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Abstract This paper introduces probability multi-valued
neutrosophic sets (PMVNSs) based on multi-valued neu-
trosophic sets and probability distribution. PMVNS can
serve as a reliable tool to depict uncertain, incomplete,
inconsistent and hesitant decision-making information and
reflect the distribution characteristics of all provided
evaluation values. This paper focuses on developing an
innovative method to address multi-criteria group decision-
making (MCGDM) problems in which the weight infor-
mation is completely unknown and the evaluation values
taking the form of probability multi-valued neutrosophic
numbers (PMVNNSs). First, the definition of PMVNSs is
described. Second, an extended convex combination
operation of PMVNNs is defined, and the probability
multi-valued neutrosophic number weighted average
operator is proposed. Moreover, two cross-entropy mea-
sures for PMVNNs are presented, and a novel qualitative
flexible multiple criteria method (QUALIFLEX) is devel-
oped. Subsequently, an innovative MCGDM approach is
established by incorporating the proposed aggregation
operator and the developed QUALIFLEX method. Finally,
an illustrative example concerning logistics outsourcing is
provided to demonstrate the proposed method, and its
feasibility and validity are further verified by comparison
with other existing methods.
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1 Introduction

To deal with fuzzy information, Zadeh [1] proposed
fuzzy sets (FSs), which are now considered to be useful
tools in the context of decision-making problems [2].
However, in some cases, the membership degree alone
cannot precisely describe the information in decision-
making problems. In order to address this issue, Ata-
nassov [3] introduced intuitionistic fuzzy sets (IFSs),
which measure both membership degree and non-mem-
bership degree. Since their introduction, IFSs have been
researched in great detail, and some extensions of IFSs
have been developed and applied to multi-criteria deci-
sion-making (MCDM) problems [4-6]. Torra and Nar-
ukawa [7] first introduced hesitant fuzzy sets (HFSs), an
extension of traditional fuzzy sets that permit the
membership degree of an element to be a set of several
possible values in [0, 1], and whose main purpose is to
model the uncertainty produced by human doubt when
eliciting information [8]. The information measures for
HFSs have been studied in depth, including distance and
similarity measures [9], correlation coefficients [10],
entropy and cross-entropy [11].

Although the FSs theory has been developed and gen-
eralized, it cannot handle all types of uncertainties in real-
life problems, especially those of inconsistent and incom-
plete information. For example, when several experts are
asked for their comments about a given statement, some
experts may have a consensus on the possibility that the
statement is true is 0.6, some experts may have a consensus
on the possibility that it is false is 0.4, and the others may
have a consensus on the possibility that it is indeterminate
is 0.3. Such kinds of issues cannot be appropriately dealt
with using IFSs and HFSs. Thus, some new set theories are
needed.
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Smarandache [12, 13] proposed neutrosophic logic and
neutrosophic sets (NSs). An NS employs the functions of
truth, indeterminacy and falsity to depict decision-making
information and considers the truth-membership degree,
indeterminacy-membership degree and falsity-membership
degree simultaneously. NSs can effectively deal with
incomplete, imprecise and inconsistent information, and
they are more flexible and applicable than IFSs and HFSs
in decision-making problems. For the aforesaid example,
the experts’ comment can be presented as x(0.6,0.4,0.3)
resort to NS. Nevertheless, NSs are hard to apply in
practical problems since the values of the functions with
respect to truth, indeterminacy and falsity lie in [0~ 17[. In
view of this, a series of particular cases of NSs were
introduced, including single-valued neutrosophic sets
(SVNSs) [12, 14, 46, 49], interval neutrosophic sets (INSs)
[15-18, 36, 39, 43, 47, 48], neutrosophic soft sets [19-22],
neutrosophic refined sets [23-25, 45], bipolar neutrosophic
sets (BNSs) [26, 27, 42], neutrosophic linguistic sets
[28, 29, 64] and neutrosophic graphs [30-35]. Subse-
quently, studies of these particular sets have focused on
defining operations and aggregation operators [36-38],
distance measures [39, 40], similarity measures [41, 42],
correlation coefficients [43—45], entropy and cross-entropy
measures [46—48] and subsethood measures [49] to address
decision-making problems. In addition, Ye [50] introduced
simplified neutrosophic sets (SNSs), which can be repre-
sented using three discrete real numbers in [0, 1], and the
corresponding aggregation operators of SNSs were pro-
posed. The similarity measures of SNSs were proposed by
Ye [51]. The operations and comparison method of SNSs
were improved by Peng et al. [38], and the cross-entropy
measurements of SNNs were proposed by Wu et al. [52].

In some real-life situations, the truth-membership
degree, indeterminacy-membership degree and falsity-
membership degree in SNSs may be represented by several
possible values due to the hesitance of experts. For the
preceding example, some experts may estimate the possi-
bility that the statement is true is 0.5, 0.6 or 0.7, some
experts may estimate the possibility that it is false is 0.4 or
0.5, and the others may estimate the possibility that it is
indeterminate is 0.2 or 0.3. Such issues cannot be properly
solved using SNNs. Under these circumstances, Wang and
Li [53] and Ye [54] introduced multi-valued neutrosophic
sets (MVNSs) and single-valued neutrosophic hesitant
fuzzy sets (SVNHFSs), respectively, based on NSs and
HFSs. Actually, both MVNSs and SVNHFSs are charac-
terized by truth-membership, indeterminacy-membership
and falsity-membership functions that have a set of crisp
values in [0, 1], and there is no distinction between MVNSs
and SVNHEFSs. In the above example, the experts’ com-
ment can be described as ({0.5,0.6,0.7},{0.4,0.5},
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{0.2,0.3}) by means of MVNSs. In recent years, MVNSs
have been studied deeply, and the corresponding MCDM
methods have been developed and applied in various fields.
Peng et al. [55] defined the Einstein operations for MVNSs
and proposed the multi-valued neutrosophic power
weighted average (MVNPWA) and multi-valued neutro-
sophic power weighted geometric (MVNPWG) aggrega-
tion operators. Liu et al. [56] proposed a series of
Bonferroni mean (BM) aggregation operators for MVNSs.
Ji et al. [57] defined the normalized projection measure-
ment for MVNSs, and a projection-based TODIM method
was developed to deal with personnel selection problems.
Peng et al. [58] proposed an extended Elimination and
Choice Translating Reality (ELECTRE) method to address
MCDM problems under MVNSs environment. Peng et al.
[59] proposed a multi-valued neutrosophic qualitative
flexible multiple criteria method (QUALIFLEX) based on
the likelihood of MVNSs to solve MCDM problems.

Nevertheless, in the current studies in regard to MVNSs,
all possible values in specific part in a MVNN have equal
weight and importance. It is quite apparent that it is not in
conformity to the reality. In practice, some experts may
prefer some of the possible values in practical decision-
making problems, and different possible values in specific
part in a MVNN may have inconsistent weights or
importance degrees. In the preceding example, more
experts may prefer 0.6 in the truth-membership degree and
0.5 in the indeterminacy-membership degree, as well as 0.2
in the falsity-membership degree. To deal with such kinds
of issues, the characteristics of all possible values must be
reflected and the difference among them need to be iden-
tified, creating an opportunity to utilize the probability
distribution. Therefore, this paper proposes the concept of
probability multi-valued neutrosophic sets (PMVNSs) by
integrating MVNSs and probability distribution. PMVNS
includes not only several possible values in the truth-
membership degree, indeterminacy-membership degree
and falsity-membership degree, but also the associated
probabilistic information, which can be interpreted as
importance degree, probability, weight, belief degree and
so on. In the aforementioned example, experts have dif-
ferent preferences for distinct possible values in specific
part in ({0.5,0.6,0.7},{0.4,0.5},{0.2,0.3}), and the cor-
responding probabilities or weights for these possible val-
ues can be obtained according to their distribution. Assume
that the weights for 0.5, 0.6 and 0.7 in the truth-member-
ship degree are 0.2, 0.5 and 0.3, respectively; the weights
for 0.4 and 0.5 in the indeterminacy-membership degree
are 0.3 and 0.6, respectively; the weights for 0.2 and 0.3 in
the falsity-membership degree are 0.5 and 0.2, respec-
tively. Therefore, the evaluation value can be described as
({0.5(0.2),0.6(0.5),0.7(0.3)},{0.4(0.3),0.5(0.6)}, {0.2
(0.5), 0.3(0.2)}) using PMVNN.
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Based on the analyses above, the primary motivations
for this paper can be summarized as follows:

1. 1In view of the existing drawback of MVNSs that the
different characteristics of all possible values in
MVNSs cannot be distinguished and identified, this
paper introduces probability distribution to character-
ize these possible values and proposes PMVNSs to
facilitate the description of information.

2. In order to establish applicable and valid models to
address decision-making problems with probability
multi-valued neutrosophic information, this paper
defines the aggregation operator and cross-entropy
measures for PMVNNs and proposes a novel TOPSIS-
based QUALIFLEX method, as well as integrates them
to develop a comprehensive MCGDM method based
on PMVNNGs.

To do this, the rest part of this paper is organized as
follows. In Sect. 2, some concepts, such as NSs, SNSs and
MVNSs, are reviewed briefly. In Sect. 3, the concept of
PMVNSs is defined, and the operation and aggregation
operator for PMVNNs are proposed. In Sect. 4, two cross-
entropy measures of PMVNNSs are proposed, and a novel
QUALIFLEX method is developed. In Sect. 5, the pro-
posed aggregation operator and developed QUALIFLEX
method are combined to establish an innovative MCGDM
method. In Sect. 6, an illustrative example is used to verify
the validity of the proposed approach, and the comparison
analysis is conducted. Finally, the conclusion is drawn in
Sect. 7.

2 Preliminaries

In this section, the definitions of NSs, SNSs and MVNSs
will be introduced, all of which are necessary to the sub-
sequent analysis.

2.1 NSs and SNSs

Definition 1 [13] Let X be a space of points (objects)
with a generic element in X, denoted by x. Then an NS A in
X is characterized by a truth-membership function T4 (x),
an indeterminacy-membership function I, (x) and a falsity-
membership function F4(x). For each point x in X,
Ts(x) €]07, 17, I4(x) €]07,17[ and Fa(x) €0, 17
There is no restriction on the sum of T4(x), I4(x) and
F4(x), then 07 < sup Ta(x)+sup I4(x) + sup Fa(x) <37.

In fact, NSs are difficult to be applied in practical
problems. To remove this shortcoming, the NSs of non-
standard intervals are reduced into the SNSs of standard
intervals [12, 50].

Definition 2 [50] Let X be a space of points (objects)
with a generic element in X, denoted by x. Then an NS A in
X is characterized by Ty (x), I4(x) and F4(x), which are
single subintervals/subsets in the real standard [0, 1]; that
is, Ta(x):X—[0,1], I4(x):X—[0,1] and Fs(x):
X — [0, 1]. Thus, a simplification of A can be denoted by
A = {{x,Tx(x),Is(x), Fa(x))|x € X}, which is an SNS and
is a subclass of NSs. And the complement set of A is
denoted by A° and defined as A° = {(x,Fa(x),s(x),
Tx(x))|x € X}. For convenience, a simplified neutrosophic
number (SNN) can be described as a = (Ta(x),ls(x),
Fa(x)), and the set of all SNNs is presented as SNS.

2.2 Multi-valued neutrosophic sets

Definition 3 [53] Let X be a space of points (objects)
with a generic element in X, denoted by x. Then a MVNS A
in X is characterized by T (x), I4(x) and F,(x) in the form
of subset of [0, 1] and can be expressed as:

A= {(x,Ta(x),Is(x), Fa(x))|x € X}, (1)

where Ty (x), I1(x) and F,(x) are three sets of discrete real
numbers in [0, 1], showing the truth-membership degree,
indeterminacy-membership degree and falsity-membership
degree, respectively, satisfying 0 <#,¢,7<1and 0<n* +
EY 41+ <3 where € Ta(x), &€ I4(x), 1€ Fa(x) and
0t =sup Ta(x), EF = suply(x), 7 = sup F(x).

In addition, (T (x), 14 (x), Fa (x)), which is an element in
A, is a multi-valued neutrosophic number (MVNN). For
convenience, a MVNN is denoted as a = (T4 (x), I4(x),
F4(x)), and the set of all MVNNGs is expressed as MVNS.

3 Probability multi-valued neutrosophic sets
and its operation

In this section, the concept of probability multi-valued
neutrosophic sets (PMVNSs) is proposed based on the
elicitation of MVNSs and probability distribution. Subse-
quently, an extended convex combination operation and an
aggregation operator for PMVNNs are developed.

All the existing studies with respect to MVNNs in
decision-making problems assume that DMs have a con-
sensus on several possible values with equal weight and
importance for an evaluation. For example, to evaluate a
given object using MVNNSs, suppose one DM provides
({0.3,0.5}, {0.4,0.6},{0.5}), and the other provides
({0.5,0.6}, {0.4,0.5},{0.3}), then the overall evaluation
values can be identified as ({0.3,0.5,0.6},{0.4,0.5,
0.6},{0.3,0.5}) according to the existing assumption.
Obviously, the value 0.5 in truth-membership degree and

@ Springer



Neural Comput & Applic

the value 0.4 in indeterminacy-membership degree pro-
vided by one of the two DMs are lost, and the difference
among these possible values in {0.3,0.5,0.6}/{0.4,0.5,
0.6}/{0.3,0.5} cannot be ascertained. There is no doubt
that this does not correspond to the reality and is lack of
applicability. In order to effectively apply MVNNs in
decision-making problems with multiple DMs, it is nec-
essary to explore more feasible and practical presentation
for DMs’ preferences. Therefore, we suggest utilizing
probability distribution to characterize all possible values
in MVNNSs and developing probability multi-valued neu-
trosophic sets (PMVNSs) to facilitate the description of
information.

3.1 Probability multi-valued neutrosophic sets

Definition 4 Let X be a space of points (objects), with a
generic element in X denoted by x. A probability multi-
valued neutrosophic set (PMVNS) A in X can be defined
as

A = {{x, Ts(Pi(x)), In(Pi(x)), FA(Pf(x)) ) |x € X}, (2)

where T4 (P;(x)) = Ul et plep(x
of all possible truth- membershlp degrees tA € T, associ-
ated with the probabﬂlty pl € Pi(x), Li(Pi(x)) =

i* is a set consisting of all possible
A g p

{tf; (p])} is a set consisting

Ujk kel pkep;(x
mdetermlnacy—membershlp degrees i} € I, associated with
the probability p¥ € P;(x), and F,(Pf(x)) = Uttery e (o)
{fé(p})} is a set consisting of all possible falsity-mem-
bership degrees fi € F, associated with the probability
p} € P;(x), satisfying 0<r} i f1 <1, 0<#F 4 &+ —|—f

<3, 0<plpbpi<t, S pI<1 i<
S ph <1, where " =sup (Ty), %" =sup(ly) and
1 = sup (Fa), #Ta, #I4 and #F, are the number of all
elements in T4(Py(x)), I4(Pi(x)) and F4(Ps(x)), respec-
tively. The complement set of A is denoted by A¢ and
defined as  A“={(x, FA(Pr(x)),14(Pi(x)), Ta(P:(x)))
|x € X}.

When X includes only one element, then the PMVNS A
is reduced to a probability multi-valued neutrosophic
number (PMVNN), denoting by (Tx(P:(x)),Is(P;i(x)),
F4(Pf(x))). For convenience, a PMVNN can be described
as a= <TA(P,),IA(P,-),FA (Pf)>, and the set of all

PMVNNs is presented as PMVNS. Moreover, when

T, 1
pl=pt=--=pf",  pl=pl=--=p/"  and
pp=rf =

= pf FA, then the PMVNS A is reduced to the
MVNS given in Definition 3. In particular, if #74 =1,
#Iy =1, #F4 =1 and p,l =1, pl.l =1, p} =1, then the
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PMVNS A is degenerated to the SNS presented in Defini-
tion 2. Therefore, SNS and MVNS are all special cases of
PMVNN.

The probabilistic information associated with the pos-
sible values in PMVNNs can be interpreted as probability
degree, importance, weight, belief degree and so on. And
the probability multi-valued neutrosophic information can
be collected in various real-life decision-making problems.

Example I In a personnel selection problem, four vice
managers of human resources evaluate a candidate. They
need to express three kinds of degrees to which she/he
supports the candidate is capable for the position, and she/
he is not sure whether the candidate is qualified for the
position, as well as she/he deems the candidate is not
suitable for the position in the form of a real number, or
more than one due to hesitance. Therefore, MVNNSs can be
employed to depict such evaluation information. Assume
that one provides ({0.5,0.6},{0.3},{0.4}), one provides
({0.6,0.7},{0.2,0.3},{0.2}), one provides ({0.6,0.7},
{0.1, 0.2}, {0.3}), another provides ({0.8},{0.1},
{0.2,0.3}). Then, the overall evaluation information is
collected as ({0.5,0.6,0.6,0.6,0.7,0.7,0.8},{0.1,0.1,
0.2,0.2,0.3,0.3},{0.2,0.2,0.3,0.3,0.4}) without loss of
any original information. Therefore, the final evaluation
information taking the form of PMVNN can be identified
as {0.5(0.14),0.6(0.43),0.7(0.29),0.8(0.14)}, {0.1(0.33),
0.2(0.33),0.3(0.33)}, {0.2(0.4),0.3(0.4),0.4(0.2) })
according to the probability distribution.

For a PMVNN a= <TA(Pt),IA(Pi),FA (Pf)>, if
Z#l p, =1, then the probability distribution of all pos-
sible

Z#T{‘ p{ <1, then it is 1ncomplete and a normalized pro-

truth-membership  degrees is complete; if

cess is needed so that p/ € P,(x) can be regarded as a
complete probability distribution. The above analysis for
indeterminacy-membership degree and falsity-membership
degree is identical.

Definition 5 Given a PMVNN a = (Ts(P;),Ia(P)),

F4(Pr)) with Y- p,<1,(n=t,i,f), then the normalized
PMVNN a of a is defined as follows:

@ = (Ta(P:), In(P1), Fa(Py)), (3)
where pl =l € P, jf = fﬁ €P; and pl=
! Zj:]A I’}] ! Zk:'; 24
—# € Py
=1 pf

3.2 Convex combination operation and aggregation
operator of PMVNNs

Delgado et al. [60] firstly defined the convex combination
of two linguistic terms. Subsequently, Wei et al. [61]
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applied the convex combination operation to hesitant
fuzzy linguistic term sets. Based on these extant studies
and the operations of MVNNs [53], we define an exten-
ded convex combination operation for PMVNNSs in the
following.

Definition 6 Let ¢1:<T1(Pt1),ll(Pi1),F1(Pf1)> and

¢y = (T2(Pp), b(P), F2(Pp2))  be arbitrary
PMVNNSs, an extended convex combination operation of
¢,, and ¢, is defined as

two

Ccz(wl7¢law27¢2) = ® (rbl Dwr® ¢2

_ (2% (7]
= (0 +m)® (®¢1 @T +w2®¢2>

PMVNNWA (¢y,,,...,¢,)
:CC (U)k,¢k7k: 1723“'3”)

n—1 n—2
w
(Zwk> ( k,l 1@ ®<Zk r=1%Wky—2
Zk =10k, Zk =1k,
Zk: W, W] 7
X << 32 1 > ®¢1@2—®¢2
Zk;:] Wes Zkzzl Wk, Zkg:l Wk,

-

(5)

Wy

kl

XO—m——
Zk;:l Wiy

(1=(1=1))"Y1py+(1—(1—1,)”
(1) +1—(1-1)2

2)oapn

i +
= <U11(le)GTl(le)-fz(Prz)GTz(Plz) 1 - (1 - t1>w]<1 - t2)w2

2 ()T (Pu) 2=ts(pa)<T ()

(1=(=t)*Yoipn+(1-(1-6)"2)ps ’
1—(1-11)"1+1—(1-1,)™2

0] )
i o1piitiy“mpi

]

FOTErOsY
i+,

Ui (pa) el (Pa)in(pn)eb(Pa) \ b1 12

pog
2 Yoipi +17 2P

iv(pin) €l (Pir) Ziz(ﬂiz)Elz(Piz) z“‘ +z”2

1 oippf, 2 oapp

U W1 (U'; “1 +f”2
Alon)<n () o )eri(7n) ) I owpp 2 wpp )
Zf} (Pf] )€F| (Pfl) Z W
£ (pr2)eFa(Pr2)

(4)

where 0 < w;, wy <1, and w; + w, = 1. It is quite appar-
ent that the result obtained by the above operation is also a
PMVNN.

3.3 The weighted average aggregation operator
with PMVNNs

Definition 7 Let d)k:<T1(P11),11(P,'1),F1(Pf1)>(k:

1,2,...,n) be a collection of PMVNNS, denoted by €, and
w=(w;,ws,...,w,) be the weight vector of
¢k =1,2,...,n), with we€[0,1] and Y| we=1.

Then, the probability multi-valued neutrosophic number
weighted average (PMVNNWA) operator is the mapping
PMVNNWA : Q" — Q and is defined as follows:

Based on the extended convex combination operation of
PMVNNSs given in Definition 6, the following result can be
obtained.

Theorem 1 Let ¢, = (T\(Pn),1i(Pn),F1(Pp))(k =

1,2,...,n) be a collection of PMVNNs, denoted by Q, and
w= (wi,wa,...,w,) be the weight vector of
¢k =1,2,...,n), with we €[0,1] and Y}, we=1.

Then, the aggregated value calculated by the PMVNNWA
operator is also a PMVNN, and
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PMVNNWA(¢,, ¢y, ..., ¢,)

n
o
= <Ut|(['x|)GTI(Pyl)Jz(Prz)€T2(P;2),uu,fn(pm)ETn(Pm) =T =5)"

j=1

Ui )€l (Pi)in (pin) EL.(Pia) oo (pin) €0

| | -())
l "
m

= CCn(a)k7¢k7k = 1727 R

S (=(-) "oy
N EED

Zf} (Pn)€T1(Pu1) Etz(!’zz)ETz(P/z) o

DIALT
S

10(Pun) €T, (Pur) 5171(17(1,,/) )
iy, onpin

h
1

Zil(ﬁn)ﬂl(ﬂl) Ziz(l’,z)elz(f’iz) o

()]
Uf] (Pj|)€F|(Pf1),f2(ﬂfz)€F1(Pj) fn I’fn €F, an Hf '

=1

oy
g et b ChPin
n L),
E i 'h
Pin) h=

'

>
in(Pin) €1 (

Z:’ . 1 oupa
Z m,
=1

Zf, (pr1)eFi(Pn) Zfz(Prz)EFz(PfZ) o

S >
)

Jn (Pfu)GFu y

In the following, Theorem 1 will be proved by the

mathematical induction of n.

Proof
(1)

When n = 2, the following equation can be obtained
according to Definition 6,

(03] (09))
PMVNNWA CC —
(91002) = CCxon.dr,0n.05) = (or + o) s (S0 w020,
(1=(1=1)"Dopun+(1—(1-1)"2)wrpp
' ()" 1-(1—1)
- <Utl (Pr)ET1(P) 12 (p2) €T2(Pr2) - (1 - tl)wl (1 - tz)[)z I (1*(17t|2)w] Jorpa+(1—(1-15)")wpn ’
Ztl (pn)E€Ti (Pn) th(P,z)ETz(Prz)

) )
i oipinti, " mpi
BT
0] ) Lot

Ui (pu) el (Pa)in(p)ela(Pa) § 11 12

1—(1—1,) 1 +1—(1—1,)"2

Zil (pin)€li (Pir) Ziz(ﬁrz)Glz(P )

)

U a A
h (f’fl)EFl (Pfl)fz (P/2)€F| (Pf]) 1J2

o1 o ’
Ly w1p1|+12 W2Pi2

on]

i,

Fop)

1 o1+, 2 2pp

Zf1 (Pfl)EFl (Pfl) Zfz(Prz)éFz(sz)

= <Ul‘| (Pr)€ETI(Pn) 12(p2)€T2(Pr2) 1- (1 -

l]) wj

—.

1 o 2 o2pr
T o1, o>
TR

)

> (1= (1) enps
> (0-0-0)")

1

J

2 (o) T (Pa) 2=ta(pa) T (Pr)

2 o,
> Dy ln ©OnPin l’h OPin
A
h=1

Uil(Pl])ell( Pi1)i2(pin) €L (P,

Al

>, (1= (g) ey | [
> (1=(1-9))

Do) en (Pa) 2in(pa)eha(Pa)
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Z/ L @iPn
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U H )] Z/ 1 U’
Fi(p)€F1(Pr) 2 (pr ) €F1 (Pr)

2
>
i
h=1 /1

o,
it b @nPin

Zfl (Pfl)EFl (P/l) Zfz (P/z)€F2 (sz)

ZZ N
Pt | iPa
A
=1

@ Springer



Neural Comput & Applic

That is, when n =2, Eq. (2) is true.
(2) If Eq. (6) holds for n = g, then

PMVNNWA(d)Ia ¢27 cey d)g) = ch(wk7 d)kak = 1727 o 78)

2, (1=(0=)"Jorpy

] Tl G607
1P )ETI (Pn) 2 (P2) ET2(Pia) sty (Pig ) €Ty (Pig ) L. S (= (1=) " Yorr
= ) T ) W
1(pn)€T1(Pn) 2(p)€T2(P2) 1y (py ) €T, (Py) =1 !

Zh 1 " onpin
g wh
U H Z/,
ir(pin) €N (Pt )2 (pi2) €L (Pi2) -+ Ih; €1

Zil (pn)€T1(Pn) th([hz)ETz(Prz) e

)

Zi (1—(17,7)"’/)“)1_%
tg(rl,g)ETg(P,g) Z/—l(lf( /) )

El 1 " owp >
g Z 0] .
(D] 1=1"1
Y (o) eF1 (P ) s (pr2 ) €F1 (Pro )i (e ) F e (P ) H

e

U e o) Sy S e
i (pn ) €F1(Pr1) 22 (pr2) €F2(Pr2) () P (22) —
Thus, when n = g + 1, the following result can be That is, Eq. (6) also holds for n = g + 1. Therefore,

computed. Eq. (6) is true for all n.

PMVNNWA(¢17¢27 LR qbg? ¢’g+l) = ch+1(wka (;blmk = 1727 8 + 1)

g+l Zg )
ke=1 Yk Wy,
= Z Dy <g+)1:g® (ch(wk7¢k7k = 1727' ’g)) = ®¢g+l

e+l
ke1=1 ker1=1 W Z key1= 1 Dk

o i1 lj
Utl(/’tl)eTl (Pr1)sess tg+l(l’/g+l)€Tg+l(Prg—]) 1= H[ (1 - tj) ' -
a Ztl (pn)eTi(Pn) =" Zl,m (plg+l)€Tg+I (P:g-l)

1
S (1=(1=0)" apy

> (1-(1-ff) )

H\l_r

st 'n Ulh[’m
gtl o
=t 'h
Uil(}711)611(1’,1)«--,%(10,3\ EI‘ o ] Hl o
> S Lt PhPin
it (pin)€h (Pit) ig(Pigﬂ)elg (P,gﬂ) T o,
h=1"h
x+1 u,
opp
g+l g+] ol
)
U H ) =1 )
Fi(pr ) €F1 (P )seonfort (st ) €F g1 (Prest) Ji T
e =171
Zfl (!’/I)GFI (Pfl) kaﬂ(ﬁfxﬂ)ngH(Png) B
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4 TOPSIS-based QUALIFLEX method
with PMVNNs

In this section, the comparison method and cross-entropy
measures of PMVNNs are proposed. Subsequently, a novel
QUALIFLEX method is developed by incorporating the
proposed cross-entropy measures and the closeness coef-
ficient of TOPSIS.

4.1 The comparison method of PMVNNs

Definition 8 Let (]51 = <T1(P,1),Il (P,'l),Fl (Pf1)> and
¢y = (T2(Pn),L(P2),F2(Pr)) be two  arbitrary
PMVNNE, all elements in T.(Py.), I.(P;;) and F, (Pfg) (e=
1,2) be arranged in ascending order according to the values
of t, x pm, iy X pip and f; x pr.(e = 1,2), respectively. And
(pee), i¥ (pi;) and £ (pr:) (e = 1,2) be referred to as the

1
CEi(¢1.92) = m——r D >
#T1 X #T 2 1 (p)ETy (Pa) 2(p2) €T (P2)
1
sy D DEDD
#11 X #h i1(pin)€h (Pn) i2(pi2) €L (Pi2)
1
#Fl X #Fs Z Z
(P/l)GFl (le)fz(mz)GFl(Pfl)
1
CEx(¢1, ¢2) = m Z Z

1)ET(Pn) 2(pr)€T2(Pr)

+¥zz

#1 x #1 ir(pin) €N (Pi) i2(pin) €12 (Pi2)

1
#Fl X #Fz Z Z

fi(pr)€Fi(Pn) fo(pr2)€F1 (Pn)

Sil’l(flpfl) X sin(flpfl

tan(flpfl ) X tan(flpfl

demonstrate the following property of the proposed cross-
entropy of PMVNNGs.

4.2 Cross-entropy of PMVNNs

Ye [46] firstly defined the cross-entropy of SNSs, but it is
questionable in some specific situations. To overcome this
drawback, Wu et al. [52] further proposed two effective
cross-entropy measures for SNSs. Based on the two
existing simplified neutrosophic cross-entropy measures,
the cross-entropy for PMVNNS is defined in the following.

Definition 9 Let ¢, = (T;(Pu),11(Pi1),Fi(Pn1)) and

¢y = (T2(Pn), L(P2),F2(Pr)) be  two
PMVNNs, CE: PMVNN x PMVNN — R*, then two
cross-entropy measures CE(¢, ¢,) between ¢, and ¢, are
defined as follows:

arbitrary

sin(t1ps1) x sin(tips — tpr)

sin(iipin) X sin(iipin — i2piz) (7)

— fopr2),

tan(#1p;1) X tan(t1py — tapr)

tan(ilpil) X tan(ilp,-l — i2pi2) (8)

— fopr2),

J th value in T,(P;), I.(P;;) and F, (Pfg) (¢ =1,2). Then,
the comparison method of PMVNNs is provided as
follows:

¢y < ¢y, if O><p”)<r§”<pt2> and 177 (py) <
(#TZ)(Pz) 11 (Pz )>12 (pi2) and l(#ll)(Pil)>i(#12)(Pi2),

and £ (p) 25" (p2) and £ (pr1) =57 (pr2),
where j = 1,2,.. o7, k=1,2,...,0,,1=1,2,... 0 and
oar = min(#T1, #T2), o = min(#1,, #12), oF =

min(#F, #F>).
Although a complete ordering of all PMVNNSs cannot be
determined based on Definition 8, it is sufficient to

@ Springer

which can signify the discrimination degree between ¢,
and ¢,. It is worth noting that CE;(¢,,¢,) and
CEy(¢;, ¢,) are not symmetric in regard to their argu-
ments. Therefore, two symmetric discrimination informa-
tion measures for PMVNNSs are defined as

CE}(¢y, ¢2) = CEi(¢y, ¢5) + CE1(hs, ¢1); 9)
CE;(¢1, ¢2) = CE2(¢y, ¢5) + CEa(h, ¢y)- (10)
Property 1 Let ¢1 = <T|(Pt|),11 (P,‘]),Fl (Pf])> and
¢, = <T2(Pt2),12(Piz),F2 (Pf-2)> be two  arbitrary

PMVNNs, all elements in T,(Py,), I,(P;;) and F,(Py;)(e =
1,2) be arranged in ascending order according to the
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values of t; X py, i; X pi; and f; X py;, respectively. And
zﬁ") (Pre)s igj) (pic) andfg(i) (p ;;) be referred to as the jth value
in T,(Py), I.(P;;) and F, (Pfg). Then, the above cross-en-
tropy satisfy the following properties:

(1)  CE{(¢y,¢,) = CE{(¢,, ¢,) and CE;(¢,, ¢,) = CE;
(¢27 ¢1)
(2) CEj(¢y,¢,) = CE} ((bia (155) and CE3 (¢, ¢,) = CE;

(¢, ¢5), where ¢ and ¢ are the complement set of
¢, and ¢,, respectively.

(3) CET(d)lv d)Z) > 0 and CE;((ISU 4)2) > 0.

(4) The greater the difference between ¢, and ¢, is, the
greater CEj (¢, ¢,) and CE}(¢,, ¢,) will be.

Proof Obviously, the cross-entropy measures described
in Definition 9 satisfy (1) and (2) of Property 1, and the
proofs of (3) and (4) of Property 1 are as follows.

(3) Firstly, it is necessary to analysis the following
functions:

fi(a,b) =sina x sin(a — b) + sinb x sin(b — a)

= (sina — sinb) x sin(a — b),
and f>(a,b) =tana x tan(a — b) + tanb x tan(b —
a) = (tana —tanb) X tan(a — b), where a,b €
[0, 1]. Tt is worth noting that whether a > b or a <b,
the two inequalities fi(a,b)>0 and f>(a,b) >0
always hold.

Moreover, the following equations can be obtained:

1
Ej(¢1,0,) = W Z Z

1(pn)€T1(Pn) t(p)€T2(Pr)

1
t o D > sin(ipa
#I X #1 i1(pin)€h (P) i2(pi2) €L (Pi2)

1
#Fl X #Fz Z Z

Fi(pr)eFi(Pr) f(pr ) €F2(Pp)

and

1
CE;(¢1, ¢2) = m Z Z

1) €T (P ) t2(pr2) T2 (Pr2)

1
#le#z Z Z

1(pin) €l (Pn) i2(pi2) €2 (Pi2)

1
#Fl x #Fz Z Z

Filp)eri(Pn) £(pr)era(Pr)

sin(tipy — hpp)

— ippin) X

sin (flpf1

tan(tlp,l — Izp,z)
tan(ilp,q — izpiz)

tan(flpfl

Since  V(t1pa,itpa, fipsts e, ipi, fopre) € [0, 1],
CE{(¢,, ¢,)>0 and CE;(¢;,¢,)>0 can be -easily
obtained according to the property of fi(a,b) and f>(a,b).
(4) For three PMVNNs ¢, = (T1(Pn),L(Pn),
Fi(Pn)), ¢ = (T2(Pa), h(P2), F2(Pr)) and
¢3 = (T3(P), I3(Pi3), F3(Pr3) ), if ) <y < s,
then 1 (pn) <19 (po) <1 (pi3) and A*"(py) <
5 o) <67 (). 1 (i) > 5 (i) > 1 (i)
and i (pu) 2 55 (p2) = i (pa). A" (p11) 2
£ (pr2) 21" (prs) and 77 (pr1) 2577 (pr2) =

J‘;#m (pf3) can be obtained according to Definition
8. Thus, the following inequalities are true,

sin(t{’ (pa)) <sin(ty (p2)) < sin(ty (p3))

= 0< sin(Y (pn)) — sin(t¥ (pn)) < sin(i¥ (p3))
- sm(t%])(ptl)),

0<1 (p) — 1 () <1 (p3) — 1 (pi) <1
= 0< sin(t) (p) — 1 (pn)) < sin(1Y (ps3)
— (1 (pu1)).
Then,
sin(t 'w & (p2)) (sin( (pn))
- sm(rz (p2))) <sin((t ()
— 1 (p) sin(1 (pn)) — sin(ey (pa))).

And then,

(sin(typn) — sin(trpp))
(sin(i1pi1) — sin(izpin))

— fop2) % (sin(fipp1) = sin(fpp)),

x (tan(t1p;1) — tan(tapp))

x (tan(iypi) — tan(izpiz))
— tan(fzpfz))-

— fopp2) % (tan(fipp)

@ Springer



Neural Comput & Applic

1

#Tz t2(p)€T2(Pr2)

1
<un 2

13(pi)€T3(Ps3)

Sin(tlptl - szzz)

Sin(tlpzl - t3pz3) X

Thus,

1 .
LS Y it e)
#11 x #T t1(pn)E€T1(Pn) t2(pr2) ET2(Pr2)

! in(t 13p13) X
—_— Sin —

#Tl X #T S, 1Pt 3P

1(pn)€T1(Pn) t3(pi3)€T3(P3)

In the same way,

1 .. .
#11 X #12 Z Z sm(zlp“ — 12[7,‘2) X

1(pin)e€h (Pn) i2(pi2) €l (Pi2)

1
S#le#ls Z Z

i(pn)€l (Pi) i3(pi3)€l3(Pi3)

sin(i1pin — i3pi3) X
and

sin (fl pf1

1
#I X#Fz Z Z

H(pn )eFi(Pn) £ (pra) €F2 (Pra)

1
#Fl X #F3 Z Z

(Pfl )€F1 (Pfl ) f (Pf?)GFZ (sz)

x (sin(#yp;1) — sin(t2pr))

— fapp2) X

sin(fips1 — fapsz) X

(sin(tipin) — sin(t3ps3)).

(sin(t1p) — sin(t2pp))

(sin(t1pn) — sin(t3ps3)).

(sin(iyp;1) — sin(ixpin))

(sin(ilpil) — sin(i3pi3)),

(sin(fipp1) — sin(fapy2))

(sin(fipr1) — sin(faps)),

can also be obtained. Therefore, CET((f)17
$,) <CE{(¢1,$3). The inequality CE}(¢,, ¢3) <
CE} (¢, ¢3) can be proved in a similar way. The
same proof can also be provided for CE5(¢,, ¢,).

4.3 TOPSIS-based QUALIFLEX method
with PMVNNs

In this subsection, a novel TOPSIS-based QUALIFLEX
method is developed based on the cross-entropy measures
of PMVNNs described in Definition 9.

The QUALIFLEX method, introduced by Paelinck [62],
is a useful outranking method for multi-criteria decision
analysis because of its flexibility with respect to ordinal
and cardinal information. The QUALIFLEX method
compares each pair of alternatives for all possible alter-
native permutations under each criterion and determines
the optimal permutation by searching for the maximal
value of permutation’ concordance/discordance index.

Taking into account a decision-making problem that
refers to n alternatives under m criteria. And the evaluation
value of alternative a;(j = 1,2, ...,n) associated with cri-
terion cx(k=1,2,...,m) is in the form of PMVNN,

@ Springer

denoting as ry = (Ty(P;), Ik (P;), Fix (Pr)).

In order to ranking all alternatives, the positive ideal
solution (PIS) and negative ideal solution (NIS) are iden-
tified as at = {{1(1)},{0(0)},{0(0)}) and

—={{0(0)},{1(1)},{1(1)}), respectively. The cross-
entropy between alternative a;(j = 1,2, ...,n) and the PIS
*, expressed as CE*(aj,a’), and the cross-entropy
n) and the NIS a-,
expressed as CE*(a;,a”); both of them can be computed
utilizing Eqgs. (9) and (10). Therefore, the extended close-
ness coefficient of TOPSIS for a given alternative a; under
criterion ¢y is defined as

CE"(aj,a”)
CE* (aj, ) + CE* (aj,

a
between alternative a;(j =1,2,...,

CC*(a;)= =g (11)

It is apparent that CC*(q;) € [0, 1], and the bigger value
of CC*(q;) indicates alternative g; is better.

In the following, the above extended closeness coeffi-
cient is employed to identify the concordance/discordance
index. For an alternative set A with n alternatives, then n!
permutations of the ranking for all alternatives exist. Let P;
denotes the /th permutation, then

Pr=(..,ay4,...,a5,...), forl=12,.. . n
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where a,,ap € A, and the alternative a, is ranked better
than or equal to ag. If a, and ag are ranked in the same
order within two preorders, then concordance exists. If a,
and ag have the same ranking, then ex aequo exists. If a,
and ag are counter-ranked in two preorders, then discor-
dance exists.

Therefore, the
¢¥(ax, ag) for each pair of alternatives (a,,ap) (a,,ap € A)
in regard to the criterion c¢; and the permutation P; is
defined as follows:

concordance/discordance index

q’f(amaﬁ) = CC(ao:)
CE"(ay,a")
—CC
)= apa) + CE (ay.a)
_ CE* (a/;, )
CE* (aﬁ,a*) + CE* (aﬁ, a*) ’

(12)

where ¢ (ay,ag) € [-1,1].

Based on the extended closeness coefficient comparison
method and the above concordance/discordance index, the
following three situations can be obtained.

1. If qof(aa, ap) > 0, that is CC(a,) > CC(ap), then ay is
ranked better than ag under the criterion c¢. Thus,
concordance exists between the extended closeness
coefficient-based ranking and the preorder of a, and ag
under the /th permutation P;.

2. If ¥(ay, ap) = 0, that is CC(a,) = CC(ag), then a, and
ag have the same ranking under the criterion ci. Thus,
ex aequo exists between the extended closeness
coefficient-based ranking and the preorder of a, and
ag under the /th permutation P;.

3. If ¢¥(ay, ap) <0, that is CC(a,) <CC(ag), then ag is
ranked better than a, under the criterion c;. Thus,
discordance exists between the extended closeness
coefficient-based ranking and the preorder of a, and ag
under the /th permutation P;.

Suppose that the weight of criterion ¢x(k = 1,2,...,m)
is  we(k=1,2,...,m), satisfying w;€][0,1] and
> iy wi = 1, then, the weighted concordance/discordance
index ¢¥(ay,ag) for each pair of alternatives (a,,ap)
(as,ag € A) with respect to the criterion c; and the per-
mutation P; can be obtained based on Eq. (12) as follows:

zwkq)l ters)

wi (CC(ay)

aa,a/f

I
Msu

— CClap)). (13)

=~
Il

1

Moreover, the comprehensive concordance/discordance
index ¢; associated with the permutation P; can be calcu-
lated as follows:

Z Z qu)l aacv aﬁ

Ay u/;EA k=

3 S wlcc@)

ay,ap€A k=1

— CClap)). (14)

According to the extended closeness coefficient-based
comparison method, we can conclude that the bigger ¢; is,
the more reliable the permutation P; is. Therefore, the
optimal ranking P* of all alternatives can be identified as

o' = max{g}. (15)

5 A MCGDM method under PMVNNs
circumstance

In this section, two objective weight determination meth-
ods are established based on the cross-entropy measure-
ment of PMVNNSs. Furthermore, a novel MCGDM method
is developed by combining the proposed aggregation
operator and TOPSIS-based QUALIFLEX method.
MCGDM problems with PMVNNSs information consist
of a group of alternatives, denoted by A = {a;,as,...,a,}.
Suppose C = {ci,cz,...,cm} to be the set of criteria,
whose weight vector is w = (wy,wy,...,w,), satisfying
w € [0,1] and Y30 wi = 1; let D = {dy,d>,...,d;} be a
finite set of decision-makers (DMs), whose weight vector is
v=(vi,v2,...,vq), satisfying v; € [0,1] and 37, v, = 1.
Then, for a DM d,(I = 1,2,...,q), the evaluation infor-
mation of a;(i=1,2,...,n) with respect to
¢ij =1,2,...,m) is presented in the form of PMVNNs,

denoted by 2 = (T(Py ). 1(Piy) . F(Ply)),  where
T(Py,) =

truth-membership degree that the alternative a; satisfies the
criterion ¢;, and pj, indicates the importance of the pro-

vided ts 1(Ply) =

X l .' . . . . _
Ui/kzel,p;k,eP;k,{lel(ijl)}’ and i;y indicates the indeterminacy

er {1t (Pjy)}, and tj indicates the

Ut/’dET p/kl ki

truth-membership degree

membership degree that the alternative a; satisfies the cri-
terion ¢;, and pj’:k, indicates the importance of the provided

fjas F (Psz) =
Uper, pjheﬂm{ﬁkz(pfk,)}, and fjy indicates the falsity-mem-

bership degree that the alternative a; satisfies the criterion

indeterminacy-membership degree

¢j, and p;kl indicates the importance of the provided falsity-

membership degree fj;. Finally, the decision matrix R =

(Z§k> can be constructed.
; m

@ Springer
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5.1 To determine the weights of criteria and DMs

The weights of DMs and criteria are important parameters
in MCGDM problems because they directly influence the
accuracy of the final results. In practical MCGDM prob-
lems, weight information is usually uncertain. Furthermore,
because DMs are selected from distinct backgrounds with
different degrees of expertise, they cannot be directly
endowed with arbitrary weights or equal weights. More-
over, because of the time pressure, problem complexity and
lack of knowledge, criteria weights also should not be
determined according to empirical values or subjectively
assigned in advance. As a result, for a practical MCGDM
problem, weights for DMs and criteria should be regarded
as unknown and to be determined.

According to the above discussion, two reliable models
are established, based on the proposed cross-entropy
measurement of PMVNNSs, to objectively calculate the
unknown weights of DMs and criteria in the following.

In the evaluation process, different DMs may have dif-
ferent opinions on each criterion, and then the criteria in
different decision matrices should have different impor-

tance. In this way, the criteria weights w' =
(wh,wh,...,wl,) in each decision matrix R'=

(z;k) § (I=1,2,...,q) should be determined, respec-
nxm

tively. If a MCDM problem features marked differences
between any two distinct alternatives’ evaluation values
under a given criterion ¢j, then ¢; plays a relatively
important role in the decision-making process; therefore, a
higher weight should be assigned to c¢;. In contrast, if a
criterion makes the evaluation values of all alternatives
appear to be similar, then this criterion plays a less
important role in the decision-making process and should
be assigned a low weight. Thus, taking into account the
viewpoint of sorting the alternatives, the proposed cross-
entropy measurement in Definition 9 can be employed to
distinguish different evaluation values under a given
criterion.

Therefore, for a

decision matrix

j
deviation model can be established to derive the weights of
criteria as follows:

R = (zlk) (I=1,2,...,q), an extended maximizing

I
maxF = wkZ Z (jk’zhk>
k=1 J=1 h=1,h#j
> uf =1
S.t q k=1
f( 0,k=1,2 ml=1,2,...,q.
(M-1)

@ Springer

where CE* (z}k, zﬁlk) signify the cross-entropy measurement
between z, and zj.

To deal with this model, the Lagrange function is con-
structed as

m n n
Fl(Wllo@ = Zwiz Z CE*( /k?zhk)
k=1 =1 h=1h#j

\o]

(5 "

where /4 is the Lagrange multiplier. Then, the partial
derivatives of F'(w', 1) can be calculated as follows:

Wk’ Z Z CE*(jk,zhk) + Jwi =0,

Jj=1 h=1h#j
aFl(Wk”l) ~

(17)

By solving Eq. (17), the optimal weights of criteria can
be identified as

Z Zh 1,hAf CE’ <,k»th>
\/z

=
IZh 1hj CE" (/k?zhk>)
To normalize wi(l=1,2,...,

q) be a unit, the final
weights of criteria can be calculated as

; wiht Zj 12 —14 C (Z;k’zilk>
W= = .
2 Wi Zk 121 12 he 1h;éJCE (jkvzhk)

(18)

(19)

Motivated by the closeness coefficient of TOPSIS [63]
and the variation coefficient approach [64, 65], an objective
weight determination method for DMs can be developed
based on the proposed cross-entropy measurement in the
following.

1. Determine the PIS and NIS.
The PIS and NIS can be
{11}, {0(0)}, {0(0)}) and = =
{1(1)}), respectively.

identified as zT =

({0(0)}, {1(D)},

2. Calculate the overall weighted cross-entropy measure-

ment between zjk and z/z~ in each decision matrix

R’zz(;ﬁ)nxm(l::I,Z,.”,q)

According to the cross-entropy of PMVNNs given in
Definition 9, the overall weighted cross-entropy mea-
surement between z}k and z'/z~ can be obtained as
follows:
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m

¢ (e () )
1

o (20)
c- = Z (w;C Z CE* (zjl.k,z_)>.
k=1 =1

3. Determine the closeness degree of each DM.
According to the closeness coefficient of TOPSIS
method, the closeness degree of DM d;(I = 1,2, ...,q)
can be calculated as follows:

I c-

S &1

@
The larger the value of ¢', the larger the closeness
degree of criteria values involved in decision matrix

R = <Z}k)nxm(l =1,2,...,q) will be, and accordingly

the more precise the evaluation provided by DM d,
which suggests DM d; provides less conflicting and
controversial information and acts a relatively impor-
tant role in decision-making procedure, and thus a
greater weight should be endowed with DM d;. The
above discussion is consistent with the main principle
of DMs weight determination.
4. Calculate the final weights of DMs.

The final weight of DM d;(I=1,2,...,q) can be
obtained as

(Pl

V==
7
=19

(22)

5.2 A MCGDM method based on PMVYNNWA
operator and QUALIFLEX with PMVNNs

According to the above analysis, the proposed probability
multi-valued neutrosophic aggregation operator and TOP-
SIS-based QUALIFLEX method are integrated to develop
a MCGDM method, and its main procedure can be
described as follows:

Step I Normalize the evaluation information.

It is necessary to normalize all evaluation values to the
same magnitude grade to eliminate the influence of dif-
ferent dimensions in the operation process. The normal-
ization of decision matrix needs to consider the criteria
type and probability distribution simultaneously, and the
complement set and Eq. (3) can be employed as follows:

, <T (f’j’-k]) ,I(f’j’:k]) JF (P;ko >, for benefit criterion ¢

Lk = - . - L
<F (P;kl> v (ijz) T (ij1> >, for cost criterion ¢y
(23)

And the normalized decision matrix is expressed as
Rl — (szl> (I=1,2,....q).
nxm

Step 2 Determine the criteria weights in each decision

matrix R’ = (Z]'»k,)nxm(l =1,2,....9).

The criteria weights wi(k=1,2,...,m;l=1,2,...,q)
in each decision matrix R" = (z}k,)nxm(l =1,2,...,9) can
be obtained using model (M-1).

Step 3 Determine the weights associated to DMs.

The DMs weights v;(l=1,2,...,q) can be obtained
using Eq. (22).

Step 4 Calculate the collective weights of criteria.

After obtaining the criteria weights wi(k =
1,2,...,m;l=1,2,...,q) in individual decision matrix
and the DM weights v,(I=1,2,...,q), the collective

weight of criteria wy(k = 1,2,...,m) can be calculated as

q
W = Zwivl, (24)
=1

Step 5 Obtain the collective evaluation information.

The individual evaluation values z;,d can be aggregated
by utilizing the PMVNNWA operator, and the collective

evaluation matrix R = (ij)nXm can be acquired.

Step 6 List all of the possible permutations for the
alternatives.

List n! permutations for the n alternatives, and the gth
permutation can be denoted by P,,.

Step 7 Obtain all of the concordance/discordance indices
for the pairwise alternatives under each criterion.

The concordance/discordance index (p’;(aa,a/;) for the
pairwise alternatives (a,,ap) (a,,ap € A) under each cri-
terion cx(k=1,2,...,m) can be obtained by using
Eq. (12), and the total concordance/discordance index
matrix can be constructed.

Step 8 Compute the comprehensive concordance/discor-
dance index.

The comprehensive concordance/discordance index ¢,
for each permutation P, can be calculated using Eq. (14).

Step 9 Determine the final ranking of all alternatives.

The optimal ranking can be obtained using Eq. (15), and
then the final ranking of all alternatives can be determined.

@ Springer



Neural Comput & Applic

6 Illustrative example

In this section, an illustrative example in the form of
logistics outsourcing problem is provided in order to
highlight the applicability of the proposed method. Fur-
thermore, the method’s availability and strengths are con-
firmed through the comparative analysis with other existing
methods.

The following background is adapted from Wang et al.
[66]. Logistics has been taken seriously by lots of com-
panies due to its great influence on business operations.
More and more companies choose to outsource logistics to
third party logistics providers because of the numerous
advantages of logistics outsourcing, such as increased
competitiveness, professional services, improved perfor-
mance and reductions in cost. The selection of a third party
logistics provider is one of a business’ most important
decision-making projects. Numerous companies plan to
implement logistics outsourcing to improve operational
efficiency and lower costs.

ABC Machinery Manufacturing Co., Ltd. is a medium-
sized automotive component manufacturer in China that is

automotive components and mechanical products. The com-
pany’s management team has decided to select a third party
logistics provider for logistics outsourcing. A professional
team was formed to assist in decision-making, consisting of a
general manager, a logistics manager and a production
manager, denoted by {d,d,,ds}, whose weight vector is
v = (v, vz, v3). Initially, information on some logistics pro-
viders was collected. After preliminary filtrating, many
unqualified alternatives were weeded out, and four potential
logistics providers remained, denoted by {ay, a2, a3, as}. The
professional team chose the following four criteria to evaluate
these alternatives: ¢, information and equipment systems; c»,
service; c3, quality; c4, relationship. The weight vector of the
four criteria is w = (wy, wp, w3, wy). The weights of criteria
and DMs are completely unknown. Moreover, the evaluation
information can be collected in the form of PMVNNs in
Tables 1, 2 and 3.

6.1 An illustration of the proposed method

The main procedures for evaluating the four logistics
providers can be summarized in the following steps. Let

mainly involved in the exploitation, manufacture and sale of ~ CE*(¢, ¢,) = CE[ (¢, ¢,), here.
Table 1 Decision matrix of d;

1 (&)
a ({0.4(0.6),0.6(0.2) },{0.4(0.6)},{0.3(0.4),0.4(0.5)} ({0.3(0.4),0.6(0.4)},{0.5(0.5),0.6(0.4)},{0.3(0.4)})
a ({0.5(0.4),0.6(0.3)},{0.4(0.2),0.6(0.5)},{0.3(0.4)} ({0.6(0.5)},{0.4(0.3),0.6(0.5)},{0.4(0.6),0.6(0.3) })
a3 ({0.5(0.7)},{0.4(0.3),0.5(0.4)},{0.4(0.3),0.6(0.5) } ({0.4(0.5),0.6(0.5)},{0.5(0.6)},{0.4(0.4),0.5(0.4) }
ay ({0.5(0.3)},{0.2(0.1),0.4(0.5),0.6(0.2) },{0.5(0.7) } ({0.6(0.5)},{0.4(0.5),0.6(0.5)},{0.5(0.3),0.6(0.5) })

Cc3 Cq
aj ({0.7(0.5),0.8(0.5) },{0.3(0.5),0.4(0.4) },{0.5(0.6) } ({0.5(0.4),0.7(0.6) },{0.3(0.5),0.5(0.4) }, {0.5(0.4) })
a ({0.7(0.3),0.8(0.5) },{0.4(0.6) }, {0.4(0.5),0.6(0.4) }) ({0.6(0.4),0.8(0.4)},{0.4(0.2),0.6(0.5)},{0.5(0.3)})
as ({0.6(0.5)},{0.4(0.5),0.5(0.3)},{0.4(0.5),0.6(0.4) }) ({0.6(0.5)},{0.5(0.4),0.6(0.4)},{0.5(0.6),0.6(0.4) })
ay ({0.6(0.3),0.8(0.5)},{0.4(0.6)},{0.5(0.3),0.6(0.5)}) ({0.6(0.5),0.8(0.4)},{0.4(0.6)},{0.4(0.5),0.5(0.4) })
Table 2 Decision matrix of d»

C1 (&)
aj ({0.6(0.5)},{0.4(0.2),0.6(0.6) },{0.4(0.6),0.6(0.2) } ({0.5(0.4),0.7(0.4)},{0.6(0.4)},{0.4(0.6),0.5(0.4) })
a ({0.3(0.4)},{0.5(0.4)},{0.2(0.2),0.4(0.5),0.6(0.3) } ({0.5(0.6)},{0.6(0.4)},{0.5(0.3),0.6(0.4),0.7(0.2) }
as ({0.4(0.6),0.6(0.2) },{0.6(0.3)},{0.5(0.4),0.6(0.5)} ({0.6(0.4),0.8(0.4)},{0.5(0.3),0.7(0.5)},{0.5(0.4) })
ay ({0.5(0.4),0.6(0.4)},{0.5(0.3)},{0.3(0.4),0.6(0.5)} ({0.7(0.5)},{0.5(0.6),0.6(0.3) }, {0.5(0.6) })

C3 Cq
ai ({0.5(0.3),0.6(0.5)},{0.4(0.4),0.6(0.6) },{0.3(0.6 ({0.6(0.6)},{0.3(0.5)},{0.4(0.4),0.5(0.3),0.6(0.3) })
a ({0.5(0.4),0.6(0.3)},{0.5(0.6),0.6(0.3) },{0.5(0.5 ({0.5(0.6),0.6(0.4)},{0.4(0.5),0.6(0.3)},{0.3(0.4) })
a3 ({0.5(0.4),0.6(0.5)},{0.5(0.4),0.7(0.5) },{0.5(0.8 ({0.4(0.6),0.7(0.4)},{0.3(0.4),0.4(0.6) },{0.5(0.5) })
ay ({0.5(0.6)},{0.5(0.5)},{0.4(0.2),0.6(0.5),0.7(0.3 ({0.5(0.5),0.7(0.5)},{0.5(0.4) }, {0.4(0.6),0.6(0.3) }
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Table 3 Decision matrix of d3

a ({0.5(0.4),0.7(0.4) },{0.5(0.6),0.7(0.4) }, {0.6(0.3) }) ({0.4(0.6)},{0.6(0.4),0.7(0.3) }, {0.5(0.3),0.7(0.6) })
a ({0.5(0.4),0.6(0.4)},{0.5(0.4)},{0.4(0.6),0.6(0.4) }) ({0.4(0.5),0.5(0.3)},{0.5(0.5),0.6(0.4) },{0.4(0.6) }
as ({0.3(0.4),0.5(0.4)},{0.4(0.4),0.5(0.6) },{0.3(0.4) }) ({0.6(0.4)},{0.5(0.3)},{0.4(0.5),0.5(0.4) })

a, ({0.4(0.4),0.5(0.6)},{0.4(0.4)},{0.5(0.4),0.6(0.2) }) ({0.5(0.6),0.7(0.4)},{0.4(0.3)},{0.3(0.4),0.5(0.5) })

C3 Cy

a, ({0.4(0.5)},{0.3(0.4)},{0.3(0.2),0.5(0.5),0.6(0.3) ({0.3(0.4),0.5(0.6)},{0.7(0.6) },{0.5(0.4),0.6(0.6) })
ap ({0.7(0.4)},{0.4(0.6),0.7(0.3) },{0.4(0.5),0.5(0.5) ({0.4(0.6)},{0.4(0.5)},{0.4(0.3),0.5(0.5),0.6(0.2) }
aj ({0.4(0.5),0.6(0.5)},{0.4(0.5)},{0.6(0.4),0.8(0.5) ({0.4(0.4),0.5(0.4)},{0.5(0.6)},{0.3(0.5),0.5(0.5) })
ay ({0.6(0.5),0.8(0.5)},{0.4(0.6),0.6(0.4)},{0.5(0.3) ({0.8(0.5)},{0.4(0.5),0.6(0.3),0.8(0.2) },{0.3(0.4) })

Table 4 Criteria weights wi(k = 1,2,3,4;1=1,2,3) in each deci-
sion matrix

1 1 1

w wy w3 Wy
R! 0.2751 0.2730 0.2181 0.2338
R? 0.2255 0.3346 0.2033 0.2366
R 0.1676 0.1810 0.2334 0.4180

Step I Normalize the evaluation information.

Taking into account all of the criteria are the benefit type
and some incomplete probability distribution exists in the
provided evaluation values, then the decision matrices need
to be normalized using Eq. (3). Because of the space lim-
itation, the normalized decision matrices are omitted here.

Step 2 Determine the criteria weights in each decision
e Pl
matrix R = (Zy/'kl) (1=1,2,3).
nxm

Using Eqgs. (18) and (19), the criteria weights in each
decision matrix can be obtained, as shown in Table 4.

Step 3 Determine the weights associated to DMs.

According to the procedures of determining DMs
weights described in Sect. 5, the weight for DMs can be
obtained as v; = (0.3539,0.3204,0.3257).

Step 4 Calculate the collective weights of criteria.

Based on the acquired criteria weights wi(k =
1,2,3,4;1=1,2,3) in individual decision matrix and the
DM weights v;(I = 1,2,3), the collective weight vector of
criteria can be calculated wusing Eq.(24) as

= (0.2242,0.2628,0.2184,0.2946).

Step 5 Obtain the collective evaluation information.

The evaluation information provided by individual DM
can be aggregated by utilizing the PMVNNWA operator,

and the comprehensive evaluation information can be
acquired, as shown in Table 5.

Step 6 List all of the possible permutations for the
alternatives.

Because four alternatives are provided, 4! = 24 permu-
tations can be listed in the following, where P, represents
the gth permutation.

P1 = (a1,a2,0a3,a4), P, = (a1,a2,0a4,as),
= (ay,as,as,a4), P4 (ay,as,a4,a3),
= (a1, a4, a2, a3),
= (a1,a4,0a3,a3), P7 = (az,a1,a3,as4),
= (ay,a1,a4,a3), Po = (ay,as,ay,a4),

PlO = (a2, a3,a4,ay),
Py = (az,a4,a1,a3), Py = (az,a4,a3,a1),
Pi3 = (a3,a1,az,a4), Py = (a3,a1,a4,az),
PIS = (a3, a2, a1, a4),
= (a3 ), P17 = (a3,a4,a1,a,)
(Cl as,az,ay), Py = (as,a1,a2,a3),
onf(a ay,az,ay),
Py = (a4, az,a1,a3), Py = (a4,a2,a3,a;),
( )

Py3 = (as,a3,a1,a,) and Pyy = (as, a3, a2, a,).

Step 7 Obtain all of the concordance/discordance indices
for the pairwise alternatives under each criterion.

By using Eq. (12), the concordance/discordance index
@l (a,ap) for the pairwise alternatives (a,ap) (ay, ap €
{a1,a2,a3,a4}) under each criterion ¢(k = 1,2,3,4) can
be obtained, and the total concordance/discordance indices
are shown in Table 6.

Step 8 Compute the comprehensive concordance/discor-
dance index.
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Table 5 Comprehensive evaluation information

Cl

ap

ap

as

ay

({0.50(0.3),0.57(0.22),0.58(0.27),0.64(0.21) }, {0.43(0.25), 0.48(0.20), 0.49(0.30), 0.55(0.25)},
{0.41(0.27),0.47(0.23),0.52(0.23),0.46(0.27)})
({0.44(0.27),0.49(0.24),0.48(0.26),0.52(0.23) }, {0.46(0.47),0.53(0.53) },
{0.29(0.18),0.33(0.14),0.36(0.20), 0.41(0.16) }, 0.41(0.18), 0.47(0.14) })
({0.41(0.30),0.48(0.22),0.47(0.27),0.53(0.21) }, {0.46(0.23), 0.49(0.26), 0.49(0.24), 0.53(0.27) }
{0.39(0.24),0.41(0.25),0.48(0.26),0.45(0.25)})
({0.47(0.25),0.51(0.24),0.50(0.26),0.53(0.25) }, {0.34(0.33),0.43(0.35),0.50(0.31)},
{0.42(0.28),0.45(0.21),0.53(0.29),0.56(0.22) })

—_ =

2

ap

a

as

as

({0.40(0.26),0.51(0.25),0.49(0.25),0.58(0.24)}, {0.56(0.27),0.59(0.24), 0.60(0.26), 0.63(0.23) },
{0.39(0.23),0.43(0.29),0.42(0.21),0.47(0.27)})
({0.51(0.53),0.54(0.47)},{0.49(0.25),0.52(0.22),0.57(0.28), 0.60(0.25)},
{0.43(0.18),0.46(0.18),0.48(0.17),0.50(0.16)}, 0.53(0.16),0.55(0.15)})
({0.54(0.26),0.60(0.25),0.63(0.25), 0.68(0.24) }.{0.50(0.48), 0.56(0.52) },
{0.43(0.26),0.46(0.24), 0.46(0.26),0.50(0.24) })
({0.61(0.54),0.67(0.46)},{0.43(0.27),0.50(0.26), 0.46(0.24),0.53(0.23) },
{0.42(0.23),0.50(0.24), 0.45(0.26),0.53(0.27) })

3

aj

a

as

a,

({0.56(0.24),0.62(0.24),0.59(0.26), 0.64(0.26) },{0.33(0.25), 0.36(0.24), 0.37(0.26), 0.41(0.25)},
{0.36(0.33),0.42(0.36),0.45(0.31)})

({0.65(0.24),0.69(0.27),0.67(0.23),0.71(0.26) },{0.43(0.31),0.52(0.23), 0.46(0.27), 0.55(0.19) },
{0.43(0.26),0.46(0.25),0.50(0.25), 0.53(0.24) })

({0.51(0.26),0.54(0.26),0.57(0.24), 0.60(0.24) },{0.43(0.26), 0.46(0.24), 0.48(0.26), 0.52(0.24) },
{0.49(0.25),0.54(0.26),0.57(0.24),0.62(0.25)})

({0.57(0.24),0.66(0.28),0.66(0.22),0.73(0.26) },{0.43(0.54), 0.49(0.46)}
{0.47(0.16),0.53(0.17),0.56(0.16),0.50(0.17),0.57(0.18),0.59(0.17) })

c4

ap

a

as

as

({0.48(0.47),0.57(0.53)},{0.40(0.51), 0.47(0.49)},
{0.47(0.16),0.50(0.15),0.53(0.15),0.49(0.19) },0.54(0.18), 0.56(0.18) })
({0.51(0.27),0.62(0.26), 0.54(0.24), 0.64(0.23)}.{0.40(0.25), 0.46(0.28), 0.46(0.22), 0.53(0.25) },
{0.39(0.34),0.42(0.37),0.45(0.30) })
({0.48(0.28),0.58(0.23),0.51(0.26),0.61(0.23)},{0.42(0.25), 0.45(0.24), 0.47(0.26), 0.50(0.25) },
{0.42(0.27),0.50(0.26),0.45(0.24),0.53(0.23)})
({0.66(0.27),0.73(0.24),0.71(0.26),0.77(0.24)},{0.43(0.38), 0.49(0.33),0.54(0.29) },
£0.36(0.27),0.41(0.24),0.39(0.26),0.45(0.23)})
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Table 6 Concordance/discordance indices

C1 (&) Cc3 C4
q)’;(al ,a2) 0.0429 —0.0886 —0.0082 0.0312
q)’;(al ,a3) 0.0113 0.0353 0.0149 0.0446
qo’;(al,a4) 0.0171 —0.1154 0.0260 0.0312
qo’;(az, ay) —0.0429 0.0886 0.0082 —0.0312
qofl'(az, az) —0.0315 0.1239 0.0231 0.0134
qoz (a2, as) —0.0257 —0.0268 0.0342 —0.0001
(pfl(a3 ,ar) —0.0113 —0.0353 —0.0149 —0.0446
q)’;(ag ,a2) 0.0315 —0.1239 —0.0231 —0.0134
(p’;(ag ,ds) 0.0058 —0.1507 0.0111 —-0.0134
(/)’;(a4, ay) —0.0171 0.1154 —0.0260 —0.0312
(p’; (as,az) 0.0257 0.0268 —0.0342 0.0001
(p’;(a4, az) —0.0058 0.1507 —0.0111 0.0134

Equation (14) can be employed to calculate the com-
prehensive concordance/discordance index ¢, for each
permutation P,. For example, the comprehensive concor-
dance/discordance index ¢, for the permutation P, can be
obtained as

4
01=> wi(pf(ar,@)+ ¢} (a1,a3) + o (a1,a4) + ¢} (a2,a3)
k=1
+¢]f(a27a4)+¢’f(a3,a4))
=0.2242x(0.0429+4-0.0113+0.0171 —0.0315—0.0257+0.0058)
(

=0.2628 x (—0.0886+0.0353 —0.1154+40.1239—0.0268 —0.1507)
=0.2184 x (—0.0082+0.0149+0.0260+0.0231+0.0342+0.0111)
=0.2946 x (0.0312+0.0446+0.0312+0.0134 —0.0001 —0.0134)
=-0.0003

And the comprehensive concordance/discordance

index for other permutations P, can be obtained in the
same way.

@, =0.0793, @; = —0.0693, ¢, = —0.0586,
@5 = 0.0900, @g =0.0211, @, = 0.0122, g = 0.0918,

@y = —0.0443, @,y = —0.0211, @, = 0.1150,

@12 = 0.0586, @3 = —0.1257, @, = —0.1150, @5 = —0.1132,
@16 = —0.0900, @,; = —0.0918, @3 = —0.0793,

@10 = 0.1132, yy = 0.0443, ¢y, = 0.1257, gy = 0.0693,

@23 = —0.0122 and @, = 0.0003.

Step 9 Determine the final ranking of all alternatives.

By using Eq. (15), the optimal ranking can be obtained,

¢" =maxit {¢/} = @y, and P* =Py = (as, a2, a1,
a3).

Therefore, the final ranking of all alternatives is identi-
fied as as > a» > a; > az, with an optimum logistics pro-
vider ay.

Moreover, when CE* (¢, ¢,) = CE;(¢, ¢,) is used in
the above steps, the ranking result a4 > a, > a; > a3 can
also be obtained.

6.2 Comparative analysis and discussion

In order to further verify the feasibility and validity of the
proposed method, the following comparative studies are
conducted using other extant methods and the discussion is
based on the same illustrative example described above in
the context of MVNNs and SNNs.

In the method developed by Peng et al. [55], two
aggregation  operators, including MVNPWA and
MVNPWG, are employed to fuse evaluation information,
and then the alternatives are ranked utilizing the score
function and accuracy function.

Wu et al.’s method [52] defined the simplified neutro-
sophic number prioritized weighted average (SNNPWA)
and simplified neutrosophic number prioritized weighted
geometric (SNNPWG) operators, and proposed two cross-
entropy measurements for SNNs. This method can be
adjusted to address MCGDM problems by using the pro-
posed operators to aggregate individual and comprehensive
evaluation values.

Peng et al.’s method [38] defined a novel operations and
provided a comparison method for SNNs after discussing
the drawbacks of the existing studies of SNNs, and then
several SNN aggregation operators were proposed to fuse
evaluation information, such as generalized simplified
neutrosophic number weighted average (GSNNWA)
operator and generalized simplified neutrosophic number
weighted geometric (GSNNWG) operator. Now, the above
illustrative example is addressed utilizing the three extant
methods.

First, PMVNNSs should be transformed into MVNNSs and
SNNs. To better retain the fuzziness of original informa-
tion, PMVNNSs can be converted into MVNNs when mul-
tiplying the value of degree by its corresponding
probability. And SNNs can be obtained by calculating the
average values of all possible truth-membership, indeter-
minacy-membership and falsity-membership degrees in
MVNNs, respectively. Let a = (U{t.(p/)}, U{ia(pi)},
U{fa(pf)}) be a PMVNN, then a = (U{t, X p;}, U{ia x

pi},U{fa xpr}) is a MVNN, and 5=<—Z#;‘;j”’7

Z#: oy Z#J;afxm ) is a SNN. For example, the PMVNN a =

({0.3(0.4),0.5(0.4)}, {0.4(0.4),0.5(0.6)}, {0.3(0.4)}) can
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Table 7 Rankings results

acquired utilizing different Methods

Rankings results

methods

The proposed method

Peng et al.’s method with the MVNPWA operator [55]
Peng et al.”s method with the MVNPWG operator [55]
Wau et al.’s method with the SNNPWA operator [52]
Wau et al.’s method with the SNNPWG operator [52]
Peng et al.”s method with the GSNNWA operator [38]
Peng et al.”s method with the GSNNWG operator [38]

as > az = a; > a
as = az > ar > a;
az = ay > ay = ay
as > ay > ay > as
as > asz > a; > a
as > az > a; > a
asg > ay > ay > as

be transformed into the MVNN a=
({0.12,0.20},{0.16,0.30},{0.12}) and the SNN
a=(0.16,0.23,0.12).

The ranking results acquired utilizing different methods
are shown in Table 7.

As it is shown in Table 7, the ranking results derived
from the three extant methods are inconsistent with the
results obtained by the method proposed in this paper. The
main differences between the three extant methods and the
proposed method are summarized as follows.

First, Peng et al.’s method [55] employs MVNNs, Wu
et al.’s method [52] and Peng et al.’s method [38] use
SNNs to depict decision-making information, while the
proposed method introduces a new descriptor, that is,
PMVNNS, to present actual decision-making information.
Comparing with MVNNs and SNNs, PMVNNs can
characterize the features, such as probability degree,
importance, weight or belief degree, of all given possible
values according to the principle of probability distribu-
tion. Second, there are essential differences in operations
and aggregation operators between the three extant
methods and the proposed method. The operations of
MVNNSs are defined based on the Einstein operations,
and the power aggregation operators are proposed to fuse
information in Ref. [55], and the operations of SNNs are
defined based on the Archimedean t-conorm and t-norm
in Ref. [38], as well as two prioritized aggregation
operators are proposed in Ref. [52], while the operations
of PMVNNs in this paper are defined based on the
convex combination operations and the corresponding
weighted average operator is developed to deal with
evaluation information. Third, the importance of criteria
and DMs is subjectively provided in advance in Refs.
[38, 55], and the criteria’ weights are determined by the
prioritized operator in Ref. [52], while the proposed
method construct two objective cross-entropy-based
models to calculate the optimal weights, which eliminates
DMs’ subjectivity and is greatly feasible and useful in
practical problems. Finally, there are essential difference
in determining the final ranking between the three extant
methods and the proposed method. Peng et al.’s method
[55] and [38] employed the score function and accuracy
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function to compare different alternatives, while the
proposed method incorporates the cross-entropy mea-
surement and closeness coefficient of TOPSIS into the
QUALIFLEX method, and a novel ranking method is
developed to obtain the final alternatives’ ranking. When
comparing different alternatives presented by MVNNs or
PMVNNSs, the ranking results obtained by the proposed
method using the cross-entropy measurement and domi-
nance theory are more convincing than the score function
and accuracy function because of the existence of hesi-
tant values. And compared with Wu et al.”s method [52],
which simply used the cross-entropy to determine the
final ranking, the proposed method is more comprehen-
sive and reliable because the QUALIFLEX method can
systematically compare the pairwise alternatives based on
the dominance theory.

Based on the above analysis, the advantages of the
proposed method are summarized as follows:

1. This paper introduces PMVNSs to represent DMs’
evaluation information. As an extension of SNNs and
MVNNs, PMVNSs are more capable of describing
uncertain, incomplete, inconsistent and hesitant deci-
sion-making information and reflecting the probabili-
ties, importance and weights of all provided values.

2. The proposed method integrates the aggregation oper-

ators and the TOPSIS-based QUALIFLEX method,
thereby establishing a robust and innovative model to
address MCGDM problems. After the individual
evaluation information is aggregated, the developed
QUALIFLEX method is used to rank all alternatives,
reducing the computational load required when only
the aggregation operators are employed to handle
MCGDM problems involved hesitant values. More-
over, compared with the score function and accuracy
function for PMVNSs, the ranking results obtained by
the novel TOPSIS-based QUALIFLEX method using
the dominance theory are more reliable.

3. This paper develops two objective cross-entropy-based

methods for DMs and criteria weights determination,
which eliminates the subjectivity existed in the weights
information are directly provided in advance. This is
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greatly useful in situation where weights information
cannot be identified explicitly and can guarantee the
accuracy of the final results to some extent.

4. Many factors involved in complicated MCGDM prob-
lems, such as the information description, information
fusion, information  measurement, completely
unknown weight information and ranking principle,
are considered synthetically in the proposed method.

It is undeniable that some tedious calculations are
required when the proposed method is employed to address
decision-making problems with a large number of alter-
natives. Nevertheless, the computing workload can be
greatly reduced with the assistance of programming tools
such as MATLAB.

7 Conclusion

Taking into account the existing shortage of MVNSs, this
paper proposed the concept of PMVNSs by introducing
probability distribution to character the features of all pro-
vided values. Based on the related studies of convex com-
bination operations, the operation and the corresponding
aggregation operator for PMVNSs were proposed. More-
over, a novel TOPSIS-based QUALIFLEX method was
developed based on the cross-entropy measures of
PMVNSs. And then, an innovative MCGDM approach was
established. Finally, the feasibility and effectiveness of the
proposed method were tested through an illustrative exam-
ple of logistics outsourcing, and the comparative analysis
demonstrated that the proposed method can provide more
precise outcomes than other existing methods.

The main contributions of this research are summarized
as follows. First, MVNSs and probability distribution are
combined using PMVNSs, which can reliably depict the
uncertain, incomplete, inconsistent and hesitant decision-
making information and reflect the distribution character-
istics of all provided values. Second, two cross-entropy-
based methods are developed to objectively acquire the
weight information of DMs and criteria, which eliminates
DMs’ subjectivity and has great power to address practical
problems with undeterminable weight information. Finally,
an innovative method is established by integrating the
proposed aggregation operator and developed QUALI-
FLEX method, which not only reduces the workload of
calculation, but also successfully imposes the effective
ranking function of the QUALIFLEX method.

Future research will focus on applying the proposed
approach to more practical decision-making problems,
such as green product development and medical treatment
options selection. Moreover, we will consider conducting
some meaningful studies on the concept of neutrosophic

probability [67], which has some similar characteristics
with PMVNSs.
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