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Abstract

In this paper we calculate for various sets X (some subsets of the natural numbers)
the probability of an element a of X is also squarefree. Furthermore we calculate the
probability of ¢ is squarefree, where c=a+Db, a is an element of the set X and b is an
element of the set Y.

1 Notation and Results

Notation 1. [Subsets of N/

N ... natural (i.e. N),
NE ... natural and even,
NO ... natural and odd

S ... squarefree (i.e. a € N and a is squarefree),
SE ... squarefree and even,

SO ... squarefree and odd

F ... none squarefree (i.e. a € N and a is none squarefree),
FE ... none squarefree and even,
FO ... none squarefree and odd

Notation 2. [Probabilities]
Px: Probability: a € X and is squarefree
Pxy: Letac X,beY and c=a+0b. Probability: c is squarefree.



1.1 Results

Note, for our numerical calculations we use the programming language PureBasic (see

http://www.purebasic.com).

1.1.1 Probability of a € X and a is squarefree

choosenset X | N | NE | NO
Probability Py | Py | 22X [ X

where Py = %

1.1.2 Probability of a € X, b € Y and a + b is squarefree

| + [ NINE[NO| S [SE] SO | F | FE FO
N ||Pv| Pv| Py | Pv | Pv | Py Py Py Py
NE 2Py | 4Py | 10Py | 2Py | 4Py (9—10Pn) Py 2Py 4Py
3 3 9 3 3 9(1—Py) 3 3
NO 2Py | 8Pn | 4PN | 2Py (O=8Pn) Py 4PN 2PN
3 9 3 3 9((1—PN)) P(3P ) P(3P )
Pn(1—Ps. 2PN (5—3P5, 2PN (2—3Ps,
S Pss | Ps,s PS,S N1—PNSS 31.V(1—2PNS)S 31.V(3—4P;)S
SE 0 3Ps,s Py (1—Ps,s) 2Py 2Py (2—3Ps,s)
2 1—Py 3—2Py 3—4Py
SO 3Ps.s Py(I-Ps,s) Py(4=3Ps,s) | Pn(2=3Ps,s)
4 _— P1—(12>NPP 5 3—2Py 3—4Py
F N( T Pn)? =5 PrrE Prro
FE % Prg ro
FO Pro,ro
where
P o PN(9—16PN+6PNPS,5)
F,FE — 7 31—Py)(3—2Py)
p _ Pn(9-20Py+12Py Ps.s5)
FFO — 3(3—4Py)(1—Py)
p _ 12Py(1-2Py+PnPs,s)
FE,FO — T (322Py)(3—4Py)
p 2PN (3—8Pn+6PxPs.s)
FO,FO =

(3—4Py)?

2 Some Notes About Summation

Definition 3. [Alternate Summation: " ()]

Let’)/:’yla’y%"'

a sequence of real numbers, n € N. We also assume .~ || < 0o




Let 0™(y) = 01 (7) — 03 (7) + 05(y) — - -, where:

or(y) = Z%
=1

o3(y) = Z Vij

i=1,i<j
n

or(y) = ) Y,

11=1,0_1<tg

We set the alternate summation o"(y) as:

Notation 4. [Some Sequences]
Let A ={ay,as,...} an sequence of real numbers.

Let B_ a sequence of n, not necessary consecutive, elements of A.
Let B=A—B_ . Noteb; € B, b; € A and b; occur n—times in A then b; occur (n—1)—times

n B.

Let C_ a sequence of n, not necessary consecutive and not necessary elements of A, real

numbers.

Let C = A+C_. Note, if c; € C_ and ¢; occur in A n—times then c; occur in C' (n+1)—times.

Let D= (A\B_) + C_.
For convenience we set o°(Y) =1 (Y =A,B,C,D)

Notation 5. [Elementary Symmetric Functions/



Let X = {X1,Xa,..., Xy} a set of n parameters. We set:

QQ(X) =1
(X)) = X1+ Xo+--+ X,
ea(X) = XiXo+ -+ X1 X + Xo X+ + XX, + -+ X1 X,

er(X) = > Xip - X,

1< <t << <n

en(X) = X1+ X,

For convenience we set e;(X) =0 for all j < 0.

Notation 6. [Alternate Summation of Elementary Symmetric Functions]
We set S(X) =31 (—1) e (X).

Proposition 7. With the above definition and notations we have:

01(C) = o1(A) +e(C)
02(C) = 02(A) +o1(A)er(C-) + e2(C-)

on(C) = Z An_iei(C2)

and finall
’ o(C)=0(A)(1-=S5(C_))+ S(C-)

Proof. Consider the sum o, (C) and let m = |C_|. It consist of:
1) All n tuple of o,,(A).
2) Alln — 1 tuple of ,,_1(A)U¢; € C_.

m) All n —m tuple of 0,,_,(A) U Tl e ;.

Rearrange the terms and summing up is the expected result. O

Corollary 8. With the above definition and notations, S(C_) = Ay and A,, = Ag+- -+ Ao
n—times, we have:
o(Ay) =1—(1—o(A4))"™

4



Proof. Let n = 1. We have

U(Al) = (T(Ao)(l — AQ) + A()
20’(140) — 0'(140)2
= 1 (- o(A)

and the recursion

o(Aps1) = (1= (1=0(A0))")(1 = Ag) + Ag
= 1 (1 o(4g)™

O]
Corollary 9. With the above definition, notations and 1 — S(B_) # 0 we have:
_o(4)—S(B)
°B) = —"5B)
Proof. With A = B + B_ we have
o(A)=0(B)(1-S(B.))+ S(B-)
and therefore (4) - S(B.)
o(A) — _
°B) == "5m)
0

Corollary 10. With the above definition, notations, 1 — S(B-) #0 and D =A—B_+C_
we have:

(0(A) = S5(B-)) (1 = 5(C))

o(D) = = S(B) + S(C2)
Proof. With B = A — B_ we have
_o(4) = S(B.)
°B) == "35m)

and with D =B+ (C_ = A— B_ + C_ we have
o(D)=0(B)(1-S5(C.))+ S(C-)

Corollary 11. With the above definition, notations and 1 € A we have:
o(A)=1
Proof. Let A ={1,a9,as,...}, A" ={0,a9,as,...} and therefore S(A_) = 1 then we get
0(A)=0(B)(1-S(A_))+S(A-)=1



2.1 Error Term, Lower Bound, Upper Bound
Let n € N, R, > > . 7, and og(y) = 1. We have:

a(y) = of(M+ Y <o)+ R

i=n+1
a(7) = o5(y) + <Zv> ( > %) + ( > %) (Z ’ys)
i=1 j=n+1 k=n+1 s=k+1

os(y) < oy +oyR, + R,

or() = o <oR() + o (VR + -+ R,
where k£ < n.
Therefore we have for every o (y) with & < n:

or(7) <ou(y) <) _on (MR, (1)

=0
Now we consider the sum () and with the above results we get an Lower Bound

n

n 21
o(v) > Z Oig1 — Z Zo-gi—ijl (2)

=0, 2i+1<n i=0, 2i<n j=0
and a Upper Bound
n 2141 n
o(y) < Z ZU;H_]'(V)RZL - Z o:(7) (3)
=0, 2i+1<n j=0 i=0, 2i<n

3 How ”"many” Squarefree Numbers are in the Set?

Let P the probability of a is squarefree for various sets.

Experimental Data: Note, this data gives only a hint, we do not invest much work. We
choose an interval of w/50 consecutive numbers with random (between 1..N) starting value.
Then we count the squarefree numbers in this interval. We repeat this procedure 50 times.

Numerical Calculation: Note, this data gives only a hint, we use only the 8 byte Double
datatype (see: IEEE 75j standard) . We estimate a lower and upper bound for the proba-
bility (we use oi'(7), o5 (7), o5 (), o} () with the summation over the first n primes). Let p



prime, to estimate 7; we consider the probability of @ = m mod p? where 0 < m < p?. We

get

Vi =

number of m =0

number of all possible remainders

and estimate an appropriate error term R,, > (o1(7) — o7 (7)).

3.1

a is natural

Experimental Data:

N

: a is natural

mean |

Var |

Std.Var

0.608000
0.608275
0.608400
0.608022

0.000070
0.000012
0.000076
0.000003

0.008391
0.003507
0.008715
0.001627

+/- 0.001187
+/- 0.000496
+/- 0.001233
+/- 0.000230

+/- 0.003560
+/- 0.001488
+/- 0.003698
+/- 0.000690

Numerical Calculation:

With (p, > 2)

=1
D5

=1

we get

71.2

6 <

Since f(a) ={1,1,...

Summation over the first 360 primes gives

Analytical Calculation:

0.6076327119 < Py < 0.6080511787

Well known is

Py=—

™

6
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3.2 a is natural

Experimental Data:

: a is natural

N |

+/- 0.002907
+/- 0.001122
+/- 0.003021
+/- 0.000669

Numerical Calculation:

and even
and even
mean | Var | Std.Var | 68.3 %
0.404300 | 0.000047 | 0.006852 | +/- 0.000969
0.405225 | 0.000007 | 0.002645 | +/- 0.000374
0.405900 | 0.000051 | 0.007121 | +/- 0.001007
0.405289 | 0.000002 | 0.001576 | +/- 0.000223
We have
B {1,0,1,0}, p=2
fla)= { {1,1,...,1}, otherwise
pn—1
and therefore v = {1/2,1/p3,1/p2,...} and R, = & — 3", 3 m (

Summation over the first 360 primes give:

Analytical Calculation:

1/4 by 1/2).

PNE—l—a(y)—l—(

0.4048734678 < Pyg = 1 — o(7) < 0.4054531897

3.3 a is natural and odd

Experimental Data:

N |

: a is natural and odd

mean

Var

3/4

Std.Var

(1—=Py)—1/4)(1— 1/2)) 2Py

3

4

see section 3.1)

We have v; = 1/p?, B_ = {1/4} and C_ = {1/2} (i.e. replace

2e+6 |
1.6e+7 |
1.6e+7 |

0.811500
0.810775
0.811900
0.810711

0.000052
0.000012
0.000087
0.000004

0.007232
0.003452
0.009307
0.001882

+/- 0.001023
+/- 0.000488
+/- 0.001316
+/- 0.000266

+/- 0.003068
+/- 0.001465
+/- 0.003949
+/- 0.000798



Numerical Calculation: We have

~ f{0,1,0,1}, p=2
fla)= { {1,1,...,1}, otherwise

pn—1

and therefore v = {0,1/p3,1/p3,...} and R, = %2 -3
Summation over the first 360 primes give:

m (see section 3.1)

0.810391956 < Pnol — o(y) < 0.8106491677

Analytical Calculation: We have v; = 1/p? and B_ = {1/4} (i.e. delete 1/4).

(1—Py)—1/4)\ 4Py 8
1—1/4 )_3 2

PNo=1—0(7)21—<

Remark 12. .
CL) PN = (1/2)PNE+ (1/2)PN0
b)PNEIPN02122

4 Addition a+b: Experimental Data, Numerical and
Analytical Calculation

Let P the probability of a 4 b is squarefree, for various sets of a and b.

Experimental Data: Note, this data gives only a hint, we do not invest much work. We
choose two intervals of /w consecutive number of the appropriate form, both with random
(between 1..N) starting value. Then we test w pairs of numbers, given by the intervals. We
repeat this procedure 36 times.

Numerical Calculation: Note, this data gives only a hint, we use only the 8 byte Double
datatype (see: IEEE 75j standard) . We estimate a lower and upper bound for the proba-
bility (we use o] (7y), o5 (7), 05(7v), of(vy) with the summation over the first n primes). Let
p prime and f(a) the probability of @ = m mod p? where 0 < m < p?. To estimate v we
count all possible pairs m,, my, of f(a) and f(b) and all sufficient pairs mg, my;, of f(a) and
f(b) with (mg +mp) =0 mod p?. We get

number of all sufficient pairs

= number of all possible pairs

4.1 a is natural, b is natural

Experimental Data:



N |

mean |

: a is natural, b is natural

Var

Std.Var

2e+6 |
1.6e+7 |
1.6e+7 |

0.609222
0.607781
0.607633
0.608278

0.000122
0.000043
0.000087
0.000018

0.011062
0.006577
0.009314
0.004250

+/- 0.001844
+/- 0.001096
+/- 0.001552
+/- 0.000708

+/- 0.005531
+/- 0.003288
+/- 0.004657
+/- 0.002125

{1,...,1} for 0 < m < p we get 3, = %

Analytical Calculation: P

Since f(a) = f(b) =
and have (see section 3.1)
Pyn = Py

4.2 a is natural, b is natural and even

Experimental Data:

Table: a is natural, b is natural and even

W N | mean | Var | Std.Var | 68.3 % | 99.7 %
10000 | 2e+6 | 0.607964 | 0.000002 | 0.001372 | +/- 0.000229 | +/- 0.000686
40000 | 2e+6 | 0.607930 | 0.000000 | 0.000394 | +/- 0.000066 | +/- 0.000197
10000 | 1.6e+7 | 0.608142 | 0.000002 | 0.001387 | +/- 0.000231 | +/- 0.000694
90000 | 1.6e+7 | 0.607870 | 0.000000 | 0.000233 | +/- 0.000039 | +/- 0.000116

Analytical Calculation:

We have f(a) ={1,1,..

o=

Case p = 2: We have 8 possible pairs and 2 sufficient pair and therefore 1/4 = 1/p? .
Case p > 2: We have p*p? possible pairs and p? sufficient pairs.

.,1} and

{1,0,1,0}, p=2
{1,1,...,1}, otherwise

We get v = {1/p? 1/p3,1/p3,...} and (see section 3.1)

Py ne = Py

4.3 a is natural, b is natural and odd

Experimental Data:

10



Table: a is natural, b is natural and odd
w | N | mean | Var | Std.Var | 68.3 % | 99.7 Y%

| 2e+6 | 0.608017 | 0.000002 | 0.001274 | +/- 0.000212 | +/- 0.000637
40000 | 2e+6 | 0.607953 | 0.000000 | 0.000355 | +/- 0.000059 | +/- 0.000177
| 1.6e+7 | 0.608164 | 0.000001 | 0.001211 | +/- 0.000202 | +/- 0.000606
| 1.6e+7 | 0.607931 | 0.000000 | 0.000221 | +/- 0.000037 | +/- 0.000111

Analytical Calculation: We have f(a) = {1,1,...,1} and

~f{0,1,0,1}, p=2
J(b) = { {1,1,...,1}, otherwise

Case p = 2: We have 8 possible pairs and 2 sufficient pair and therefore 1/4 = 1/p* .
Case p > 2: We have p?p? possible pairs and p? sufficient pairs.

We get v = {1/p?,1/p2,1/p3,...} and (see section 3.1)
Py no = Py

4.4 a is natural, b is squarefree

Experimental Data:

Table: a is natural, b is squarefree

w o N | mean | Var | Std.Var | 68.3 % | 99.7 %
10000 | 2¢+6 | 0.608081 | 0.000003 | 0.001656 | +/- 0.000276 | +/- 0.000828
40000 | 2e+6 | 0.607936 | 0.000000 | 0.000628 | +/- 0.000105 | +/- 0.000314
10000 | 1.6e+7 | 0.608436 | 0.000003 | 0.001719 | +/- 0.000286 | +/- 0.000859

| | | | |

0.607861 | 0.000000 | 0.000252 | +/- 0.000042 | +/- 0.000126

Analytical Calculation: Since f(a) = {1,1,...,1} and f(b) = {0,1,...,1} we have
p?(p* — 1) possible pairs and p® — 1 sufficient pairs. Therefore we get v = {1/p?,1/p3,...)}
and (see section 3.1)

Pns = Py

4.5 a is natural, b is squarefree and even

Experimental Data:

11



Table: a is natural, b is squarefree and even

w | N | mean | Var | Std.Var | 68.3 % | 99.7 Y%
10000 2e+6 | 0.608061 | 0.000002 .001342 +/- 0.000224 | +/- 0.000671
40000 2e+6 | 0.607797 | 0.000000 +/- 0.000083 | +/- 0.000249

I 0 |
| 0.000499 |
10000 | 1.6e+7 | 0.607567 | 0.000001 | 0.001200 | +/- 0.000200 | +/- 0.000600
| 1.6e+7 | 0.607804 | 0.000000 | 0.000440 | +/- 0.000073 | +/- 0.000220

Analytical Calculation: Since f(a) ={1,1,...,1} and

[ {0,0,1,0}, p=2
F(b) = { {0,1,...,1}, otherwise

Case p = 2: We have 4 possible pairs and 1 sufficient pair and therefore 1/4 = 1/p?
Case p > 2: We have p*(p*> — 1) possible pairs and p? — 1 sufficient pairs.

We get v = {1/p?,1/p2,...} and (see section 3.1)

Py se = Pn

4.6 a is natural, b is squarefree and odd
Experimental Data:

Table: a is natural, b is squarefree and even

w | N | mean | Var | Std.Var | 68.3 % | 99.7 %
10000 | 2e+6 | 0.607992 | 0.000003 | 0.001610 | +/- 0.000268 | +/- 0.000805
40000 | 2¢+6 | 0.608045 | 0.000000 | 0.000500 | +/- 0.000083 | +/- 0.000250
10000 | 1.6e+7 | 0.608011 | 0.000003 | 0.001778 | +/- 0.000296 | +/- 0.000889
90000 | 1.6e+7 | 0.607837 | 0.000000 | 0.000418 | +/- 0.000070 | +/- 0.000209

Analytical Calculation: Since f(a) ={1,1,...,1} and

~f{0,1,0,1}, p=2
f(b) = { {0,1,...,1}, otherwise

Case p = 2: We have 8 possible pairs and 2 sufficient pair and therefore 1/4 = 1/p?
Case p > 2: We have p?(p* — 1) possible pairs and p? — 1 sufficient pairs.

We get v = {1/p?,1/p3,...} and (see section 3.1)

Pnso = Pn

12



4.7 a is natural, b is none squarefree

Experimental Data:

Table: a is natural, b is none squarefree
w o N | mean | Var | Std.Var | 68.3 % |

| | 0.608064 | 0.000002 | 0.001542 | +/- 0.000257
40000 | 2e+6 | 0.607884 | 0.000000 | 0.000702

| | 0.607922 | 0.000003 |

| | |

|
+/- 0.000117 | +/- 0.000351
|
0.607997 | 0.000000 |

|

|
0.001610 | +/- 0.000268
0.000572 | +/- 0.000095

+/- 0.000771

+/- 0.000805
+/- 0.000286

Analytical Calculation: Since f(a) = {1,1,...,1} and f(b) = {g,1,1,...} where g

(I*Ig\rﬁ (see section 4.40).

We have p?(p* — 1) + p?g possible pairs and g + (p* — 1) sufficient pairs.
We get v = {1/p?,1/p3,...} and (see section 3.1)

Py rp =Py

4.8 a is natural, b is none squarefree and even

Experimental Data:

Table: a is natural, b is none squarefree and even

w | N | mean | Var | Std.Var | 68.3 % |
10000 | 2e+6 | 0.607658 | 0.000006 | 0.002360 | +/- 0.000393 |
40000 | 2¢+6 | 0.607849 | 0.000001 | 0.000833 | +/- 0.000139 | +/- 0.000417
10000 | 1.6e+7 | 0.607322 | 0.000006 | 0.002448 | +/- 0.000408 |
90000 | 1.6e+7 | 0.607894 | 0.000000 | 0.000507 | +/- 0.000085 |

+/- 0.001180

+/- 0.001224
+/- 0.000254

Analytical Calculation: Since f(a) ={1,1,...,1} and

_J {9:0,1,0}, p=2
F(b) = { {d,1,...,1}, otherwise

where g = ﬁ and d = ( p’—1 (see section 4.43).

3—2PN)p2/3—1

Case p = 2: We have 4 * g possible pairs and g sufficient pair and therefore 1/4 = 1/p?
Case p > 2: We have p?(p* — 1) + p*d possible pairs and d + (p* — 1) sufficient pairs.
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We get v = {1/p?,1/p3,...} and (see section 3.1)

Py e = Pn

4.9 a is natural, b is none squarefree and odd

Experimental Data:

Table: a is natural, b is none squarefree and odd

W N | mean | Var | Std.Var | 68.3 % | 99.7 %
10000 | 2e+6 | 0.607383 | 0.000005 | 0.002237 | +/- 0.000373 | +/- 0.001119
40000 | 2e+6 | 0.608197 | 0.000001 | 0.001054 | +/- 0.000176 | +/- 0.000527
10000 | 1.6e+7 | 0.606817 | 0.000007 | 0.002717 | +/- 0.000453 | +/- 0.001359
90000 | 1.6e+7 | 0.607923 | 0.000001 | 0.000830 | +/- 0.000138 | +/- 0.000415
Analytical Calculation: Since f(a) ={1,1,...,1} and

[ A{0,1,0,1}, p=2
F(b) = { {g,1,...,1}, otherwise
where g = W (see section 4.45).
Case p = 2: We have 8 possible pairs and 2 sufficient pair and therefore 1/4 = 1/p?
Case p > 2: We have p*(p* — 1) possible pairs and p? — 1 sufficient pairs.
We get v = {1/p?,1/p2,...} and (see section 3.1)
Pyro =Py

4.10 a is natural and even, b is natural and even
Experimental Data:
Table: a is natural and even, b is natural and even

W | N | mean | Var | Std.Var | 68.3 % | 99.7 %
10000 | 2e+6 | 0.405228 | 0.000000 | 0.000406 | +/- 0.000068 | +/- 0.000203
40000 | 2e+6 | 0.405370 | 0.000000 | 0.000436 | +/- 0.000073 | +/- 0.000218
10000 | 1.6e+7 | 0.405286 | 0.000000 | 0.000496 | +/- 0.000083 | +/- 0.000248
90000 | 1.6e+7 | 0.405282 | 0.000000 | 0.000106 | +/- 0.000018 | +/- 0.000053



Numerical Calculation:

{1,0,1,0}, p=2

fla) = f(b) = { {1,1,...,1}, otherwise

pn—1

and therefore v = {1/2,1/p3,1/p%,...} and R, = %2 -3

m (see section 3.1)
Summation over the first 360 primes give:

0.4048734678 Py ne < 1 — o(vy) < 0.4054531897

Analytical Calculation: We have v; = 1/p?, B_ = {1/4} and C_ = {1/2} (i.e. replace

1/4 by 1/2).
b, _ (A= Py) — 141 -1/2)\ _ 2Py
NENE — 3/4 - 3
4.11 a is natural and even, b is natural and odd

Experimental Data:

Table: a is natural and even, b is natural and odd
w | N | mean | Var | Std.Var | 68.3 % | 99.7 %
10000 | 2e+6 | 0.810506 | 0.000000 | 0.000450 | +/- 0.000075 | +/- 0.000225
40000 | 2e+6 | 0.810456 | 0.000000 | 0.000696 | +/- 0.000116 | +/- 0.000348
10000 | 1.6e+7 | 0.810631 | 0.000000 | 0.000388 | +/- 0.000065 | +/- 0.000194
90000 | 1.6e+7 | 0.810550 | 0.000000 | 0.000147 | +/- 0.000025 | +/- 0.000074
Analytical Calculation: We have
~f {1,0,1,0}, p=2
fla) = { {1,1,...,1}, otherwise
and : ,
0,1,0,1;, p=2
F(b) = { {1,1,...,1}, otherwise

and therefore v = {0,1/p3,1/p?, ..

Remark 13. .
Py n = (1/4)Pnono + (1/4)Pyene + (1/4)Pyeno + (1/4) PvonE

PnonE = Pneno =

15

. } and (see section 3.3)

4Py
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4.12

Experimental Data:

a is natural and even, b is squarefree

Table: a is natural and even, b is squarefree

W N | mean | Var | Std.Var | 68.3 % | 99.7 %
10000 | 2e+6 | 0.675981 | 0.000002 | 0.001436 | +/- 0.000239 | +/- 0.000718
40000 | 2e+6 | 0.675568 | 0.000000 | 0.000553 | +/- 0.000092 | +/- 0.000276
10000 | 1.6e+7 | 0.675206 | 0.000002 | 0.001402 | +/- 0.000234 | +/- 0.000701
90000 | 1.6e+7 | 0.675534 | 0.000000 | 0.000343 | +/- 0.000057 | +/- 0.000172
Analytical Calculation: We have

- {1,0,1,0}, p=2
fla)= { {1,1,...,1}, otherwise

and f(b) ={0,1,...,1}
Case p = 2: We have 6 possible pairs and 1 sufficient pair and therefore 1/6.
Case p > 2: We have p?(p* — 1) possible pairs and p? — 1 sufficient pairs.

We get v = {1/6,1/p3,1/p3,...} (start with o/ = {1/p?}) and replace 1/4 with 1/6) (see

section 3.1)
(0(v) - (1 -1/4))(1 - 1/6)

Pyps=1-—

1—1/4

—1/6 =

10PN
9

4.13 a is natural and even, b is squarefree and even

Experimental Data:

Table: a is natural and even, b is squarefree and even

w | N | mean | Var | Std.Var | 68.3 % | 99.7 %
10000 | 2e+6 | 0.405775 | 0.000002 | 0.001347 | +/- 0.000225 | +/- 0.000674
40000 | 2e+6 | 0.405192 | 0.000000 | 0.000389 | +/- 0.000065 | +/- 0.000195
10000 | 1.6e+7 | 0.405181 | 0.000001 | 0.001027 | +/- 0.000171 | +/- 0.000514
90000 | 1.6e+7 | 0.405281 | 0.000000 | 0.000291 | +/- 0.000049 | +/- 0.000146
Analytical Calculation: We have

~ f {1,0,1,0}, p=2
fla) = { {1,1,...,1}, otherwise
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and

[ {0,0,1,0}, p=2
1) = { {0,1,...,1}, otherwise

Case p = 2: We have 2 possible pairs and 1 sufficient pair and therefore 1/2.
Case p > 2: We have p?(p* — 1) possible pairs and p? — 1 sufficient pairs.

We get v = {1/2,1/p3,1/p3, ...}, and (see section 3.2)

2Py

Pngse = 3

4.14 a is natural and even, b is squarefree and odd

Experimental Data:

Table: a is natural and even, b is squarefree and odd
Wl N | mean | Var | Std.Var | 68.3 % | 99.7 %

| | 0.810536 | 0.000003 | 0.001821 | +/- 0.000304 | +/- 0.000911
| | 0.810698 | 0.000000 | 0.000539 | +/- 0.000090 | +/- 0.000269
10000 | 1.6e+7 | 0.810511 | 0.000003 | 0.001585 | +/- 0.000264 | +/- 0.000793
| | 0.810522 | 0.000000 | 0.000324 | +/- 0.000054 | +/- 0.000162

Analytical Calculation: We have

f(a) _{ (1,0,1,0}, p=

{1,1,...,1}, otherwise
and

[ {0,1,0,1}, p=2
f(b) = { {0,1,...,1}, otherwise

Case p = 2: We have 4 possible pairs and 0 sufficient pair.
Case p > 2: We have p?(p® — 1) possible pairs and p? — 1 sufficient pairs.

We get v = {0,1/p3,1/p3,...} and (see section 3.3)

4Py

Pngso = =

4.15 a is natural and even, b is none squarefree

Experimental Data:

17



Table: a is natural and even, b is none squarefree

W o N | mean | Var | Std.Var | 68.3 % | 99.7 %
10000 | 2e+6 | 0.503053 | 0.000002 | 0.001461 | +/- 0.000244 | +/- 0.000731
40000 | 2e+6 | 0.503290 | 0.000000 | 0.000604 | +/- 0.000101 | +/- 0.000302
10000 | 1.6e+7 | 0.503075 | 0.000003 | 0.001714 | +/- 0.000286 | +/- 0.000857
90000 | 1.6e+7 | 0.503282 | 0.000000 | 0.000367 | +/- 0.000061 | +/- 0.000183
Analytical Calculation: We have

[ {1,0,1,0}, p=2
fla) = { {1,1,...,1}, otherwise
2_ .

and f(b) ={g,1,1,...} where g = W (see section 4.40).

Case p = 2: We have 2(g + 3) possible pairs and g + 1 sufficient pair and therefore
(3 —2Py)/(12(1 — Py)).
Case p > 2: We have p?(p? — 1) + p?g possible pairs and g + p? — 1 sufficient pairs and 1/p?.

We get v = {(3 — 2Py)/(12(1 — Py)),1/p3,1/p3,...} and (start with v = {1/p?}) and
replace 1/4 with (3 —2Py)/(12(1 — Py))) (see section 3.1)

(0(7) = 1/4)(1 = (3 —2Py)/(12(1 — Py)))

Pvgr=1-
NEE 1—1/4

(9— 10Py) Py
9(1 — Py)

Pnprp =

+ (3—2Py)/(12(1 — Py))

4.16 a is natural and even, b is none squarefree and even

Experimental Data:

Table: a is natural and even, b is none squarefree and even

w | N | mean | Var | Std.Var | 68.3 % | 99.7 %
10000 | 2e+6 | 0.406450 | 0.000011 | 0.003376 | +/- 0.000563 | +/- 0.001688
40000 | 2e+6 | 0.405410 | 0.000001 | 0.000768 | +/- 0.000128 | +/- 0.000384
10000 | 1.6e+7 | 0.405006 | 0.000011 | 0.003348 | +/- 0.000558 | +/- 0.001674
90000 | 1.6e+7 | 0.405256 | 0.000000 | 0.000475 | +/- 0.000079 | +/- 0.000237
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Analytical Calculation: We have

r={ Grh %

..., 1}, otherwise

and ‘ )
_J 19 0,1,0}5, p=2
F(b) = { {d,1,...,1}, otherwise
where g = —5— and d = % (see section 4.43).

Case p = 2: We have 2(g + 1) possible pairs and g + 1 sufficient pair and therefore 1/2.

Case p > 2: We have p?(p? — 1) + p?d possible pairs and d + p? — 1 sufficient pairs and 1/p?.

We get v = {1/2,1/p2,1/p3,...} and (see section 3.2)

2PN

Pnere = 3

2
)

4.17 a is natural and even, b is none squarefree and odd

Experimental Data:

Table: a is natural and even, b is none squarefree and odd

+/- 0.001090
+/- 0.000783
+/- 0.000771

w o N | mean | Var | Std.Var | 68.3 Y%
10000 | 2e+6 | 0.811261 | 0.000005 | 0.002180 | +/- 0.000363
40000 | 2e+6 | 0.810206 | 0.000002 | 0.001567 | +/- 0.000261
10000 | 1.6e+7 | 0.811142 | 0.000002 | 0.001543 | +/- 0.000257
90000 | 1.6e+7 | 0.810373 | 0.000001 | 0.001020 | +/- 0.000170

+/- 0.000510

Analytical Calculation: We have

fla) = { {1,0,1,0}, p=

{1,1,...,1}, otherwise

and ‘ )
o 07 17 07 1 s b= 2
Fb) = { {g,1,...,1}, otherwise
where g = & (see section 4.45).
(—X)p2-1

Case p = 2: We have 4 possible pairs and 0 sufficient pair and therefore 0.

Case p > 2: We have p?(p? — 1) possible pairs and p? — 1 sufficient pairs and 1/p?.

19
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We get v = {0,1/p3,1/p3, ...} and (see section 3.3)

Pngro =

4Py

4.18 a is natural and odd, b is natural and odd

Experimental Data:

+/- 0.000180
+/- 0.000167
+/- 0.000211
+/- 0.000064

+/- 0.000738
+/- 0.000284
+/- 0.000740

Table: a is natural and odd, b is natural and odd
w o N | mean | Var | Std.Var | 68.3 %
10000 | 2e+6 | 0.405289 | 0.000000 | 0.000361 | +/- 0.000060
40000 | 2e+6 | 0.405251 | 0.000000 | 0.000335 | +/- 0.000056
10000 | 1.6e+7 | 0.405303 | 0.000000 | 0.000422 | +/- 0.000070
90000 | 1.6e+7 | 0.405296 | 0.000000 | 0.000129 | +/- 0.000021
Analytical Calculation: We have
B [ {0,1,0,1}, p=2
fla) = f(b) = { {1,1,...,1}, otherwise
We get v = {1/2,1/p2,1/p3,...} and (see section 3.2)
2Py
Pno,no = =
4.19 a is natural and odd, b is squarefree
Experimental Data:
Table: a is natural and odd, b is squarefree
Wl N | mean | Var | Std.Var | 68.3 %
10000 | 2e+6 | 0.540239 | 0.000002 | 0.001476 | +/- 0.000246
40000 | 2e+6 | 0.540309 | 0.000000 | 0.000568 | +/- 0.000095
10000 | 1.6e+7 | 0.539994 | 0.000002 | 0.001480 | +/- 0.000247
90000 | 1.6e+7 | 0.540276 | 0.000000 | 0.000309 | +/- 0.000052

+/- 0.000155
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Analytical Calculation: We have

o [{01,0,1}, p=2
fla) = f(b) = { {1,1,...,1}, otherwise

and f(b) ={0,1,1,1,...}
Case p = 2: We have 6 possible pairs and 2 sufficient pair and therefore 1/3.
Case p > 2: We have p?(p? — 1) possible pairs and p? — 1 sufficient pairs and 1/p?.

We get v = {1/3,1/p3,1/p3,...} and (start with v/ = {1/p?}) and replace 1/4 with 1/3)
(see section 3.1)

(1—Py)—1/4)(1—1/3)
1-1/4

P
+1/3:STN

Pvepro=1—

4.20 a is natural and odd, b is squarefree and even

Experimental Data:

Table: a is natural and odd, b is squarefree and even

w | N | mean | Var | Std.Var | 68.3 % | 99.7 %
10000 | 2e¢+6 | 0.810922 | 0.000005 | 0.002188 | +/- 0.000365 | +/- 0.001094
40000 | 2e+6 | 0.810617 | 0.000000 | 0.000561 | +/- 0.000094 | +/- 0.000281
10000 | 1.6e+7 | 0.810403 | 0.000004 | 0.002064 | +/- 0.000344 | +/- 0.001032
90000 | 1.6e+7 | 0.810569 | 0.000000 | 0.000305 | +/- 0.000051 | +/- 0.000152

Analytical Calculation: We have

{0,1,0,1},

p=2

fla) = { {1,1,...,1}, otherwise

and

{0,0,1,0},

p=2

f(b) = { {0,1,...,1}, otherwise

Case p = 2: We have 2 possible pairs and 0 sufficient pair.

Case p > 2: We have p?(p* — 1) possible pairs and p? — 1 sufficient pairs.

We get v ={0,1/p3,1/p3,...} and (see section 3.3)

Pno,se =

21
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4.21

a is natural and odd, b is squarefree and odd

Experimental Data:

N |

Std.Var

0.002517
0.000493
0.002572
0.000396

: a is natural and odd, b is squarefree and odd

+/- 0.000419
+/- 0.000082
+/- 0.000429
+/- 0.000066

+/- 0.001258
+/- 0.000246
+/- 0.001286
+/- 0.000198

Analytical Calculation:

and

mean | Var |
0.406036 | 0.000006 |
0.405307 | 0.000000 |
0.405247 | 0.000007 |
0.405256 | 0.000000 |
We have
{0,1,0,1},

= {
s ={

Case p = 2: We have 4 possible pairs and 2 sufficient pairs and therefore 1/2.

{07 ]'7 O? 1}7
{1,1,...,1}, otherwise

p=2
{1,1,...,1}, otherwise

p=2

Case p > 2: We have p*p? possible pairs and p? sufficient pairs.

We get v = {1/2,1/p2,1/p3,...} and (see section 3.2)

4.22

Pno,so =

2Py

3

a is natural and odd, b is none squarefree

Experimental Data:

N

mean

Var

: a is natural and odd, b is none squarefree

Std.Var

0.712800
0.712640
0.712739
0.712760

0.000005
0.000000
0.000004
0.000000

0.002294
0.000641
0.002017
0.000362

+/- 0.000382
+/- 0.000107
+/- 0.000336
+/- 0.000060

+/- 0.001147
+/- 0.000321
+/- 0.001008
+/- 0.000181
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Analytical Calculation: We have

ﬂ@z{{QLQH, p=2

{1,1,...,1}, otherwise

2

and f(b) ={g,1,1,...} where g = (

p -1 (
1—-Pn)p?—-1

see section 4.40)

Case p = 2: We have 2(g + 3) possible pairs and 2 sufficient pairs and therefore 1/(g + 3) =

3/(3 — 4Py).

Case p > 2: We have p?(p* — 1) + gp?® possible pairs and p* — 1 + ¢ sufficient pairs.

We get v = {(3 — 4Py)/(12(1 — Py)),1/p3,1/p3,...} and (start with v = {1/p?}) and

replace 1/4 with (3 — 4Py)/(12(1 — Py))) (see section 3.1)

(0(7) = (L= 1/4)(1 - (3= 4Py)/(12(1 — Py))) 3 4Py

(9 — 8Py) Py

P, =1-
NO,SO 1—1/4

12(1 — Py)

9(1 — Py)

4.23 a is natural and odd, b is none squarefree and even

Experimental Data:

Table: a is natural and odd, b is none squarefree and even

w | N | mean | Var | Std.Var

68.3 %

I | 0.810556 | 0.000013 | 0.003549
40000 | 2e¢+6 | 0.810548 | 0.000001 | 0.000825
| | 0.811172 | 0.000014 | 0.003676
| | 0.810546 | 0.000000 | 0.000583

+/- 0.000591
+/- 0.000137
+/- 0.000613
+/- 0.000097

+/- 0.001774
+/- 0.000412
+/- 0.001838
+/- 0.000291

Analytical Calculation: We have

{1,1,...,1}, otherwise

ﬂ@z{{QLQH, p=2

and

ﬂmz{{%QL@, p=2

{d,1,...,1}, otherwise

where g = ﬁ and d = | Pl (see section 4.43).

3—2Py)p?/3—1

Case p = 2: We have 2(g + 1) possible pairs and 0 sufficient pair and therefore 0.
Case p > 2: We have dp* + p*(p® — 1) possible pairs and d + p* — 1 sufficient pairs.

We get v = {0,1/p3,1/p3,...} and (see section 3.3)

4Py

Pno,re = 3
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4.24 a is natural and odd, b is none squarefree and odd

Experimental Data:

+/- 0.001688
+/- 0.000468
+/- 0.001556
+/- 0.000278

Table: a is natural and odd, b is none squarefree and odd
w | N | mean | Var | Std.Var | 68.3 %
10000 | 2e+6 | 0.405619 | 0.000011 | 0.003377 | +/- 0.000563
40000 | 2e+6 | 0.404687 | 0.000001 | 0.000936 | +/- 0.000156
10000 | 1.6e+7 | 0.404736 | 0.000010 | 0.003111 | +/- 0.000519
90000 | 1.6e+7 | 0.405482 | 0.000000 | 0.000557 | +/- 0.000093
Analytical Calculation: We have
_ f{0,1,0,1}, »p=
fla)= { {1,1,...,1}, otherwise
and / )
_J10,1,0,1}, p=2
J(0) = { {g9,1,...,1}, otherwise
where g = - (see section 4.45).

3—4P,
Cp -1

Case p = 2: We have 4 possible pairs and 2 sufficient pairs and therefore 1/2.

Case p > 2: We have p?(p* — 1) + gp?® possible pairs and p* — 1 + ¢ sufficient pairs.

We get v = {1/2,1/p3,1/p3,...} and (see section 3.2)

4.25

Experimental Data:

N |

: a is squarefree, b is

mean |

2Py

Pno,ro = e

a is squarefree, b is squarefree

squarefree

Var | Std.Var

2e+6 | 0.531186 |
2e¢+6 | 0.530610 |
1.6e+7 | 0.531978 |
1.6e+7 | 0.530763 |

0.000042 | 0.006474
0.000012 | 0.003490
0.000039 | 0.006277
0.000004 | 0.002033

+/- 0.001079
+/- 0.000582
+/- 0.001046
+/- 0.000339

+/- 0.003237
+/- 0.001745
+/- 0.003138
+/- 0.001017
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Numerical Calculation: Since a is squarefree, a = 0 mod p? does not exist and we have

f(a) ={0,1,...,1} (see [PRE02]). We get

1
Pss=1-
w10 (=)

Calculation of the Error-Term R,: Let v = (1/(p* — 1))

1

"() <o) <N+ D, s ="V +

i—pn+1 (2Z + 1)2 B 1
- 2

and we get

1 — 1 1 1
R, = = — = ==
2 E: <2@ 2@+2) 2

:_pntl
="

Summation over the first 360 primes gives

0.5303553651 < Pgg =1 —o(y) < 0.5308540687

4.26 a is squarefree, b is squarefree and even

Experimental Data:

Table: a is squarefree, b is squarefree and even

+/- 0.000617
+/- 0.000954
+/- 0.001608

1
21+ 2

+/- 0.001851
+/- 0.002863
+/- 0.004825

w | N | mean | Var | Std.Var
10000 | 2e+6 | 0.527811 | 0.000014 | 0.003702
40000 | 2e+6 | 0.530033 | 0.000033 | 0.005726
10000 | 1.6e+7 | 0.525722 | 0.000093 | 0.009650
90000 | 1.6e+7 | 0.530206 | 0.000008 | 0.002878

+/- 0.000480

+/- 0.001439

Analytical Calculation: We have f(a) ={0,1,...,1} and

{0,0,1,0}, p=2

f(b) = { {0,1,...,1}, otherwise

Case p = 2: We have 3 possible pairs and 1 sufficient pair therefore 1/3 = 1/(p? — 1).
Case p > 2: We have (p* — 1)? possible pairs and p? — 1 sufficient pairs.

We get v = {1/(p? —1),1/(p3 —1),...} and (see section 4.25)

Pssp = Ps g
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4.27 a is squarefree, b is squarefree and odd

Experimental Data:

N |

mean

: a is squarefree, b is

2e+6 | 0.530883
2e+6 | 0.530867
1.6e+7 | 0.530831
1.6e+7 | 0.530759

+/- 0.002077
+/- 0.001166
+/- 0.002278
+/- 0.001166

Analytical Calculation:

o=

{0,1,0,1},
{0,1,...,1}, otherwise

p=2

squarefree and odd
Var | Std.Var | 68.3 %
0.000017 | 0.004155 | +/- 0.000692
0.000005 | 0.002332 | +/- 0.000389
0.000021 | 0.004556 | +/- 0.000759
0.000005 | 0.002332 | +/- 0.000389
We have f(a) ={0,1,...,1} and

Case p = 2: We have 6 possible pairs and 2 sufficient pair therefore 1/3 = 1/(p? — 1).
Case p > 2: We have (p? — 1)? possible pairs and p® — 1 sufficient pairs.

We get v = {1/(p? —1),1/(p3 —1),...} and (see section 4.25)

4.28

Experimental Data:

Table

w | N |
10000 | 2e+6 |
40000 | 2e+6 |
10000 | 1.6e+7 |
90000 | 1.6e+7 |

: a is squarefree, b is

mean |

Psso = Ps g

a is squarefree, b is none squarefree

none squarefree
Std.Var |

Var

0.000004
0.000001
0.000005
0.000000

68.3 %

+/- 0.000338
+/- 0.000142
+/- 0.000368
+/- 0.000111

+/- 0.001014
+/- 0.000426
+/- 0.001103
+/- 0.000334

Numerical Calculation:

21

9 = =Py

We have f(a) = {0,1,1,...} and f(b) = {g,1,1,...} where
(see section 4.40).

We get (p* —1)? + g(p? — 1) possible pairs, p*> — 1 sufficient pairs and v = {((1 — Py)p? —
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D/((1 = Py)pi(pi —1)....}
Let a = (1 — Py) and b = —1 then

IS
s

i —

b 1 b [ w2 2 1
Ro=(14+-) o [ ==Y
(+a>2<pn+> a |3 (2i+ 1)

i=1

Summation over the first 260 primes give

(1 — PN)p2 —1
(1 - Py)p*(p* - 1)

0.7322374064 <1 -0 ( ) < 0.7326794903

Analytical Calculation: We have
Psn =Py =PyPss+ (1 —Py)Psp

and therefore

4.29 a is squarefree, b is none squarefree and even

Experimental Data:

Table: a is squarefree, b is none squarefree and even

w | N | mean | Var | Std.Var | 68.3 % | 99.7 %
10000 | 2e+6 | 0.774317 | 0.000005 | 0.002256 | +/- 0.000376 | +/- 0.001128
40000 | 2e+6 | 0.774031 | 0.000002 | 0.001303 | +/- 0.000217 | +/- 0.000651
10000 | 1.6e+7 | 0.774928 | 0.000004 | 0.001972 | +/- 0.000329 | +/- 0.000986
90000 | 1.6e+7 | 0.774126 | 0.000000 | 0.000682 | +/- 0.000114 | +/- 0.000341

Numerical Calculation: We have f(a) = {0,1,1,...} and

_J {9,0,1,0}, p=2
1) = { {d,1,...,1}, otherwise

where g = ﬁ and d = (3725% (see section 4.43).

Case p = 2: We have 3(g+1) possible pairs and 1 sufficient pair and therefore (3—4Py)/(3(6—
4Py))
Case p > 2: We have d(p? — 1) + (p? — 1)? possible pairs and p* — 1 sufficient pairs.
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We get v = {(3—4Px)/(3(6 —4Py)), (3 —2Py)p; —3)/((3 = 2Pn)p; (b} — 1)), - } (Ru(a,d)
where a = 3 — 2Py and b = —3 see section 4.28).
Summation over the first 260 primes give

0.7766532048 < Py rp < 0.7770586546

Analytical Calculation: We have (note: Pssp = Psg)

10P, 2P 2P
Pnps = — N —NPS,S +(1— —NPS,FE)
9 3 3
and therefore
2PnN(5—3Ps )
PS;FE -

3(1 — 2Py)

4.30 a is squarefree, b is none squarefree and odd

Experimental Data:

Table: a is squarefree, b is none squarefree and odd

W N | mean | Var | Std.Var | 68.3 % | 99.7 %
10000 | 2e+6 | 0.582350 | 0.000019 | 0.004391 | +/- 0.000732 | +/- 0.002195
40000 | 2e+6 | 0.580461 | 0.000011 | 0.003261 | +/- 0.000543 | +/- 0.001630
10000 | 1.6e+7 | 0.578378 | 0.000013 | 0.003667 | +/- 0.000611 | +/- 0.001834
90000 | 1.6e+7 | 0.582240 | 0.000001 | 0.000886 | +/- 0.000148 | +/- 0.000443

Numerical Calculation: We have f(a) ={0,1,1,...} and

{07 17 07 1}a
{9,1,..

(see section 4.45).

p=2
., 1}, otherwise

R

p2—1

where § = i

Case p = 2: We have 6 possible pairs and 2 sufficient pair and therefore 1/3.
Case p > 2: We have (p? — 1)? + g(p* — 1) possible pairs and p? — 1 sufficient pairs and
1/(g+p*—1).

We get v = {1/3,((3 — 4Py)p? — 3)/((3 — 4Pyn)p?(p? — 1)),...} and (start with v/ =
{((3 —4Py)p? — 3)/((3 — 4PN)p?(p? — 1))}) and replace ((3 —4Py)4 — 3)/((3 — 4Pn)12)
with 1/3), (R,(a,b) where a = 3 — 4Py, b = —3 see section 4.28)

Summation over the first 260 primes give

0.5818668333 < Ps ro < 0.5823840943
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Analytical Calculation: We have (note: Psso = Pss)

8P, 4P, 4P,
Pnos = =N _ —NP&S (1-— —N)PSFO
9 3 3
and therefore
4PN(2 — 3P575)
Ps,0 =

3(3 — 4Py)

4.31 a is squarefree and even, b is squarefree and even

Experimental Data:

Table: a is squarefree and even, b is squarefree and even

w | N | mean | Var | Std.Var | 68.3 % | 99.7 %
10000 | 2e+6 | 0.000000 | 0.000000 | 0.000000 | +/- 0.000000 | +/- 0.000000
40000 | 2e+6 | 0.000000 | 0.000000 | 0.000000 | +/- 0.000000 | +/- 0.000000
10000 | 1.6e+7 | 0.000000 | 0.000000 | 0.000000 | +/- 0.000000 | +/- 0.000000
90000 | 1.6e+7 | 0.000000 | 0.000000 | 0.000000 | +/- 0.000000 | +/- 0.000000
Numerical Calculation: We have

[ {0,0,1,0}, p=2
fla)= { {0,1,...,1}, otherwise

and v = {1,1/(p2 —1),1/(p2 —1),...} (R, see section 4.25).
Summation over the first 360 primes gives

—0.0008902158 < Pspsp =1 — o(v) < 0.0005031794

Analytical Calculation: We have v = {1,1/(p3 — 1),1/(p3 — 1),...} and with o/ =

{1/(pf = 1),1/(p3 = 1),... }
v =1/(p? —1), B_=1/3 and C_ =1 (i.e. replace 1/3 with 1)

(1—Pss)—1/3)1—1)

—1=0
1-1/3

Pspsp=1—

A second approach:
Since all natural even squarefree numbers a are a = 2 mod 4, all sums ¢ of two even
squarefree numbers are ¢ = 0 mod 4. Therefore we get Psp sp = 0.
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4.32

Experimental Data:

mean |

a is squarefree and even, b is squarefree and odd

a is squarefree and even, b is squarefree and odd

Table:

w | N |
10000 | 2e+6 |
40000 | 2e+6 |
10000 | 1.6e+7 |
90000 | 1.6e+7 |

0.796167
0.796140
0.795775
0.796129

+/- 0.000859
+/- 0.000296
+/- 0.000792
+/- 0.000161

Numerical Calculation:

and Since

o=

Since

Var | Std.Var | 68.3 % |
0.000003 | 0.001719 | +/- 0.000286 |
0.000000 | 0.000592 | +/- 0.000099 |
0.000003 | 0.001584 | +/- 0.000264 |
0.000000 | 0.000323 | +/- 0.000054 |

{0,0,1,0}, p=2
{0,1,...,1}, otherwise
{0,1,0,1}, p=2
{0,1,...,1}, otherwise

we have v ={0,1/(p3 — 1),1/(p3 — 1), ...} (R, see section 4.25).
Summation over the first 360 primes gives

0.7958892988 < Psp 50 = Pso.sp < 0.7961498412

Analytical Calculation: We have v = {0,1/(p3 —1),1/(p3—1),...}.
v (1/(p* — 1)), B_ =1/3 (i.e. delete 1/3).

Psgso = Psose = (1—0(y)) =1

Remark 14. .

((1—Pss)—1/3) _ 3Pss
1—1/3 2

Pss = (1/9)Psg,se + (4/9)Pso.so + (4/9)Psk,so

4.33 a is squarefree and even, b is none squarefree

Experimental Data:

mean |

Var

Std.Var

a is squarefree and even, b is none squarefree

0.727558 |
0.727696 |
0.727847 |

Table:

w o N |
10000 | 2e+6 |
40000 | 2e+6 |
10000 | 1.6e+7 |
90000 | 1.6e+7 |

0.727594 |

0.000002
0.000001
0.000002
0.000000

0.001348
0.000813
0.001545
0.000327

+/- 0.000225
+/- 0.000136
+/- 0.000258
+/- 0.000055

+/- 0.000674
+/- 0.000407
+/- 0.000773
+/- 0.000164



We have Since

f(a) :{ {0,0,1,0},

{0,1,..

2
and f(b) ={g,1,1,...} where g = W
Case p = 2: We have g + 3 possible pairs and 1 sufficient pair therefore 1/(g + p? — 1).

Case p > 2: We have (p*> — 1)? + g(p? — 1) possible pairs and p? — 1 sufficient pairs.

Numerical Calculation:

p=2
., 1}, otherwise

(see section 4.40).

We get v = {((1 — Py)p? — 1)/((1 — Py)p(p? — 1),...} (see section 4.28)

Analytical Calculation: We have (note: Py sg = Py and Psgg = Pss)

Py sgp = PyPssg+ (1 — Py)Prsk

and
Pyn(1— Ps )

Prsp = P
— Py

4.34 a is squarefree and even, b none squarefree and even

Experimental Data:

Table: a is squarefree and even, b is none squarefree and even
Wl N | mean | Var | Std.Var | 68.3 % | 99.7 %
10000 | 2e+6 | 0.681475 | 0.000000 | 0.000703 | +/- 0.000117 | +/- 0.000352
40000 | 2e+6 | 0.681488 | 0.000000 | 0.000254 | +/- 0.000042 | +/- 0.000127
10000 | 1.6e+7 | 0.681592 | 0.000000 | 0.000634 | +/- 0.000106 | +/- 0.000317
90000 | 1.6e+7 | 0.681453 | 0.000000 | 0.000146 | +/- 0.000024 | +/- 0.000073
Numerical Calculation: We have
_ [ {0010}, p=
fla) = { {0,1,...,1}, otherwise
and ( )
_ ga07170 ) p:2
F(b) = { {d,1,...,1}, otherwise

where g = % and d = ( -1

APy By A1 (see section 4.43).

Case P = 2: We have g + 1 possible pairs and 1 sufficient pair and therefore 1/(g + 1).

Case p > 2: We have d(p* — 1) + (p*> — 1)? possible pairs and p? — 1 sufficient pairs and
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therefore 1/(d + p* — 1).

We get v = {(9—8Py)/((3—2pN)12), (3—2Px)p; —3)/((3—2Pn)p; (p; —1)), ... } (Rn(a,d)
where a = 3 — 2Py, b = —3 see section 4.28)
Summation over the first 260 primes give

0.6894892439 < Psp rp < 0.689970712

Analytical Calculation: We have (note: Pygsp = 2Py /3 and Psp sp = 0)

2P 2P
Pnese = TN se,se + (1 — TN)PSE,FE
and op
P - N
SEFE = 3 5p-

4.35 a is squarefree and even, b is none squarefree and odd

Experimental Data:

Table: a is squarefree and even, b is none squarefree and odd

w | N | mean | Var | Std.Var | 68.3 % | 99.7 %
10000 | 2e+6 | 0.872742 | 0.000005 | 0.002243 | +/- 0.000374 | +/- 0.001121
40000 | 2e+6 | 0.872748 | 0.000001 | 0.001029 | +/- 0.000172 | +/- 0.000515
10000 | 1.6e+7 | 0.872592 | 0.000005 | 0.002340 | +/- 0.000390 | +/- 0.001170
90000 | 1.6e+7 | 0.872565 | 0.000000 | 0.000619 | +/- 0.000103 | +/- 0.000309

Numerical Calculation: We have

f<a):{ {0,0,1,0}, p=

{0,1,...,1}, otherwise

and ( \
_ /10, L,0,1;,  p=2
Fb) = { {g,1,...,1}, otherwise
where g = -1 — (see section 4.45).

3—4P,
Cp -1

Case P = 2: We have 2 possible pairs and 0 sufficient pair and therefore 0.
Case p > 2: We have g(p* — 1) + (p* — 1)? possible pairs and p? — 1 sufficient pairs and
therefore 1/(g + p* — 1).
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We get 7' = {((3 — 4Py)p; —1)/((3 — 4Pn)p; (p})?). ... } and B_ = ((3 —4Py) —3)/((3 —
4Pn)12) (R, (a,b) where a = 3 — 4Py, b = —1 see section 4.28)
Summation over the first 360 primes five

0.8731328127 < Psp ro < 0.8733692493

Analytical Calculation: We have (note: Psgr = Py(1 — Pss)/(1 — Py) and Psg rrp =
2Py /(3 —2Py))
3— 2PN 3 — 4PN

—P — P
6(1— Py) SE,FE 6(1— PN) SE,FO

Pspp =

and
QPN(2 — 3P575)

3 — 4Py

Psg ro =

4.36 a is squarefree and odd, b is squarefree and odd

Experimental Data:

Table: a is squarefree and odd, b is squarefree and odd

w | N | mean | Var | Std.Var | 68.3 % | 99.7 %
10000 | 2e+6 | 0.398914 | 0.000005 | 0.002163 | +/- 0.000360 | +/- 0.001081
40000 | 2e+6 | 0.398166 | 0.000000 | 0.000590 | +/- 0.000098 | +/- 0.000295
10000 | 1.6e+7 | 0.398308 | 0.000005 | 0.002273 | +/- 0.000379 | +/- 0.001136
90000 | 1.6e+7 | 0.398081 | 0.000000 | 0.000367 | +/- 0.000061 | +/- 0.000183

Numerical Calculation: Since

fla) = f(b) = { %g, Lo, p=2

Y

..., 1}, otherwise

, we have v = {1/2,1/(p5 — 1),1/(p3 — 1),...} (R, see section 4.25).

Summation over the first 360 primes gives

0.3975903312 < Pso 50 < 0.3982051918

Analytical Calculation: We have v = {1/2,1/(p3 —1),1/(p2 —1),...}.
v (1/(p* — 1)), B- =1/3 and C_ = 1/2 (i.e. replace 1/3 with 1/2).

((1—Pss)—1/3)(1—1/2)
1-1/3

_ 3Psg
4

Pgo}sozl—g(’y,):l— —1/2
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4.37 a is squarefree and odd, b is none squarefree

Experimental Data:

N |

: a is squarefree and odd, b is none squarefree

+/- 0.000960
+/- 0.000401
+/- 0.001249
+/- 0.000238

Numerical Calculation:

and f(b) ={g,1,1,...} where g = (

p*—1 (
1—Py)p%—1

mean | Var | Std.Var | 68.3 %
0.727450 | 0.000004 | 0.001920 | +/- 0.000320
0.727774 | 0.000001 | 0.000801 | +/- 0.000134
0.727456 | 0.000006 | 0.002498 | +/- 0.000416
0.727673 | 0.000000 | 0.000477 | +/- 0.000079
We have
B ~ f{0,1,0,1}, p=2
fla) = f(b) = { {0,1,...,1}, otherwise

see section 4.40).

Case p = 2: We have g + 3 possible pairs and 1 sufficient pair therefore 1/(g + p* — 1).
Case p > 2: We have (p*> — 1)? + g(p? — 1) possible pairs and p? — 1 sufficient pairs.

We get v = {((1 — Px)p? — 1)/((1 — Px)p3(p? — 1),...} (see section 4.28)

Analytical Calculation:

2PN Psr/3)

and

4.38

a is squarefree and odd, b is none squarefree and

Ps p =

Experimental Data:

N

mean

Py N 2Py
3 TSEF 3 1SOF
_ Pyn(1— Psg)
SO,F 1 — Py

Var

Std.Var

: a is squarefree and odd, b is none squarefree and

We have (note: Psp = Py(l — Psgs)/(1 — Py) and Psgpp =

even

0.820447
0.820608
0.820581
0.820294

0.000002
0.000000
0.000002
0.000000

0.001497
0.000701
0.001576
0.000462

.000250
.000117
.000263
.000077

+/- 0.000749
+/- 0.000350
+/- 0.000788
+/- 0.000231



Numerical Calculation: We have

e [ {0,1,0,1},  p=2
fla) = f(b) = { {0,1,...,1}, otherwise

and / \
_J 19,0,1,0;,  p=2
Fb) = { {d,1,...,1}, otherwise

where g = ﬁ and d = ¢ Pl (see section 4.43).

3—2Py)p?/3—1

Case p = 2: We have 2¢g + 2 possible pairs and 0 sufficient pairs and therefore 0.
Case p > 2: We have d(p? — 1) + (p* — 1)? possible pairs and p? — 1 sufficient pairs.

We get v = {0, ((3—2Px)p? —3)/((3 —2PN)p?(p? — 1)), ...} (Rn(a,b) where a = 3 — 2Py,
b = —3 see section 4.28)

Summation over the first 260 primes give

0.8202351854 < Pso rr < 0.8206026258

Analytical Calculation: We have (note: Pngso = 4Py /3 and Psg so = 3Pss/2)

2P, 2P,
Pngso = TNPSE,SO +(1— TN)PSO,FE
and
b Py(4-3Psg)
SO.FE 3 2Py

4.39 a is squarefree and odd, b is none squarefree and odd

Experimental Data:

Table: a is squarefree and odd, b is none squarefree and odd

w o N | mean | Var | Std.Var | 68.3 % | 99.7 Y%
10000 | 2e+6 | 0.436369 | 0.000004 | 0.002024 | +/- 0.000337 | +/- 0.001012
40000 | 2e+6 | 0.436217 | 0.000001 | 0.001087 | +/- 0.000181 | +/- 0.000544
10000 | 1.6e+7 | 0.436206 | 0.000003 | 0.001663 | +/- 0.000277 | +/- 0.000831
90000 | 1.6e+7 | 0.436393 | 0.000000 | 0.000543 | +/- 0.000091 | +/- 0.000272
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Numerical Calculation: We have

{07 17 07 1}7

r=sm={ oy
and 0,1,0,1
o= )
where g = S ) S (see section 4.45).

3—4P,
Cp -1

Case P = 2: We have 4 possible pairs and 2 sufficient pair and therefore 1/2.

p=2
., 1}, otherwise

p=2
..., 1}, otherwise

Case p > 2: We have g(p* — 1) + (p*> — 1)? possible pairs and p? — 1 sufficient pairs and

therefore 1/(g + p* — 1).

We get 7' = {1/2,((3—4Pn)p; —3)/((3—4PN)p; (p; —1)), ..

b = —3 see section 4.28)
Summation over the first 260 primes give

0.4362711899 < Pso ro < 0.4368743826

.} (Rn(a,b) where a = 3— 4Py,

Analytical Calculation: We have (note: Pnoso = 2Py /3 and Pso so = 3Pss/4))

4P 3—4P,
Pno,so = TNPSO,SO + al
and
b Pn(2-3Psy)
S0,FO 3 4Py

Pso ro

4.40 a is none squarefree, b is none squarefree

Experimental Data:

Table: a is none squarefree, b is none squarefree

w | N | mean | Var

Std.Var

| | 0.423864 | 0.000037
| | 0.423737 | 0.000010
10000 | 1.6e+7 | 0.422072 | 0.000012
| | 0.422254 | 0.000005

0.006100
0.003151
0.003405
0.002146

+/- 0.001017
+/- 0.000525
+/- 0.000568
+/- 0.000358

+/- 0.003050
+/- 0.001576
+/- 0.001703
+/- 0.001073

36



Numerical Calculation: We have f(a) = {g,1,1,...} where g = u_f@;ﬁ.

Since for natural numbers f(a) = {1,...,1} and for squarefree numbers f(a) = {0,1,...,1}
we can calculate the remainder distribution of the none squarefree numbers. Let f(0) := ¢/,

f(m):=d, 0 <m < p and we have:

(1—Pyn)g =1/p°

and
1/p* = Py/(p* = 1) + (1 - Py)d
Calculate the ratio ¢’/d and set d = 1:

(1= Py)p*(p*—1)
q p*—1

T d T 0Py —1
. Finally we get
fla) ={g,1,...,1}

The number off all sufficient pairs is: ¢g? + (p?> — 1) and the number of all possible pairs is
(g + (p* — 1))? and therefore

(1= Pn)*p? +2Py —1
(1 — Px)?pi(pf — 1)

Vi =

and

Prr=1—-o0 ((1 — Py)’p* + 2Py — 1)

(1= Pn)p*(p* — 1)
Calculation of R,,:
Leta:(l—PN)2 andszPN—lz

o0 2 o0 o0 o0 o0
ap? +b 1 b b b 1 b 1
E —ZE - E - ) =(1+4-= E 2N
ap?(p? — 1) pr—1 - (a(p? —1) ap? *a ;-1

1=1 =1 i=1

and therefore

b 1 2 2 1
R,=(1+2)—— | — — S
(+a> 2(p, + 1) 8 Z(?z+1)2

Summation over the first 160 primes gives

0.4257533714 < Ppr < 0.4267550866
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PN(l—PS,S))

Analytical Calculation: Py

We have (note: Pgp =

Pyn = PyPss+2Px(1— Py)Psp + (1 — Py)*Prr

and
p _PN(l—ZPN+PNPS7s)
4.41 a is none squarefree, b is none squarefree and even

Experimental Data:

Table: a is none squarefree, b is none squarefree and even

w o N | mean | Var | Std.Var | 68.3 % | 99.7 %
10000 | 2e+6 | 0.347094 | 0.000030 | 0.005467 | +/- 0.000911 | +/- 0.002733
40000 | 2e+6 | 0.351240 | 0.000003 | 0.001749 | +/- 0.000291 | +/- 0.000874
10000 | 1.6e+7 | 0.352394 | 0.000090 | 0.009494 | +/- 0.001582 | +/- 0.004747
90000 | 1.6e+7 | 0.352690 | 0.000006 | 0.002535 | +/- 0.000423 | +/- 0.001268
Analytical Calculation: We have (note: Pygp = % and Psp p = %PPNS’S))

2Py 3—2Py
Pypr=——PFPspr+ ———PFPrre
3 3
and
Pn(9 — 16PN + 6Py Pss)
Prrp =
3(1 - Py)(3—2Py)

4.42 a is none squarefree, b is none squarefree and odd
Experimental Data:
Table: a is none squarefree, b is none squarefree and odd

w | N | mean | Var | Std.Var | 68.3 % | 99.7 %
10000 | 2e+6 | 0.650142 | 0.000076 | 0.008715 | +/- 0.001452 | +/- 0.004357
40000 | 2e+6 | 0.646808 | 0.000007 | 0.002702 | +/- 0.000450 | +/- 0.001351
10000 | 1.6e+7 | 0.648811 | 0.000027 | 0.005180 | +/- 0.000863 | +/- 0.002590
90000 | 1.6e+7 | 0.648515 | 0.000004 | 0.002012 | +/- 0.000335 | +/- 0.001006
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Analytical Calculation: We have (note: Pyorp = % and Pso p = %}W)
4P 3—4P
Pnor = TN 50, F + 3 NPF,FO

and
B Pn(9—20Py + 12PyPss)

Prro =
mro 3(3— 4Py)(1 — Py)

4.43 a is none squarefree and even, b is none squarefree and even
Experimental Data:

Table: a is none squarefree and even, b is none squarefree and even

w o N | mean | Var | Std.Var | 68.3 % | 99.7 Y%
10000 2e+6 0.218044 | 0.000089 0.009416 +/- 0.001569 | +/- 0.004708
40000 2e+6 0.216811 | 0.000007 0.002647 +/- 0.000441 | +/- 0.001323

| I | |
| | I I

10000 | 1.6e+7 | 0.210961 | 0.000020 | 0.004489 | +/- 0.000748 | +/- 0.002244
| | 0.215647 | 0.000001 | 0.001203 | +/- 0.000200 | +/- 0.000601

Numerical Calculation: We have

_J {9:0,1,0}, p=
fa) = { {d,1,...,1}, otherwise

— _3 —_ p1
where g = vy and d = EECTurEm

Since, for natural even number is

O

..., 1}, otherwise

, for squarefree even numbers is

[ {0,0,1,0}, p=2
fla)= { {0,1,...,1}, otherwise

and for even none squarefree numbers is

_J {4".0,4,0}, p=2
fla) = { {d,1,...,1}, otherwise

First we calculate d. We have k = (2/3)Py, k' =1 — k,

!/
—=p2_1+/<ad
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and therefore d = (p?> — 1)/(k'p* — 1) and

p—1
(1— 2 )2 —1

d:

Next we calculate the ratio ¢” : ¢’. Observe that all numbers @ = 0 mod 4 are none
squarefree, but not all numbers a = 2 mod 4 are squarefree. Therefore we have

]'_ /,1_ "
2—’f"‘g ; 2—9
and ¢" : ¢’ = =5 1, )
g 3
¢  3—4Py

and we get (Note, (sufficient pairs) : (possible pairs) is (¢”? + ¢"%) : (¢" + ¢')?)

/:{1+<1_(4/3>PN)2 (1—2Py)’p} + 3Py —1 } i=2,3
41— (2/3)Py)? " (1—2Py)%p2(pi—1) ; 3,

(1-2Py)?p 4pN 1 . _ 4(1-2Py)%44PN-1 _
With ~ = { (l_gp )sz 1) ,...}, 1= 1,2,..., B_ = 1‘;(1_%13]3)2 =: fy and C_ =
1+(1-(4/3)Py)? PN)

-3y = P2 we get

Prprp=1-— o) _1 %2(11 —B) o

Summation over the first 260 primes gives:

0.2146142543 < Ppp pr < 0.2155672963

Analytical Calculation: We have (note: Psg pp = 3312:?’1\7)
2P 3—2P,
Pyere = TNPSE FE + TNPFE,FE
and
P B 2PN(3 — 4PN)

4.44 a is none squarefree and even, b is none squarefree and odd

Experimental Data:
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: a is none squarefree and even, b is none squarefree and odd

W N | mean | Var | Std.Var | 68.3 % | 99.7 %
10000 | 2e+6 | 0.769814 | 0.000009 | 0.003021 | +/- 0.000504 | +/- 0.001511
40000 | 2e+6 | 0.768051 | 0.000006 | 0.002381 | +/- 0.000397 | +/- 0.001190
10000 | 1.6e+7 | 0.767217 | 0.000009 | 0.003041 | +/- 0.000507 | +/- 0.001521
90000 | 1.6e+7 | 0.768070 | 0.000002 | 0.001384 | +/- 0.000231 | +/- 0.000692
Analytical Calculation: We have (note: Pppp = PN:g?:gij)V(;ﬁg%i)s’S) and Ppprp =
2PN (3—4Py)
(3—2Py)? )
3— 2PN 3 — 4lDN
P = "~ P - A p
F.FE 6(1— Py) FE,FE 6(1— Py) FE,FO
and
p . 12PN(1—2PN—|—PNPS73)
FEFO = T3 2 2Py)(3 — 4Py)
4.45 a is none squarefree and odd, b is none squarefree and odd

Experimental Data:

Table: a is none squarefree and odd, b is none squarefree and odd

w | N | mean | Var | Std.Var | 68.3 % | 99.7 %
10000 | 2e+6 | 0.270936 | 0.000023 | 0.004808 | +/- 0.000801 | +/- 0.002404
40000 | 2e+6 | 0.271267 | 0.000001 | 0.001081 | +/- 0.000180 | +/- 0.000540
10000 | 1.6e+7 | 0.275794 | 0.000008 | 0.002863 | +/- 0.000477 | +/- 0.001432
90000 | 1.6e+7 | 0.272264 | 0.000001 | 0.001023 | +/- 0.000171 | +/- 0.000512
Numerical Calculation: We have

. [ {0,1,0,1}, p=2
fla) = f(b) = { {g9,1,...,1}, otherwise

2—1
where g = —b——.
( 3 ot )p271
Since for natural odd number is

p=2
otherwise

{ {0,1,0,1},
{1,1,...,1},
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, for squarefree odd numbers is

~f {0,1,0,1}, p=2
fla)= { {0,1,...,1}, otherwise

and for even none squarefree numbers is

f(a)_{ {0,1,0,1}, p=2

{g,1,...,1}, otherwise

Set k = (4/3) Py (see Pyo) and ' = 1 — k we get (same calculation as for Pp r)

(1—3Pn)*p}+5Py—1 93
[ ap 222 —1) S =2,0,...
( 3 N)pz(pz )

v = {1/27

. [ (-4PN)?p2+EPN-1 . _4Q-2pPN)*+EPy-1 .
With v = { (1E%PN)2P?(§7$*1) ,...}, 1 =1,2,..., B_ = 13(17%1)]3)2 =: f; and C_ =

1/2 =: By we get
(0(y) = A1) = 5s)
L=5

— P2

Proro =1~
Summation over the first 260 primes gives:

0.2757437889 < Pro ro < 0.2775894378

Analytical Calculation: We have (note: Pso ro = %}i’;ﬁw))
4P 3—4P,
Pno,ro = TNPSO,FO + 5 NPFO,FO
and
b 2Py(3 =8Py +6PyPss)
FO,FO (3= 4Py)?
References

[PRE02] H. Preininger, Distribution of the Residues and Cycle Counting, 2017,
http://vixra.org/pdf/1705.0289v1.pdf

42



