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Abstract

Attempting to abstract exterior derivative and Hodge star operator, we discuss two number
systems sketchily.

1 Introduction

Trying to abstract exterior derivative (d) and Hodge star operator (x) , we deal with them as if
they were mere mathematical symbols. In other words, we intentionally forget the well-known
and/or minute roles they play in the field of physics for the moment. We frequently use @ and = -

inspired T symbol ¢. 2 These symbols are usually considered to be noninterchangeable. ¥ In the
meantime, we come up with two number systems, which we tentatively call ‘trinion (z,)’ and
‘heptanion (h,)’.

2 Taking a cursory look at 7,’s and /,’s

21 1’s

At the outset, we make some definitions.
Definition 2.1.1. (d-d =dd =)d*> =02, 3].
Definition 2.12. (0-0=00=)0% = +1,and (O-0-0- 0 = 0000 =)0% = 1.
Definition 2.1.3. i = &00dO, whereas j t= 0dOO0.

a4

t,’s are a number system whose basis elements are 1, i, j. In addition,

Definition 2.1.4. t.( tesp: f,) t== a+bi+cj( tesp: a—bi—cj), where a, b, c belong to the sef

* Protein Science Society of Japan

'We were inspired by the relation %% w = (—1)¥""® . See, e.g., [1], in which the author employs the symbol *
instead of %, however.

2See 5.1 for details about the origin of o.

3For instance, ©d is regarded as distinct from d<. But what if we accepted interchangeability? See 5.2.

“4In what follows, - denotes multiplication and is often omitted.
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of real numbers (R ).

The set of #,’s is denoted by T,. Sc¢ (z,) and Vec (¢,) stand for a and bi + cj, respectively. And we
immediately get the following.

i-i=5000do - 000do = OOOdOOOOdD = COOd - OO - dO = COOd - Ot - dO
= B8000d-1-do =000ddo =000-d*- 0= 2000-0-0=0.

Likewise, j- j = 0dOOO - 0dOO0 =0, j = 000dO - 0dOO00 =0, j-i=0do00-000dO =0.
We thus get the table below.

Table 1. Multiplication table of f,’s ¥

ol o ~. |~
O O~ |~.

x |1
1|1
i|i
J1J

Having managed to get the table above without explicit reference to the so-called physics, we wish
to remember it and raise a question.

Question 2.1.5. Do t,’s have physical implications? ?

22 h’s

We forget physics again and consider a basis e, ..., g corresponding to basis elements 1, i, ..., m,
n, respectively. Using the above-mentioned symbols d and ¢, we define the following.

Definition2.2.1. i ==, j i=d, k ==30d, € = dO,m = Od<O,and n = dod.

h,’s are a number system whose basis elements are 1, i, j, k, £, m, n. The set of h,’s is denoted by
]H[e-

Definition 2.2.2. ‘%-rule’ is as follows: Consider the set {i, j, k, £, m, n} and its subsef which
contains at most two elements. We then make some noninterchangeable products consisting of at
most two elements chosen from its complement . Exponentiation of each element is acceptable.

Such procedures are indicated by endowing the product coming from the subsef we considered
with subscript *.

To pap’s, or products of e, and ep, (1 < a, b < 6) which are other than 0, =1, +j, +k, and +¢, we
apply the above ‘x-rule’ as needed. ™

Example 2.2.3. We can derive 3, m*n°, n, and so on from i Jx, which comes from the subsef

3See Def. 2.1.3.

6See Def. 2.1.2.

"See Def. 2.1.1.

8For a somewhat similar system of numbers, see [4], in which > = j> = -1, and ij = ji = 0.
By the way, *d = turl [3].

' The reader is invited to compare footnote 13 with footnote 15.
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L
Then, the relations below follow, to name a few.
por=ep-e1=1-i=i,pp=ej-er=i-j= 2o-d=0d="Lk,
pz=e3-e3=k-k= B od-od= 0dod="5 &-dod (resp; 0doO-d) = B in ( resp: mj).

Computing the remainder of p,;’s (0 < a, b < 6), we get the following.

Table 2. Multiplication table of &, ’s

X |1 i j k ¢ m n
1|1 i j k ¢ m n
PP o+l k +] m +0 | k*/mj
il ¢ 0 n 0 |&/ni| 0

k | k m 0 infmj | 0 it? 0

e 6] +j n 0 |jm/ni| 0 Jjk?
m|m| =k | in/k*>] 0 ki 0 k>
nln | jm/e? 0 % 0 2 0

After intermittent oblivion of physics, we wish to raise another question.

Question 2.2.4. Do h,’s have physical implications? ™

3 Some (attempted) calculations
31 t’s

First, we would like to know whether ¢#,’s are commufafive under multiplication . Let #,, t,2
= T, be given by

11 =a1 +b1i+C1j,
trp = ax+bri+caj, ai, az, by, by, c1, c2 B R.

Then,

"Untenable are iji, kim, and so forth, though for example, nmn can become mnn = mn?, which is found to be deriv-
able from ij, , if we accept interchangeability temporarily.

12See Def. 2.2.1.

31n this simple case, we virtually ignore ‘x-rule’, since we only need to reference Def. 2.2.1 to replace &d by k.

14See Def. 2.2.1.

SThings being a bit complicated in this case, products tantamount to k- k = k> = ©d<d include O -d - & -d, Od - -d,
O-do-d,0-d-0d, 0d-od, OdO -d, and & -dod, which correspond to i-j-i-j, k-i-j,i-€-j,i-j-k, k-k,m- j, and
zhn respectively. So we try being amenable to k2, which comes from the subsef {k}, to prune away the first five of
these.

16See Def. 2.2.1.

ncidentally, «dx = div [3].
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tr1-tp =(ar+bii+cyj)-(a2+bri+caj)
=ay-(ay+bri+crj)+bii-(ax+bri+crj)+c1j-(ay+bri+caj)
=ajax+a1byi+aicyj+briay +bibyi+byico j+ ¢y jar + ¢y jbai+cy jea j
=aiap +a1b2i+a1czj+a2b1i+ blbzii+b1C2ij+a261j+bzclji+C1C2jj
= 8 alaz+a1b2i+a1c2j+a2b1i+b1b2~O+blcz-0+a2c1j+b261 ~O+C1Cz-0
=aiay+a1bri+ajcrj+arbii+axcyj
=ajay+(aiby+asby)i+(ajca+axcy)j, (D
and
-ty = (a2 +bai+caj)-(ar+bri+cyj)
= az-(al +b1i+61j)+b2i-(a1 +b1i+61j)+6‘2j~(al +b1i+C1j)
= ajzai +a2b1i+a2c1j+b2ia1 +b2ib1i+b2iC|j+C2ja1 +Czjb|i+C2jC]j
=aiay +axbii+axcij+aibyi+b1byii+byciij+ajcrj+bicrji+cicrjj
=0 a1a2+a2b1i+a2c1j+a1b2i+b1b2-O+b201 -0+611C2j+b102-0+C162-0
=aiap +a2b1i+a201j+a1b2i+a102j
=ajax+(a1by +azby)i+(ajca+axcy)j. 2)
Since (1) = (2), t,’s are commufafive under multiplication . Next, what about |t,|>? We recall the
square of |z[, the modulus of complex number , which equals v - 72 = 7 - v, where v (resp; 2)
=a+bli(respia-bi),a,b & R ,and i===1. In the case of 1,’s,
ty-f, = (a+bi+cj)-(a—bi—cj)=a-(a—bi—cj)+bi-(a—bi—cj)+cj-(a—bi—cj)
= a® — abi - acj + bia — bibi - bic j + cja - c jbi - c jc j
= a? —abi—acj+ abi— bbii —bcij+acj—be ji—ccjj
= 4?2 —abi—acj+abi—bb-0—bc-0+acj—bc-0—cc-0
=q2. 3)
We also compute 7, - t,, though it should equal ¢, - 7,, since t,’s have been shown to be commnfative
under multiplication . Sure enough,
it,= 2 (a—bi—cj)-(a+bi+cj)=a-(a+bi+cj)—bi-(a+bi+cj)—cj-(a+bi+cj)
= a? + abi + ac j — bia — bibi — bic j — ¢ ja — c jbi — c jcj
= a? +abi + acj— abi — bbii —bcij—acj— be ji—ccjj
= B @?+abi+acj—abi—bb-0—bc-0—acj—bc-0—cc-0
=a’, “4)
which amounts to (3). Hence, [t,]> = 1, - f; = i, - t, = a*>. What about multiplicative inverse %, then?

We would like to be so careful again that we compute it in two ways and expect both to coincide.

18See Table 1.
Ditto.

20See Def. 2.1.4.
2ISee Table 1.
22See Def. 2.1.4.
23See Table 1.
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| A |
1 _ 1 1-(a—-bi—c)) a—-bi—cj _a-bi-cj _ a—=bi—cj _ t (5)

I, — a+bitcj _ (a+bitc)) -(a=bi—cj) — (a+tbitc)) -@=bi—cj) _ _ ird, 2 a2
And
A 2
1_ 1 _ (a—bi—cj) -1 _ a—-bi—cj _a-bi-cj _ a—bi—cj _ I (6)
t, — a+bi+cj — (a—bi—cj)-(a+bi+cj) ~ (a-bi—cj) - (a+bi+cj) ~— ity a2 a’’

As expected, (5) = (6). Hence, % = ;;’2 (a & RY).

3.2 h.’s

We let two elements h,1, h,o € H, be given by
hel = a; +b1i+c1j+d1k+elf+f1m+g1n,
hez =ap+ bzi + Czj+ d2k+ €2f+f2m + gon,
ai, az, by, by, c1, 2, dy, dy, ey, ez, f1, 2, 81, &2 € K.
But since there are indefinite elements such as +1, £+, and so forth in Table 2, something (rather)

subtle might turn out to be mandatory even for computing A1 - ke (Or hey - he1). So for the moment,
we would like to content ourselves with simplification of that table, or Tables 4 and 5 in 5.2.2.

4 Discussion

We have seen that #,’s are commufafivel under multiplication like R and that It,|> = a2, which co-
incides with the square of a real number qa, irrespective of whether Vec (¢,) = 0. Moreover, if Vec
(t,) =0, we have t]_, = %, which also coincides with the multiplicative inverse of a & R* . In these
respects, ¢,’s are reminiscent of R . However, complex numbers, whose set 1s denoted by C , are
2

commutative under multiplication , too. And computations of |¢,|~ were performed in a way analo-

goustolzl 2=z -2 (respi 2 - v)=(a+bi)-(a—bi)(resp; (a—bi)-(a+bi))=a’>+b* Here
we wonder if #,’s can ‘outreach’ © from a viewpoint of the squarg of norm and observe that the
following interpretation on how to get [z] Z is also possible.
Interpretation 4.1. [z] 2 is obtained by extracting real part and imaginary part from zorz and
computing the sum of their squarg s. That is, we can obviate in-a-sense-naive computations like
21 2=(a+bi) - (a-bi)=a-(a-bi)+bi-(a—bi)=---,if we wish.

208 which we view as the diminution

Computing |#,|* in this vein, we directly get |f,|> = a*> + b*> +¢
of a® + b* + ¢ + d> (a,b,c,d € R),the squarg of the norm of a quaternion . Then, we notice

thati, j & T,istoij+ ji whati, j & HH, the set of quaternions is to ij+ ji, since ij+ ji= = 0+0

See (3).
2See Def. 2.1.4.
26See (4).
?’See Def. 2.1.4.

28 Correspondingly, we have % = ;;ZZC’Z = 02+£’2+62 . Cf. (5) and (6).
2See Table 1.
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( respy k+(=k) ) =0. Furthermore, Def. 2.1.4 seems to reflect a+b i and/or a+bi+cj+dk where
double-signs correspond. Taken together, #,’s might play a role in bridging a ‘gap’ between C and
H , though as of writing, we have no specific answer to Question 2.1.5 with us.

What about /,’s? Provided that we forget £’s in Table 4 to strike out its rightmost two columns

and lowermost two rows, we get Table 5, where basis elements are 1, i, j, k, which turn our atten-
tion to H . Likewise, at the time of writing, we have no specific answer to Question 2.2.4. Notwith-

standing, we suspect that 4,’s lie somewhere between H and bctonions .

Acknowledgment. Conceptually, we are obliged to the anthors of this hook' for providing

us with impressive contents. Technically, we would like to thank [T1kZ/ developers for their indirect
help which enabled us to prepare figures in 5.1 for submission.
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S Appendix

5.1 Where does the symbol ¢ come from?

We abstract x* = +1 from the relation in footnote 1. Dropping its minus sign and squaring both
sides , we obtain * - x - % - % = 1, the letf-hand side of which we intuitively replace by ¢ - & - <& - <.
Then, we imagine the equation x* — 1 = 0, which we solve in the realm of © to obtain x = +1 and
+ i .We plot these solutions on the complex plane as shown in the following.


https://en.wikipedia.org/wiki/List_of_mathematical_jargon#Descriptive_informalities
https://everipedia.org/wiki/Quaternion/#multiplication-of-basis-elements
https://en.wikipedia.org/wiki/Imaginary_unit
https://en.wikipedia.org/wiki/Quaternion#Conjugation.2C_the_norm.2C_and_reciprocal
http://math.wikia.com/wiki/Complex_number
https://en.wikipedia.org/wiki/Quaternion#Definition
http://math.wikia.com/wiki/Quaternion
http://math.wikia.com/wiki/Quaternion
https://en.wikipedia.org/wiki/Octonion
http://archive.is/fJybh
http://archive.is/gQFP
http://archive.is/Mvoer
http://archive.is/Mvoer
http://archive.is/o662G
http://archive.is/o662G
http://archive.is/25BCR
http://archive.is/25BCR
http://archive.is/sePb1
https://en.wikipedia.org/wiki/Plus_and_minus_signs#Minus_sign
https://en.wikipedia.org/wiki/Sides_of_an_equation
https://en.wikipedia.org/wiki/Sides_of_an_equation
https://en.wikipedia.org/wiki/Sides_of_an_equation
http://archive.is/hZcHO
https://en.wikipedia.org/wiki/Imaginary_unit
https://en.wikipedia.org/wiki/Complex_plane

Im

[ ]
[ ]
-
)

Fig. 1. Solutions to the equation x* -1 =0

We join the vertices 1, i, —1, and — © in Fig. 1 to prepare the squarg below for the coming abstrac-

tion. B0

Im

f—

Re

Fig. 2. Square before abstraction

Abstracting the square in Fig. 2 yields the symbol ¢, which suggests the aforementioned four
solutions.

30 Cf. here .
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5.2  What if the symbols d and ¢ were interchangeable?
521 t7s

For example, we have i = ™ 000d0 = P 0000d=0%d = B l.-d=dand j= @ 0dooo
= B 46000 =d-0* = d.1=d. Now that i = j = d, we get the following. ®

Table 3. Slight simplification of Table 1 &

X | 1]i
1 |11
11110

5.2.2 h.’s

We have, e.g, k=P 0d=do="t,m=20d0=60d=00-d=0>d=" x1-d
=+d=5 2% andn=*d0d= B ddo=d’-o="0-0=0." And we get the following.

*'See Def. 2.1.3.

32This holds, because d and < are assumed to be interchangeable in this subsection.
3See Def. 2.1.2.

34See Def. 2.1.3.

358ee footnote 32.

36See Def 2.1.2.

3TWe have struck out the rightmost column and the lowermost row of Table 1.
38Cf herel .

¥See Def. 2.2.1.

40See footnote 32.

41See Def. 2.2.1.

“Ditto.

43See footnote 32.

4See Def. 2.1.2.

$See Def. 2.2.1.

46Even if we calculate like m = 0d® = dOO = -+, we can get +].

41See Def. 2.2.1.

48See footnote 32.

49See Def. 2.1.1.

S0Bven if we calculate like n = dod = Odd = - - -, we are able to get 0. n can thus function as a ‘null basis element’.
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Table 4. Simplification of Table 2

X 1 i J k=0 |tj(=m)| 0(=n)
1 1 i | J k +j 0
i i |1 | k +j +k 0
j J kK |0 0 0 0
k(=90 k | +j | O 0 0 0
+j(=m) | £j | £k | O 0 0 0
0(=n) 0 00 0 0 0

The table above can be further simplified as follows:

B2
Table 5. H -like simplification of Table 4

x |1 i J |k
11 i J | k
i =1 k | £]
jlJ k 010
k|lk| xj| 0|0

5In this table, we tried to decrease the number of letters containing ¢, m, and n by using identifications such as
k ={¢, +j = m, etc in order to make Table 5 ensue without much difficulty.

2See arguments in 4.


https://en.wikipedia.org/wiki/Quaternion

	Introduction
	Taking a cursory look at tr's and he's
	tr 's
	he 's

	Some (attempted) calculations
	tr 's
	he 's

	Discussion
	Appendix
	Where does the symbol  come from?
	What if the symbols d and  were interchangeable?
	tr 's
	he 's



