z) = 27" - ((z — Va2 —4)™ + (z + Va2 —4)™) . Let N,(b) = 44
where b is a natural number greater than one and p is an odd prime number . Let c be a natural
number greater than two such that ( ]\?p_(i)) = —1and < ;;%) = 1 where () denotes Jacobi
symbol. Let S; = By(S;—1) with Sy = Py(c). Then , if N,(b) is prime then S,_1 = Pyi2(c)

(mod N, (b)) .

Conjecture 1.82. Let ny,no, ..., ni be a sequence of k consecutive odd composite numbers . Let
gpf(n;) be the greatest prime factor of n; . Then , all gpf(n;), 1 < i < k are mutually different .

Conjecture 1.83. Let P,,(z) =27 - ((x — Va2 —4)" + (x + V22 —4)™) . Let N = k- b" + 1
where k is positive natural number , k < 2", b is a positive natural number greater than one and
n > 3. Let a be a natural number greater than two such that (“T_Q) = —1land (‘ITH
() denotes Jacobi symbol. Let S; = PFy(S;_1) with Sy equal to the modular Py 5(a) mod N.

Then N is prime if and only if S,,_2 = —2 (mod N).

) = —1 where

Conjecture 1.84. Let P, (z) =277 - ((x — V22 —4)™ + (x + V22 —4)™) . Let M = k- " — 1
where k is positive natural number , k < 2", b is a positive natural number greater than one and
n > 3. Let a be a natural number greater than two such that (“—A’f) =1 and (“—;22) = —1 where
() denotes Jacobi symbol. Let S; = Py,(S;_1) with Sy equal to the modular Py />(a) mod M.

Then M is prime if and only if S,,_5 = —2 (mod M) .

Conjecture 1.85. Let P,(x) =27 ((z —vVa? —4)" + (v + Va2 —4)"). Let N =4-3" — 1
wheren > 3. Let S; = S? | — 35;_1 with Sy = Py(6) . Then N is prime if and only if S, o = 0
(mod N).

Conjecture 1.86. Let P, (x) =27 ((r — Va2 —4)" + (z+ Va2 —4)") . Let N =4-3"+1
wheren > 3. Let S; = 52 | — 3S;_1 with Sy = Py(4) . Then N is prime if and only if S,,_o = 0
(mod N).

Conjecture 1.87. Let P, (z) =27 ((x — V22 —4)" + (x + V22 —4)") . Let N = k- V" + 1
where k is positive natural number , 4 | k, k < 2", b is an odd positive natural number
greater than one and n > 3. Let a be a natural number greater than two such that (Q’T“) =
(“—;\;2) = —1 where () denotes Jacobi symbol. Let S; = Py(S;_1) with Sy equal to the modular

Py2/4(a) mod N. Then N is prime if and only if S;,_» = 0 (mod N).
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