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POSITIVE IMPLICATIVE SMARANDACHE
BCC-IDEALS IN SMARANDACHE BCC-ALGEBRAS

YounG BAE JUN, SEOK ZUN SONG, AND KYUNG TAE KANG

Abstract. The notion of positive implicative Smarandache BCC-
ideals is introduced, and related properties are investigated. Re-
lations between Smarandache BCC-ideals and positive implicative
Smarandache BCC-ideals are discussed. The extension property of
a positive implicative Smarandache BCC-ideals is given.

1. Introduction

Generally, in any human field, a Smarandache Structure on a set A
means a weak structure W on A such that there exists a proper subset
B of A which is embedded with a strong structure S. In [11], W. B. Vas-
antha Kandasamy studied the concept of Smarandache groupoids, sub-
groupoids, ideal of groupoids, semi-normal subgroupoids, Smarandache
Bol groupoids and strong Bol groupoids and obtained many interesting
results about them. Smarandache semigroups are very important for
the study of congruences, and it was studied by R. Padilla [10]. It will
be very interesting to study the Smarandache structure in BCC/BCI-
algebras. In [6], Y. B. Jun discussed the Smarandache structure in
B(CI-algebras. He introduced the notion of Smarandache (positive im-
plicative, commutative, implicative) BCI-algebras, Smarandache sub-
algebras and Smarandache ideals, and investigated several properties.
Also, he [7] discussed the Smarandache structure on BCC-algebras, and
introduced the notion of Smarandache ideals. In this paper, we intro-
duce the notion of positive implicative Smarandache BCC-ideals, and
investigate related properties. We give relations between Smarandache
BCC-ideals and positive implicative Smarandache BCC-ideals. We pro-
vide conditions for a Smarandache BCC-ideal to be a positive implicative
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Smarandache BCC-ideal. We finally establish the extension property of
a positive implicative Smarandache BCC-ideal.

2. Preliminaries

BCC-algebras were introduced by Komori [8] in a connection with
some problems on BCK-algebras solved in [12], and Dudek [1, 2] rede-
fined the notion of BCC-algebras by using a dual form of the ordinary
definition in the sense of Komori.

An algebra (X; %, 0) of type (2,0) is called a BCC-algebra if it satisfies
the following conditions:

(al) (va,y, 2 € X) (((z % y) * (2% y)) * (£ % 2) = 0),

(a2) (Vz e X) (0xx=0),

(a3) (Vz € X) (z 0 =x),

(a4) (Vz,y € X) (zxy=0,yxz=0 = z=y).

Note that every BCK-algebra is a BCC-algebra, but the converse is not
true. Therefore the notion of a BCC-algebra is a generalization of that
of a BCK-algebra. Also note that every BCC-algebra X satisfies the
following equality:

(bl) (V€ X) (z*xz =0),

(b2) (Va,y € X) (z*y < x),

(b3) (Vz,y,2€ X) (r<y => xx2<yx*xz, 2xy<z*T),

where z < y if and only if z * y = 0. A nonempty subset I of a BCC-
algebra X is called a BCC-ideal of X (see [4]) if it satisfies:

e 0el,

o (Vz,ze X) (Vyel)((zxy)xz2€l = xzxzel).

A BCC-algebra which is not a BCK-algebra is called a proper BCC-
algebra. If X is a proper BCC-algebra, then |X| > 4. Note that a
BCC-algebra X is a BCK-algebra if and only if it satisfies the following
equality

(2.1) (Vz,y,2 € X)((zxy)* 2= (x*x 2) xy)

3. Positive implicative Smarandache BCC-ideals

We know that every proper BCC-algebra has at least four elements
(see [2]), and that if X is a BCC-algebra then {0,a}, a € X, is a BCK-
algebra with respect to the same operation on X. Now let us consider a
proper BCC-algebra X = {0, 1,2, 3,4} with the following Cayley table:
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*x10 1 2 3 4
0/0 000 O
111 01 0 1
212 2 01 2
3/3 310 3
4(4 0 0 0 0
Table 3.1

Then {0, 1}, {0, 2}, {0, 3}, {0,4}, {0,1,2}, and {0, 1, 3} are BCK-algebras
with respect to the operation * on X, and note that X does not contain
BCK-algebras of order 4. Based on this result, we give the following
definition.

Definition 3.1. [7] A Smarandache BCC-algebra is defined to be a
BCC-algebra X in which there exists a proper subset @ of X such that

(i) 0 € @, and |Q| > 4,
(ii) @ is a BCK-algebra with respect to the same operation on X.

Note that any proper BCC-algebra X with four elements can not be
Smarandache. Hence if X is a Smarandache BCC-algebra, then | X| > 5
(see [7]). Notice that the BCC-algebra X = {0,1,2, 3,4} with Table 3.1
is not a Smarandache BCC-algebra.

Example 3.2. [7] (1) Let X = {0,a,b,c,d,e} be a set with the
following Cayley table:

*x|0 a b ¢ d e
0/0 0O OO OO
ala 0 0 0 0 a
bbb b 0 0 a a
cle b a 0 a a
dld d d d 0 a
ele e e e e 0
Table 3.2

Then (X;*,0) is a Smarandache BCC-algebra. Note that Q = {0, a, b, ¢}
is a BCK-algebra which is properly containu~d in X.

(2) Let (X;*,0) be a finite BCK-chain coutaining at least four ele-
ments and let ¢ be its maximal element. Let Y = X U{d}, where d ¢ X,
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and define a binary operation ® on Y as follows:

zxy if z,y € X,

0 ifzeY y=4d
d it w=d. y=10,
c ifz=d, yeX.

Then (Y;®,0) is a Smarandache BCC-algebra.

(3) Let (X;*,0) be a BCK-algebra containing at least four elements
in which a is the small atom. Let ¥ = X U {w}, where w ¢ X, and
define a binary operation ® on Y as follows:

Ty =

zxy if z,ye X,

w ftyeX, z=w,

0 if 2=0,y=w,

0 ifc=w=y,

a ifre X\{0}, y=w.

Then (Y;®,0) is a Smarandache BCC-algebra.

Definition 3.3. [7] A nonempty subset I of a Smarandache BCC-
algebra X is called a Smarandache BCC-ideal of X related to Q if it
satisfies:

(cl) 0e 1,
(c2) (Vz,2€Q) Vyel) (zxy)*z€l = xzxz€l)
where @ is a non-trivial BCK-algebra contained in X. If I is a Smaran-

dache BCC-ideal of X related to every non-trivial BCK-algebra con-
tained in X, we simply say that I is a Smarandache BCC-ideal of X.

TRy =

Lemma 3.4. [7] A nonempty subset I of a Smarandache BCC-
algebra X is a Smarandache BCC-ideal of X related to @ if and only if
it satisfies (c1) and

(c3) VzeQ) (Vael)(zxacl = xel),

where () is a non-trivial BCK-algebra contained in X.

In what follows, let X and @ denote a Smarandache BCC-algebra and
a non-trivial BCK-algebra which is properly contained in X, respectively,
unless otherwise specified. We begin with the following definition.

Definition 3.5. A nonempty subset I of a Smarandache BCC-algebra
X is called a positive implicative Smarandache BCC-ideal of X related
to Q if it satisfies (c1) and

(c4) (Vz,y,z€ Q) ((xxy)*xz€l,yxz€l = zxz€l).
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Example 3.6. Let X = {0,1,2,3,4,5} be a set with the following
Cayley table:

10 1 2 3 4 5
0/0 00 0 0O
1{1 0 0 0 0 1
212 2 0 2 01
3133 3 001
4(4 4 4 4 0 1
5|5 5 68 & & 0
Table 3.3

Then (X;*,0) is a proper BCC-algebra and (Q := {0,1,2,3,4};%,0) is
a BCK-algebra. Hence (X;#,0) is a Smarandache BCC-algebra. It is
easy to verify that subsets I := {0,1,2} and J := {0,1,3} are positive
implicative Smarandache BCC-ideals of X related to Q. Also we know
that I := {0,1,2} and J := {0,1,3} are positive implicative Smaran-
dache BCC-ideals of X related to a BCK-algebra (R := {0, 1}; *,0).

Here we get the following question: Is every subset I of Q a (positive
implicative ) Smarandache BCC-ideal of X related to Q7 But it is not
possible. In fact, in Example 3.6, K := {0,2,3} is a subset of Q which
is not a Smarandache BCC-ideal, and hence not a positive implicative
Smarandache BCC-ideal, of X related to @ since 13 = 0 € K and
1¢ K.

Theorem 3.7. Every positive implicative Smarandache BCC-ideal
of X related to @ is a Smarandache BCC-ideal of X related to Q.

Proof. Let I be a positive implicative Smarandache BCC-ideal of X
related to @ and let x € Q and a € I be such that z xa € I. Using (a3),
we have (r*a)*0 =xxa € ] and a*0 = a € I. It follows from (a3)
and (c4) that x = z %0 € I so that I is a Smarandache BCC-ideal of X
related to Q. O

The following example shows that the converse of Theorem 3.7 is not
true in general.

Example 3.8. Let X = {0,1,2,3,4,5} be a set with the following
Cayley table:



510 Young Bae Jun, Seok Zun Song, and Kyung Tae Kang

*x(0 1 2 3 4 5
0j0 0 0O0 OO
111 0 0 0 01
2121 0101
3/13 11001
414 1 1 1 0 1
5|55 5 & 5 0
Table 3.4

Then (X #,0) is a proper BCC-algebra and (@ := {0,1,2,3,4};%,0) isa
BCK-algebra. Hence (X; *,0) is a Smarandache BCC-algebra. We know
that I := {0} is a Smarandache BCC-ideal of X related to @, but not
a positive implicative Smarandache BCC-ideal of X related to @ since
(2*3)*3=1%3=0€I,3*x3=0€l,but2«3=1¢1.

We provide conditions for a Smarandache BCC-ideal of X related to
Q to be a positive implicative Smarandache BCC-ideal of X related to

Q.

Theorem 3.9. Let I be a Smarandache BCC-ideal of X related to
Q@ such that

(3.1) (Vz,y,2€ Q) ((z*xy)x2€ I = (z*x2z)x(y*2z) €I).

Then I is a positive implicative Smarandache BCC-ideal ideal of X
related to Q.

Proof. Assume that (zxy)*z € I and y* 2z € I for all z,y,2 € Q.
Then (z*y)*z € I implies (z*2)* (y*2z) € I by (3.1),andsoxxz € [
by Lemma 3.4. Therefore I is a positive implicative Smarandache BCC-
ideal of X related to Q. O

Corollary 3.10. Let I be a Smarandache BCC-ideal of X related to
Q such that

(3.2) (Vz,y€ Q) ((z*xy)xyel = xzxyel).
Then I is a positive implicative Smarandache BCC-ideal of X related
to Q.

Proof. Assume that (z *xy) * z € I for all z,y,2 € Q. Since
((m*2)* (y*2)) x2) * (zxy) x2) < ((xxy) *x2) * ((z*y) x2) =0,
it follows that (((z*2)x(y*2))*2)*((x*y)*2) =0 € I so from Lemma

3.4 that

(zx(y*2))*2)xz=((x*2)*(y*2))*2z €l
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Using (3.2), we get (z*2z)*(y*2) = (x*(y*x2)) x2z € I. Hence [
is a positive implicative Smarandache BCC-ideal of X related to @ by
Theorem 3.9. O

Proposition 3.11. Every positive implicative Smarandache BCC-
ideal I of X related to () satisfies the following assertions.

(i) (Vz,y€ Q) (zxy)xyel = xxyel).
(ii) (Vz,y,2€ Q) ((zxy)xz€l = (xx(y*xz))*xz € ).
(iii) If I is contained in the largest BCK-algebra in X, then

(Vz,ye Q) (VaeI)(((zxy)*xy)xa€l = xxye€I).

Proof. (i) Let z,y € @ be such that (r*y)*y € I. Since yxy =0 € I,
it follows from (c4) that z xy € 1.
(ii) Let z,y,2z € Q be such that (z *y) * z € I. Since

(2 (y*2))x2)x2) % ((zxy) * 2)
= (((z* (y*2)) * ((z*y) ¥ 2)) % 2) x 2
= {0%2) %2 =0x2 =0¢€ I,

we have ((x % (y* z)) * z) ¥ z € I by using (c4). It follows from (i) that
(x*(yxz2))*xz€l.
(iii) Suppose that ((zxy)*y)*a € I for all z,y € Q and a € I. Then
((x*a)*xy) *y € I, and hence
(zxa)xy=((xxa)*(y*y))*xyel
by (ii) and (bl). Using (c4), we conclude that x xy € I. O
Theorem 3.12. (Extension Property) Let I and J be Smarandache

BCC-ideals of X related to Q and I c J. If I is a positive implicative
Smarandache BCC-ideal of X related to ), then so is J.

Proof. Assume that (z*y) *z € J for all z,y,2 € Q. Then
(*((xy)xz))xy)xz=((x*xy)*2)* ((x*y)*x2) =0€ [,
and so
(xz)*(y*2))*((zxy)xz) = (z* ((x*y)x2)) *x (y*2))xz€ICJ

by Proposition 3.11(ii). It follows from Lemma 3.4 that (z%z)*(y*z) € J
so from Theorem 3.9 that J is a positive implicative Smarandache BCC-
ideal of X related to Q. O
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