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The Positive Integer Solutions of Equation Axm+Byn=Czk  
Haofeng Zhang  
Beijing, China 

 
Abstract: In this paper for equation Axm+Byn=Czk , where m,n,k > 2, x,y,z > 2, A,B,C≥1 and 
gcd(Ax,By,Cz)=1, the author proves there are no positive integer solutions for this equation using 
“Order reducing method for equations” that the author invented for solving high order equations, 
in which let the equation become two equations, through comparing the two roots to prove there 
are no positive integer solutions for this equation under the assumption of no positive integer 
solutions for Ax3+By3=Cz3 when Axm-i+Byn-i>Czk-i. 
 

1. Some Relevant Theorems 
There are some theorems for proving or need to be known. All symbols in this paper represent 
positive integers unless stated they are not. 
 
Theorem 1.1. In equation  
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CzByAx ,,  meet  

 1),gcd(),gcd(),gcd( === CzByCzAxByAx . 

Proof: Since 

 knm CzByAx =+ , 

if 1),gcd( >ByAx  then 

 ( ) knm CzyyxxByAx =+× −−
2

1
12

1
1),gcd(  

which means ( ) 1,,gcd >CzByAx  that contradicts against ( ) 1,,gcd =CzByAx  in equation 

(1-1) since the right side of Cz  must contain the factor of 1),gcd( >ByAx . So we have 

( ) 1,gcd =ByAx  and using the same way we can also prove ( ) ( ) 1,gcd,gcd == CzByCzAx . 

 
Theorem 1.2. There are no positive integer solutions for equation (1-1) when  
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 ( ) zyx ≠= , or ( ) yzx ≠= , or ( ) xyz ≠= . 

Proof: When 

( ) zyx ≠= , 

from equation (1-1) we have 

 knm CzBxAx =+ ,               

let nm ≥ , we get 

 ( ) knnm CzxBAx =+−  

which means  

 1),gcd( >= xCzx  

that contradicts against Theorem 1.1 in which 1),gcd( =CzAx . Using the same ways we can 

also prove ( ) yzx ≠=  and ( ) xyz ≠= . So there are no positive integer solutions for equation 

(1-1) when ( ) zyx ≠= , or ( ) yzx ≠= , or ( ) xyz ≠= . 

 

Theorem 1.3. Function UDxf =)( and VU EDxg +=)(  are all monotonically increasing 

“Convex functions”, where ED,  are all positive real numbers and VU ,  are real numbers. 

Proof: Since monotonically increasing “Convex function” meets  
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so UDxf =)( and VU EDxg +=)(  are all monotonically increasing “Convex functions”. 

 

Theorem 1.4. Given zyxCBA ,,,,,  for equation (1-1) as showed in Figure 1-1, there is only 
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one intersection for krkrk CzByAx =+ ++ 21 , in which 21, rr  are finite integers. Let KNM ,,  

be the solution of equation (1-1). In this paper we will use nm ByAx +  in place of  

21 rkrk ByAx ++ +  since they are of the same values but just at different places of  w. 

 

Figure 1-1  Graph for knm CzByAx =+   

 

Figure 1-2  Graph for krkrk CzByAx =+ ++ 21  and 21 2,2 rkrk ByAx ++  
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Proof: In Figure 1-1 we can see clearly that since KNM ,,  is the solution of knm zyx =+ , 

so we have ( ) ( ) ( )FKCzByENAxDM KNM ===+= , and by moving ENDM ,  to the 

same line of FK , we get the curve of 21 rkrk ByAx ++ + , the horizontal axis stands for the 

exponent of z . Because 21 rkrk ByAx ++ + , kCz  are all monotonically increasing “Convex 

functions” , they have at most two intersections, but one of them is at −∞→w , this can be 

explained by Figure 1-2. Obviously we can see curve 21 rkrk ByAx ++ +  is “Between” curves 

21 2,2 rkrk ByAx ++ , which means point A is the intersection of krk CzAy ,2 2+ , and point A is the 

only intersection since 
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in which k  is the only solution (since 21, rr  are finite integers) when given CBAryz ,,,,, 2 . 

Point C is the intersection of krk CzAx ,2 1+  and point C is the only intersection since 
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in which k  is the only solution (since 21, rr  are finite integers) when given CBAryz ,,,,, 1 . 

Point B is the intersection of krkrk CzByAx ,21 ++ + . If there exists third intersection of curves 

krkrk CzByAx ,21 ++ +  which is point D, then the curve DE will intersect 12 rkAx +  at point E, 

that means  

 121 2 rkrkrk AxByAx +++ =+  

and 

 12 rkrk AxBy ++ = , 

in which 
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point E is also the intersection of 21 2,2 rkrk ByAx ++ , which means curve 22 rkBy +  intersects 
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21 rkrk ByAx ++ +  twice times and have two intersections that are points F, E, this is a 

contradiction since curves 21 rkrk ByAx ++ +  and 22 rkBy +  have only one intersection. Using the 

same way we have the same conclusion when exchanging curves 21 rkrk ByAx ++ + , kCz  or 

21 2,2 rkrk ByAx ++  in Figure 1-2. 

 
So we have the conclusion of point E is not existed and there is only one intersection when 

KNM ,,  is a solution of equation (1-1) for any given zyxCBA ,,,,, .   

 
Theorem 1.5. In Figure 1-3, in which 

ikinim CzByAx −−− <+ , 

zyx ,,  of equation (1-1) meet 
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Figure 1-3  Graph for knm CzByAx =+  when ikinim CzByAx −−− <+   

 

Proof: The slope of DECD,  are 
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 ,CDDE SS >  

since 1,1 >> yx . The slope of BEAB,  are 
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and 

 ,ABBE SS >  

since 1>z ，so we have 

 CDABDEBE SSSS +>+  

and 

( ) ( ) ( ) ( ) ( ) ( ) 222111 111111 −−−−−− −+−+−>−+−+− knmknm zzCyyBxxAzzCyyBxxA , 

we get 
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so we have  
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Theorem 1.6. In Figure 1-4, in which 

ikinim CzByAx −−− >+ , 

zyx ,,  of equation (1-1) meet 
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for Case I, III and it holds true at Case II when kCz  is big enough. 
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Figure 1-4 Graph for knm CzByAx =+  when ikinim CzByAx −−− >+   

 

Proof: Obviously the meaning of 1222
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 is the slope of AB  is not 

greater than that of CD . If 1222
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 then there are three cases have to be 

considered. From Theorem 1.3 we have already known that knm CzByAx ,+  are all 

monotonically increasing “Convex functions”. 
 
The first case (Case I) is there is a positive real number 10 << r  for rk −  between 1−k  
and k  whose slope equals to that of AB  which means 
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that can be explained by Figure 1-5 where DFAB // .  
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Figure 1-5  Graph of knm CzByAx =+  when 1222
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point F is between k-1 and k for Case I 
 

The second case (Case II) is there is a positive real number 10 << r  for 1−− rk  between 
1−k  and 2−k  whose slope equals to that of AB  which means  
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that can be explained by Figure 1-6 where '//// CDDFAB .  
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Figure 1-6  Graph of knm CzByAx =+  when 1222
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point F is between k-2 and k-1 for Case II 
 

The third case (Case III) is there is a tangent line of curve kCz  at D that is DFD'  whose 

slope equals to that of AB  which means  

1
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that can be explained by Figure 1-7 where DFDAB '// .  
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Figure 1-7  Graph of knm CzByAx =+  when 1222
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  DFD'  is a tangent line of curve kCz  for Case III 

 
Case I : In Figure 1-5 we have 
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If we treat r  as constant then 
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is because: 
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For function 

( )[ ]
( )2

1

1
11ln1)(

r
zzrzg

r

−
−+−

=
−

,  

it is a “Monotonically decreasing function” since  
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For function  
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we give the plot of it in Figure 1-8, in which it shows that 0)( ≠rg  and 0)( <rg  (we have to 

say because we can not solve “Exponent equation” where the “Exponent” is unknown number, so 
the solutions have to be found in numerical way, which is just “Function plot” does). When 

10 << r  the value of )(rg  is less than 0, since 0)()(' <= rgrf and )(zg  is a 

“Monotonically decreasing function”, so )(rf  is a “Monotonically decreasing function”. 

 

Figure 1-8  Graph of 
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 when 100,5,4,3,2=z  
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From (1-2) we can see clearly that if z  (a positive number) increases then the left side decreases 
and the right side also decreases. The minimum value for the right side is 
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From Theorem 1.8 we know 5≥z , and since 1≥C , so we get 
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From (1-2) we have 
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where both sides plus 2−kCz . In Figure 1-5 we know 

,111 BDCzByAx knm =−+ −−−  

ACCzByAx knm =−+ −−− 222 ,  

there must exist a situation in Figure 1-5 when we increase z  that causes 

1,, <>→ rACBDACBD , so the left side is almost 0 but the right side is bigger than 

215 −+ kCz , that is a contradiction which means there are no positive integer solutions of equation 

(1-1) at Case I. 
 
Case II : In Figure 1-6 we have 
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in which from Theorem 1.8 we know 5≥z , so we have ( ) 01ln <+− zrr
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that 0)( ≠rg  and 0)( <rg . When 10 << r  the value of )(rg  is less than 0, since 

0)()(' <= rgrf  and )(zg  is a “Monotonically decreasing function”, so )(rf  is a 

“Monotonically decreasing function”. 
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Figure 1-9 Graph of 
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From Figure 1-6 we know if z (a positive real number) increases then r  increases too. From 
(1-3) we have 
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it is obvious that  
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and 

 07.173>∠>∠ CDEABE , 

which means 0180, →∠∠ CDEABE  with 3,2 ≥> kz , so CDEABE,  are almost lines.  

 
On the other hand, for function 
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we give the function plot for it in Figure 1-10.  
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Figure 1-10 Graph of ⎟
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where we take =π 3.1415926535897932 and C=1 
 

Obviously CDEzf ∠=)(  is a “Monotonically increasing function” when 3≥z , and with the 

increasing of z  the value of CDEzf ∠=)(  is close to 0180 . 

 
It is very clear that CDEABE ∠−∠  is decreasing with the increasing of z , since  
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So this is a contradiction and we have the conclusion of there are no positive integer solutions of 

equation (1-1) at Case II when kCz  is big enough. 

  
Case III : In Figure 1-7 we have 
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that is impossible since for any positive integer solutions of equation (1-1) when z  increases 
then the left side is becoming smaller but the right side is becoming bigger(since from Theorem 

1.8 we know 5≥z , so ( ) 01ln >−z ) which is a contradiction, so there are no positive integer 

solutions of equation (1-1) at Case III. 
 



 17

Theorem 1.7. If 222 −−− >+ knm CzByAx  then zyx ,,  of equation (1-1) meet 

 yz >  

when  
.yx >  

Proof: Since  

 222 −−− >+ knm CzByAx , 

so we have 

 knm Czy
y
zBx

x
zA >⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+⎟

⎠
⎞

⎜
⎝
⎛

22

. 

If 1,1
22

<⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
<⎟

⎠
⎞

⎜
⎝
⎛

y
z

x
z

 then  

 knm Czy
y
zBx

x
zA <⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+⎟

⎠
⎞

⎜
⎝
⎛

22

 

that is impossible since knm CzByAx =+ . So one of 
22

, ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛

y
z

x
z

 must be greater than 1 

which means  
yz >   

when yx > . 
 

2. Proving Method 
In equation (1-1), let 

 
⎪
⎩

⎪
⎨

⎧

=

=

=

−

−

−

2

2

2

k

n

m

zc
yb
xa

, 

we have 

 
⎪⎩

⎪
⎨
⎧

=+

=+

−
−

−
−

−
−

zCcyBbxAa

CczBbyAax

k
k

n
n

m
m

2
1

2
1

2
1

222

.              (2-1) 

Since we here reduce the orders of equation so the method is called “Order reducing method for 
equations”.  
 
From Theorem 1.2 we have already known that zyzxyx ≠≠≠ ,, , so let yx >  and there are 
four cases that need to be considered.  



 18

Case 1: 
⎪
⎩

⎪
⎨

⎧

>+

+=
−=

−−− ikinim CzByAx
exz
fxy

;              (2-2) 

Case 2: 
⎪
⎩

⎪
⎨

⎧

<+

+=
−=

−−− ikinim CzByAx
exz
fxy

;              (2-3) 

Case 3: 
⎪
⎩

⎪
⎨

⎧

>+

−=
−=

−−− ikinim CzByAx
exz
fxy

;              (2-4) 

Case 4: 
⎪
⎩

⎪
⎨

⎧

<+

−=
−=

−−− ikinim CzByAx
exz
fxy

.              (2-5) 

 

2.1. Case 1 with 1222

111

≤
−+
−+

−−−

−−−

knm

knm

CzByAx
CzByAx  

From (2-1) and (2-2) we have 

 
( ) ( )

( ) ( )⎪⎩

⎪
⎨
⎧

+=−+

+=−+

−
−

−
−

−
−

exCcfxBbxAa

exCcfxBbAax

k
k

n
n

m
m

2
1

2
1

2
1

222

 

and 

 
( ) ( ) ( )

( ) ( )⎪⎩

⎪
⎨
⎧

=+−−+

=−++−−+

−
−

−
−

−
−

0

02

2
1

2
1

2
1

222

exCcfxBbxAa

CceBbfxCceBbfxCcBbAa

k
k

n
n

m
m , 

the roots are 

 
( ) ( ) ( )( )

222

222

−−− −+
−−+−+±+

= knm CzByAx
CceBbfCcBbAaCceBbfCceBbf

x    (2-6) 

and 

 111
2
1

2
1

2
1

2
1

2
1

−−−
−
−

−
−

−
−

−
−

−
−

−+
+

=
−+

+
= knm

k
k

n
n

m
m

n
n

k
k

CzByAx
CcezBbfy

CcBbAa

fBbeCcx .      (2-7) 

There are two cases for 22 ,CceBbf  when 22 CceBbf ≥  and 22 CceBbf < . 

Case A: If 22 CceBbf ≥ , from (2-6) when  
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( ) ( ) ( )( )

222

222

−−− −+
−−+−+++

= knm CzByAx
CceBbfCcBbAaCceBbfCceBbf

x , 

since from (2-2) we know ( ) 0222 >−+=−+ −−− knm CzByAxCcBbAa , so we have 

( )
222

2
−−− −+

+
≤ knm CzByAx

CceBbfx , 

and also from (2-2) since ( ) 0111 >−+ −−− nnm CzByAx , compare to (2-7) we get 

 
( )

222111

2
−−−−−− −+

+
≤

−+
+

knmknm CzByAx
CceBbf

CzByAx
CcezBbfy

. 

Since 1222

111

≤
−+
−+

−−−

−−−

knm

knm

CzByAx
CzByAx

, so we have 

 ( )CceBbfCcezBbfy +≤+ 2  

which is impossible since 2,2 >> zy . 

 
When  

 
( ) ( ) ( )( )

222

222

−−− −+
−−+−+−+

= knm CzByAx
CceBbfCcBbAaCceBbfCceBbf

x . 

we have 

222 −−− −+
+

≤ knm CzByAx
CceBbfx , 

compare to (2-7) we get 

 222111 −−−−−− −+
+

≤
−+

+
knmknm CzByAx

CceBbf
CzByAx

CcezBbfy
. 

Since 1222

111

≤
−+
−+

−−−

−−−

knm

knm

CzByAx
CzByAx

, so we have 

 CceBbfCcezBbfy +≤+  

which is impossible since 2,2 >> zy . 

Case B: If 22 CceBbf < , from (2-6) we have  

 ( ) ( ) ( ) 02 222 =−++−−+ CceBbfxCceBbfxCcBbAa , 
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and 

 
( ) ( )
( )

( )⎪
⎪
⎩

⎪⎪
⎨

⎧

−+
+

>

+−−+
−

=

CcBbAa
CceBbfx

CceBbfxCcBbAa
BbfCcex

2
2

22

, 

from (2-7) we have 

 
( ) ( )

111111 −−−−−− −+
++−

=
−+

+
= knmknm CzByAx

exCcefxBbf
CzByAx

CcezBbfyx , 

in which 

 ( ) ( )
⎪
⎩

⎪
⎨

⎧

+>−+

+−−+
−

=

−−−

−−−

CceBbfCzByAx
CceBbfCzByAx

BbfCcex

knm

knm

111

111

22

, 

since 1222

111

≤
−+
−+

−−−

−−−

knm

knm

CzByAx
CzByAx

, so we have 

 ( ) ( ) ( )CceBbfCzByAxCzByAxCcBbAa knmknm +>−+≥−+=−+ −−−−−− 111222 , 

so we get 

 ( ) ( ) ( ) ( )CceBbfCzByAx
BbfCce

CceBbfxCcBbAa
BbfCcex knm +−−+

−
=

+−−+
−

= −−− 111

2222

2
 

where 

 ( ) ( ) ( ) ( )CceBbfCzByAxCceBbfxcCbBAa knm +−−+=+−−+ −−− 1112 , 

and 

 
( ) ( )

( ) 2
111

<
−+

++−+
=

−−−

CcBbAa
CceBbfCzByAxx

knm

, 

that is impossible since 2>x . 
 
From (2-6) when  

 
( ) ( ) ( )( )

222

222

−−− −+
−−+++−+

= knm CzByAx
BbfCcecCBbaACceBbfCceBbf

x  

is not possible since 0≤x . 
 

2.2. Case 2 
From (2-1) and (2-3) we have 
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( ) ( )

( ) ( )⎪⎩

⎪
⎨
⎧

+=−+

+=−+

−
−

−
−

−
−

exCcfxBbxAa

exCcfxBbAax

k
k

n
n

m
m

2
1

2
1

2
1

222

 

and 

 
( ) ( ) ( )

( ) ( )⎪⎩

⎪
⎨
⎧

=+−−+

=−++−−+

−
−

−
−

−
−

0

02

2
1

2
1

2
1

222

exCcfxBbxAa

CceBbfxCceBbfxCcBbAa

k
k

n
n

m
m , 

the roots are 

 
( ) ( ) ( )( )

222

222

−−− −+
−−+−+±+

= knm CzByAx
CceBbfCcBbAaCceBbfCceBbf

x     

and 

 111
2
1

2
1

2
1

2
1

2
1

−−−
−
−

−
−

−
−

−
−

−
−

−+
+

=
−+

+
= knm

k
k

n
n

m
m

n
n

k
k

CzByAx
CcezBbfy

CcBbAa

fBbeCcx .     

Since from (2-3) we know ( ) 0111 <−+ −−− knm CzByAx , so we have 0<x  that is impossible.  

 

2.3. Case 3 with 1222

111

≤
−+
−+

−−−

−−−

knm

knm

CzByAx
CzByAx  

From (2-1) and (2-4) we have 

 
( ) ( )

( ) ( )⎪⎩

⎪
⎨
⎧

−=−+

−=−+

−
−

−
−

−
−

exCcfxBbxAa

exCcfxBbAax

k
k

n
n

m
m

2
1

2
1

2
1

222

 

and 

 
( ) ( ) ( )

( ) ( )⎪⎩

⎪
⎨
⎧

=−−−+

=−+−−−+

−
−

−
−

−
−

0

02

2
1

2
1

2
1

222

exCcfxBbxAa

CceBbfxCceBbfxCcBbAa

k
k

n
n

m
m , 

the roots are 

 
( ) ( ) ( )( )

222

222

−−− −+
−−+−−±−

= knm CzByAx
CceBbfCcBbAaCceBbfCceBbf

x    (2-8) 

and 

 111
2
1

2
1

2
1

2
1

2
1

−−−
−
−

−
−

−
−

−
−

−
−

−+
−

=
−+

−
= knm

k
k

n
n

m
m

k
k

n
n

CzByAx
CcezBbfy

CcBbAa

eCcfBbx .      (2-9) 

There are two cases for 22 ,CceBbf  when 22 CceBbf ≥  and 22 CceBbf < . 
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Case A: If 22 CceBbf ≥ , from (2-8) when  

 
( ) ( ) ( )( )

222

222

−−− −+
−−+−−+−

= knm CzByAx
CceBbfCcBbAaCceBbfCceBbf

x ,     

then CceBbf ≤  is not possible since causes 0≤x  or negative value under the root, so we 

have CceBbf > , and from (2-4) since ( ) 0111 >−+ −−− knm CzByAx , compare to (2-9) we get 

 

( ) ( ) ( )( )

⎪
⎪

⎩

⎪
⎪

⎨

⎧

>−
−+

−−+−−+−
=

−+
−

>

−−−−−−

0

222

222

111

CcezBbfy
CzByAx

CceBbfCcBbAaCceBbfCceBbf
CzByAx

CcezBbfy

CceBbf

knmknm . 

Since 1222

111

≤
−+
−+

−−−

−−−

knm

knm

CzByAx
CzByAx

, so we have 

( ) ( ) ( )( )2220 CceBbfCcBbAaCceBbfCceBbfCcezBbfy −−+−−+−≤−< ,  

and  

 ( )feyz
y
z

Cce
Bbf

y
zCceBbfCcezBbfy <>⇒⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−
−

≤<⇒−≤−< ,
2
2)(20  

where 

⎩
⎨
⎧

>−−−
−≤−−−

0)()(
)(2)()(

exCcefxBbf
CceCbfexCcefxBbf

 

and 

⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜

⎝

⎛

−

⎟
⎠
⎞

⎜
⎝
⎛

+<

⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢

⎣

⎡

⎟⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛

−

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

+=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−
−

+≤<⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−
−

1
2

1
22

2222

Cce
Bbf

f
Cce
Bbf

Cce
Bbf

f
f
e

Cce
Bbf

CceBbf
CceBbfx

CceBbf
CceBbf

, 

we know 3,, ≥zyx  which means 2>x  and  

1
1
>

−

⎟
⎠
⎞

⎜
⎝
⎛

Cce
Bbf

f
Cce
Bbf

, 

in which  
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fCce

Bbf
−

<⎟
⎠
⎞

⎜
⎝
⎛<<

1
110 , 

so we get 

 10 << f , 

that is impossible.  
 
When  

 
( ) ( ) ( )( )

222

222

−−− −+
−−+−−−−

= knm CzByAx
CceBbfCcBbAaCceBbfCceBbf

x , 

if CceBbf ≤  then 0≤x  which is not possible, so we have 

 

( )

⎪⎩

⎪
⎨

⎧

>
−+

−
≤ −−−

CceBbf
CzByAx

CceBbfx knm 222 , 

compare to (2-9) we get 

 

( )

⎪⎩

⎪
⎨

⎧

>−
−+

−
≤

−+
−

−−−−−−

0

222111

CcezBbfy
CzByx

CceBbf
CzByAx

CcezBbfy
knmknm .  

Since 1222

111

≤
−+
−+

−−−

−−−

knm

knm

CzByAx
CzByAx

, so we have 

 ( ) ( )feyz
y
z

Cce
Bbf

y
zCceBbfCcezBbfy <>⇒⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−
−

≤<⇒−≤−< ,
1
10    

and 

( ) ( ) ( )CceBbfexCcefxBbf −≤−−−<0 , 

where 

⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜

⎝

⎛

−

⎟
⎠
⎞

⎜
⎝
⎛

+<

⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢

⎣

⎡

⎟⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛

−

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

+=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−
−

+≤<⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−
−

1
1

1
11

2222

Cce
Bbf

f
Cce
Bbf

Cce
Bbf

f
f
e

Cce
Bbf

CceBbf
CceBbfx

CceBbf
CceBbf

, 

we know 3,, ≥zyx  which means 2>x  and  

1
1
>

−

⎟
⎠
⎞

⎜
⎝
⎛

Cce
Bbf

f
Cce
Bbf

, 
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in which  

 
fCce

Bbf
−

<⎟
⎠
⎞

⎜
⎝
⎛<<

1
110 , 

so we get 

 10 << f , 

that is impossible.  
 

Case B: If 22 CceBbf < , from (2-8) we have  

 
( ) ( ) ( )( )

222

222

−−− −+
−−++−+−

= knm CzByAx
BbfCceCcBbAaCceBbfCceBbf

x , 

compare to (2-9) we get 
 

( ) ( ) ( )( )
222

222

111 −−−−−− −+
−−++−+−

=
−+

−
knmknm CzByAx

BbfCceCcBbAaCceBbfCceBbf
CzByAx

CcezBbfy
. 

Since 1222

111

≤
−+
−+

−−−

−−−

knm

knm

CzByAx
CzByAx

, when CceBbf > , we have 

( )( )
( )
( ) ( ) ( )

( )( ) ( )

⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪

⎨

⎧

++<⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−
−

+++≤<
−
−

−=−−+

>>⇒⎥
⎦

⎤
⎢
⎣

⎡

++−
++−

<<

++−≤−<

r
CceBbf
CceBbfrx

CceBbf
CceBbf

CceBbfrBbfCceCcBbAa

efyz
ry
rz

Cce
Bbf

y
z

rCceBbfCcezBbfy

1111

,
11
11

110

2222

222
, 

but since 22 CceBbf <  so we have  

 1<<
f
e

Cce
Bbf

 

that is impossible since contradicts against CceBbf > . If 0=r  then we get 

022 =− BbfCce  and 2<x  that is also impossible. 

 

When CceBbf = , we have 
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( )( ) ( ) ( )
( ) ( ) ( )⎪⎩

⎪
⎨
⎧

≤⇒−≥−+⇒

⇒−+≤−⇒−−+≤−

122

22

xBbfCceCcBbAa

CcBbAafeBbfBbfCceCcBbAaCcezBbfy
 

that is impossible.  
 

When CceBbf < , we have 

 

( )( )
( )
( ) ( ) ( )

( )( ) ( )

⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪

⎨

⎧

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−
−

++−≥>⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−
−

−=−−+

>>⇒⎥
⎦

⎤
⎢
⎣

⎡

++−+
++−+

<<

++−−≤−<

CceBbf
CceBbfrx

CceBbf
CceBbf

BbfCcerBbfCceCcBbAa

fezy
ry
rz

Cce
Bbf

y
z

rBbfCceCcezBbfy

2222

222

11

,
11
11

110

, 

that is impossible since from Theorem 1.7 we know zy < . If 0=r  then we get 

022 =− BbfCce  and 0<x  that is also impossible. 

 
From (2-6) when  

 
( ) ( ) ( )( )

222

222

−−− −+
−−++−−−

= knm CzByAx
BbfCceCcBbAaCceBbfCceBbf

x  

is not possible since 0≤x .  
 

2.4. Case 4 
From (2-1) and (2-5) we have 

 
( ) ( )

( ) ( )⎪⎩

⎪
⎨
⎧

−=−+

−=−+

−
−

−
−

−
−

exCcfxBbxAa

exCcfxBbAax

k
k

n
n

m
m

2
1

2
1

2
1

222

 

and 

 
( ) ( ) ( )

( ) ( )⎪⎩

⎪
⎨
⎧

=−−−+

=−+−−−+

−
−

−
−

−
−

0

02

2
1

2
1

2
1

222

exCcfxBbxAa

CceBbfxCceBbfxCcBbAa

k
k

n
n

m
m , 

the roots are 

 
( ) ( ) ( )( )

222

222

−−− −+
−−−+−±−

= knm CzByAx
CceBbfBbAaCcCceBbfCceBbf

x    (2-13) 

and 
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 111
2
1

2
1

2
1

2
1

2
1

−−−
−
−

−
−

−
−

−
−

−
−

−+
−

=
−+

−
= knm

k
k

n
n

m
m

k
k

n
n

CzByAx
CcezBbfy

CcBbAa

eCcfBbx .      (2-14) 

There are two cases for 22 ,CceBbf  when 22 CceBbf ≥  and 22 CceBbf < . 

Case A: If 22 CceBbf ≥ , from (2-13) when  

 
( ) ( ) ( )( )

222

222

−−− −+
−−−+−+−

= knm CzByAx
CceBbfBbAaCcCceBbfCceBbf

x  

is impossible since 0≤x .  
 
When  

 
( ) ( ) ( )( )

222

222

−−− −+
−−−+−−−

= knm CzByAx
CceBbfBbAaCcCceBbfCceBbf

x , 

compare to (2-14) we get 

( ) ( ) ( )( )
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Case B: If 22 CceBbf < , from (2-13) when  
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obviously it is impossible when CceBbf ≥  since 0≤x  or negative value under the root. So 
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since 1>x , so we have 
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 rr −<4  
that is impossible.  
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since 1>x , so we have 
 rr −<4  
that is impossible.  
 

2.5. For Case 1 and Case 3 with 1222
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so no matter how we increase 222
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 for Case 1 and Case 3, there are no 

positive integer solutions for 333 CzByAx =+ , so when 3,, ≥knm  there are still no positive 

integer solutions for equation (1-1) even though 1222
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3. Conclusion 
Through the above contents we can see clearly that “Order reducing method for equations” is 
perfect to prove equation (1-1) to have no positive integer solutions, and the great benefit from 
“Order reducing method for equations” is that there is no need to consider the exponents of 

knm ,,  and all the numbers for them can be proved together.  

 
 


