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Abstract : In this paper, we are going to give the proof of the Goldbach conjecture by
introducing the lemma which implies Goldbach conjecture. first of all we are going to prove
that the lemma implies Goldbach conjecture and in the following we are going to prove the
validity of the lemma by using Chébotarev-Artin theorem’s, Mertens formula and the Principle
of inclusion - exclusion of Moivre.

1 Introduction

The Goldbach conjecture was introduced in 1742 and has never been proven though it has
been verified by computers for all numbers up to 19 digits.
It states that all, even numbers above two are the sum of two prime numbers. All studies
on Goldbach conjecture have failed.So we are going to give a complete proof of Goldbach
conjecture.

1.1  Principle of the Demonstration

Let n an even integer such as above 20 and denote by C,, the set of the composite integers of
fm:C, — n-0C,

m — n—m
Denote by G,, the subsect of n — C,, consisting of prime numbers and G/, that of composite
numbers we have n — C,, = G,, UG/, .Let P, the set of prime numbers less than or equal to n .
Let

[1,n—1] to what we add 1 and let f,, be the bijective mapping such that :

d(n) = card(G,), a(n) = card(P,\G,),II(n) = card(P,)

then II(n) = 6(n) + a(n) ,obviously «(n) represents the number of ways to write n as the sum
of two primes

1.2 Lemma 1

Vn € N, we have P,\G,, # 0
As we said we are going to give later the proof the lemma 1 .Without loss of generality
,suppose that the lemma 1 is true then we have :
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1.3 Lemma 2

Vp € P,\G,, ,we have n —p € P,

1.4 Proof of lemma 2

Let n be an even integer above 20 , and suppose that n-p is not prime, then
n—peC,

, as
p=n—(n—p)
hence
p€G,

The lemma is thus proven .
Observe that each integer m € C,, such that m > 4 has at least one prime divisor p < /n .
Let P< m = {p1,p2, ..., pr} where py = 2,py = 3,...p, = max(P< 5).
Moreover, remembering that
C.= | 4ypu{1}

PEP< /022

where

Asp, = {2p,3p,4p, ....... (L;J)p}

. We notice that Ay, is an arithmetic sequence of first term 2p and reason p .
So
PEP< /702

As

fn(Agpy) = {n—2p,n—3p,n—4p, ....... n— ngp} ={n— \_%Jp, n—(LgJ—l)p ...... ,n—4p,n—3p,n—2p}

Then f,(As,) is an arithmetic sequence of first term n — L%jp and reason p .
We will evaluate the quantity of prime numbers in Upepgﬁ’ng fn(Agp)
by applying the principle -exclusion of Moivre and Chébotarev -Artin theorem in each f,(As,)

in the case where pfn

2  Chebotarev-Artin ’s Theorem

Let a,b > 0 such that ged(a,b) = 1,II(X,a,b) = card(p < X,p = a[b]) then Je > 0 such

that TI(X, a,b) = 2550 + O(cX eV X)
The prime number theorem states that L;(X) ~,. II(X) so

(X, a,b) = % + O(eXe VinX)

3 corollary

Let a,b > 0 such that ged(a,b) = 1,II(X,a,b) = card(p < X,p = a[b]) then e > 0 such
that

H(X,a,b)_ 1 cln eim
0x) g X
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From probabilistic point of view, the probability of prime numbers less than or equal to X in
an arithmetic progression of reason b and of the first term has such that ged(a,b) = 1 is worth

ﬁ + Ofeln Xe VnX) for X large enough .In the following we will justify the application of
Chebotein-Artin’s theorem for sets ﬂ?zl,pij P fn(Agpij)
for 1 <iy <9< ... < 1

3.1 Remarks

It is obvious to note that for k > 2, | |?:1 P €P< fn(AZpij) is the set of multiples of | |§_1 Di;
R <n =
which allows us to write

k k
n
N fAy)={n—m]]pl<m<|Z—]
J=lpi;€P. /x j=2 Hj:g ij

This set is an arithmetic sequence of reason H?:z pi, and first term n — LH"n . | H;?:Q Pi; -
‘ i=2Pi;

The hypothesis of application of Chebotarev-Artin’s theorem will be justified if and only if
ged(2 H?:z i H;LQ pi; +n) =1 which is the case if H;?:Q pi; {n

4 Demonstration of Goldbach ’s conjecture

4.1 Theorem

Let n an even integer be arbitrarily large ,
a(n) = card(P,\G,)

the numbers of way to write n in sum of two prime numbers ,

vn e
p(p —2) p—1
on (p—1)? 11 p—
p=3 p=3.p|n
dng such that Vn > ng
Bull(n)
>
a(n) 2 2Inn
4.2 Useful Lemma
Let aq,aq, ...... a, be r numbers then

1 1 (1) a1

1— E —+ ) — 1+ — 7 = B

- a; T Z ;a4 + + a1as....ay H a;
i=1 1<i<y<r

4.3 Proof

Let us consider the polynomial :P(X) = []'_, (X — ) from the coefficient-root relations

. r (_1)er—k
PR)=X"2 2 g
k=1 1<i1<i2<....<ip <r J=1 "1

taking X =1, the lemma is thus proved.
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4.4 Proof of Theorem

According to the principle of inclusion -exclusion of Moivre we have :

T k

o( U fa(Azp) = Z(_Dk Z o( m fn(A2pij)

PEP< /m:p>3,pin k=2 2<i2<i3<.... < <r J=2,pi; e’PSﬁ,pijm

oll p represents the probability of prime numbers so

5(”) - ¢n—1

Q(n - (Cn\n - 1) = Q( U fn<A2p)) = H(n)

. where ,,_; = 1,0 according to n-1 is prime or not According to Chebotarev’s theorem -Artin :
Vk > 2

k
1
o( fn(Agp, ) = ————— + h(n)
j2’pij€Q\/ﬁvPiﬁ" " ¢(H§:2pij>
Vi > 2 , .
Q(fn(A%i,pﬁn)) = m - H(n)l h(n>

where 1,,_,, = 1,0 depending on whether n — p; is a prime number or not
with h(n) = O(cln(n)e~ VM)

Thus
5(”) - wnfl o

i (1"

%
k= k=2 2<in<iz<...<ix<r Hj:2(pij —1).pi; tn

Noting that Y, _,¥,_p, = a(r) and applying the useful lemma, we have :

6(”) — wn—l _
II(n)

a(r) T 2)
1

As d(n) =T(n) — a(n) et r = max(i|p; < 4/n) hence
o(n) — a(vm) =Ti(m) [ 223~ Tn)h(n) — s

In the following we will apply the Mertens’ theorem to evaluate ¢, = Hp 3 pin p 2 .

As s
np—2 p—2 2 Vo p—2 2
o2 12211
p= p= 3Mn p 3p|n
hence
H p— 2fp—1
2
p= 3p|n 3P
Mertens formula is written
1 e 7 1
1—-)=—(1 —
[[0-2) = {0+ 06

p<n
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therefore . - .
-
1—-)= —
(1=2) = 11+ Ol)
p<vn
Let’s put
(n) ﬁp(p 2) ﬁ p ﬁp 2
Co =
s p=12 e =1 ap—1
hence
v 1 Ve p—1
Cn=2c(n) | |(1—-) —
p=2 p p:3’p|np_
From the previous part
Jn
deo(n)e 1 p—1
cn(n) = nn ( Q(m)) m
p= 7p‘77/
_ vn
dey(n)e™ p—1 p—1 1
— =1I —h
() — a(vm) = He[=2"— T] 2= —hm +O( I 2=
p=3,p|n p=3,p|n
Let
v -1
5n—02(n) m
p:37p|n

and noting that |W\nﬁ+w — 0
then dng Vn > nyg

- | -2
nn p:37p|np
Vn > ng
e(n)I(n) 11 p—1
a(n) > a(n) — a(vi) > 20 o
p=3,p|n

4.5 proof of lemma 1

According to the theorem the lemma is proven asymptotically .by computing we can conclude
and for an even integer given the pairwise of Goldbach prime is (p,n — p) where p € P,\G,
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