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A Remark on the Localization formulas about
two Killing vector fields

Xu Chen *

Abstract

In this article, we will discuss a localization formulas of equlvariant cohomology
about two Killing vector fields on the set of zero points Zero(X s —+/—1Yys) = {z € M |
|Yar ()| = | X (x)] = 0}. As application, we use it to get formulas about characteristic
numbers and to get a Duistermaat-Heckman type formula on symplectic manifold.

The localization theorem for equivariant differential forms was obtained by Berline and
Vergne(see [3]). They discuss on the zero points of a Killing vector field, the localization
formula expresses the integral of an equivariantly closed differential form as an integral over
the set of zeros of the Killing vector field. The de Rham model for equivariant cohomology
give a deeper understanding of equivariant differential forms(see [1]). In [6], we introduce
the equlvariant cohomology about two Killing vector fields and to establish a localization
formulas on the set of zero points

Zero(Xa +V—1Yy) = {x € M | (X (), Yo (2)) = 0, |Yar(2)| = | Xps()]}.

For gaining a deeper understanding of equlvariant cohomology about two Killing vector fields,
we introduce the Cartan model for equlvariant cohomology about two Killing vector fields(see
7).

In this article, we will to establish a localization formulas of equlvariant cohomology about
two Killing vector fields on the set of zero points

Zero(Xn — V—1Yy) = {z € M | [Yy(2)| = | Xps(2)| = 0}.

We will see that the set of zero points Zero(Xy — v/ —1Yas) is smaller and more basic. As
application, we use the localization formulas to get formulas about characteristic numbers
and to get a Duistermaat-Heckman type formula on symplectic manifold.

1 Equlvariant cohomology by two Killing vector fields

First, let us review the definition of equlvariant cohomology about two Killing vector
fields. Let M be a smooth closed oriented manifold. Let G be a compact Lie group acting
smoothly on M, and let g be its Lie algebra. Let ¢”™ be a G-invariant metric on 7M. Let
Q*(M) be the space of smooth differetial forms on M, the de Rham complex is (2*(M), d).
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Let Q*(M) ®@g C be the space of smooth complex-valued differetial forms on M. If XY € g,
let Xy, Yy be the corresponding smooth vector field on M given by

(X)) = Flexp(~3) ) o

It X,Y € g, then X, Y), are Killing vector field. Let Lx,, be the Lie derivative of X, on
Q*(M), ix,, be the interior multiplication induced by the contraction of X ;.
Set

LXM—i-\/—_lYM = LXM + \/__1LYM
be the operator on *(M) @ C.
Set
iXM'f‘\/jlYM =ix, + \/__liYNI
be the interior multiplication induced by the contraction of X + +/—1Y3;. It is also a
operator on *(M) ®g C.

Set
dX+\/—_1Y =d+ iX]vI‘l'\/—_lY]W’
So
d%@ﬁy = Lx,, +V—1Ly,, = Lx,, . /=7vy,-
Let

Q;{M"F\/—_:LY]\/[ (M) = {w S Q*(M) ®r C: LXM-i-\/jlyMw = 0}

be the space of smooth (X + +/—1Y))-invariant forms on M. Then we get a complex

(Q}M+\/_—1YNI(M),dX+\/_—1Y). We call a form w is dy, —gy-closed if dyx, ~gyw = 0. The
corresponding cohomology group

L) = v 1oy oy 00

X1y Imdx+¢T1Y‘Q;(*+1ﬁY(M)

is called the equivariant cohomology associated with Xj; + +/—1Y);. By the same way, we
can define the equivariant cohomology about two vector fields (not Killing vector fields). We
can see that, if we set Y3, = 0, then we get the equivariant cohomology as normal.

For any w € Q*(M) ®g C, we can write it by & + /—1n, where £,n € Q*(M). By the
definition of dy, —gy-closed forms, we have w = £ + V—1nis dy +y—1y-closed if and only if
dé +ix,,§ —iy,n = 0 and dn + ix,,n + iy,,£ = 0. For a special case, we have the following
result

Lemma 1. w = { + v/ —1n € (M) ®g C with §,1 are m-forms, then w is dx, /—y-closed
if and only if d§ = 0,dn =0 and ix,,§ =iy, N, ix,M = —iy,§.

Proof. For w = ¢ ++/—1n, by the definition of dy ,1y-closed forms, we have
d¢ + ifo —1y,,n =0, dn + ix,,M + ing =0,

and because £, n are m-forms, they have the same degree, so d§ = 0,dn = 0 and ix,,§ =

Tl 10,1 = v,
If d§¢ =0,dn =0 and ix,§ = iy, M, ix,,M = —iy,§; then we have

d€ + Z.XMS - Z.YMn = Oa d77 + iXMn + iYMg = O>

so w=§++/—1nis dy, ,gy-closed forms. O



The condition ix,,{ = iy,,n, ix,,7 = —iy,§ looks like the Cauchy-Riemann condition
about holomorhpic functions.

Example 1. If f = u+ v/—1v is a holomorhpic functions on C, by the Cauchy-Riemann
condition one have
Ou v Ou  Ov

dr oy Oy Oz

Set M =C, let Xy = a%v Y= 8%, so by the Cauchy-Riemann condition we have
todu=1adv, 10dv=—iodu
oz dy ox dy

Then by Lemma 1., df is a dy, =1y -closed forms.

2 Some special dy, ,7,-closed forms

In this section, we will give four special dy, gy-closed forms, dy, 7y (X " /1Y),
dy =iy (Y = V=1X'), dx, oy (X = V=1Y") and dyy gy (Y + V—-1X0).

Lemma 2. If X,Y € g, let Xus, Y be the corresponding smooth vector field on M, X', Y’
be the 1-form on M which is dual to Xy, Yar by the metric g™, then

Lx,,Y + Ly, X =0

Proof. Because
(Lxyw)(Z) = Xu(w(2)) — w([ X, Z])
here Z € I'(T'M), So we get

!

(LXMY )(Z) = XM<YM7 Z> - <[XM7 Z]7YM>
(LYMX,)(Z) = YM<XM7 Z> - <[YM7 Z]vXM>
Because Xy, Yy, are Killing vector fields, so(see [11])

X (Yar, Z) = (Lx,,Yar, Z) + (Yar, Lx,, 2)
(X1, Yarl, Z) + (Yar, [Xos, Z))

YM<XMa Z> = <LYMXM> Z> + <XM’ LY]\/IZ>
(Yo, Xuml, Z) + (X, [Yar, Z])

then we get
(LXMY/ + LYM/X/>(Z) = <[XM7YM]7Z> + <[YM7XM]7Z> =0
O

Lemma 3. If X,Y € g, let Xy, Y be the corresponding smooth vector field on M, X',Y’
be the 1-form on M which is dual to Xy, Yy by the metric g™, then

1) dX+ﬁY(XI +V=1Y")

2) dy,yy (Y —V=1X)



are the dy . 1y-closed forms.

Proof.

d2X+\/—_1Y(XI + v _1Yl) = (LXM tv _1LYA{)(X/ tv _1Y/)
=Ly, X — Ly,Y +vV—=1(Lx,,Y 4 Ly, X)
=0

So dy, =1y (X +v/=1Y") is the dx_ /—1y-closed form;

d§(+\/—_1Y(Y/ -V _1X/) = (LX]\/I +v _1LY]\/1)(Y/ -V _1Xl)
= Ly, Y 4 Ly, X +vV—=1(Ly,,Y — Lx,, X)
=0

So dy, =1y (Y —+/=1X) is the dy, g,-closed form. O
Lemma 4. If X\ Y € g and with [X,Y] =0, then [ X, Yu] = 0.
Proof. Because [X,Y] =0, so we have
exp(—tX)exp(—sY) = exp(—sY) exp(—tX)
where s,t € R, and for any f € C*(M)

([Xar, Yl f)(p) = (Xt (Yar f) = Y (Xns ) (p)

o .
- 010s s:t:of<eXp(_tX) )y ) " 0s0t Szt:of<eXp(_3Y) exp(—tX) 'P) =0
So we get [Xar, Y] = 0. .

Lemma 5. If X|Y € g with [X,Y] =0, let Xy, Yr be the corresponding smooth vector field
on M, X',Y" be the 1-form on M which is dual to Xy, Yar by the metric g™, then

Lx,,Y =0, Ly, X =0.
Proof. Because [X,Y] =0, by Lemma 4., [ Xy, Yy = 0, then

!

(LXMY )(Z) = <[XM7YM]7Z> + <YM7 [XMvZD - <[XM72]7YM> =0,

(LYMX )(Z) = <[YM7XM]7Z> + <XM7 [YMvZD - <[YM7Z]7XM> =0.
[

Lemma 6. If X,Y € g with [X,Y] =0, let Xur,Yas be the corresponding smooth vector field
on M, X',)Y' be the 1-form on M which is dual to Xy, Yar by the metric g™, then

1) dyypymy (X = V=1Y7)
2) dy i y(Y +V—-1X)

are the dy, 1y -closed forms.



Proof. Because [X,Y] =0, by Lemma 5., we have Ly, Y =0, Ly, X = 0;

dg(-i-\/—_lY(Xl Y _IY/) = (LX]\/I + v _1LYM)(XI -V _IYI)
= Ly, X 4 Ly,,Y ++v—=1(Ly,, X — Lx, Y
=0

!

)

So dXJHﬁY(X’ —/=1Y") is the dy . y—1y-closed form.

d§(+¢j1Y(Yl tv _1X/> = (LXM tv _1LYM)<YI + v _1X/)
= LXMYI - LYMXI + v _1<LXMX/ + LYMY/)
=0

So dy, =1y (Y ++/=1X') is the dy_ —,-closed form.

3 The set of zero points

In [6], we have get that for any n € HY | — (M) and s > 0, we have

[ = [ expl=stdx (X VYD)

M M

Here we will give the same results about dy, —1y (Y —v=1X'), dx, =y (X —+—1Y") and
dy =iy (Y +V/=1X).

Lemma 7. For anyn € Hy, — (M) and s > 0, we have

1) [y = [fyexp{—s(dx, v (Y —V=1X))}n,
2) When [X,Y] =0, then [,,n= [, exp{—s(dx, —v(X —=1Y"))}n,
3) When [X,Y] =0, then [,,n= [, exp{—s(dx, 1Y +v—-1X))}n.
Proof. For 1), because
5 | ewlestax e = VEIX Dy
[ reyme = VX exp{=sldn e (¥ = VEIX Dy

and by assumption we have
dx+ﬁy7l =0
dx 4 =1y ep{—s(dxs =1y (Y — V=1X"))} =0

So we get
(dX—l—\/—_lY(Yl - \/—_1X/)) exp{_s(dX—l—\/—_lY(Yl - \/—_1X/))}77

= dX+ﬁY[(YI - \/—_le) eXP{—S(dXJrﬁY(YI - \/—_1X/))}77]



and by Stokes formula we have

5 | explsldg (v = VEIX D) =0
Then we get
[ 1= [ emlstdxn (v = VIX Dy
For 2) and 3), when [X,Y] = 0, we have
dx =1y eXp{_S(dX-i-\/—_lY(Xl - \/—_H/))} =0,

dx+ﬁy eXp{—S(dXJrﬁY(YI TV —1X/))} =0,

so by the same way as in 1), we can get the results. O
For
Ay, 1y (Y —V=1X) =dY — V=1X) + (Xar + V=1V, Yar — V—1Xu)

and
(Xpr + V1Y, Yoy — V—=1Xu) = 2(Xas, Yar) +V=1(|Yu|* = | Xu)?)

Set
Zero(Yar — V—1Xy) = {x € M | (Xp(z) + V1Y (), Vs (2) — V=1Xps (7)) = 0}.
We can see that
Zero(Yar — V=1Xu) = {z € M | (Xu(x), Yur(2)) = 0, [Yar(2)| = [ Xne(2)[},

This set of zero points Zero(Yy — v/ —1X)) is the same as in [6]. This set of zero points is
first discussed by H.Jacobowitz (see [8] and [9]).
For

dy sy (X —V=1Y") =d(X = V=1Y") + (Xps + V—1Yar, Xor — V—1Y1)

and
(X +V=1Yar, X — V=1Yu) = | Xu|* + |Yar|?,

set
Zero(Xp — V—=1Yy) = {x € M | (Xp(z) + V1Y (2), Xps(z) — V=1Yas (7)) = 0}.
For
dy 1y +V=1X)=d(Y +V=1X) + (Xp + V=1V, Yar + V—-1Xus)

and
(Xar + vV =1Yar, Yar + V=1Xa1) = V=1( X > + [Yir ),

set
Zero(Yar +vV—1Xy) = {z € M | (Xp(z) +V—=1Yar (), Yas(2) + vV=1Xp(z)) = 0}.
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We can see that
Zero(Xy — V—=1Yy) = Zero(Yar + V—1Xu) = {z € M | | Xp(2)| = [Yu(2)| = 0}.
So we get two kinds of zero points, the one is
{z € M| (Xp(2), Yar(x)) = 0, [Yar ()] = [Xas (2)]},

the other one is
{z € M || Xu(z)| = [Yu(z)| = 0};

obviously
{z e M ||Xyu(z)| = Yu(z)] =0} C{z e M| (Xn(z), Yiu(z)) = 0,[Yu(x)] = | Xn(z)[}.

Corollery 1. For anyn € H* (M) with [X,Y] =0 and s > 0, we have

X++/—-1Y
1)
/M exp{—s(dy 1y (X + VIV )}
B /Mexp{—s<dx+m<x’ — V1Y) Fexp{=s(dy =iy (X +V=1Y ")},
2)
/M exp{—s(dx, v (Y —V=1X))}n
_ /M exp{—s(dy =1y (X = V=1V )} exp{—s(dy, =1y (¥ = v=1X)}n,
3)

/M exp{—s(dxs =y (V' +V=1X)}n
_ /M exp{—s(dx =1y (X' — V=1V ) exp{—s(dy, =y (V' + V=1X)}1.

Proof. Because exp{—s(dy, 1y (X +vV—=1Y"))}n € HY, =y (M), exp{—s(dx, 1y (Y —

V=IXN}n € Hy, (M), exp{=s(dx,y—1y(Y +V=1X))}n € Hy, 5, (M). So by
Lemma 7., we get the result.
O

Lemma 8. For any n € Hy (M) and [X,Y] =0, if Zero(Xy — v—=1Yy) = 0, then
Jyn=0.

Proof. Because
dypy=rv(X = V=1Y") = d(X = V1Y) + [ Xu[* + [Yar
SO

[ exptestireyan (X HV=TY Dn = [ exp{=sXuP 4V} exp{—sd(X —V=TY )}

By Zero(Xy — v/—1Y)) = 0, we can see easily that when s — +o00, the right hand side of
the above equality is of exponential decay and so the result follows. O
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4 Localization formula on Zero(X); — v—1Yyy)

In the following section we denote Zero(X s —+/—1Y3,) by My. For simplicity, we assume
that M, is the connected submanifold of M, and N is the normal bundle of M, about M.

Set E is a G-equivariant vector bundle, if V¥ is a connection on F which commutes with
the action of G on Q(M, E), we see that

[VE LY =0
for all X € g. Then we can get a moment map by
E(X) = 1§ = Vi) = 1§ - ¥

We known that if y be the tautological section of the bundle 7*E over E, then the vertical
component of X may be identified with —u®(X)y(see [2] proposition 7.6). For the normal
bundle A of My, the vector fields X and Y, are vertical and are given at the point (z,y) €
My x N, by the vectors —pN (X)y, — N (Y)y € N
If E is the tangent bundle TM and VT is Levi-Civita connection, then we have
pM(X)Y = LyY — VMY = —-ViMX

We known that for any Killing vector field X, u?*(X) as linear endomorphisms of T'M
is skew-symmetric, —u?™(X) annihilates the tangent bundle T'M, and induces a skew-
symmetric automorphism of the normal bundle N (see [10] chapter II, proposition 2.2 and
theorem 5.3). The restriction of "™ (X) to N coincides with the moment endomorphism
PN (X).
Now we construct a one-form a on N:
Z € T(TN) = a(Z) = (=N (X)y, Viy) = V=1=u" (V)y. V)
Let Zy,Zy € T(TN), we known da(Zy, Zo) = Z1a(Zs) — Zoal(Zy) — a([Z1, Za)), so
da(Zy, Z5) = (Vi (X)y, V3y) — (=5 (X)y, Vi)
— VU=V N (YV)y, Vi) +V=1(=ViN (Y)y, Vi)
+ (=N (X)y, RN(2Z1, Za)y) = V=1U{=pN (YV)y, RN (Z1, Z5)y)

Recall that V* is invariant under Ly for all X € g, so that [V, uV(X)] = 0, [VV, upN(Y)] =
0. And by X, Y are Killing vector field, we have da equals

2(— (N (X) = V=N (V) ) + (=M (X + V=1V (V)y, RN y)
And by [Xy|* = (N (X)y, iV (X)y), [Yal? = (1 (V)y, pM (Y)y). So We can get
dx vty (X = V=1Yy) = d(Xyy — V=1Yy) + (X = V=1Y, X + V= 1Y)
= —2((V(X) = V=1N(Y))-, )
+ (=N (X )y + V=1 YV )y, =N (X)y — V=1N (V)y + BRNy)

Theorem 1. Let M be a smooth closed oriented manifold, G be a compact Lie group acting
smoothly on M. For anyn € H;(+MY(M)’ [X,Y] =0, the following identity hold:

1
0= /
/M wp P[0T () RY
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Proof. Here we use the method come from [5]. Set s = 5=, so by Lemma 7. we get

2t’

/ n= / expl— gy (X = VIV )y

Let V is a neighborhood of My in N. We identify a tubular neighborhood of My in M with
V. Set V' Cc V. When t — 0, because

(Xn(2) + V=1Yy(2), Xn(2) = V=1Ya(2)) = [Xn* + [Yar]* # 0

out of My, so we have

[ exptegi iy X = V=Y D [ ety = VI )b

14
Because
1 ! /
[ ept=gylx o = VYW = [ esp{ogi g (X = VIV
then

/veXp{ (dx+\/_Y(X V1Y) =
[ e 0 ) = VT () )+ e (X = VT 0 R

+/V eXP{—l<—uN(X)y +V=1N (Y )y, =N (X )y — V=1N (V) I

By making the change of variables y = v/ty, we find that the above formula is equal to

" /V eXp{%«uN(X) V=1 (Y)) ) + %(MN(X)?J — V=1V (YV)y, RNy)

+ /V eXp{—%<—uN(X)y + V=N (YV)y, =N (X)y = V1N (V)y)

we known that

(LN VTN )
. = (PE(V (X) = V=1N(Y)))dy

n!

here dy is the volume form of the submanifold M,. Because
(PE(u (X) = V=1 (Y)))? = det (' (X) — V=1 (Y)),

let n be the dimension of M;, then we get

= /V eXp{%wN(X)y — V=1 (V)y, RV y) Inldet (i (X) — V=1V (V)] 2dys A .. A dys,

+ /V eXp{—%<—uN(X)y + V=1 (V)y, =N (X )y = V=1 (V) In



Because by [X,Y] = 0 we have [u"™ (X), u"™(Y)] = 0. And by —pV(X) — v=1pN(Y), RN
are skew-symmetric, so we get

= /V eXp{—%<—uN(X)y + V=1 (V)y, N (X)y — V=1 (V)y + RV y) Yy A A dy,

[det (1N (X) — V=M (V)] 2y
:/MO(27T)n[det(MN<X)_\/TlﬂN(Y))]_é[det(_luN(X)_\/_—1MN(Y)+RN)]_%
[det (1N (X) = VLN (V)20
:/MO(QW)"[det(—uN(X)—\/__1MN(Y)+RN)]_%U

Ui
/Mo Pf[—uN(X)—EuN(Y)JrRN]

U
By Theorem 1.,we can get the localization formulas of Berline and Vergne(see [2] or [3]).

Corollery 2 (N.Berline and M.Vergne). Let M be a smooth closed oriented manifold, G be a
compact Lie group acting smoothly on M. For anyn € Hx (M), the following identity hold:

n
0=
/M ap PR IHRY

Proof. By Theorem 1., we set Y = 0, then we get the result. O

5 Application in Characteristic Numbers

As in [6], we will give the application of the localization formula about two Killing vec-
tor field in characteristic numbers. So let’s recall the Chern-Weil theory(see [12]) about
equivariant connection and equivariant curvature without proof(see [6] for proof) .

Let M be an even dimensional compact oriented manifold without boundary, G be a
compact Lie group acting smoothly on M and g be its Lie algebra. Let g7 be a G-invariant
Riemannian metric on TM, V™ is the Levi-Civita connection associated to g?. Here VI
is a G-invariant connection, we see that [VI™ Ly, ] =0 for all X € g.

The equivariant connection VTM s the operator on Q*(M,TM) corresponding to a G-
invariant connection VI is defined by the formula

—TM __ TM .
\Y% =V + X +v=TYy

here Xy, Yy be the smooth vector field on M corresponded to X,Y € g.

Lemma 9. The operator VTM preserves the space D%, vy, (M, TM) which is the space
of smooth (Xur + —1Yr)-invariant forms with values in TM.
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We will also denote the restriction of V7 to Q% v=Tvs (M, TM) by VM.
RTM

The equivariant curvature of the equivariant connection VTM s defined by the

formula(see [2]) N N
RTM = (VTM)z - LXM -V _1LY1\/1

It is the element of Q* (M, End(TM)). We see that

Xp+V—-1Yy

R™ = (VT + ixyav=ivag). — Lxy — V—1Ly,,
= RTM + [VTM7iXA4+\/j1YA4] - LXM OV _1LYM
— RTM o ,LLTM(X) o /_1,LLTM(Y)

Lemma 10. The equivariant curvature RTM satisfies the equuariant Bianchi formula
VM RTM _

Now we construct the equivariant characteristic forms by RTM _1f f(x) is a polynomial
in the indeterminate z, then f(RT*) is an element of Q% oy, (M, End(TM)). We use
the trace map

r: Q% T (M, End(TM)) — Q| +FYM(M)

to obtain an element of Q;{M = (M), which we call an equivariant characteristic form.

Lemma 11. The equivariant differential form Tr(f(R™)) is dy, .~y -closed, and its
equivariant cohomology class is independent of the choice of the G-invariant connection V™M

As an application of Theorem 1., we can get the following localization formulas for char-
acteristic numbers

Theorem 2. Let M be an 2m-dim compact oriented manifold without boundary, G be a
compact Lie group acting smoothly on M and g be its Lie algebra. Let X, Y € g, and Xy, Y
be the corresponding smooth vector field on M, My = Zero(Xy — \/_YM) If f(x) is a
polynomaal, then we have

DTM (f(ETM))
J TR = [ o

Proof. By Lemma 10., we have Tr(f(RT™)) is dx,,+/=Tvy,-closed. And by Theorem 1., we
get the result. O

Now we use the detaminate map
det : Q% |~y (M, End(TM)) — QXH-\/_YM(M)

to obtain an element of €% —. (M).

Lemma 12. The equivariant differential form Pf(—RTM) is dx,,+v =Ty, -Closed, and its equiv-
ariant cohomology class is independent of the choice of the G-invariant connection VM.

Proof. Because det A = exp(Tr(log(A))), so
det(—R™) = exp(Tr(log(—Rk™))).

and we know that det(—RTM) = (Pf(—RTM))2 by Lemma 11., we get the result. O
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Theorem 3. Let M be an 2m-dim compact oriented manifold without boundary, G be a
compact Lie group acting smoothly on M and g be its Lie algebra. Let X, Y € g, and Xy, Y
be the corresponding smooth vector field on M, My = Zero(Xy — /—1Y). Then we have

~ Pf(—RTM)
_pTMy _
/M PEH=RT) /Mo Pf[_MN(X)_\/?MN(Y)-i-RN]

Proof. Because Pf (—ETM ) is dx,,+/~1v,,-closed and by Theorem 1., we get the result. [

6 Application in Symplectic Manifolds

Let (M,w) be a smooth closed symplectic manifold, w is a closed nondegenerate 2-form
with dw = O(see [4]). Let G be a connected compact Lie group acting on M via symplecto-
morphism, i.e.

L XW = 0

for VX € g, here g be its Lie algebra. If X, Y € g, let Xy, Yy be the corresponding smooth
vector field on M given by

(X ) (&) = Flexp(~3) ) o

By the symplectic form w there is a isomorphism between vector fields and 1-form on M,
ie.
D(TM) — QY (M) : Xy = ix,,w

For H € C*(M), then a vector field X* on M is called a Hamiltonian vector field with
the energy function H, if for X we have iynw = dH.

We can also define the equivariant cohomology associated with X +1/—1Y on symplectic
manifold in the same way as in Section 1.

Here we define the equivariant extension of the symplectic form by

w—Hx — \/—_1HY
where dHx =ix,w, dHy = iy, ,w.
Lemma 13. The equivariant symplectic form w — Hx —/—1Hy is a dx 4.~y -closed form.
Proof.
dxy=iy(w — Hx = V=1Hy) = (d +ix, +V~1liv,)(w — Hx —v/~1Hy)
=dw — dHx — vV—1dHy +ix,,w + vV~ liy,,w

= dw
=0

O

Since d(Hx ++/—1Hy) = ix,,w++/—1liy,,w, the set of points where the one-form d(Hx +
v/ —1Hy) vanishes coincides with the zero set Zero(Xy, — v/ —1Y).

12



Theorem 4. Let (M,w) be a compact symplectic manifold, and let G be a connected compact
Lie group acting on M and g be its Lie algebra. Also assume M be a Riemannian manifold
with G-invariant Riemannian metric g™™. Let X,Y € g, and Xy, Yy be the corresponding
smooth vector field on M, My = Zero(Xy; — /—1Ya;). Then we have

w" exp(w)
/MGXP( Hx — v —1Hy) ! —/MO Pf[_MN(x)—\/iuN(Y)JrRN]

Proof. By Lemma 13., w — Hx — v/ —1Hy is a dy, j—1y-closed form; and

/Mexp(w—HX—\/—_lHy):/

M

wTL

exp(—Hx—v—1Hy) exp(w) :/ eXp(—HX—\/—lHy)F.
M .

Note that exp(—Hy — v/ —1Hy) =1 on My. Then by Theorem 1., we get the result. O

Obviously, this is a Duistermaat-Heckman type formula.
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