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ABSTRACT. We introduce the notion of an extension of hyper K-algebra and Smaran-
dache hyper (M, €)-ideal in hyper K-algebra, and investigate its properties.

1. INTRODUCTION

Generally, in any human field, a Smarandache Structure on a set A means a weak struc-
ture W on A such that there exists a proper subset B of A which is embedded with a
strong structure S. In [10], W. B. Vasantha Kandasamy studied the concept of Smaran-
dache groupoids, subgroupoids, ideal of groupoids, semi-normal subgroupoids, Smarandache
Bol groupoids and strong Bol groupoids and obtained many interesting results about them.
Smarandache semigroups are very important for the study of congruences, and it was stud-
ied by R. Padilla [9].

In this paper, we introduce the notion of an extension of hyper K-algebra and Smaran-
dache hyper K(N, €)-ideal in hyper K-algebra, and investigate its properties.

2. PRELIMINARIES

We include some elementary aspects of hyper K-algebras that are necessary for this
paper, and for more details we refer to [1] and [11]. Let H be a non-empty set endowed
with a hyper operation “o”, that is, o is a function from H x H to P*(H) = P(H)\ {0}.
For two subsets A and B of H, denote by Ao B theset |J aob.

a€AbeB
By a hyper BCK -algebra we mean a non-empty set H endowed with a hyperoperation

“on

o” and a constant 0 satisfying the following axioms:
(HK1) (zoz)o(yoz) Kzoy,
(HK2) (zoy) oz = (z02)oy,
(HK3) z o H <« {z},
(HK4) z < y and y < = imply z = y,
for all z,y,z € H, where £ < y is defined by 0 € z oy and for every A,BC H, A < B is
defined by Va € A, 3b € B such that a < b.
By a hyper I-algebra we mean a non-empty set H endowed with a hyper operation “o”
and a constant 0 satisfying the following axioms:
(H1) (zoz)o(yoz)<zoy,
(H2) (zoy)oz=(zoz)oy,
(H3) z < z,
(H4) z<yandy <z implyz=y
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for all z,y,2 € H, where £ < y is defined by 0 € z oy and for every A, BC H, A< B is
defined by Ja € A and 3b € B such that a < b. If a hyper I-algebra (H,0,0) satisfies an
additional condition:

(H5) 0 < z forall z € H,
then (H,o0,0) is called a hyper K -algebra (see [1]).

Every hyper BCK-algebra is a hyper K-algebra. We know that there exists a proper
hyper K-algebra, that is, there exists a hyper K-algebra which is not a hyper BCK-algebra
(See [1, Theorem 3.5]).

In a hyper I-algebra H, the following hold (see {1, Proposition 3.4]):

(al) (Ao B)oC=(AoC)o B,
(a2) AoB<C o AoC < B,
(a3) A C B implies A< B
for all non-empty subsets A, B and C of H.
In a hyper K-algebra H, the following holds (see 1, Proposition 3.6]):

(ad) z €xo0forall z € H.

Definition 2.1. ({1]) Let (H,0,0) be a hyper K-algebra and let S be a subset of H con-
taining 0. If S is a hyper K-algebra with respect to the hyperoperation “o” on H, we say
that S is a hyper K -subalgebra of H.

Note that if S be a non-empty subset of a hyper K-algebra (H,o,0), then S is a hyper
K-subalgebra of H if and only if z oy C S for all z,y € S (See [3, Theorem 4.12]).

Definition 2.2. ([3, Theorem 3.4]) A Smarandache hyper K-algebra is defined to be a
hyper K-algebra (H,o,0) in which there exists a proper subset Q of H such that (£,0,0)
is a non-trivial hyper BCK-algebra.

Example 2.3. ([3, Example 3.5]) Let H = {0, a,b,c} and define an hyper operation “o”
on H by the following Cayley table:

0 a b c
{o}  {o} {0} {0}
{a} {0} {0} {0}
{6} {a}  {0,a} {0,a}
{c} {a,b,c} {a,b,c} {0,b,c}

Table a3

Then (H,0,0) is a Smarandache hyper K-algebra because (2 = {0,qa,b},0,0) is a hyper’
BCK-algebra.

o o0 OJo

Example 2.4. ([3, Example 3.6]) Let H = {0, a,b} and define an hyper operation “o” on
H by the following Cayley table:

o | 0 a b

0| {o} {0} {0}
a|{a,b} {0,a,b} {0,a}
bi {8} {ad} {0,a,b}

Table a4

Then (H,o,0) is not a Smarandache hyper K-algebra since (; = {0, a},0,0) and (Q2 =
{0, b}, 0,0) are not hyper BC K-algebras. :
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Definition 2.5. ([3, Definition 3.7]) Let H be a Smarandache hyper hyper K-algebra and
 be a non-trivial hyper BC K-algebra which is properly contained in H. Then a non-
empty subset I of H is called a Smarandache hyper (<, €)-ideal of H related to Q (or
briefly, Q-Smarandache hyper (<, €)-ideal of H) if it satisfies:

(c1) 0 e,

(c2) (VzeQ) (Vyel)(zoyxI = zel).

If I is a Smarandache hyper (<, €)-ideal of H related to every hyper BCK-algebra con-
tained in H, we simply say that I is a Smarandache hyper (<, €)-ideal of H.

Definition 2.6. ([3, Definition 3.14]) Let H be a Smarandache hyper hyper K-algebra
and Q be a non-trivial hyper BCK-algebra which is properly contained in H. Then a
non-empty subset I of H is called a Smarandache hyper (C, €)-ideal of H related to Q (or
briefly, Q-Smarandache hyper (C, €)-ideal of H) if it satisfies:

(c1) 0€l,

(cw) (VzeQ) (Vyel) (zoyCI = zel).

If I is a Smarandache hyper (C, €)-ideal of H related to every hyper BC K-algebra contained
in H, we simply say that I is a Smarandache hyper (C, €)-ideal of H.

3. MAIN RESULTS

Proposition 3.1. Let (H,0,0) be a hyper K-algebra with |H| > 3. Then the following
statements hold:
(i) If there exists a hyper K-subalgebra S of H such that 1 < |S| < |H| and |zoy| =1
for allz,y € S, then H is a Smarandache hyper K -algebra.
(ii) If there exists ¢ € H such that zox C {0,z}, then H is a Smarandache hyper
K -algebra.

Proof. (i) Let S be a hyper K-subalgebra of H such that 2 <{S| < |H| and |z oy| =1 for
all z,y € S. Then it can be easily verified that (S, 0,0) is a hyper BCK-algebra. Therefore
H is a Smarandache hyper K-algebra.

(ii) Let £ € H be such that zox C {0, z}. Note that ({0,z}, o, 0) is a hyper BCK-algebra,
and so H is a Smarandache hyper K-algebra. |

Example 3.2. The condition |zoy| = 1 for all z,y € S in the Proposition 3.1(i) is necessary.
To show this, we consider H = {0, a,b} in Example 2.4. Then (S = {0, a},0,0) is a hyper
K-algebra, but (H,0,0) is not a Smarandache hyper K-algebra.

Definition 3.3. Let (H,o0y,0) be a hyper K-algebra. By an extension of H we mean a
hyper K-algebra (L,or,0) such that

(i) HcCL,

(ii) (Vx,y € H)(xogy==zoLYy).
Example 3.4. ((1, Theorem 3.7]) Let (Hy, 01,0) and (Hj, o2, 0) be hyper K-algebras (resp.
hyper BC K-algebras) such that HyNH, = {0} and H = H; UH,. Then (H, o,0) is a hyper
K-algebra (resp. hyper BCK-algebra), where the hyperoperation “o” on H is defined as

follows:
ro1ry if z»yeHla
zoy:=4{ zogay if z,y€ Hy,
{z} oterwise
for all z,y € H.

We use the notation H, & H, for the union of two hyper K-algebras (resp. hyper BCK-
algebra) H, and Hj.
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Theorem 3.5. If H is a Smarandache hyper K -algebra, then every extension of H is also
a Smarandache hyper K -algebra.

Proof. Straightforward. 0

The following example show that there exists a non-Smarandache hyper K-algebra H
such that an extension L of H is a Smarandache hyper K-algebra.

Example 3.6. Let (H = {0,z},01,0) be a hyper BCK-algebra and let (K = {0, y}, 02,0)
be a hyper K-algebra with the following Cayley tables:

o1 | 0 z o2 | 0 y
0 |{o} {0} .0 {0} {0}
z | {z} {0,z} y | {03} {0}

Then (L = H ® K, o,0) is a Smarandache hyper K-algebra and it is an extension of H. But
H is not a Smarandache hyper K-algebra since does not exist a proper subset  of H such
that (€2, 0,0) is a non-trivial hyper BCK-algebra.

Lemma 3.7. ([1, Theorem 3.9]) Let (H),01,0) and (Hy,02,0) be hyper K -algebras (resp.
hyper BCK -algebras) and H = Hy x Hy. We define a hyperoperation “c” on H is defined
as follows,

(a1,b1) o (az,b2) = (a1 0 az, by 0 b2)
for all (a1, b1), (a2, b2) € H, where for AC Hy and B C H, by (A, B) we mean
(A,B) ={(a,b):a € A;be B}, 0=(01,07)
and
(a1,h) < (az,b2) & a1 < az, b1 < ba.

Then (H,0,0) is a hyper K-algebra (resp. hyper BCK -algebra), and it is called the hyper
K -product (resp. hyper BCK -product) of Hi and H,.

Theorem 3.8. Let (Hi,01,0) and (Ha,02,0) be hyper K-algebras. If (Hj, 01,0) is a
Smarandache hyper K-algebra or (Ha,04,0) is a Smarandache hyper K -algebra, then the
hyper K -product H = Hy x Hy of Hy and Ha is also a Smarandache hyper K -algebra.

Proof. We may assume that (Hi,01,0) is a Smarandache hyper K-algebra without loss of
generality. Then there exists a non-trivial hyper BCK-algebra  in H;. Let I’ = 2 x {0,}.
Then T is a proper subset of H = H; x Hy and obviously (I", 0,0) is a non-trivial hyper
BCK-algebra. Hence H = H; x H; is a Smarandache hyper K-algebra. O

The following example shows that the converse of Theorem 3.8 is not true in general.

Example 3.9. Let H; = {0;,z} and H2 = {02,y} and define the hyperoperations “o;”
and “o3” on H; and H; respectively as follow:

o; | Oy z o2 | 02 y
0, | {0:} {01} 02 | {02} {02}
z |{z} {04z} y | {02,5} {02}

Then H; is a hyper BCK-algebra and H; is a hyper K-algebra. We know that (H; x
Hj,0,0 = (01,02)) is a hyper K-algebra with the following Cayley table:

° I (01,02) (Ola y) (1’02) (I’ y)
(01,02) | (01,02)  (01,02) (01,02) (01,02)
(Oliy) (017{027 y}) (01702) (01’{021 y}) (01, 02)

(anZ) (anZ) (anZ) ({Q‘lvz}rOZ) ({01,1‘},02)
(z,y) | (,{02,3}) (2,02) ({01,2},{02,5}) ({01,2},02)
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Now a proper subset H; x {0} of H; x Hj is a non-trivial hyper BCK-algebra. Thus H; x Hy
is a Smarandache hyper K-algebra. But we know that neither H; nor H; is a Smarandache
hyper K-algebra.

Proposition 3.10. Let (Hy,01,0) and (Hz,09,0) be hyper K-algebras. If (Hy x Ha,o0,0),
the hyper K -product of H1 and Ha, is a Smarandache hyper K -algebra, then at least one of
H, and Hjy is a Smarandache hyper K -algebra.

Proof. Let (H; x Hj,0,0) be a Smarandache hyper K-algebra. Then there exists a proper
subset  of Hy x Hs such that (2, 0,0) is a non-trivial hyper BCK-algebra. Let Q; = {z €
H; : (z,b) € Q, for some b € Hy} and Q; = {y € Hy : (a,y) € Q, for some a € H;}. It is
easily verified that Q = Q; UQ2. Let z,y,z € Q. Then there exist a,b,¢c € H; such that
(z,a), (y,b), (z,¢) € Q. Now we show that (€, 01,0) is a hyper BCK-algebra.

(HK1) Since (€, o, 0) satisfies the condition (HK1), we have

((z,@) 0 (2,¢)) o ((y,b) o (2,¢)) < (z,a) o (y,b),
that is,
((zo12) 01 (yo12),(aozc)oz(bozc)) K (zo1y,aob)

Hence (z o1 2) 01 (y o1 2) <€ z 01 y and so (HK1) holds in (Q1, 01,0).
(HK2) Since (£, o, 0) satisfies the condition (HK2), we have

((z,a) o (y,0)) © (2,¢) = ((z, @) o (2,¢)) o (y,b),

which implies that ((z o1 ¥) 01 2, (@ 02 b) o2 ¢) = ((z 01 2) 01 Y, (a 02 ¢) 02 b). Hence, we get
(zo1y) o1 2= (z 01 z) o1 y and so (HK2) holds in (£, 01,0).

(HK3) Since (2, o, 0) satisfies the condition (HK3), we have (z,a) o (y,b) « (z,a), which
implies that (z o; y,a 02 b) < (z,a). Hence, we get £ o1 y < z and so (HK3) holds in
(Ql ,91, 0) .

(HK4) Let (z,a) < (y,b) and (y,b) < (z,a). Since (2, o, 0) satisfies the condition (HK4),
we have (z,a) = (y,b). Hence, we get z = y and so (HK4) holds in (1,04, 0).

Thus, (€4, 01,0) is a hyper BCK-algebra. In the similar way we can show that (Qs, 05, 0)
is a hyper BCK-algebra. It follows from Q # (0,0) that €; # 0 or Q2 # 0. Without loss
of generality we may assume that 1 # 0. Note that Q1 C Hy, but Q; # H; since H; is
a proper hyper K-algebra. Hence, Q,; is a proper subset of H; such that (€;,01,0) is a
non-trivial hyper BCK-algebra. Therefore H, is a Smarandache hyper K-algebra. a

Proposition 3.11. Let (Hi,01,0) and (Hz, 02,0) be hyper K -algebras such that Hy N Hy; =
{0}. If at least one of H1 and Hj is a Smarandache hyper K -algebra, then (Hy & Hy,0,0),
the union of Hy and Ha, is also a Smarandache hyper K -algebra.

Proof. Let (Hj,0;,0) and (Ha, 05,0) be hyper K-algebras such that H;NH; = {0}. Without
loss of generality we may assume H; is a Smarandache hyper K-algebra. Then there exists
a proper subset Q of H; such that (2,01,0) is a non-trivial hyper BCK-algebra. Since
H, C H, ® H,, Q is a proper subset of H; & H,. By the definition of hyperoperation “o” on
H, @ H, and Q C H;, we have (2,01,0) = (Q,0,0). Hence,  is a proper subset, of H; & Hs
such that (£2,0,0) is non-trivial hyper BCK-algebra and so H, © H, is a Smarandache
hyper K-algebra. a

The following example shows that the converse of Proposition 3.11 may not be true.

Example 3.12. Consider the hyper K-algebras H; = {0, z} and Hs = {0, y} as in Example
3.9, where 0 = 0, = 0y. It is easily verified that (H; & Hj,0,0) is a hyper K-algebra under
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the following Cayley table.
ol 0 =z g
{oy {0} {0}
{z} {0,z} {=z}
0,9y {y} {0}
Using the above table it is easily verified that ({0,z},0,0) is a hyper BC K-algebra. There-

fore, H, @ H; is a Smarandache hyper K-algebra. But H; and H; are not Smarandache
hyper K-algebra, since |H;| =2 = |Hy|.

Proposition 3.13. Let (H;,01,0) and (Hz, 02,0) be hyper K -algebras such that HiNH, =
{0}. If (H, ® H3,0,0) is a Smarandache hyper K-algebra, then at least one of H, and H;
is a Smarandache hyper K -algebra.

Proof. Let (H; @ Hz,0,0) be a Smarandache hyper K-algebra. Then there exists a proper
subset Q of H; @ H, such that (€, 0,0) is a non-trivial hyper BC K-algebra. Assume that
Q) = QN Hy and Q; = QN Hy. Then = Qy U, and so 2 # {0} or Qz # {0}. Without
loss of generality we may assume that Q; # {0}. Sincez oy = z o1 y for all z,y € £, we
have (£21,01,0) = (©,0,0). Let z,y € Hy and z,y € Q. Then zoy =z o; y € H; and
zoy € . Therefore z oy € ;. This shows that §; is a hyper subalgebra of Q. Hence,
(Q1,0,0) = (21, 01,0) is a non-trivial hyper BCK-algebra. Obviously §; is a proper subset
of H,. Therefore H; is a Smarandache hyper K-algebra. O

Definition 3.14. Let H be a Smarandache hyper hyper K-algebra, {2 be a non-trivial
hyper BC K-algebra which is properly contained in H. Then a non-empty subset I of H is
called a Smarandache hyper (N, €)-ideal of H related to Q (or briefly, 2-Smarandache hyper
(N, €)-ideal) of H if it satisfies:

(c) 0€l,

(c8) (Ve D(Vye D{(zoy)NI#P=>z ).

If I is a Smarandache hyper (N, €)-ideal of H related to every hyper BC K-algebra contained
in H, we simply say that I is a Smarandache hyper (N, €)-ideal of H.

Example 3.15. Let H = {0, qa,b,c} and define the hyperoperation “c” on H by the fol-
lowing Cayley table:

| 0 a b c
{o} {0} {0} {0}
{a} {0} {a}  {a}
{6} {v} {0,6} {0,b}
{c} {c} {bc} {0,b,c}

Then (H,0,0) is a Smarandache hyper K-algebra because (2 = {0, a,b},0,0) is a hyper
BCK-algebra. Moreover, a subset {0,a} is an -Smarandache hyper (N, €)-ideal of H.

o oR Ofjo

Theorem 3.16. Let H be a Smarandache hyper hyper K -algebra, Q be a non-trivial hyper
BCK -algebra which is properly contained in H. Then every 2-Smarandache hyper (N, €)-
ideal of H is an Q2-Smarandache hyper (<, €)-ideal of H.

Proof. Let I be an Q-Smarandache hyper (N, €)-ideal of H and let x € Q and y € I be
such that x oy « I. Then for any a € x oy there exists ¢ € I such that a < %, which
implies that 0 € aot. Hence (aci)NI # () and so by (cs), we have a € I. This implies that
(zoy)NI # @ and so by (cs) we have z € I. O

The following example shows that the converse of Theorem 3.16 may not be true.
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Example 3.17. Let H = {0, a,b,c} and define the hyperoperation “o” on H by the fol-
lowing Cayley table:

[ 0 a b c

{oy {0} {0} {0}

{a} {0,a} {0,a} {a}

{6} {a,b} {0,a,8}  {0,b}

{c} {c} {bc} {0,a,bc}

Then (H,0,0) is a Smarandache hyper K-algebra because (Q = {0, a,b},0,0) is a hyper
BCK-algebra. Moreover, a subset I = {0, a} is an 2-Smarandache hyper (&, €)-ideal of
H. But it is not an Q-Smarandache hyper (N, €)-ideal of H, since (boa)NI # @ and a € I,
but b ¢ I.

0 oUR Q|0

Corollary 3.18. Let H be a Smarandache hyper hyper K -algebra, Q2 be a non-trivial hyper
BCK -algebra which is properly contained in H. Then every Q-Smarandache hyper (N, €)-
ideal of H is an Q-Smarandache hyper (C, €)-ideal of H.

Proof. The result is obvious by Theorem 3.16 and Theorem 3.16 in [3]. O

Theorem 3.19. Let H be a Smarandache hyper hyper K -algebra, Q be a non-trivial hyper
BCK -algebra which is properly contained in H and let I be an 2-Smarandache hyper (€, €)-
tdeal of H such that

(VzeQ)(xroz CICQ).
Then the following implication is valid:
(V,y e D((zoy) NI #D=>z0y CI).

Proof. Let z,y € § be such that (roy) NI # 0. Then there exists ¢ € Q such that
t € (xoy)NI. It follows from (HK1) that (z o y) o (z 0 y) < z o z so from hypothesis that
(zoy)o(zoy) < I. This implies that sot « I for all s € z oy, and hence s € I since [ is
an 2-Smarandache hyper (<, €)-ideal of H and t € I. Therefore zoy C I. O

Theorem 3.20. Let H be a Smarandache hyper hyper K -algebra, Q2 be a non-trivial hyper
BCK -algebra which is properly contained in H and let I be an Q-Smarandache hyper (<, €)-
tdeal of H such that

(Vz € Q)(zroxz CICQ).
Then I be an Q-Smarandache hyper (N, €)-ideal of H.

Proof. Let z,y € Q be such that (roy)NI # 0 and y € I. Then zoy C I by Theorem
3.19, and so r oy « I. Since I is an §2-Smarandache hyper (<, €)-ideal of H, it follows
that € I. Therefore I is an 2-Smarandache hyper (N, €)-ideal of H. O
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