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Abstract

The Einstein-Hilbert action of general relativity is not invariant with respect to conformal transformations —
transformations in which the metric tensor is varied continuously via g, — exp n(x) g,,, where n(x) is an
arbitrary scalar function. This basic type of local scale invariance was introduced in 1918 by the German
mathematical physicist Hermann Weyl, who believed that Nature should incorporate this type of mathematical
symmetry into her laws.

While Einsteinian general relativity is not scale invariant, there does exist an elementary quantity that is conformally
invariant in Riemannian geometry. Based on a combination of the Riemann-Christoffel curvature tensor R,,,4s
and its contracted variants R, and R, the gravitational equations of motion associated with this quantity (usually
referred to as conformal gravity are highly complicated, and their physical relevance remains open to interpretation.
In this elementary paper we show that the conformal equations of motion can be obtained from the R? term
alone, equations that are parameter-free yet fully consistent with the standard predictions of Einstein’s theory.
We demonstrate the formalism by deriving the classical Schwarzschild metrics for a point mass, the field of a
charged particle, and the Tolman-Oppenheimer-Volkoff equation of state, all of which are essentially identical to
their classical forms.

1. Introduction

Einstein’s 1915 theory of general relativity geometrized space and time, and its success motivated others to see if
the only other force of Nature known at the time—electromagnetism—might be geometrized as well. In 1918, the
German mathematical physicist Hermann Weyl proposed a more general form of Riemannian geometry that
indeed appeared to accomplish this feat based on the notion of what is known today as scale- or conformal
invariance. In doing so, Weyl was forced to introduce a vector field that he subsequently identified with the
four-vector of electromagnetism. In Weyl’s theory, this vector was a purely geometrical quantity that he associated
with the Ricci scalar R and its first derivatives. Weyl’s theory is actually an example of what is considered today a
conformally invariant theory, meaning that physics should not change when the lengths (or magnitudes) of vector
quantities are allowed to vary arbitrarily from point to point in spacetime. Although Weyl’s theory was quickly
shown to be unphysical, it gave birth to a variant of conformal symmetry known as gauge invariance, which today
is a cornerstone of modern theoretical physics.

For purposes of review, the Einstein-Hilbert action for conventional free-space gravity theory is given by

Ski =J,/—ng4x (1.1

where g is the determinant of the metric tensor (assumed to have the signature (1,—1,—1,—1) and
R=g"R,, = R‘; is the Ricci scalar. Upon variation with respect to the metric tensor g"”, this goes over to

1
5Sgn = f,/—g (RW— 5gWR) 5g""d*x (1.2)
Setting the integrand to zero then gives the Einstein equations for free space,

G

1
;sz‘uv_Egva:O (1.3)

Classical Einstein gravity has proven to be a highly successful theory; its planetary and cosmological predictions
typically agree with observation to a very high degree. However, the theory has nothing to say regarding the



phenomena known as dark matter and dark energy, a problem has spurred the search for modified versions of the
theory. While the addition of the cosmological constant (—2A) term to the action yields the revised Einstein tensor

1
G,uv:Rp,v_Eg;wR"'Aglw: (1.4)

it is not known whether it relates in any meaningful way to the dark energy question. Many attempts (going by
the general name modified gravity) have been made over the years to generalize (1.1) by imposing additional
parameters into the action, including scalar, vector, tensor and spinor fields designed to make the action
conformally invariant and to produce field equations that might explain the dark energy and dark matter
problems. To date, most such attempts have been discarded. Whether Nature demands such invariance in its laws
(including gravity) is open to conjecture, but in quantum mechanics we find that it is responsible for the
conservation of electric charge (where it appears as gauge invariance), a highly desirable aspect of quantum
theory. The conformal invariance of gravity thus remains a tantalizing challenge.

Like Weyl, we will assume in the following that conformal invariance is (or should be) a fundamental aspect of
Nature. Unlike Weyl’s non-Riemannian approach, however, we will see that conformal symmetry can easily be
incorporated into ordinary, parameter-free Riemannian gravity.

2. Notation

Much of the notation and analytical approaches follow those of Adler et al. Greek indices run from 0 to 3 as usual.
Ordinary partial differentiation is expressed by a single subscripted bar before the differentiation variable, as in

&,
oxP

Sap =

Covariant differentiation is expressed by a subscripted double bar, as in
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The quantities in braces are the Levi-Civita connection terms, symmetric in their lower indices, defined by

[0 1
{M } =58 (8uply + 8ol — Zuip)

The end points of all the integrals appearing in this paper are [00,—o0]. It is further assumed that surface terms
resulting from integration by parts vanish during the variation process.

3. Conformal Transformations

By a conformal (or scale) transformation we mean a change in the metric given by gl’L , = exp[n(x)]g,,, where 7
is some arbitrary scalar field. Because the metric tensor accounts for vector length via L2 = guvEMEY while also

defining the line element via ds? = guydx*dx”, these quantities will naturally vary under a conformal
transformation.

For simplicity, let us consider only infinitesimal transformations, exp(7) — (1 + 7), so that
g;/w =1+ Tc)guv’ guv/ =(1-mn)gh

or
O08uy="8guy, 08" =—mgh (3.1

where the infinitesimal variations we will be using are defined by 6g,,, = g[’w —8uvand 68" = gt — g As for
the metric determinant, it can easily be shown that

1
5V/7E =3 V8 808" 62



which, in four dimensions, is
04/ —g=2m+/—¢ (3.3)

In the following, we will also need the conformal variations of the Riemann-Christoffel curvature quantites
_ A . _ pa .. Y] .

Ryvap = 8uaR’" 455 the contracted quantity R,3 =R vap and the Ricci scalar R = g""R, g, all of which are

composed of the metric tensor and associated Levi-Civita connection terms. For review, we have

Ko = {aad, ~lop), * o el ~ o L)

along with the contracted quantity R, =R or

a
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Lastly, we have the Ricci scalar
R=g""R,;

The conformal variations of these quantities are surprisingly simple, and will be presented in the following
sections.

4, Some Useful Identities

Any contravariant vector £ multiplied by ,/—g is called a vector density. A commonly used identity in what
follows relies heavily on the fact that the covariant divergence of a vector density is equivalent to its ordinary

divergence:
(\/__ggu)”u = \/__ggunu = (\/__ggu)m 4.1

as is easily verified by direct expansion using the contracted form of the Levi-Civita connection,

{uaa} - (log ‘/__g)lu

The utility of (4.1) cannot be overemphasized, since ordinary divergences under an integral sign represent surface
terms that go to zero at the boundaries of integration.

Another useful identity follows from the fact that an arbitrary variation of the Levi-Civita connection is a true
tensor, whereas the Levi-Civita term by itself is not. Using this fact, it can be shown without difficulty that any
arbitrary variation of the Riemann-Christoffel tensor collapses to the simple identity

o= (o{2)), (1),
8R,5 = 6R ;= (5 {;})”ﬂ - (5 {v’lﬁ})x (4.3)

while the variation of the Ricci scalar is

SR=R,;6¢" +g"" [(5 {j;})”ﬂ—(ii {“j}j})m} (4.4)

Because all the integral quantities we will encounter represent vector densities, we can integrate by parts using
the above covariant derivatives and thus greatly simplify the calculations.

Similarly, we have

Lastly, for the conformal variation defined by (3.1) the variation of the Levi-Civita terms reduces to

a 1 a a a,
5{M }:§(5u”|v+5v”|u_guvg ﬁrrvj) (4.5)



while

a
5 {Ma} =24/—gm, (4.6)

5. Standard Conformal Gravity

Because of the factor 2 in (4.6), conformal invariance necessarily requires that the action Lagrangian include two
terms involving the upper-index metric tensor g*”. A little thought shows that only the quadratic forms

Ry yap RWap R, R"” and R? can be used to develop a conformally invariant Lagrangian in parameter-free
Riemannian geometry. While this involves terms that are of fourth order with respect to the metric tensor and its
derivatives (an undesirable aspect), we will discover that the action we end up with is only of second order, like
the Einstein-Hilbert action itself.

To begin, we note that there exists a unique, conformally invariant action in Riemannian geometry that Weyl
himself proposed in 1918. It is

S= f,/—g Cpuvap C*"*F d*x (5.1)
where C

wvap 18 known as the Weyl conformal tensor. In four dimensions, this quantity is defined via the purely
conformally invariant form

1 1
A _pA A 2 A A A A
Cmﬂ =R vap T > (5/5Rva_5aRv[5 +ngﬂ —gvﬁRa) + ‘ (5ag/3v—5ﬂ gav) R (5.2)
By laborious expansion, (5.1) can be shown to be equal to

C

1
vap C*"P =R s R¥P — 2R, R¥” + gRZ (5.3)

so that our action now appears as

1
S= J V—g (Rmﬁ R“P —2R, RM + ng) d*x (5.4)

Might (5.4) be suitable for deriving scale-invariant equations of motion? Perhaps, but the resulting equations are
complicated by both the fourth-order issue and the presence of the R, ,4p R¥*P term in the Lagrangian, which
makes calculating equations of motion exceedingly difficult. However, that term can be effectively eliminated
using a clever approach first suggested by Lanczos in 1938, which will now detail following a more
straightforward approach that is of interest in its own right.

Let us assume that the general conformally invariant action

S= f,/—g (Rvap R“"“F + AR, R*” + BR?) d*x (5.5)

exists, where A, B are constants. If we can find constants that maintain the conformal invariance of (5.4), then we
can then subtract the resulting expression from (5.4) and thus eliminate the curvature term, leaving an invariant
Lagrangian consisting of just two terms in R, R*” and R?. As we will see, this approach in fact produces two
solutions, with one involving the Bianchi identities.

We now proceed to pass the conformal variation operator 6 through the integral in (5.5). For instructional
purposes, we will demonstrate the procedure for the R,,44 R**P term in detail, from which the variations of
v—8gR,,R"” and /=g R? should then be transparent. Using the identities from (3.3) and (4.2), it is easy to show
that

55=2 f\/—g S RAveP 5R”mﬁ d*x (5.6)



or
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Because the curvature tensor is antisymmetric in a, 3, this simplifies to
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In view of (4.1), we now use integration by parts to reduce this to

5S =_4f /—_ggMARlvaﬂ”ﬂé{‘u} d4x
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Using (4.5), we then have

— Ava
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Now, using the fact the curvature tensor is antisymmetric in A, v, the identity RVMW =R, and some simple

algebra, the student should have no difficulty showing that the variation of (5.6) reduces to

5S=—4 J,/—gR”Tlv m, d*x (5.7)

The above exercise can be used as a guide to show that the variations of the remaining terms in (5.5) are then

5 ﬁ/—gRWRWd“x = —J,/—g (2rR" +¢"R),) m, d*x (5.8)
and
5J,/—gR2 d*x :—6f\/—g g" Ry Ty d*x (5.9

(We will refrain from integrating by parts over the 7, terms because we do not need to.) Putting this all together,
the conformal variation of (5.5) is then

58 = f\/—_g [2(A+ )R +(A+ 6B)g‘”R|v:| m, dix (5.10)

v

Setting the integrand to zero, we have the obvious solution A= —2, B = 1/3. However, this is just the expression
we discovered in (5.4) by tedious calculation and so provides nothing new. On the other hand, if A # —2 then we
can divide the 2(A + 2) term out of (5.10), arriving at

A+ 6B
_ v 4
55—[\/—g |:R ”v+mg‘”R|vi| ﬁl,u,d X (5.11)
If we now set A+ 6B
o8 _ g, (5.12)
A+2

then the integrand is just the set of Bianchi identities, which vanish automatically in Riemannian geometry:

(o= 2oR) =0
2 llv

With the exception of A= —2, we are free to choose any set of constants A, B that satisfies (5.12); the conventional
choice (known as the Gauss-Bonnet solution) is A= —4,B = 1. The solution A= —1,B = 0 would seem to be a
better choice (if only out of simplicity), but it really doesn’t matter.



Using A= —1, B = 0 for convenience as our constants, (5.5) is now

S = f V=8 (Ryap R*"*F — R, R*") d*x (5.13)

We now need only subtract (5.4) from (5.13) to rid ourselves of the full Riemann-Christoffel curvature term. This
results in the conformally invariant action

S= ﬁ/—g (RW RHY — %RZ) d*x (5.14)

Equation (5.14) is recognized as the formal action of modern conformal gravity theory.

By varying (5.14) with respect to g"”, in 1989 Mannheim and Kazanas managed to derive an exact solution for a
spherically symmetric gravitational field. The solution they obtained was very similar to the Schwarzschild metric,
along with several additional terms that the researchers believed might be relevant to the cosmological dark
matter and dark energy problems.

6. Toward a Simpler Approach to Conformal Gravity

While the Mannheim-Kazanas solution is exact, the associated equations of motion are highly complicated and
unwieldy, and questions regarding their applicability and relevance to gravitational physics and cosmology remain.
This prompts one to step back and ask why so much complication should be associated with a conformally
invariant version of gravity, particularly if one considers such an invariance to be a basic law of Nature. It must be
remembered that the goal after all is to derive a scale-invariant action. The simplification of (5.4) to (5.14) is
noteworthy, but it is still complicated, and it also depends on the validity of the Biachi identities, which generally
do not hold in non-Riemannian geometries (such as the one Weyl proposed).

In looking back at Weyl’s effort, one may ask if the action in (5.14) might be simplified even further. A glance at
(5.9), which was derived for the R? term alone, indicates that it is itself conformally invariant if we impose the
condition that the Ricci scalar R be a non-zero constant. Although Weyl had to assume a non-Riemannian
geometry in his 1918 effort, we will now show that the R? term represents a perfectly valid basis for conformal
gravity in Riemannian space when the Ricci scalar is considered a non-zero constant. This is not a new approach,
as Einstein’s equations long ago showed that the Ricci scalar can be associated with the cosmological constant A in
Riemannian geometry. In that case, it is easily shown that for A = R/4, Einstein’s equations for free space become

1
Ruv — Z g ,uVR =0
This form of Einstein’s equations has the characteristic of being traceless, a convenient characteristic that coincides
with the tracelessness of the energy-momentum tensor associated with electromagnetism. Indeed, the expression

1 8nG 1
Ruv_zgp,sz_C_z (FauF%_ZgquaﬂFaﬁ)

(where F,, is the antisymmetric electromagnetic tensor) is completely traceless, and represents a quantity that
Einstein himself believed might correctly represent gravity in the presence of an electromagnetic field. But unlike
Weyl, who sought to geometrize electromagnetism in his effort to unify the equations of Maxwell with general
relativity, we will restrict ourselves to Riemannian geometry, and focus on the possibility that the simple
Lagrangian R? can provide a conformally invariant gravity theory.

As noted earlier, the action for the ,/—g R? Lagrangian is conformally invariant when the Ricci scalar R is a
constant. We will now show that, with the added constraint that R be a non-zero constant, the associated
equations of motion reproduce all of the traditional predictions of Einsteinian gravity.

We therefore focus solely on the Lagrangian quantity ,/—g R? in Riemannian space. As we have shown, its action
is scale invariant, but we now move to its more general variation, tha twith respect to the metric tensor g"”. This



is straightforward, since the Lagrangian consists only of the metric tesnor and its first derivatives. We therefore
consider the variation of

68S=06 J\/ —gR*d*x

with respect to g"” which, following the identities presented earlier, can easily be seen to be

1
oS = f\/ —&g |:R (R,uv_ Z ngR) +R|,U,||v_g/,w gaﬂ Rlallﬁ] 5gp,v d4x (61)

Given the constraint that R be a constant, this reduces to
1
5S = f\/—gR (Ruv —7 gWR) Sgh”d*x (6.2)

Before proceeding any further, let us note that the dimensionality of the metric tensor is identically zero, while
that of the Riemann-Christoffel tensor and its variants—in view of the derivatives appearing in any variant—are of
length™2. Consequently, the dimensionality of the integrand of (6.2) is length™*. By comparison, that of the
conventional Einstein equations is just length~2. This may be considered a virtue, given that the overall
dimensionality of the quantity ,/—g R?d*x is zero, but it will present a problem later on when matter fields are
considered for the action. For example, if the density p and pressure P/c? of some matter distribution were given
as kg/m?, then the dimensionality of the combined quantity 8tG/c? is just length™2 (if matter is specified by
energy density, then we use 8mG/c*). Consequently, we’ll need to find a solution to the dimensionality issue
associated with (6.2).

We first consider the free-space equations
1
R(Ruv - Z g,uvR) =0

which strongly resemble the Einstein field equations for free space. We can divide out R, since we must have R =
constant in order to preserve scale invariance. Therefore, our field equations are given by

1
RW—ZgWRzo (R#0) 6.3)
For a spherically symmetric, time-independent point mass, we assume the usual Schwarzschild metric
ds? = e"Mc2d 2 —eMqr2 — 12 (d 02 + sin? Gdcpz) (6.4)

applies, where v, A are functions of the radial coordinate r alone. From any text on general relativity, we find the
only non-zero terms are

1 1 1 1
Ryo =——e”_l(v”+ V2= v’k’)——e”‘lv’ (6.5)
2 2 2 r
1 1 1 1
Ryy== (v”+—v’2—— m’)——/v (6.6)
2 2 2 r
1
Ry = Ere—*(v’—x’)+e—l—1 (6.7)
R33 = SinzeRzz (6.8)
and 1 1 2 2
R=—e"* (v” + 5 V2 — 5 v’k’) - e (v’ —A’) -3 (e_”l - 1) (6.9
where the primes indicate differentiation with respect to r. From (6.3), we then have the three equations
1 1 1 1 1
—Z (v” + =22y )V) — 2"y —Z¢”’R=0 (6.10)
2 2 2 r 4



1 1 1 1 1
—(v”+—v’z——v’k’)——k’—k—e’lR:O (6.11)
2 2 2 r 4
and 1 1
Ere—l(v’—;v)+e—"—1+erszo (6.12)

Like the standard Schwarzschild solution for general relativity, it is easy to see that ' = —A’ and that the general
solution is 9
m
=et=1—"——ar?
r
where 2m, a are constants. We will assume that m is the geometrical radius GM /c? as usual. The constant a can
be related to RR by plugging the terms for e”, e* into (6.9), where we find that a = R/12. Therefore,
vy 2 2m 1

e?=er=1—-"— —_Rs? (6.13)
r 12

As noted earlier, the Ricci scalar R has dimension length™2, so that e”, e’ are dimensionless, as expected. Note also
that the free-space expression (6.3) is of second order in the metric. Furthermore, note while that R in the
free-space Einstein equations is identically zero, we cannot make such an assumption for R in the present case.
However, we are free to make it as negligibly small as we like. Consequently, all the traditional predictions of
free-space Einsteinian gravity (advance of Mercury’s perihelion, the deflection of light, gravitational redshift, etc.)
are preserved in our conformal approach.

7. The Field of a Charged Particle in Conformal Gravity

The gravitational field around a charged particle for our simple conformal approach follows almost exactly the
associated Schwarzschild problem, and we demonstrate it here for completeness. For review purposes, the
Einstein equations for gravity in an electromagnetic field are given by

1 8nG

RMV_Eg,U«VRZ_ T

uv

c2

where the energy-momentum tensor for electromagnetism is
T,, = Fo F* — 2 g, F., %
wy = Fapt ™ 4 8uv Fap

Note that the right-hand side is both traceless and conformally invariant, characteristics that are lacking on the
left-hand side (Einstein’s lament that the “marble” of geometry is not matched by the “wood” of
energy-momentum is quite apparent here). Nevertheless, the equations are easily solved, giving

2m  GQ*
=t =1 —+ —— 7.1
r 4mc2r2 7-1)
where Q is the charge of the particle. The details of the solution can be found in any text on general relativity, so
we will not expound on them here.

For our conformal approach, we wish to write

1 _ 8nG L 1 o
R RHV_Zgl“’R __C_Z Fau,F V_ZgHVFaﬁF

However, as we alluded to earlier, there is an issue with dimensions here, as the left side is clearly of dimension
length™ while the right is of length™2. Since we will find that the Ricci scalar R is again undefinable in this case,
we might as well append it to the gravitational constant G and divide it out from both sides, so that

8nG

R 1 R=——-|F, F* 1 F , F*
uv_4guv - c2 au v_4g,u,v af



Using the same Schwarzschild approach as before, we find that the equations are exactly solvable, except in this
case we have ,
_ 2m G 1
=et=1-"— @ _1pe
r 4ncirz 12
Again, the magnitude of R is undefined, so we can make the Ricci scalar as small as we want, and we recover the
classical expression for the gravitational field of a point electromagnetic charge.

(7.2)

8. The Tolman-Oppenheimer-Volkoff Equation for Conformal Gravity

As a final example, we examine the applicability of our formalism to the interior of a massive uncharged body. We
will examine this case in some detail, because while the classical Tolman-Oppenheimer-Volkoff (TOV) equation is
again recovered, the solution for the metric time component e” differs substantially from the classical case
involving a body (a star, say) having a constant density.

We consider the conformal field equations for the interior of a body of incoherent matter having a density p(r)
and pressure P(r). The classical energy-momentum tensor for such a body is given as

TH =p— ——+
P ds ds c2

dx? dx” E(M dxv_ W)
ds ds

where dx*/ds is the velocity four-vector. In lower-case matrix notation, we have

e’p 0 0
0 e*P/2 0 0
Ty = 2 2
u 0 0 r“P/c 0
0 0 0 r?sin’0 P/c?

With the density and pressure components expressed in terms of kg/m?, the field equations (adjusted as before
with R to preserve dimensionality) are

At this point a problem arises: like the energy-momentum tensor for electromagnetism, the T, for a matter field
must be traceless. This requires that

g'uvTuvz —— =0 (8.1)

or p = 3P/c?. In cosmology, equations of state in which this relationship holds are valid only for bodies composed
of perfect relativistic fluids, such as a photon gas. To avoid this restriction, let us instead consider the completely
traceless expression

1 1
Rp,v - Z guvR =K (Tuv - Z gpr)

where the coefficient «k is to be determined. Given the above expression for the stress-energy tensor, it will prove
convenient to use the equation of state for a perfect baryotropic cosmological fluid

P

where w is a dimensionless constant that depends on the fluid composition. Non-relativistic matter corresponds to
w =& 0, while that of a highly relativistic gas is w = 1/3 (another example is w = —1 for the cosmological
constant).

As before, let us write down the terms corresponding to Ryg, Rq1, Ry, (again, Ry3 = sin 6 R,,) and R, respectively:

1 1 1 1 1 1 p
v (1/’ +ov2—2 v’k’) — ="y —=e"R=x [evp ——e’ (P - _)]
2 2 2 r 4 4 c*



which, in view of (8.2), is

1 1 1 1 1 3
—— v (v” +=92-Z v’?L’) — ="y —Ze"R="ke"p(w+1) (8.3)
2 2 2 r 4 4
Similarly,
1 1 1 1 1 1
—(v”+—v’z——v’l’)——l’+—elR:—Kelp(a)+1) (8.4)
2 2 2 r 4 4
along with
1 1 1
—re_l(v/—kl)+e_’1—1+—r2R=—Krzp(a)+1) (8.5)
2 4 4
and 1 1 2 2
_ —A /1 72 17 —A / / —A
R=—e (V +§V —EVA)—;C (v—l)—r—z(e —1) (86)
Using (8.3) and (8.4), we can show that
vV 4+ =—krp(w+1)e* (8.7)
while (8.5) is equivalent to
1 2 1
v’—l’:[§1<rp(a)+1)——(e_’l—l)—ERr]e)l (8.8)
r

Subtracting (8.8) from (8.7) and reducing, we arrive at an expression involving only e~* and its derivative:
3 1 1
e_l)t’z—‘—‘ krp(w+1)+ = (e"l—l)+ZRr (8.9
r

At this point, let us assume a solution for e~ like that in (6.13), but with the provision that the geometric mass m
is now a function of the interior radial coordinate r:

2 1
roq2m) 1 oo (8.10)
r 12
so that ,
2 2 1
e =2 _EM Ly SRy (8.11)
r r2 6
and (8.9) reduces to
1
AN =—Zxkrp (w+1)——2+gRr (8.12)
Equating (8.11) and (8.12), we see that
3
m’=—§ krlp(w+1) (8.13)

Now, the geometric mass m(r) = GM(r)/c?, and we know that
M'(r)=4npr?

where the fluid density p in general is some function of r. This is the classical expression for the mass of a body as
a function of the density and the radius. For constant density, we have simply

_4mpr?
3

M

as expected. Comparing the above expressions for m” and M’, we see that the coefficient x is then

321G
- = 8.14
T3 2(w+ ) (8.14)

10



For a relativistic fluid, w = 1/3 and (8.14) reduces to the more familiar

8nG
-

K=

A

In order to solve for R, we need to have identities for e™*v”,e™*v’2 and e™*v’A’. We can accomplish this by using

(8.7) and (8.12) to solve for e=*v’, which comes out to be
1 2m 1
—A a7
ey =——xrp(w+1)+———=Rr 8.15
2 e )t g (8.15)
from which all the other terms we’ll need to compute R can be determined. After some tedious (and messy)
algebra, these identities are

1 4 1
e*v =V —kp(w+1)— a1 krp' (w+1)— —Zl — gR (8.16)
r
1 am?* 1 1 1 2mR
e My'2 = [1_6 K2r2p?(w+1)* + r—nz + £R2r2 ——Kmp (w+1)+ T kr?Rp (w+1) — ?] et (8.17)

and

3 1 1 4m* 2mR 1

—A a7 2.2 2 2 2 2.2 | ,A

VA == +1)2—= +1)+ —xr’Rp(w+1)——(+=————R 8.18
e [16Krp (w+1) erp(co ) Thi p(w+1) oo 3 36 r]e (8.18)
Plugging all this into the definition of R in (8.6), we find that most terms cancel out, leaving

_ 1 4mp 1

A 2

p = > P (w+1) ) 3 o}

We can now use the equation of state (8.2) to get the derivative of the fluid pressure. Using the identity for x from
(8.14), we have, after some simple reduction,

4nGrp 1 3) .2
P =—4 (p+£) (m+ 55"~ Rr*)e (8.19)
w+1 c? r(r—2m— £ Rr3)
For a relativistic fluid, o = 1/3, and this reduces to
b P (m+4nGr3p/c*— L Rr®)c? (8.20)
-\ c? r(r—Zm—iRr3) '
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Note that the Ricci scalar R reappears, but the only restriction on its magnitude is R # 0. Again, we can set it to
some small constant, and in doing so we recover the classical TOV equation.

While it is heartening that our conformal gravity approach appears capable of reproducing three quantities
normally associated with ordinary Einsteinian gravity, it can be shown to fail when we consider the case of a
relativistic fluid sphere having a constant gas density p. Unlike the classical TOV case, the various differential
equations we have derived from the field equations lead to contradictory results when we consider such a system.
With p = constant, Equation (8.7) can be integrated immediately, yielding (with the appropriate constant of
integration) the interior solution

" =(1—r2/R2)* (1-r/R%)™ (8.21)

Here, r is the interior distance from the fluid sphere’s center, r, is the sphere’s radius at the surface, and Risa
convenient radial constant defined by
2
p2 3c
8nGp

In (8.21) we set w = 1/3 and R = 0 for clarity, but even so it in no way resembles the classical TOV interior
solution )
3 - 1 x
e’ = (5 V1—r2/R2 ~3 \/1—r2/R2) (8.22)

11




At the sphere’s surface and beyond, both solutions revert to the usual e” = 1 —2m/r expression, but the interior
solution (8.21) differs significantly from (8.22) for typical values of r/R and r,/R. The most plausible reason for
this is that our formalism simply does not hold in situations in which matter is represented by a traceless
energy-momentum tensor.

9. Conclusions

Theories of modified gravity have multiplied in recent decades, mostly with the intent of obtaining a conformally
invariant action that is linear in the Ricci scalar (like the Einstein-Hilbert action) coupled with various ad hoc
parameters (scalar, vector, tensor and spinor fields) in the hope of providing a solution to the dark matter and
dark energy problems. The work of Mannheim and others, based on their solutions to the full set of field
equations derived from the action in (5.14), is particularly interesting.

The intent of this paper is far less ambitious. Certainly, application of the simplified action presented in Section 6
to the examples of a radial electromagnetic field and the interior of a baryotropic fluid is overly simplistic. But by
merely requiring that the Ricci scalar in Riemannian geometry be a non-zero constant, the parameter-free action

S= ﬁ/—gR2 d*x 9.1

is not only conformally invariant, but for free space yields a traceless set of field equations that are of only second
order in the metric tensor and its derivatives, a distinct advantage over fourth-order approaches. The field
equations in turn yield solutions for simple Schwarzschild problems that appear to be equivalent to those of
classical general relativity. For finite values of R in the metric coefficients

where @ is the classical gravitational potential. However, recent research by Mannheim, Mureika and others
indicates that R is likely to be vanishingly small, eliminating the possibility that a Ricci scalar of finite magnitude
can explain the observed acceleration of the expansion of the universe. Even if this is indeed the case, (9.1) is still
equivalent to the Einstein-Hilbert action, and this is exactly what we set out to demonstrate.
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