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Abstract

We present new infinite arctangent sums and infinite sums of prod-
ucts of arctangents. Many previously known evaluations appear as
special cases of the general results derived in this paper.

1 Introduction

This paper reports the evaluation of infinite arctangent sums such as

s
tan” ——— = — 1.1
Z ey 3k +1 2 (1)
and
s
t —_—— = — 1.2
Zan 2k:2—1) PR (1.2)
and infinite sums of products of arctangents, such as
17
t 1 — t —=— 1.3
Z an an 2 3 (1.3)
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and
3

6k 1 1 s
t — tan ' ————tan ' —— = — 1.4
Zan R e ™ Eoro ™ prrol e
and their generalizations. The well-known identity

Ztaﬂ S S
— K+k+1 4

and the presumably new identity are both special cases of the fol-

lowing identity (section [3.1.1] 1dent1ty (3-9)):
t t —
>t L Zan |

being evaluations at ¢ = 1 and at ¢ = 3, respectively.

Identity (1.3) is obtained at ¢ = 1 from the following identity (iden-

tity (3.43)) of section (3.2.2)):

k=1
LR q q
- — tan ! tan~! —
PR R
k=2
Identity (1.4) comes from identity (3.48)) of section |3.2.3] namely,
= 6ok o) o 3
-1 —1 —1 _ —1

2 e Y o p o o ()

Lemma 1. Let a be a real number, let m and q be positive integers
and let {f(k)}2, be a real positive non-decreasing sequence such that
limy_ f(k) = 00, then

= alfktmg) — fR) L L a
;ta F(k) f(k+mq) + Hlta fk+ jq)
:;jzo tan— f(k:+jq)



Lemma (1] follows directly from identity (2.1) of [I] and the trigonometric
identity

A My —
1o —tan!' S =tan™! My =) : (1.5)
x Yy Ty + A2

which holds for \?/zy > —1.

tan

Throughout this paper, the principal value of the arctangent function is
assumed.

We shall adopt the following conventions for empty sums and empty prod-

ucts:
[[rk) =1.

k=1

e
-
~
—
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2 Main Results

Theorem 2.1. Ifa and 3 > —1 are real numbers and m and q are positive
integers, then

m—1
amgq o Q
tan— 1 tan = ———
Z 25+mq)k¢+ﬁ(ﬁ+mq)+a2jl_[1 k+jqg+p
q m—1
tan™ ————
piesie k‘+1q+ﬁ

In particular,

- aq -1 @
tan ™! =) ¢ 2.1
;am 2+ 28+ )k +qB+ a2+ P kzlan g &Y

2aq - Q

;tan P2 +ak+208+ 2+ 2™ hiq+p 02
2.2

S ottt
P k+p3 k+q+p




and

oo
3aq -1 o —1 @

tan ! t — —_—
2 tan 2+ (28 +30k+3aB+at+ B ktqtB " k+2q+p

g (6% (0] «
=S tan!' % tan ' — % gan ' —
2 tan 5 ktqts " k+2q+8
(2.3)

Proof. Use f(k) =k -+ ( in Lemmall] O

Corollary 2.2. If ¢ and m are positive integers and 3 > —1 is a real
number, then

m—1 qg m—1
_ 2m’q mq
tan tan n ———F——— tan ™! —— .
; 2k—|—25+mq2£[1 k+6+jq kl]l_[ 2(k + B+ jq)
In particular,
tan ™ 2.4
; (2k + 2ﬁ + q)? kz: 2(k + 2(k+8) (24)
Proof. Set ae = mgq/2 in the identity of Theorem [2.1] O

Theorem 2.3. If o and § are real numbers and m and q are positive
integers, then

Ztan 2amqgk H tom «
+ (28 —m2@?)k? + B2 + a? - +(2jq — mq)k + j2¢* + B — mjg?

q m—

)_l

«

tan
+ (2 — mq)k + j2¢> + 5 — mjq?

k=1 j=0

In particular,

_ 2aqk
1 t a3 2.5
;taﬂ kEt+ (20 — @)k + 32 + o2 Z an —qk+6 (2:5)
Proof. Use f(k) = k* — mgk + 3 in Lemma O
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3 Examples

3.1 Sums of arctangents

3.1.1 Examples from identity (2.1))
Evaluating (2.1) at 8 = —1 gives

= aq T o« N
tan~! T S tan Y aeRY,
;aﬂ Pr(g—k—Dta—1 2+Z; wmer—r @

(3.1)
from which we obtain
q q
t = tan~' —— 3.2
>_tan™' 5 q—2)k—1) 2+Z:: Ty 82
- 2
1 _ 1
Etan e §—i—tan o (3.3)
k=1
and .
a T
tan ! ——— = = 3.4
;an 2 kta? 2 (3:4)

The identity (3.4)) is valid for any positive real «, and in particular evalu-
ation at a = 1 gives

™

Evaluating (3.3) at a = 1 gives the well known result,

- 2 3
Ztan_l i Zﬂ : (3.6)
k=1

Putting # = 0 in identity (2.1]) provides the evaluation

[e's) B B o
;tan m Ztan E N [ RS R, (37)



from which we get

and .
2 : -1 o _ -1
2 tan m = tan . (39)

Setting av = tan 6 in identity (3.9) gives

> tan @
8:§t -1 1
- an k2 + k4 tan20’ (3.10)

providing an infinite arctangent sum expansion for any angle 6, such that
—m/2 <8 <72

Upon setting § = —1/2 in identity (2.1)) we obtain

dagq 2a
tan~! tan™* R
Zau 2 1 k(g —1) —2¢ + 1+ 4a? Zan w—1 T

k=1
(3.11)
from which we also obtain, at o = ¢/2,
. 2¢° - q
Ztan 1 =2 = Ztan’1 (3.12)
—1)2 _1’
p (2k+q—1) p 2k —1
with the special value
> 1 ™
-1 o
k=1
Choosing a = sinf, f = cosf and ¢ = 1 in identity (2.1) gives
- sin 0
f=2)» tan' 3.14
Z o k? + (2cosf + 1)k +cosf + 1" (3.14)

thereby providing infinite arctangent sums for angles —7/2 < 6 < 7 /2. In
particular,

oo \/g
~Stan !l Yo 1
D_tan 22 + 4k + 3 (3.15)



Replacing § with 5 — 1 in identity (2.1) and evaluating at ¢ = 1 gives

a e
Zta Y ﬁ+&2+ﬁ2:tan 15, (3.16)

which is equivalent to identity (3) of [2].

3.1.2 Examples from identity (2.4)
Evaluating identity (2.4) at § = 0 and at 8 = —1, respectively, we have

f:tan_l 2—q2 = Zq: tan~! L (3.17)
- (2k + q)? p 2k
and .
-, 2¢° 7T g
tan ™! —————— = — + tan ™! ———— 3.18
; (2k+q—2)2 2 —~ 2(k—1) (3.18)
of which a special value is
> 2 s
tan~ ! ———— = —. 3.19
;an 2k —12 2 (3.19)

3.1.3 Examples from identity (2.5))
Putting @ = 1 = 3 in identity (2.5) we obtain

2qk
t = t —_ 3.20
Zan k4 2_q k2_|_2 Za _qk+1’ ( )

which at ¢ = 1 gives

- 2k T
-1 -
2t s = T (3:21)
k=1
and at ¢ = 2 gives

4k 3w
t 1 _ = — 3.22
Z B Y R I (3.22)



a result that was also reported in [3].

At B =2, ¢ = 3, identity (2.5]) gives

Z tan~! Gak =7+ tan~!
— k*—5k2+4+a%

| e

which at a = 2 produces
Ztaﬂ o128 _om
—5k2+8 4
Evaluating identity (2.5) at § =0, ¢ = 1 yields
Ztan 1 —k — E
—k2+a2 27
which at o« = 1/2 gives the special value
Z L
2k:2 —-1)2 2
Setting 8 = ¢*/2 in identity (2.5)) gives

- _ S8aqk d _ 2«
tan™! =) tan!
; M da? 1 q* ; Moo 2qk + ¢*’

and, in particular, with a = ¢*/2, we have

2

Zta Ztan ! —2qk—|—q2’

giving at ¢ = 1, the special value

ieztan_1 —2k _
— 2t +1 4

Evaluating identity (3.26) at ¢ = 2 gives

Ztan 1£—tan 1—+tan loz
— k*+a?2+4 2

., a R,

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)



which was also reported in [4].

Setting 2ae = tanf and ¢ = 1 in identity (3.26)) gives

- 4k tan 6
0 = tan b ——— 3.30
Zl LR sec20” (3:30)

providing an infinite arctangent sum expansion for any angle #, such that
—m/2 < 0 < 7/2. In particular,

T > 1 k‘\/_ T > - k\/_
Z = t 3.31
3 Zk:l MO Zk: 3t 1° (3.31)

3.2 Sums of products of arctangents
3.2.1 Examples from Theorem
Using 3 = —1 in the identity of Theorem we have

m—1
amgq o
t t - -
Zan k2 + (mq—?)(k—l)—koﬂ—lem k+jqg—1
. ¢ mot (3.32)
:—Ht +2Htan —, aeR
2 j=1 k=2 j=0 ktig-
In particular,
am s, a
tan—L tan—L
z;an k2+(m—2)(l€—1)+a2—1j1_[1an k+j—1
- (3.33)
7 e
2 1;[ g’
which at m = 2 gives
- 2
Ztan_l W‘?;—l tan_l % = gtan_l a, S R+, (334)



yielding at a =1, a = V3 and a = 1 / V/3, respectively,

00 2
1 1t
Z tan 2 tan P
k=1
> 23 N
-1 -1 _
Ztan /{;2 n 9 tan ? = E (335)
k=1
and /3 /3
> 2v/3 R
tan~! tan™! —— = — . 3.36
;an 32 —2 3L T 12 (3.36)
At m = 3, the identity (3.32)) gives
i tan ™! 3a tan ™! ad tan ™! > T tan~ ! avtan™! s
— B2+ k+a?—2 k k+1 2 2’
(3.37)
from which we get the evaluations
- 3v2 V2 V2 oo V2
-1 —1 —1 . —1 —1
kz: tan kQ I ]{j tan T tan ]{j——|—1 = 5 tan \/ﬁtan 7 (338)
and
- 3v/3 V3 V3 P V3
tan ! ———tan ' Y tan ! —— = —tan ' — 3.39
;an a1 gt Ty st 5 (339)
at « =12 and a = \/§, respectively. The following four-member sum
- 443 V3 V3 V3 ol V3
tan~! tan”! ——tan ' ——tan ! —— = — tan"' —
,; o™ T k™ k2 st 2
(3.40)

is produced at m = 4 and o = /3 in identity (3.32).

3.2.2 Examples from Corollary
If we set = —1/2 in the identity of Corollary we have

0o 2m2q2 m—1 mq qg m-—1 mgq
tan~! fan~t — 4 _ fan~t — 4
;aﬂ (2k+mq—1)2£[1 W%k r2jg—1 Zg M %kt2jg—1

- (3.41)
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while at # = —1 we have

it o 2y milt - ma q milt -1 g
an o2 an - oo = an - oo 1
— (2k +mq — 2) e 2(k +jqg—1) iy 2(k+jg—1)
(3.42)
which at m = 2 gives
S 2¢° q
tan™* -t
; (k+q—1)2 kE+q—1
B (3.43)
2 q
=T S tan™! tan~t — 4
8 £ k—1 k+q—1"
which at ¢ = 1 gives identity (1.3]).
3.2.3 Examples from Theorem (2.3
Upon setting ¢ = 1 in Theorem [2.3 we obtain
00 m—1
2amk Q
tan ! tan~!
kz_; W2kt R+ a? jHl MR T m 2kt 2+ B —mj
m—1 a
= tan™! - X : , o, BeR.
i P2 +8—-mj—m+1 ’
(3.44)
In particular, we have
ioztan_1 dak tan ™! _*
4 — 92 2 2 2 _
- K+ 2(8—2)k2+ a2+ 13 2+3—1 (3.45)
= tan’ a tan ™ a
G—1 5
and
io:tan_1 Gak tan ™! a tan ™! a
p E*+ (208 — 9)k? + a2 + 32 k2 —k+p3—2 k2+k+0—2
2
@ o
= (tan™! ) tan~! —,
(1 55) 5
(3.46)
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which at § =1 give

dak
tan ' = = _tan " 3.47
;aﬂ P a1 g e (B4
and
- 6ok o o) 3
1 —1 —1 _ —1
D (R R vy i L s S L
(3.48)
producing at a = 1,
C 4k 1
tan™! ——————tan"' — = — 3.49
;an M2k t2 K8 (349)
and
Zt k 1 1 t 1 1 ’/T3
an_ —————— tan an = —.
—Tk* 42 k2 —k—1 +k—1 64
Special values from (3.47) include
3 3 2
Ztan ! —\/_t n-! £ =T (3.50)
—2k? +4 k? 6
and
- Ak/3 3
Z tan ™! —\/_ tan™! i =T (3.51)
3k* — 6k% 44 k2 12

By first replacing 2 with 8 — 1 and then setting o = sinf and 3 = cos¥,
the identity (3.45) can be put in the form,

(E— L 4k sin 0 . sind
5 = § :t - tan ! —————  (3.52
2 —1 o k* — 4k? sin?(0/2) + 4 cos2(6/2) e +cosf’ ( )

suitable for expressing the square of any angle § with magnitude less that
7/2 as an infinite sum of products of two arctangents. In particular, at
0 = /3, we have

_:i 1 2l<:\/_ IERVE]

B3 oma

(3.53)
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At m =5, a=1= (= qin identity (3.44)) we have

Ztan —kt ! ;tan_1 ;x
k4 —23k% 4 2 k? — 3k —3 k> —k—5
1 1
S SIS SV S S (3.54)
R ks R ask—3
T 4 1 2 1 2
= —|tan " - tan” " =) .
4 3 5
3.3 More examples
Using f(k) = (k — 1)® in Lemmal/[l] at m = 1 gives
1043k2 3k+1) m
Zta a3 (3.55)
at ¢ =1 and
= 20(3k*+1) 7 _
1 _ 1
Ztan -1+ 2 + tan" a, (3.56)
k=1
at ¢ = 2, for v a positive real number. At a = 1, identity (3.55) gives
= (3k? — 3k + 1) s
tan~! =— 3.57
D tan Bkt Dk — 2k 1kt 1) 2 (3:57)
while identity (3.56)) gives
3k2 +1) 3w
t —. 3.58
Z an- —3k2+3) 4 (3:58)

Atm=2and q =1, Wehave

2a 3/€2 +1) a
0l 1@ -1 +
kg R tan iy tan " a, a€RT. (3.59)

Using f(k) = k* — 3k + 2 and m = 1 in Lemma I} we have

. aq(2k +q—3)
Ztan —1(k—2)(k:+q—1)(k:+q—2)+a2

(3.60)
_ E 1
=177+ tan Tl)
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from which we get

;tan_l G 2a(k — 1) _ (3.61)

12k -2k t+a2 2’

= _ 2a(2k — 1)
tan~" = 3.62
D_tan k-—Dk-2)k+Dk+a2 (362)
and
= 6ak «
tan " =7 +tan ' - 3.63
Z W TGkt kL) Far T g (363)
for positive real a. Evaluating at o = 1, identity (3.62)) gives
202k — 1)
Z tan— 2_—_1>2 =T, (364)
while at a = 2, identity (3.63]) reproduces identity (3.24)).
With f(k) = k* — 3k +2 and m = 2, ¢ = 1 in Lemma [1} we have
2a(2k + 1) 4« T«
t t - = —
Zan Dk(k+1)(k+2) + a? o k(k+1) 2 g
(3.65)
giving, in particular,
202k +1) ., 1 1
t —— =t = —t —. .
Za Frk—12 " ksl 20 2 (3:66)
Using f(k) = (k* — 5k + 5)? in Lemma [1| gives
- 2k — 1)(k? —
Z - 8a(2k — 1)(k* — k + 3) - « _
(k24 3k 4+ 1)2(k? — bk + 5)%2 + o2 (k2 —Fk—1)?
(3.67)
at g =2, m =2,
- 12a(k — 1)(k? — 2k + 2
Zta . alk —1)(k k+2) - o y
(k2+k —1)2(k> =5k +5)2 4+ a2 (k2 —3k+1)?
~1 - _ -1 _\3
X tan m = (tan Oé)
(3.68)

14



at m=3,¢=1and

g tan~! Ba(2k — (K — k +3) tan~! - X
(k2 + 3k 4+ 1)2(k? — 5k + 5)? + o2 (k? — 3k +1)2
-1 @ -1 o _ ~1\4

Xtan s e T Y e o - A )

(3.69)

at m =4, ¢ = 1, for real numbers «.

3.4 Alternating sums

Lemma 2. Let a be a real number, let m and q be positive integers
and let {f(k)}2, be a real positive non-decreasing sequence such that
limy_ f(k) = 00, then

S w1, 1 o(f(k+mg) F f(k) T
;<_1) R PO+ ma) £ o2 Hl kﬂQ)
q m—1
_ k-1 -1
= k:1( 1) jl:[o tan CEST)

where the upper signs apply if q is even, and the lower if q is odd.

Lemma [2] follows from identity (2.4) of [I] and the trigonometric identi-

ties ((1.5)) and

A A A
tan ' = + tan ' = = tan! ly+2) NJzy < 1.
x

y zy — A\

On account of Lemma [2[ with the upper signs, alternating versions of the
results obtained in the previous sections are readily obtained by replacing
g with 2¢. For example, corresponding to identity is the following
alternating sum

00 2q
2aq «
k 1 k—1 -1
g tan~ = g (1" tan™ —, a€lR
2 2 _ 2 ) )
p (k‘ +q9)?+a?—q p k

(3.70)

15



which gives, in particular,

k 1 k—1 -1
tan~ = (=) “tan™" —, (3.71)
(k +q)? k
k:l k=1
from which we get the special value
> _ 2 s
D (D a5 = o (3.72)

k=1

Similarly, the alternating version of identity (3.43)) is

- 8¢ 2
Z (1) tan™! 0 ! q

p (k+2q—1)2 (k+2¢—1)
- (3.73)
O k—1 129 1 2q
= — —1)""" tan™ tan™ .
8+k22( ot et s T

Additional alternating sums can be obtained from Lemma [2] with the lower

signs. For example, using f(k) = k + [ in Lemma [2] with the lower signs
we have the following result.

Theorem 3.1. If o and ( are real numbers and m and q are positive
integers such that q is odd, then

> B B 2k + 23 + mq) nl
—1)F T gan™t o tan ! ———
;( ) l{:2+(26+mq)k+ﬁ(ﬁ+mq)—a2jl_[1 k+ jq+p
q m—1 o
= (—1)’“_1 H tan b ——
pt ey k+jq+p5

Corollary 3.2. If m and q are positive integers such that q is odd, then

o] 2k _1 m—1
Z 1)51 tan~! . m(2k +m(q ))2 th m
— 2k2 + 2mk(q — 1) — m?q 2k + 2jqg —m
q m—1 m
e o g
— o 2k 4+ 25g —m

16



Proof. Set o = m/2 = —f3 in Theorem O

In particular, we have

= omk o m
k_l( )7 tan 2k2—m2j1;[1 Mkt —m
. (3.74)
= tan~! m ,
o 29 —m+2
giving the special value
> 2k s
1)* ! tan™! = — 3.75
> (Dt g = (375)
and
> . 2(k+q-1) _ 1
—1)"tan™! tan” ! ———
;( ) k2 +2k(q—1) —2q kE+q—1
. . . (3.76)
= —tan ' - —1)*tan™! tan™! ——— dd
5 tan q—i—kz:;( )¥ tan 7 tan P q odd,
giving the special value,
00 1 '/T2
—1)Ftan™! tan~! - = —. 3.77
k:l( Jrtan T g tan o =3 (3:77)
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