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Abstract

We show how to calculate the projection of a vector, from an arbitrary
direction, upon a given plane whose orientation is characterized by its nor-
mal vector, and by a bivector to which the plane is parallel. The resulting
solutions are tested by means of an interactive GeoGebra construction.

Vector s is the “shadow” of vector g cast upon the plane by “rays of the Sun”

that have direction . The unit vector in the direction of the plane’s normal is
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“Calculate the vector s, which is the “shadow” of vector g cast upon
the plane by “rays of the Sun” that have direction ¥. The unit vector
in the direction of the plane’s normal is &.”
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1 Introduction

In this document, we will solve—numerically as well as symbolically—a problem
of a type that can take the following concrete form, with reference to Fig[l}

“A pole (not necessarily vertical) casts a shadow onto the perfectly
flat plaza into which it is set. With respect to a right-handed
orthonormal reference frame with basis vectors a, 15, and ¢, the
direction of the Sun’s rays is t = ar, + bry, + ér. The vector g from
the pole’s base to the pole’s tip, is g = ag, + ng + ¢g., and the
upward-pointing unit vector normal to the plane is € = ac,+bey+ée,.
Calculate s, the vector from the base of the pole to the tip of the
pole’s shadow.”
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Figure 1: Vector s is the “shadow” of vector g cast upon the plane by “rays of
the Sun” that have direction . The unit vector in the direction of the plane’s
normal is é.

2 Formulating the Problem in Geometric-Algebra
(GA) Terms, and Devising a Solution Strategy

2.1 Initial Observations
Let’s begin by making a few observations that might be useful:

1. By saying “the direction of the Sun’s rays is r = ar, + bry + cr.”, we
assumed that all of the Sun’s rays are parallel. We’ll use that assumption
throughout this document.

2. The tip of the shadow is at the point where a ray that just grazes the tip
of the pole intersects the surface of the plaza.

3. Therefore, the vector from the tip of the pole to the tip of the shadow is
some scalar multiple of r. We’ll call that scalar multiple A\r, and add it to
our earlier diagram to produce Fig.

4. From Fig. [2| we can see that s = g + Ar.

2.2 Recalling What We’ve Learned from Solving Similar
Problems Via GA

Let’s also refresh our memory about techniques that we may have used to solve
other problems via GA:

1. Problems involving projections onto a plane are usually solved by using the
appropriately-oriented bivector that is parallel to the plane, rather than
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Figure 2: The same situation as in Fig. [I] but noting that the vector from the
tip of g to the tip of s is a scalar multiple (“\”) of t.

by using the vector that is perpendicular to it. The Appendix (Section
shows how to find the required bivector, given said vector.

2. In a GA equation with two unknowns, such as the equation s = g + Ar
at the end of the preceding list, a common strategy is to eliminate one of
the unknowns by using either the “dot” product or the ‘wedge” product
(“A”) with a known quantity. Examples of this strategy are given in Ref.
[2], and in Ref. [3], pp. 39-47.

2.3 Further Observations, and Identifying a Strategy

Guided by Sections[2.I]and [2.2] we might realize that the vector s is perpendicular
to €. Thus, one method of solving the equation s = g + Ar is to eliminate s by
“dotting” both sides with &, thereby obtaining an equation that from which we
can obtain an expression for A in terms of g, €, and r. That expression can then
be substituted for X in the original eqation (s = g + Ar) to find s.

The same observations that led us to the first strategy also lead us to see
that s is parallel to the plane of the plaza. Therefore, s’s product “A” with the
bivector that’s parallel to that plane is zero. That is, if we denote said bivector
by the symbol “T”, then s AT = 0. Using this observation, we also arrive at an
equation for A—and thus for s—but this time in terms of g, r, and T.

We’ll use both approaches in this document.

3 Solutions for s

We'll begin with the solution that uses the normal vector é.



3.1 Solution via the Inner Product with é

Taking up the first of the solution strategies that we identified in Section [2:3]
we write

s =g+ AT;
s-€=(g+ )¢
=0
g-e
A= — . .1
r-é (3.1)

Let’s pause for a moment to examine that result before proceeding. Does it
make sense? The geometric interpretation of that result is that || is the ratio
of the lengths of the projections of g and  upon €. So far, so gopod—a study of
Fig. 2| confirms that |A| must indeed be equal to that ratio. Examining Fig.
further, we see (1) that no shadow will be produced unless A is positive, and (2)
that no shadow will be produced unless the projections of g and t are oppositely
directed. Eq. is consistent with those observations: A is positive only when
g€ and 1 - € are opposite in sign, and that difference in sign occurs only when
€ and t are oppositely directed.

Now that we’ve assured ourselves that our expression for A makes sense, we
continue by making the substitutions + = ar, + bry + ¢r., g = ag, + bgy + €y,
and é = ae, + bey, + ¢e,:

(éga + bgy + égc> : (éea + bey, + éec>
= —

(éra + Brb + érc> . (éea + bey, + éec>
B Ga€a + gvep + gclc

- . (3.2)
Ta€q + Tpep + Tcec

Now, we substitute that expression for A in our original equation, then simplify:
s=g+ A

GaCa + gvp + ge€e
Ta€q + Tpep + TcCe

=ag, + f)gb + ¢g. — [ ] (éra + Brb + érc) .

By expanding the product on the right-hand side, then rearranging, the result is

s— & {ga (rvey + 1eee) — Ta (gvey + geee) |

Ta€a + Tv€p + Tc€e

gb (Ta€a + 1cec) — 75 (gaa + gcec)]
Tqa€a + Thep + Tcec

te [gc (Fa€a + Tvep) — Tc (gata + goes) | .

Ta€q + Tpep + TcCe

+5{

3.2 Solution via the Outer Product with T

In this section, we’ll write T as T = éf)Tab + BéTbC +acT,. in order to arrive at a
solution in which the plane of the plaza is expressed in that way. The Appendix

Question: Does our expression
for A make sense?



shows how to find T in terms of the components of é.

We indicated in Section that because s is parallel to the plaza (and
therefore to T), s AT = 0. Using that fact, we arrive at a preliminary version
of \ as follows:

s =g+ A}
sANT =(g+A\) AT,
=0
AMAT=-gAT
A=—(gAT)FAT) . (3.4)

Now, we need to calculate g AT and (# AT) '. To find the former, we
use Macdonald’s ([4], p. 111) definition of the product “A”. See also the list of
formulas in Reference [2], pp. 2-4.

gAT

(8T)s
<(éga + by, + égc) (T = abr,, + BéTbc) )3

abc (Tabgc + ToeGa — Tacgb) .

Similarly, t AT = abé (TabTe + TheTa — TacTs). We recognize the product abeé as
I5: the unit pseudoscalar for Gs. Its multiplicative inverse (I3 Yyis —I3, = —abe.
Therefore, multiplicative inverse of + A T is

EAT)! I
r = —
|t AT
abeé

-
(Tabrc + TbeTa — Tacrb)

Using that result, and our expression for + A T, Eq. (3.4) becomes

SR é.bé (Tach + TocTa — Tacrb)
A=— [abc (TabTe + ToeTa — Tacrb)] - 2
(Tabrc + TheTa — 7_ac"’b)

_ TabGc + TocGa — Tacb

= . 3.5
TabTc + TocTa — TacTb ( )
Substituting this expression for A in s = g + Af, we obtain
s— & [Tab (gaTe = geTa) + Tac (GoTa — garb)}
TabTc + TocTa — Taclb
+ B |:Tab (gbrc - gcrb) + The (gbra - garb):| (36)
Tab"c + Toc"a — TacTb

+eé |:Tbc (gcra - garc) + Tac (ngc - gcrb):|
TabTc + TheTa — TacTb



The red vector is s : the “shadow” of the blue vector g , from the direction of the orange vector r, upon
the plane represented by the brown bivector T. The purple vector is e, the unit vector normal to the plane.
T and é are calculated from vectors that form the sides of the brown triangle.

Move the colored points to change g, r, and the plane.
Current values : - 3

g = ag, + bg, + ¢g. = 1.73a + 2.59b + 2.51¢

r=a b ¢ 0.41a 0.86b 0.31c

T = abr,, + bén, + act,. = 30.42ab + 14.53b¢ + —14.38a¢

[ ]
¢ = ac, + bey 4 e, = 0.4a + 0.39b + 0.83¢ !‘
The vector s, calculated from T : o
e

oe a9 = g) + Tuc (9070 = gar1) [y
; Table  TheT'a = TacT \ : 9‘_.;5 R

1 [Tt (e = gem) + T (gira = gury) | e = ‘S 1o,

Table + Toel'a = TacTh Y
[ 7o (9era = gare) + Tue (gire — gers) TR
te TabTe + Thel Tacl p
abl'e Thel'a — Tacl'h . .
R i . 23 Using geometric algebra to
—0.3a+ —1.7b + 0.95¢ . ) .o
! calculate the projection of a vector

The vector s, according to GeoGebra: s = —0.3a+ —1.7b + 0.95¢ . onto a plane from an arbitrary angle.

Figure 3: Screen shot (Ref. [5]) of an interactive GeoGebra worksheet that
calculates the vector s, and compares the result to the vector s that was obtained
by construction.

4 Testing the Formulas that We’ve Derived

Fig. [3| shows an interactive GeoGebra worksheet (Reference [5]) that calculates
the vector s, and compares the result to the vector s that was obtained by
construction. The worksheet calculates A\ from € as well as from T, but shows
the numerical calculation only for T because of space limitations.
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Although we won't use that fact
here, I; ' is I3's negative:
I;' = —abé.

To make this simplification, we
use the following facts:

e The product of two
perpendicular vectors
(such as & and b) is a
bivector;

e Therefore, for any two
perpendicular vectors p
and q, gp = —qp; and

e (Of course) for any unit
vector p, pp = 1.

5 Appendix: Calculating the Bivector of a Plane
Whose Normal is the Vector e

As may be inferred from a study of References [3] (p. (56, 63) and [4] (pp.
106-108) , the bivector T that we seek is the one whose dual is é. That is, Q
must satisfy the condition

é=Ql;
where I3 is the right-handed pseudoscalar for G3. That pseudoscalar is the
product, written in right-handed order, of our orthonormal reference frame’s

basis vectors: I3 = abé (and is also béa and ¢ab). Therefore, writing Q as
Q = ae, + bey, + ce.,

el

Q

ae, + be, + éec) abeé

aabée, + babée, + éabeée,

= abe, + bée, — aéep. (5.2)

In writing that last result, we’ve followed [4]’s convention (p. 82) of using
ab, bé¢, and a¢ as our bivector basis. Examining Eq. (5.2) we can see that if we
write Q in the form Q = abq,, + bcqpe + aCqqye , then

Gab = €c, dbc = €a, Gac = —€c- (53)
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