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Abstract. In this research article, we apply the concept of interval-valued neutrosophic sets to graph
structures. We present the concept of interval-valued neutrosophic graph structures. We describe certain
operations on interval-valued neutrosophic graph structures and elaborate them with appropriate exam-
ples. Further, we investigate some relevant properties of these operators. Moreover, we propose some open
problems on interval-valued neutrosophic line graph structures.

1. Introduction

Zadeh [26] proposed fuzzy set theory to deal with uncertainty in many meticulous real-life phenomenons.
Fuzzy set theory is affluently applicable in real time systems having information with different levels of
precision. Zadeh introduced interval-valued fuzzy sets as generalization of fuzzy sets in [27]. There are
many natural phenomenons, in which with membership value it is necessary to consider non-membership
value. Membership value of an event is in its favor, whereas non-membership value is in its opposition.
Atanassov [10] introduced the notion of intuitionistic fuzzy sets as an extension of fuzzy sets. Intuitionistic
fuzzy sets are more practical, advantageous and applicable in many real-life phenomenons. In many real-
life phenomenons like information fusion, indeterminacy is doubtlessly quantified. Smarandache [19, 20]
proposed the notion of neutrosophic sets, he combined non-standard analysis, tricomponent logic, and phi-
losophy. “It is a branch of philosophy which studies the origin, nature and scope of neutralities as well as
their interactions with different ideational spectra”. In neutrosophic set, three independent components are:
truth-membership (t), indeterminacy-membership (i) and falsity-membership (f), each membership value
is a real standard or non-standard subset of the non-standard unit interval ]0~, 1*[ and there is no restric-
tion on their sum. For convenient and advantageous use of neutrosophic sets in science and engineering,
Wang et al. [22] introduced the idea of single-valued neutrosophic(SVN) sets, whose three independent
components ¢, i and f have values in standard unit interval [0, 1] and their sum does not exceed three.
Neutrosophic set theory is a generalization of the fuzzy set theory and intuitionistic fuzzy set theory. It is
more advantageous and applicable in many fields, including medical diagnosis, control theory, topology,
decision making problems and in many more real-life problems. Wang et al. [23] presented the notion
of interval-valued neutrosophic sets, it is more precise and more flexible as compared to single-valued
neutrosophic set. An interval-valued neutrosophic set is a generalization of the concept of single-valued
neutrosophic set, in which values of three independent components (t, i, f) are intervals, which are subsets
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of standard unit interval [0, 1].

On the basis of Zadeh's fuzzy relations [28], Kaufmann proposed fuzzy graph [15]. Rosenfeld [17] dis-
cussed fuzzy analogue of various graph-theoretic ideas. Later on, Bhattacharya [11] gave some remarks
on fuzzy graphs, and some operations on fuzzy graphs were introduced by Mordeson and Peng [16]. The
complement of a fuzzy graph was defined by Mordeson [16] and further studied by Sunitha and Vijayaku-
mar [21]. Hongmei and Lianhua gave the definition of interval-valued fuzzy graph in [14]. After that,
Akram et al. [1-4] considered several concepts on interval-valued fuzzy graphs. Recently, Akram and
Nasir [5] dealt with interval-valued neutrosophic graphs. Akram and Shahzadi [6] introduced the notion of
neutrosophic soft graphs with applications. Akram [7] introduced the notion of single-valued neutrosophic
planar graphs. Dinesh and Ramakrishnan [13] defined fuzzy graph structures and discussed its properties.
Akram and Akmal [9] proposed the notion of bipolar fuzzy graph structures. In this research article, we
first present the concept of interval-valued neutrosophic line graphs as an extension of interval-valued
fuzzy line graphs [1]. We then present concept of interval-valued neutrosophic graph structures. Further,
we describe certain operations on interval-valued neutrosophic graph structures. Finally, we state some
open problems on interval-valued neutrosophic line graph structures.

2. Background
Wang et al. [23] introduced the concept of interval-valued (I-V) neutrosophic sets as follows:

Definition 2.1. [23, 24] The interval-valued neutrosophic set A in X is defined by
A = {(x, (5500, @ [0, 75001 L (0, £10D  x € X,

where, £ (x), t A(x), i,(x), i} (x), f; (x), and f(x) are neutrosophic subsets of X such that
t(x) <t (x), 1, (x) < i (x) and f (x) < fr(x) forall x € X.

For any two interval-valued neutrosophic sets A = ([t} (x), t5(x)], [i3(x), i5(x)], [f; (%), f1 (x)]) and

B = ([t5(x), ti(0)], [iz(x), i (0], [f5 (%), f5 (0)]) in X, we define:

e AU B = {(x, max(t,(x), t5(x)), max(t} (x), t5(x)), max(i; (x), i5(x)),
max(iy (x), i5(x)), min(f, (x), fz (x)), mm(fA (x), fz () : x € X}

e ANB = {(x,min(t,(x), t5(x)), mm(t (%), t5(x)), mm(zA(x) iz (x)),
min(i} (x), iz (x)), max(f (x), f5 (x)), maX(fA (), fg (1)) : x € X}

Akram and Nasir [5] defined interval-valued neutrosophic graph as follows:

Definition 2.2. [5] An interval-valued neutrosophic graph on a nonempty set X is a pair G = (A, B), where A is an
interval-valued neutrosophic set on X and B is an interval-valued neutrosophic relation on X such that:

1. t5(xy) < min(t, (%), £,(y)), t+(x]/) < min(t} (x), £} (y)),
2. ig(xy) < min(iy, (x), 1, (y)), if(xy) < mm(zA(x), zA(y)),
3. fg (xy) < min(f, (x), f;(y)), f3+ (xy) <min(f, (x), f (),

forall x,y € X. Note that B is called symmetric relation on A.

We now introduce the notion of an interval-valued neutrosophic line graph as a generalization of an
interval-valued fuzzy line graph [1].

Definition 2.3. Let L(G) = (X, Y) be line graph of the crisp graph G=(V,E). Let Ay = ([t;‘ ’t:h] ';‘1, Al] [fA1 fA1
and By = ([tg ,tg ], [zB /i, it ], [fB ,fB 1) beinterval-valued neutrosophic setson Vand E, Ay = ([tA , A [zA , A fA ,fA
and By = ([t3 13 1, [sz, ip, L[ fBZ, fB2 )on X and Y, respectively. Then an interval-valued neutrosophzc line gmph of
the interval-valued neutrosophic graph G = (A1, B1) is an interval-valued neutrosophic graph L(G) = (A, Bo) such

that
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() 5,(Sx) = t5, () = b5, (x00), £, (Sy) = 15, (x) = £ (102),
(i) i, (S0) = i5, (1) = 5, (x0x), 15, (Sx) = i, () = i, (130%),
(i) f1,(5) = f5,(0) = f5. (02, F1(S2) = f(0) = fi (us02),
(iv) t5,(5xSy) = min(ty (x), t (1), t5,(5:Sy) = min(ty (x), t5 (),
(v) i5,(5+5y) = min(iz (x), iy (1), i5,(S+Sy) = mini§, (x), i3, (1),
(Vi) f5,(5:5y) = min(fy (x), f5 (V). f3,(5:Sy) = min(fg (x), fz (),
forall S;,Sy € X, 5,S, € Y.

Proposition 2.4. L(G) = (A, B,) is an interval-valued neutrosophic line graph of some interval-valued neutrosophic
graph G = (A1, B1) if and only if

t5,(SxSy) = min(ty (Sx), £4,(Sy)), t5,(SxSy) = min(t} (Sx), £}, (Sy)),

i5,(SxSy) = min(iy, (Sx), iy, (Sy)), i, (SxSy) = min(iy, (Sx), 4, (Sy)),

f5,(S:Sy) = min(f} (Sx), f3,(Sy)), f,(SxSy) = min(fy (Sx), f,(Sy)
VS, S, €Y.

Proof. By using similar arguments as used in the proof of Proposition 3.7 of [1], the proof is straightfor-
ward. O

Definition 2.5. Consider two interval-valued neutrosophic graphs G1 = (A1, B1) and G, = (Az, By). A mapping
@ : Vi = Vyis called homomorphism ¢ : G1 — Gy if

@{tymSQ@m»'wmsg@m»fﬂm<@@m»
B () < £ (), i () <05 (), f1 () < f1 (),

iy (1) < iy (PP, i () < i (9)P(y),

{ tg, (1y1) < tp ((x))@(v1)), 5 (xay1) < tp (P(x1)@(v1)),
(b)
f3,Gam) < fo (@C)eW1),  fg,(xay1) < fi (e(x)p (),

forall x1 € V1, x1y1 € E1. Weak vertex-isomorphism of interval-valued neutrosophic graphs is a bijective homomor-
phism @ : G1 — Gy, such that

@%tym=@@m» i, () = iy (@0),  fr, (1) = fr,(@(x),
fo) = (@), 14 () = i (p)), f1 () = £ (p(n)),

forall x1 € Vyand @ : G — Gy is called weak line-isomorphism if

tg, (x1y1) =ty (p(x))@(v1)), 15 (x1y1) = tp (P(x1)@(v1)),
@) { ig () =i (Px1)p(y1)), g (x1ya) = ig ((x1)p (Y1),
fBl (riy1) = fBZ((P(Xl)(P(yl [z, (x1y1) = fBz((p(xl)(p(yl)),

forall x1y1 € V1. Weak isomorphism ¢ : Gi — Gy of two interval-valued neutrosophic graphs G1 and G, is bijective
homomorphism and satisfies (c) and (d). Weak isomorphism may not preserve the weights of the edges but preserves
the weights of vertices .

Theorem 2.6. Let L(G) = (A2, B2) be an interval-valued neutrosophic line graph corresponding to an interval-valued
neutrosophic graph G = (A1, B1). Suppose that G = (V, E) is a connected graph. Then
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(i) there is a week isomorphism between G and L(G) if and only if G is a cyclic graphand ¥ v € V, x € E,

ty, (0) = tg (x), iy (V) =5 (x), f7 (V) = f5 (x),
ty, () =t (0), 7} (0) =i (x), fi (0) = fz (%),

ie, Al = ([t;l,tzl], [i;h,izl], [fgl,fgl]) and B = ([tlgl,tgl], [igl,igl], [fl;l,fgl]) are constant functions on the
sets V and E, respectively, taking on same value.

(ii) If @ is a weak isomorphism between G and L(G), then ¢ is an isomorphism.

Proof. By using similar arguments as used in the proof of Theorem 3.11 of [1], the proof is straightfor-
ward. O

3. Operations on I-V Neutrosophic Graph Structures

In this section, we describe certain methods of construction of new interval-valued neutrosophic graph
structures from old one.

Definition 3.1. Gi, = (I, 11, o, ..., 1;) is called an interval-valued neutrosophic graph structure(IVNGS) of graph
structure Gy = (U, Uy, Uy, ..., Uy) if [ =<1, [t=(r), t° ()], [i=(r), i ()], [f (1), fF(1)] > and [; =<rs, [t (rs), t*(rs)],
[i=(rs),i*(rs)], [f~(rs), f*(rs)] > are interval-valued neutrosophic(IVN) sets on U and U, respectively, such that:

1. t]T(rs) < min{t(r),t(s)}, t;'(rs) < min{t*(r), t*(s)},
2. i]T(rs) < min{i~(r),i"(s)}, i;f(rs) < min{i*(r),i*(s)},
3. f].‘(rs) <min{f~(r), f~(s)}, f]f'(rs) < min{f*(r), f*(s)},
forallr,s € U Note that 0 < t(rs) +ij(rs) + fj(rs) <3, forall (rs) e U}, j=1,2,...,t.

Example 3.2. Consider graph structure G = (U, U1, Uy) such that U = {ry,12,73,74,75,76}, U1 = {1174, 1274, 1276},
Uy, = {r175, 1375, 1376}. Let I be an IVN set on U given in Table. 1 and Iy, I; be IVN sets on Uy, Uy, respectively given
in Table. 2. and Table. 3.

Table 1: IVN set I on vertex set U

I r T r3 T4 Ts Te

t~102(03|03(01]03]0.3
£ 1030404 |02|04|04
i 103]04|04(04|04]0.1
it 104]05|05(05]|05(02
f104(03(03|02]03]|03
ff105]04]04|03|04 |04

Table 2: IVN set I; on set U Table 3: IVN set I, on set U,
Iy | riry | rorg | 1ot I | rirs | rars | 1376
t~ {01 |01 |03 t~ 102 |03 |03
102 |02 |04 tt 103 |04 |04
i 103 |04 |01 i {03 |04 |01
it 104 |05 |02 it 104 |05 |02
f102 102 |03 f~103 (03 |03
f 103 03 |04 104 |04 |04

Routine calculations show that G, = (L Ih, Ib) is an interval-valued neutrosophic graph structure, as shown in Fig. 1.
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72([0.3,0.4],[0.4,0.5],[0.3,0.4])

N 7z %
Q?J\ %5 7
Mt 0 0\9
N Z %
Q) D Z,
Gl >~<0
S =~ =Y,
QA S %
A OW &z,
»Q\\ (=3 -~ K%
3 s K
S =
) o

) s B

¥, =~ =)

70. g W \Q(b\
7 — S A
'v}/ =X B

-, = ~ A
0.7: \QN
s '

z, N

2 iz &'
% K N
v/

r5([0.3,0.4],[0.4,0.5],[0.3,0.4])

Figure 1: AnIVNGS G, = (I, 11, o)

We now present some operations on IVNGSs.

Definition 3.3. Let Gip1 = (I, I11, Lo, . . ., Iit) and Giwp = (I, Io1, Ino, . . ., In¢) be two IVNGSs of graph structures
Ga = (Uy, U, Unz, - .., Uny) and Gsp = (U, Un1, Usy, .. ., Uar), respectively.
Cartesian product of Giy1 and Giy, denoted by

Git X Givp = (0 X Ip, Iy X I, 1y X Ing, . .., Ty X Ly),

is defined as:

e 19) = (6 X F)(09) = £,0) A .0
0) 3 ey 19) = (i X5)009) = i) A 9)
Fiain19) = i, X F08) = £, 0) A £ (6)

t&lxlz)(rs) = (Fr X t+)(rs) =tf (N A tr (s)
(ii) ialxlz)(rs) = (il1 X zZ)(rs) = 1+1 (r) A zZ(s)
Finan79) = (7 X 2)09) = f70) A £ 6)
forallrs € Uy x Uy,

Fiyyxiy) (180(r52) = (£ Xt )(rs1)(rs2) = 1 (r) A £ (5152)

(if) § Ly, (151)(52) = G Xdp )(r51)(rs2) =4y (r) Ady (5152)

f(l1 xL)) (rs1)(rsz) = (fh szz )(rs1)(rsz) = fﬂ(”)/\ fl;(slsz)

(11 iy (rsl)(rsz) = (Fr X t+ )(rsl)(rsz) = t;fl (r) A t;;j(slsz)
(iv) (lljxlz,)(”sl)(”SZ) = (i, X 112/)(7’51)(7’52) =1, () Aif (s152)
f(fljxlzj)(fsl)(rsz) = (fﬂr/ X ﬂ;)(fsl)(fsz) = ff;(”) A ffzr/_(slsz)

forallr € Uy, 5152 € Uyj,

iy iy (118)(r28) = (8 Xt )(r18)(rs) = 1 (s) Aty (r172)
v) i(_hjxlzl)(f’ls)(rzs) = (il_l, X 1'1_2])(7’15)(7’25) =1 (s) A ifzj(ﬁ?’z)

f(fljxlzj)(ﬁs)(rzs) = (fg] X ﬂ;)(fls)(f’zs) = f,;(S) A f,;.(mm)
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f:}lixlzj)(f’ls)(rzs) = (fﬁ/ X f;;/)(rls)(rzs) = f;;(s) /\’fzj(f’lf’z)
(Vi) { Bty (118)(r28) = (i X ] )(r18)(r2s) = i (s) A iy (r172)
f(fljxlzj)(ﬁs)(rzs) = (fﬂr/ X ﬂ;)(ﬁs)(f’zs) = fg(s) A fgj(f’l?’z)
forallse Uy ,rira € Uyj, j=1,2,...,t

Example 3.4. Consider Gip1 = (I1, I11, I1p) and Givp = (Io, I, Io) are two IVNGSs of graph structures
Gs1 = (Uq, Uni, Unp) and Gy = (Up, Uy, Unp), respectively, as shown in Fig. 2, where U1y = {r112},
Uip = {r3ry), Uo1 = {152}, U = {s2s3}.

r1([0.5,0.6],[0.2,0.3],[0.6,0.7])  73([0.4,0.5],[0.3,0.4], [0.4,0.5])

112([0.4,0.5],[0.3,0.4], [0.4,0.5])
1n([0.5,0.6], [0.2,0.3], [0.6,0.7])

r4([0.4,0.5],[0.3,0.4],[0.6,0.7])  r2([0.5,0.6],[0.3,0.4],[0.8,0.9])

Giot = (I, Iy, In2)

51([0.2,0.3],[0.2,0.3],[0.3,0.4])

52([0.3,0.4],[0.3,0.4], [0.4, 0.5])

$3([0.5, 0.6],[0.4,0.5],[0.5, 0.6])

Gz = (I, I1, 1)

Figure 2: Two IVNGSs Gip1 and Giyp

Cartesian product of Gio1 and Gy defined as Giot X Giva = {1 X In, I11 X In1, [12 X I}
is shown in Fig. 3 and Fig. 4.

61
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1152([0.3,0.4],0.2,0.3],[0.4,0.5]) r153([0.5,0.6],[0.2,0.3], [0.5, 0.6])
I X I2([0.3,0.4],[0.2,0.3],[0.4,0.5])
1251([0.2,0.3],[0.2,0.3],[0.3,0.4]) ‘

([Fo’eol’le0 col’leo ToD e x 1

? r151([0.2,0.3],10.2,0.3],[0.3, 0.4])
T2 X I5([0.3,0.4],[0.3,0.4],[0.4,0.5])
1253([0.5,0.6],[0.3,0.4],[0.5, 0.6]) 1252([0.3,0.4],[0.3,0.4], [0.4, 0.5])

Figure 3: Gip1 X Gin

7352([0.3,0.4],[0.3,0.4],[0.4,0.5]) r353([0.4,0.5],[0.3,0.4],[0.4, 0.5])
Iz X I5([0.3,0.4],[0.3,0.4],[0.4,0.5])
r451([0.2,0.3],[0.2,0.3],[0.3, 0.4]) ‘

([Foeol’leocol’leo‘zoD x T

? r351([0.2,0.3],[0.2,0.3], [0.3, 0.4])
T1» X 12([0.3,0.4],[0.3,0.4],[0.4,0.5])
r453([0.4,0.5],[0.3,0.4], [0.5, 0.6]) r452([0.3,0.4],[0.3,0.4],[0.4,0.5])

Figure 4: éivl X éivg

Theorem 3.5. Cartesian product Givt X Gigp = (Ih X Ip, 111 X Ip1, [ia X Ing, . . ., I1g X Iot) of two IVNGSs Giv1 and Giyp
of graph structures G and Gy, respectively is an IVNGS of Gs1 X Ge.

Definition 3.6. %et éivl Zv (11,111,112, e /Ilt) and Gin = (12, 121,122, N ,12,9) be two IVNGSs.
Cross product of Giy1 and Giy, denoted by

Gin *Gin = (I # I, Iy * oy, Ty # Ig, ..., Tng # Iy),
is defined as:
t(‘h*lz)(rs) = (t‘I‘1 * tl‘z)(rs) = t‘I‘1 A tl‘z(s)

(@) i(‘h*lz)(rs) = (iI‘1 * il‘z)(rs) = iI‘1 A il‘z(s)

Fir13) = (i * F09) = 00 A )

Eyery (18) = (8, + £7)(rs) = 1] (r) A £ (s)
(ii) i&l*lz)(rs) = (iz * i;rz)(rs) = i;; ) A i;rz(s)
Sty () = (f % f)(rs) = f7(r) A £ (5)
forall (rs) € Uy X Uy,
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f&lj*zzj)(f’lsﬂ(rzsz) = (t, * 1, )(11s1)(r2s2) = ?1:/(717’2) At (5182)
(i) § iyjey)(1181)(r282) = (i *1 Y(r1s1)(r252) = iy (1172) Ady (5152)
Stjonny (r151)(r252) = (f;1 * [ )(r1s1)(1282) = fgj(f’lrz) A fiy, (5182)

E e,y (1181)(r282) = (5 * 1 )(r1s1)(r282) = £ (r1r2) At (5152)
(iv) § ijen,y(1181)(r282) = (i 1] )(7151)(7252) =iy (7172) /\12/.(5152)
i, *12)(7’151 (r282) = (f11 *f;z )(r181)(r2s2) = ](1;(7’17’2) A fp, (s152)
for all riry € Uyj, 5152 € U2]

]gxamgle 3.7. Cross product of IVNGSs Giv1 and Gy shown in Fig. 2 is defined as
Givl * Gin = {11 *12, 111 * 121,112 *122} and is shown in Flg 5 and Flg 6.

r151([0.2,0.3],[0.2,0.3],[0.3,0.4]) r153([0.5,0.6],[0.2,0.3],[0.5,0.6])

r15([0.3,0.4],[0.2,0.3], [0.4, 0.5])
[ ]

I11 *11([0.2,0.3],[0.2,0.3],[0.3,0.4])

11 % 151([0.2,0.3],[0.2,0.3], [0.3,0.4])

[ ]
1252(10.3,0.4],[0.3,0.4], [0.4, 0.5])

7251([0.2,0.3],[0.2,0.3],[0.3,0.4]) r253([0.5,0.6],[0.3,0.4],[0.5,0.6])
Figure 5: éivl * G,‘vz

1351([0.2,0.3],[0.2,0.3],[0.3,0.4]) 1383([0.4,0.5],[0.3,0.4], [0.4,0.5])

r352([0.3,0.4],[0.3,0.4],[0.4,0.5])
[ J

Iz *122([0.3,0.4],[0.3,0.4], [0.4,0.5])

12 #13»([0.3,0.4],[0.3,0.4],[0.4,0.5])

[ ]
1452([0.3,0.4],[0.3, 0.4], [0.4, 0.5])
r151([0.2,0.3],[0.2,0.3], [0.3, 0.4]) #453([0.4, 0.5],[0.3,0.4], [0.5, 0.6])

Figure 6: éivl * G,‘vz

Theorem 3.8. Cross product Gio1 * Givp = (lh# I, i1 * o1, o # Inp, . . ., Iny # Iny) of two IVNGSs
of graph structures Gg1 and Gy is an IVNGS of G * Gep.

Definition 3.9. Let étvl (11,111,112, . Ilt) and Gin = (12, 121,122, N ,12,9) be two IVNGSs.
Lexicographic product of Giv1 and Gy, denoted by

Gio1 ® Gin = (1 @I, Iy 0 Iy, [ @ oo, ..., I1; @ Iy),
is defined as:
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p .IZ)(rs) = (t‘ ° t‘)(rs) = t‘ ) A t (S)
(@) i(‘h.lz)(rs) (1 °i )(rs) =i (r) Nip (s)
'f(;l 'Iz)(r (fll * fIz (rs) = fh () A flz ©)

&'Iz (rs) = (] @t} )(rs) =t (r) A ] (s)
(ii) ial.lz)(rs) = (iz . i;;)(rs) = zt(r) A zJ;(s)
S 79) = (7 ® F05) = f () A9
forallrs € Uy x Uy,

(yor) 151)(152) = (@ 1 )(rs1)(rs2) = 7 (r) At (s152)

(if) { g, jom) (180(52) = (@0 )(51)(rs2) = 1} (1) Ad(5152)

Syony r51)(rs2) = (fi @ f )rs1)(rs2) = fi(r) A £y (s152)

(o) (781)(r82) = (@ £ )(rs1)(rs2) = £ (r) At (s152)

(iv) .51]‘01 ])(7’51)(7’52) = (1?;/ . i;fzj)(rsl)(rsz) = Z?; (1’) A i;—zj(SlSZ)
fob oy 50)r52) = (fi7 @ fir)(rs1)(rs2) = £ (r) A ff (s152)
forallr € Uy , 5152 € Uy;,
(ol (1181)(r282) = (£ @ £ )(r151)(1282) =t} (1172) At} (s152)
(V) § fyoryy (191)0252) = Gy @ 8y J1151)(r252) = 7 (r172) Ay (5152)
f(I1 .12)(”151 (r282) = (fI1 fI;])(rlsl)(rzsz) = fI;(mrz) /\](1;(5152)
ti;l/'lz/)(rlsl)(YZSZ) = (tz/ ° t;;)(rlsl)(rzsz) = tzj(rlrz) A t;—zj(slsZ)
(Vi) { Tpy ey (181)(282) = (i @ 1 )(r181)(r2s2) = i, (rir2) Ad (s152)

f(h ol )(1’151 (r282) = (fh ° fl2 )(r151)(1282) = f;l'/ (r1r2) A fI:/ (5152)

for all riry € Uyj, 5152 € U2]

Exampvle 3.10. Lexicographic product of IVNGSs Gip1 and Giyp shown in Fig. 2 is defined as
Giv1 ® Gipp = {I1 ® I, I11 ® I>1, I12 ® Io} and is depicted in Fig. 7 and Fig. 8.

7251([0.2,0.3],[0.2,0.3],[0.3,0.4])

S
o
r151([0.2,0.3],[0.2,0.3],[0.3,0.4]) & ’ 1255([0.5,0.6], [0.3, 0.4], [0.5, 0.6])
>
'L\Q/ ’ Q?,\\

= Q-

z ) )

o

=)

=

S

2]

S

)

S

]

E 125([0.3,0.4],[0.3,0.4],[0.4,0.5])

= r153([0.5,0.6],[0.2,0.3], [0.5,0.6])
r152([0.3,0.4],[0.2,0.3],[0.4, 0.5]) ) G, Tz o 1(10.3,014], [0.2,0.3],[0.4,0.5))

Y

Figure 7: Givl . Gin
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1452([0.3,0.4], [0.3, 0.4], [0.4, 0.5])

11 @ 121([0.2,0.3],[0.2,0.3],[0.3,0.4]) Q@\\

Dy
‘\Q.
‘Q?s\

7352([0.3,0.4],[0.3,0.4], [0.4,0.5])

1,[0.3,0.4],[0.4,0.5])
(070l H0 e ol 150 ‘CoD ety

r351([0.2,0.3],[0.2,0.3], [0.3,0.4]) S
&

N

7
7

Lz  I([0.3,0M], [0.3,0.4], [0.4, 0.

7353([0.4,0.5],[0.3,0.4],[0.4,0.5])
7453([0.4,0.5],[0.3,0.4], [0.5, 0.6])

Figure 8: Gio1 ® Gio

Theorem 3.11. Lexicographic product Giyy ® Gipp = (I ® I, I11 @ Iy, I12 ® Ip, . .., Iy; ® I¢) of two IVNGSs of graph
structures Gs1 and Gg; is an IVNGS of G @ Gep.

Proof. Consider two cases:
Case 1. Forr € Uy, s152 € Uy,
t(_Il,-Iz,)((rsl)(TSZ)) =t (r) A tI_Zl(slsg)
<t (r) ALt (s1) At (s2)]
= [, () At SO A [ (1) At (s2)]

= t(_Il'Iz)(rsl) A t(_Il'Iz)(rSZ)’

tz}l,-lz,)((”sl)(rSZ)) =t () A t;;/(slsg)
<t (r) ATt (s1) A (s2)]
=[50 A GO ATE () A 1 (62)]

_ ot +
= Eany (51) Ay (152),

i(_llj.lzj)((rsl)(VSZ)) = il_l (r A il_zj(slsz)
< ip, (r) Al (s1) A (s2)]
= [i, (r) A (sOT A [y, (r) A (s2)]

= i(_h'Iz)(rSl) A i(_h'Iz)(rSZ)’

o ((9)(752) = ) A 7 (5152
< iy (r) Alig (s1) Adf(s2)]
= [if (") A if (O] A [ (n) A (52)]

. .
= U(101y) (151) Al a1,) (752),
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f(l1 o, )((rs1)(rs2)) = £, (r) A ff, (5152)
< o) AL 1) A fy (s2)]
= [f, () A Sy SOIALf () A £ (52)]
= ]6(;1.12)(7’51) A ]6(;1.12)(7’52)/

f(l1 oh; ) ((rs1)(7s2)) =fi(A flz (s152)
< fr () ALfL (1) A f(52)]
= [fr () A fEEOIA LR () A f7(52)]
= f(JIrl.Iz)(rsl) A ]c(}rl.jz)(rsz)/

for rsi,rsp € Uy o U,.

Case 2. For rir; € Uyj, 5152 € Uy},

E o) (1181)(1282)) = £ (r172) A 7, (5152)
< [ty (r) Aty (2] At (s1) At (s2)]
= [t;, (1) At (SO A TE (r2) At (s2)]

= £ g,0)(1151) At o (1252),

E oy (151)(1282)) =t (1172) At (5152)
<[t (r) A t+(72] At (51) At (s2)]
= [t} (r1) At (DT A [t (r2) At (52)]

(11.12 y(r1s1) A t(holz (r282),

11,0 (M181)(r282)) = iy (r17r2) A i, (s152)
< [ig, (r) A (2]l AT (s1) A i (s2)]
= [i}, (r1) A (sOT A [y, (r2) A i (s2)]

= i(_h.Iz)(V1S1) A i(_ll.lz)(rzsz),

i1 01,y (r181)(r282)) = i} (r172) A, (5152)
< i, (r1) Ad (r2] A i (s1) A i (s2)]
= [if, (r1) A (s)] A i (r2) A (s2)]

. "
= 1101y (1151) A4, (1252),

fito1p((1181)(1282)) = fi (r172) A fp, (s152)
<[fi () A fi (I AL (51) A £ (52)]
= [f]?(fl) /\fI;(Sl)] A [fI:(VZ) /\f1;(52)1
= ]((;1.12)(1’151) A ]((;1.12)(1’252),

66
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fyo)((r181)(r252)) = fi7 (r172) A fi] (5152)
<) A f (Rl AT (1) A £ (s2)]
= [ff (r) A fL DI A Lf (1) A fi(s2)]
= ftyot) 1151 A [ a1y (1252),
r151,1252 € Uy e Up and j € {1,2,...,t}. This completes the proof.
O
Definition 3.12. Let Gip1 = (I, I11, Iz, . . ., I1) and Gip = (I, In1, Ino, . . ., I) be two IVNGSs.
Strong product of Gip1 and Giyp, denoted by
Gt ®Gip= (B, 11 Ry, [1n Ry, ..., I1 ® ),
is defined as:
(1 al) (rs) = (1&1‘1 X tl‘z)(rs) =t A tl‘z(s)
(i) Lmh) (rs) (11‘1 X il‘z)(rs) = il‘1 (r) A z'I‘2 (s)
Sy (1) = (fy, & f))(rs) = f; (1) A fi ()

(1 al) (rs) = (t;; X t;;)(rs) = t;; A t;fz(s)
(ii) (11&12 (rs) = (171 X i;;)(rs) = i;fl (r) A i;; (s)
Simiy ) = (ff B f)(rs) = f7(r) A i, (s)
forallrs € Uy x Uy,
t(‘hlmz/_)(rsl)(rsz) = (tfl/ X tl‘zj)(rsl)(rsz) =t (A fl_zj(slsz)
(iid) .(_11 al, )(7’51)(7’52) = (il_l X iI_Z )(rs1)(rsz) = i; (r) A ifzj(slsz)

) (r80)(rs2) = (fir & f ) (rs1)(rs2) = f () A £y (s152)

(11 aly; (rsl)(rsz) = (Fr X t+ )(rsl)(rsz) = t+ (r) A t (slsz)
(iv) (Iljmzj)(rsl)(rsz) = (111/ X 112/)(1’51)(1’52) = zt(r) A 12j(slsz)
ﬂzjglzj)(fsl)(rsz) = (fﬁ'/ X ﬂ;)(fsl)(fsz) = ff;(”) A ffz'/_(slsz)
forallr € Uy, 5152 € Uyj,
(11 iy, (rls)(rzs) = (t‘ R )(rls)(rzs) = tl‘z(s) A tl‘lj(rlrz)
() (Iljmzj)(rls)(rzs) = (111/ X 112/)(1’15)(1’25) =i (s) A il‘zj(rlrz)

f(}”glzj)(fls)(fzs) = (fg] = flzj)(ﬁs)(fzs) = f, () A flzj(fﬂ’z)

by (118)(r2s) = (t &L )(r18)(r2s) = t] (5) At} (r172)

( 1j 2]) . 1j . 2j . 2 . 1j

(Vi) { iy mpy (118)(r28) = (i B} )(r18)(r2s) = i (s) A gy (r172)
f(fljmzj)(ﬁs)(rzs) = (fﬂr/ X ﬂ;)(rls)(f’zs) = fl‘zf(s) A ﬂ;(ﬁ?’z)

foralls € Uy, r1r2 € Uy

t ana(1181)(r2s2) = (t; Rt )(r181)(r2s2) =t (r172) At (8152)
( 1j 2]) . 1j . 2j . 1j . 2j

(Vi) { i mp) (T180(r282) = (1 @1 )(r151)(r2s2) = 4 (1172) Ady (5152)
iy (1181)(r2s2) = (ff & f)(1181)(r2s2) = fi (r1r2) A f, (s152)

E ) (11810(1282) = (] @17 )(r181)(r2s2) = £ (r172) A B (5152)
(viii) iz}ljmzl)(ﬁsﬁ(”zsz) = (if I, ® i 2l)(1’151)(7’252) = 11/.(7’17’2) Ai 2/.(5152)
sy (r151(r2s2) = (fr ® fi7)(r181)(r2s2) = fi7 (r172) A fy] (s152)
forall riry € Uy;j, 5152 € Uy;.
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]gxampvle 3.13. Strong product of IVNGSs Giv1 and Gy shown in Fig. 2 is defined as
Gi1 B Gigp = {[1 ® I, [11 ® Ip1, I12 ® [0} and is represented in Fig. 9 and Fig. 10.

7253([0.5,0.6],[0.3,0.4],[0.5,0.6])
r152([0.3,0.4],[0.2,0.3],[0.4, 0.5])

S
S >

r151(10.2,0.3],[0.2,0.3],[0.3, 0.4]) o \Q,@

& )

s Iwek(0203]0203,00304) > _ S

3 N4 ) p O )

3 N S s S

A 3 €

=) i i & 8

= Q- = N =

3 & & N a

2] \~\$ W o

= — — o —_— s

« <z G @

3 oy T % S

< )l 2 N o 2

z 7 E Jz &

B %y = 2, =

< I1 ®1([0.2,0.3],[0.2,0.3], [0.3,0.4]) '30& = % =

Y %
r251(10.2,0.3],[0.2,0.3], [0.3, 0.4]) @, Yo

1252([0.3,0.4], [0.3,0.4],[0.4, 0.5])
r185([0.5,0.6],[0.2,0.3],[0.5,0.6])

Figure 9: éivl X éivz

r353(10.4,0.5],[0.3,0.4], [0.4, 0.5])
r3%2(10.3,0.4],[0.3,0.4], [0.4, 0.5])

§
N N
Q'b‘%' \Q'bw Q(Q\\
r41(10.2,0.3],[0.2,03], [0.3, 0.4]) B L
2 N
= © = N o
s q ’b\‘ i Q Q@ =
ot q < B s
S Q hu L o A <«
= W = &/ =]
g; \\\$ S Y (L\'{} f
s _ g b .3
® 5 B
S 2 7 <. 2
d “e g Jo, 3
= \/’z// e % \Z S
B 7 EEKe & d <=
= < “’)0 ; 69( ‘3’0 =
~ ) % 9 ®
= Zfoe = Yy T, o
. 0, e
2 7, o
r351([0.2,0.3], [0.2,0.3], [0.3,0.4]) % 2y g,
0 ) (Z
.@0 ‘e, -go
‘Y, 0 S
Y Y
%,
7

r452([0.3,0.4],[0.3,0.4],[0.4, 0.5])
1453([0.4,0.5],[0.3,0.4], [0.5, 0.6])

Figure 10: Givl R éivz

Theorem 3.14. Strong product éim X G,«vz =(h®h, 1 R, [1p Ry, .. I ®Iy) of two IVNGSs Civl and C,«vz
of graph structures Gg1 and Gy, respectively is an IVNGS of Gs1 B Gg.

Proof. Consider three cases:
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Case 1. Forr € Uy, s15; € Uyj,
Fi i (5)052) = F0) A (5152
<t () At (51) At (s2)]
= [t (1) At (s)] A T8, (r) At (s2)]

= t(_hlZlIz)(rSl) A t(_11IZIIz)(r52)’

Ei ) (r51)(r52)) = £ (1) A1 (5152)
<ty (n) Al (s1) At (s2)]
= [t () AL O A (1) At (s2)]

= t&lglz)(rsl) A tz}llzlz)(YSZ)’

i7, iy ((51)(92)) = i (1) A i (5152)
< i () A i (1) A (s2)]
[i () A (0] A i () A (s2)]

- Z.(_Illﬂlz)(rsl) A Z.(_11|2112)(1’“‘;2)’

it any (51)52)) = iF () A i, (s152)
i;;(r) A [i;;(sl) A i;;(sz)]
= [if () A i DT AT () A (52)]

_ it +
= 1,y (151) A dg g, (152),

IN

Sty ((r81)(rs2)) = i (r) A [, (s152)
< fo (M) A LS (1) A f (s2)]
= [f, O A fLSOIA L, () A fr, (52)]
= fian) (15D A fmn)(752),

_f(}—ljglzj)((rsl)(rSZ)) = fi(r) A fgj(slsﬁ
< FEO AL ) A f ()]
= [ A fEEDIA L) A fr(52)]
= 'f(-;l &12)(1’51) A f(';lmz)(f’Sz),

for rs1,rsy € Uy ® Uy.
Case 2. For r € Uy, 5152 € Uy,

i, mByy) (517)(52)) = £, (r) At (s152)
<L) ALt (s1) At (s2)]
= [t,(r) At (sl A Tt (r) At (s2)]

=t ($17) At ap,) (527),

69
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t&l/&h/‘)((slr)(szr)) = t;-z(r) A t;;/'(slsZ)
< () AL (s1) A (s2)]
= [t} () At (D] A [H (1) At (52)]

_ g+ +
= Hrmny (517 A b gy (827),

1'(_11].@12/)((517’)(527’)) =i, (r) A il_lj(5152)
< ip, (r) A i, (s1) A (s2)]
[i,(r) Ay (sO)] A Ti (r) A (s2)]

= Z'(_Illﬂlz)(slr) A i(_h IZlIz)(szr)’

iz}ljmz])((slr)(szr)) i (r) A iz/_(slsz)
i;;(r) A [lz (s1) A iz (s2)]
= [if, () A if (SO A i (1) Adf (s2)]

I o+
= 10,m1y) (517) N i,y (527,

IA

Sy ($17)(62)) = fi, (1) A i (5152)
< L ALf (1) A £ (52)]
= [f, () A fr, SOIA L, (1) A £ (52)]
= fimny (517) A Sy (527),

sy (51)(527)) = fi7 (1) A fi] (s152)
< fr ALfi 0 A fir62)]
= [fa () A fr SO ALfL () A f7 (52)]
= f(‘[flmz)(slr) /\f(}rlmz)(szr),
for s17,sor € Uy ® U,.

Case 3. For 111, € Uyj, 5152 € Uy},

b mny (1151)(r282)) = £, (r1r2) At (s152)
< [t,(r1) At (r)] ATt (51) At (s2)]
= [t (r) At (s A [t (r2) At (s2)]

= t(_[lgjz)(rlsl) A t(_[lgjz)(rZSZ)/

iy iy (1181)(1282)) = £ (r172) A ] (5152)
< [t (r) At ()] ATt (51) At (s2)]
= [t (r) At (s A Tt (r2) At (52)]

ot +
= t(llgjz)(rlsl) A t(hmz)(f’zsz),
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i(_h/.g]z])((ﬁsl)(fzsz)) =iy, (rr2) A, (s152)
< [ig, (r1) Ay (r2)] A i (s1) A i (s2)]
= [ig, (r1) Ay (s)] A [ (r2) A i (s2)]

= T1,m1) (1181) Al ) (1252),

iz}”gb])((ﬁsl)(rzsz)) = iﬂl(ﬁ?’z) A i;;/.(slsz)
< [if (r1) A (r2)] A i (s1) A (s2)]
i} (r1) A i (s1)] A [ (r2) A i (s2)]

_ o+ +
= Z([lglz)(rlsl) A l(Illg,]Z)(YZSZ)/

ﬁ;lngZj)((V1S1)(rzsz)) = ](1:/(1’11’2) /\](1;(5152)
< [fy () A fr ()AL (1) A S (s2)]
= [f;, (r) A fr, SO A [ff (r2) A £, (s2)]

P _
= f(]lmz)(rlsl) A ,7((11&12)(7252)/

iy (1181)(r252)) = fi7 (r1r2) A £ (s152)
S ) A fE )T AT (51) A £ (s2)]
= [fiy (r) A fy SO AL (r2) A fy (52)]
= [y (1151 A fi1, a1, (r252),

r151,7282 € U7 ® Us.

All cases hold for all j € {1,2,...,t}. This completes the proof. ]

Deﬁgition 3.15. Let Gt = (I, I1, Lo, . . ., Iny) and Gip = (I, In1, Iz, . . ., Int) be two IVNGSs. Composition of Ginl
and Giy, denoted by

Gi1 ©Gin= (1oL, Iyy 0 Iy, [1p 0 g, ..., I 0 Iy),
is defined as:

t(‘holz)(rs) = (t‘I‘1 o tl‘z)(rs) = t‘I‘1 ) A tl‘z(s)
(@) i(‘holz)(rs) = (iI‘1 o il‘z)(rs) = iI‘1 (r) A il‘z(s)

Farra 9 = (i 0 J)09) = fr ) A f69)

tz}lolz)(rs) = (t] o tp)(rs) = t] (r) A1 (s)
(ii) ialolz)(rs) = (i;; o z';;)(rs) = i;; ) A i;;(s)
S ®9) = (7 0 F05) = () A f9)
forallrs € Uy x Uy,

f(_h,olz,)(rsl)(rsﬁ = (?1_1; ° ffzj)(rsl)(fsz) = tfl () /\'tle(slsz)
(i) { gy omy) (180(52) = (1 01 )(s1)(rs2) = 1} (1) A i (5152)

Styony r51)(rs2) = (fi 0 fr )rs1)(rs2) = fi(r) A £y (s152)
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tz}”oh/)(rsl)(rsz) = (t;;/ o t;;j)(rsl)(rsz) =t () A t;;/(slsz)
(1) 1 06y o) 15152 = (i 018 )(151)(752) = i£(1) A i (5152)
Fisjony) (rs(rs2) = (fi7 o fi7)(rs1)(rs2) = fi7(r) A f (s152)

forallr € Uy, 5152 € Uyj,

iy jony) (118)(128) = (1 ot )(118)(r2s) = 1, (5) At (1172)
(V) 3 Tty jon,)(118)(r28) = (i 01y )(r18)(ras) =i (s) Aip (ri72)

Stjo1y(118)(r28) = (fi 0 fr )r1s)(128) = f (5) A fy, (r172)

tz}”olzj)(rls)(rzs) = (t;;/ o t;;j)(rls)(rzs) =t (s) A t;;/(rlrz)
(i) | 16y o) 119)129) = (i 0 )(118)(125) = if (5) A'if (r1r2)
F oy 19)728) = (£ © fi7)r18)(128) = fi7() A fiF (11r2)

foralls € Uy , 1112 € Uy

E iy jony) (1181 (r252) = (8, ot )(r151)(r2s2) = ’1‘1_1].(7’17’2) /\'fI_Z(Sl) /\'tl_z(sz)
(ViD) § i o1,y (1181)(r282) = (i 01 )(r151)(1282) = 1y (r172) A7y (51) A iy (52)

f(fljolzl)(flsl)(fzsz) = (fg/ o fI;)(VlSl)(stz) = fllfl (r1r2) A fi (s1) A ff, (s2)

E i oty (1181 (1282) = (H

+

oty Nr1s1)(r2s2) = (r1r2) At (s1) At (s2)
(viti) {1 o,y (1181)(r282) = (i o i )ris1)(r2s2) = i, (rir2) A gy (s1) A i (s2)
f(}—ljolzl)(rlsl)(rZSZ) = (fﬁ'/ o ]‘};)(7’151)(7’252) = fflrl (r1r2) A fi1(s1) A f (s2)
forall riry € Uy, s152 € Uyj such that sy # s;.

Example 3.16. Composition of IVNGSs Gip1 and Gy shown in Fig. 2 is defined as

v

111 01>1([0.2,0.3],[0.2,0.3],[0.3,0.4])

Giv1 © Givy = {[1 0 I, I11 0 In1, [12 © Inp} and is depicted in Fig. 11 and Fig. 12.

r283([0.5,0.6],[0.3,0.4], [0.5, 0.6])
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Ve s Q B S
o8 s - 0 & g
= N =
\x\o 2 w o\’ﬁ/ )
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° i 4 ™
4 S 4 2 3
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%) 3 N &
o)/ - S YZ o
Ly o In([p-2,0.3],[0.2,0.3],[0.3,04]) “7 = ol /0-9 =
> -0
1251([0.2,0.3],[0.2,0.3],[0.3,0.4]) T %/0 0-30 2,
%> S ¢
) Z 4
I 0 11([0.2,0.3],[0.2,0.3], [0.3, 0.4]) Y /o'sf , &7
£

1252([0.3,0.4],[0.3,0.4],[0.4, 0.5])

r153([0.5,0.6],[0.2,0.3], [0.5, 0.6])

Figure 11: éivl o éivg
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r353(10.4,0.5],[0.3,0.4], [0.4, 0.5])
r3%2(10.3,0.4],[0.3,0.4], [0.4, 0.5])
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Figure 12: éivl o éivg

"l:heoremv3.17. Composition Gim o Givz =(lholh,linoly, lipoly,..., L1t oly) of two IVNGSs
Gin1 and Gjyp of graph structures Gy and Gy, respectively is an IVNGS of Gs1 o Gs.

Proof. Consider three cases:
Case 1. Forr € Uy, s152 € Uy;j

t(_Il,oIZ,)((”Sl)(rSZ)) =t (N A tI;/(SlSz)
< b (1) ALt (1) At (s2)]
= [, () At SO A T (1) At (s2)]

= t(_Ilolz)(rsl) A t(_Ilolz)(rSZ)’

E oy ((r51)(r52)) = £, (r) At (5152)
<t (r) At (51) A (52)]
= [t;,(r) AL DI A (1) At (s2)]

_ gt +
= t(holz)(rsl) A t(holz)(rsz),

oty ((50)152)) = 1.0) A i (5152)
< i (r) A [ (s1) A i (s2)]
= [i;, () AL (sD] A i (r) A i (s2)]

= i(_holz)(rsl) A i(_holz)(rsz),
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ot (51)092)) = 0}, (1) A, (5152)
< if (1) AL (s1) A i (s2)]
= [if () A i (DT A i () A (s2)]

i o
= 1(11012)(1’51) A 1(11012)(1’52),

fityjony)((r51)(rs2)) = f1(r) A ff; (5152)
< fr () ALfL (51) A £, (52)]
=[f; O A fLEDIA L (1) A fr, (52)]
= fi101)(T51) A f1101,)(752),

fityomy (r51)(rs2)) = f1 (1) A £} (5152)
< fr( AL () A fy(s2)]
= O A DAL () A fr(s2)]

_ ot +
= ftrom) 151 A figyo1) (152),

r81,1sp € Uq o Us.

Case 2. Forr € Uy, 5152 € Uy

by oy ((517)(827)) = 1, (r) A £ (s152)
< 1, (r) Al (s1) A £y (s2)]
= [t,(r) A g (s A [ (1) At (s2)]

= t(_Ilolz)(slr) A t(_Ilolz)(Szr)’

tz}l,olz,)((sl”)(sﬂ)) = t,(n) At (s152)
< B0 ATE (1) A )]
= [t,() At (SO ATEL (1) At (s2)]

_ ot +
= Eony (517) A by (527),s

(1, o1,y ((S17)(527)) = i1, (1) A7y, (5152)
< i (r) Al (s1) AT (s2)]
i, (r) A i (s)] A [ (1) Ay (52)]

= i(_Ilolz)(slr) A i(_Ilolz)(szr)’

i1 0 (517)(520) = T, (r) AT} (s152)
i (r) Alif (s1) A} (s2)]
Lig, (r) A (sT A i (r) A7 (s2)]

i o
= 1(11012)(51”) A 1(11012)(521’),

IA
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Fromy(17)E2) = f7(1) A fi (s152)
< ) ALfi ) A fi ()]
= [f; () A fZGOIA L0 A f (52)]
= Firom 10 A f oy (27),

F oty (G19(520) = fi7(1) A £ (s152)
< fu M) A LS (1) A f7(52)]
= [fa () A frSOIALfL () A f7 (52)]
= £ o)1) A f oy (527),
s17,5or € Uq o U».

Case 3. For rir; € Uy, 5152 € Upj such thats; # s,

E o1 (r151)(1282)) = 1, (r172) At (51) A 7, (52)
< [, (r) A ()T A TE (1) At (52)]
= [, (r) AL DT A TE, (r2) At (52)]

- t(_Ilolz)(rlsl) A t(_Ilolz)(YZSZ)’

E ony) ((151)(r282)) = ] (r172) At (51) At (2)
< [t (r) Aty ()] AL (1) At (52)]
= [t () At (DT ATt (r2) At (2)]

_ gt +
= Lt01y) (1151) A o) (1252),

i1 01, (151)(r282)) = iy, (r1r2) Adj (s1) A (s2)
<[4, (r1) Ay (r2)] AT (51) A i (52)]
= [i}, (r1) A (s A T, (r2) A (s2)]

= i(_holz)(i’151) A i(_IloIZ)(rzsz),

i1y oy (181)(r282)) = i, (r172) A (51) A 17, (52)
< [ip (r1) A i (r)] Al (s1) A i (52)]
i} (r1) A g (D] A T (r2) A (s2)]

_ o+ -+
= 1(11012)(7’151) A 1(11012)(7’252),

Jitop((1181)(1282)) = fi (r1r2) A f (51) A fp; (52)
< [f, (r) A fr ()T A LS (1) A £ (52)]
= [f, (r) A f GOI AL (r2) A f; (52)]

= f(;l 012)(7151) A f&l 012)(1’252)/
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ftyoy((r181)(r282)) = fi7 (r1r2) A fi7(s1) A ) (52)
< [f;l-(rl) /\ffl'(rz)] A [ffz'(sl) /\fg(Sz)]
= [fflr(i’l) /\fg(sl)] A [fl’lf(rz) /\ff;(sz)]
= f(JIrloIZ)(ﬁSl) A f(JIrlolz)(”ZSZ)/
1151, 7252 € Uy o Ua.
All cases hold for all j € {1,2,...,t}. This completes the proof. [

Deﬁl‘litiO\l{‘l 3.18. L;Et Givl = (11,111,112, N zllt) and Gin = (12, 121,122, e ,12,9) be two IVNGSs.
Union of Giy1 and Gy, denoted by

Git UGi2 = (1 ULy, I1y Uy, [1n U, ..., I3y U Iy),
is defined as:

(I oL, )(r) (t‘l‘1 U tl‘z)(r) = tl‘l(r) \Y tl‘z(r)
(i) { o)™ = @ Vi) =i (r) Vi (1)
faon® = (i U0 = fr () A f ()

@) = W VO = 0V 10)
(ii) (Ilulz)(r) (le U 1;2)(1*) = 111 )V z;; (r
Sy = U V@) = fr() A £ ()
forallr € Uy U Uy,
t(_IllLJIZ/)(rS) = (tl_lj U tl‘zl)(rs) = tl‘lj(rs) \Y tl‘zj(rs)
(iii) i(‘hjulzj)(rs) = (il_lj U il‘zj)(rs) = iI_l; (rs) v il‘zj(rs)

f(yljulzj)(rs) = ( fI:/ U flzj)(rs) = fl;(rs) A flzj(rs)

(11 UL (rs) = (t+ vty )(7’5) =1 (7’5) vt (rS)
(iv) (IljUIZj (7’5) (1 I U 1121)(1’5) = l I (rs) Vi 2l(rs)
a9 = G U )05 = .09 A 1 9
forall rs € Uyj U Uy;.

]gxampvle 3.19. Union of two IVNGSs Gip1 and Gy shown in Fig. 2 is defined as
Gip1 UGip ={[1 U, I11 Uy, I1p U lxn}and is depicted in Flg 13.

53([0.5,0.6], [0.4,0.5],[0.5,0.6]) $1(10.2,0.3],[0.2,0.3],[0.3,0.4])
4 N
“o, . r2([0.5,0.6],[0.3,0.4],[0.8,0.9])  r4([0.4,0.5],[0.3,0.4],[0.6,0.7]) \\@9
2/03 N

el - S(Z
\)\m\@ 5»([0.3,0.4],[0.3,0.4],[0.4,0.5]) /ng
RSN Sy
r1([0.5,0.6],[0.2,0.3],[0.6,0.7]) r3([0.4,0.5],[0.3,0.4], [0.4,0.5])

Figure 13: éivl U Gin
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"l:heoremv3.20. Union Givl U éin = (11 U 12, 111 U 121,112 U 122, .. '/Ilt U IZt) OftZUO IVNGSs
Gin1 and Gjyp of graph structures Gg and Gsp is an IVNGS of Gs1 U Ggy.

Theorem 3.21. If G, = (Uy U Uy, U1y U Uy, Uip U Usy, . .., Uy U Uyy) is union of twvo graph structures
Ga1 = (Uy, Uny, Una, ..., Uyy) and Ggp = (Ua, Ua1, Uny, . .., Uy), then every IVNGS Giy = (I, 11, I, ..., It) of Gs is
union of two IVNGSs Gwl and Gy of graph structures Gsl and Gg, respectively.

Proof. Firstly, we define Iy, I, I1j and I for j € {1,2,...,t} as:
FO =450, 50 =50, 0= f0)
tp(r) = t;(r), iy (r) =17 (), ff (r) = f7 (1), if r € Un.

t () =t (), i (=1 @), f(n=f),
t;;(r) =t (), 112(1') =1 (r), fI2 (r) = ff(r),if r € Ua.

tl_l,(rer) = tl‘l(rlrz) i (rlrz) =1 (rlrz fI (r1irp) = fll‘(rlrz),
t;;/(rlrz) = t;(l’lrz) (7’11’2) = Z+(T11’2 fh (r1irp) = f}_;'(rlrz), if rirp € Ul]
b, (1112) = . (n112), 2].(7’11’2) = 1].(7’11’2) JCIZ/(Tlfz) [y (rir2),
t?;](”l”Z) = t;:(”ﬂ’z), 1';;/.(7’11’2) = i;;(”ﬂ’z), fI:l(Tlfz) = flj(ﬁ?’z)/ if 1172 € Uy;.

Thenl =L UbLandI; =1;;Uly, j€{l,2,...,t}. Now for rir; € Uy,
i’I_k/_(Tli’z) = tl‘/(rlrz) < i’I_(Tl) A i’I_(T’z) = tl‘k(rl) A i’I_k(Tz),
iI_k/ (7’11’2) = il_j(rll’z) < ZI_(Tl) A ZI_(T’z) = ZI_k(T’l) A Z'I_k(l’z),

f,;l (r1r2) = fI]_.(7’11’2) < frr) A fr(r2) = fi (r) A fp (r2),

t+ (7’11’2) = f+(1’17’2) <t (1) A7 (r2) = 1 (r1) At (r2),
(717’2) = 1](717’2) <if(r) ANif(r2) = 1+(7’1) A g (r2),

f1 (r1r2) = fI]. (r1r2) < fF(r) A ff(r2) = flk (1) /\flk (2),

Hence Gix = (I, In, Lo, - . ., Iiy) is an IVNGS of graph structure Gg, k = 1,2. Thus G = (LI L,..., L)
an IVNGS of G = G¢ U Gy, is union of two IVNGSs Gy and Gip. O

Definition 3.22. Let Gtvl (11,111,112, . Ilt) and éin = (Iz, 121,122, . ,12,9) be two IVNGSs
and Uy N Uy = 0. Join of Gior and Giy, denoted by

Giot + Gz = (1 + Io, Iy + D1, iy + I, ., T + p),

is defined as:

Eyay () = Eguy (1)
() 3 1)) = 1,0, (7)
fisy® = fi0) ()

(11 (1) = (11 o) (™)

(i) { i)™ =i (1)

Firn® = f0m) )
forallr e Uy U Uy,

t:(_Il/‘+12j)(rs) - f(_hlezj)(rs)
(111) Z(Ilj+121)(rs) = Z(IljUIZI)(rS)

f(;1j+12j)(rs) = f(i/Ulz/‘)(rs)
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tz}1/+12j)(rs) = taljulzj)(rs)
(iv) ialj +Izl)(rs) = iallezl)(rS)
f(}—lj"‘IZj)(rs) = f(}rllUIZ;)(rs)
forall rs € Uy; U Uy,
t(_h; +12,-)("S) = (tI‘U + tI‘Z/)(rs) =t (1) At (s)
(v) i(_h,-+Iz,)(rs) = (il_l, + il‘zj)(rs) = iI‘1 (r) A il‘z(s)

Fiyri79) = Ui+ f)09) = fr O A7)

tz}1/+12j)(rs) = (t;;/ + t;;/)(rs) =t (r) At (s)
(vi) zZ}l/_ +Izl)(rs) = (zzl + i;;/_)(rs) = z;; (r) A i;;(s)
Fi i) 79) = 7+ £2)09) = f70) A F265)
forallre Uy, s € U,.

]§xampvle 3.23. Join of two IVNGSs Gip1 and Gy shown in Fig. 2 is defined as
Givl + Gin = {11 + 12, 111 + 121,112 + 122} and is depicted in Flg 14.

([0.4,0.5],[0.3,0.4],[0.5,0.6]) -~ (0.2, 0.3],10.2,0.3],[0.3,0.4])
1 —_ \ ~ — -
N - 2
(05,061, 102,031, 10k,07]) 71([0.4,0.5],[0.3,0.4], [0.6,0.7]
N
3
}=3
®
<
Ni 3
7 5
2
e
o

53([0.5,0.6],[0.4,0.5],[0.5,0.6])

73([0.4,0.5],]0.3,0.4],[0.4,0.5]

72([0.5,0.6],[0.3,0.4], [0.8/0.a) < —
([0.4,0.5],[0.3,04], [0.4,0.5]) ([0.2,0.3],10.2,0.3],[0.3,0.4])

Figure 14: Gm + Givz

Theorem 3.24. Join Gioy + Giop = (I + Lo, I + Io1, T2 + Iy, - .., Iy + Iy) of two IVNGSs
Gin1 and Gjyp of graph structures Gg and Gy, respectively is IVNGS of Gs1 + Gsa.

Theorem 3.25. IfGS = (U1 + Uy, Uy + Uz, Upp + Un, ..., Ups + UZt) is jOii’l Of two GSs
(:151 = (Uy, Uy, Ury, ..., Uy) and Gs = (U, Upy, Upy, . . "y Uyy), thgn every strong IVNGS
Giw=(11,1p,...,1;) of G is join of two strong IVNGSs Gjy1 and Gy of graph structures
Gs1 and Ggy, respectively.

Proof. We define Iy and I;j fork=1,2and j=1,2,...,tas:

B0V =50, () =i 0, f0) = f0),

t;;(r) =tf(r), i;;(r) =if(r), fI:(r) = ff(r), if r € U

t, (nr2) =t (nr2), ll_k/ (r1r2) = I:I_kj(rli’z), fI;/ (r1r2) = ]37.(7’17’2)/ '
t;;/_(rlrz) = t;;(rlrz), z;;l (1) = z;;/_(rlrz), ffkf/ (1) = fI;f(rlrz), if riry € Uy;.

Now forrir, € Uy, k=1,2,j=1,2,...,t
b, (nir2) =t (rr2) = 17 (r1) At (r2) = (1) A (r2),

51([0.2,0.3],[0.2,0.3],[0.3,0.4])

78
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ifk/ (rr2) = if/.(”ﬂ’z) =iy (1) Ay (r2) = i (r1) A7 (r2),

fr () = fi7(rr2) = fr () A f7(r2) = fi(r) A f (r2),

1, (rir2) = £ (r1r2) = 1 () Aty (r2) = £ (r1) A £ (r2),
i (rir2) = 17 (r1r2) = 17 () A df (r2) = i (r1) A 1 (r2),

fi(nra) = fir(nr) = £ (n) A fi7(r2) = fi(r) A fif (r2),

Hence Gik = (e, I, Lo, - . ., Ii) is a strong IVNGS of graph structure Gy, k = 1, 2.
Moreover, we will show that G, is join of Gip1 and Giy. According to the definitions 3.18
and 322, I=5L UL =11 + I, and I]' = I]j U 12]' = 11]' + Izj, forall riry € ul]' U u2]'.

When r11r, € ul]' + u2]' (ul]' U u2]'), thatis, r; € Uy and r; € Uy,

1%1_/_(7’11’2) = tI_(Tl) A i’I_(Tz) = tl‘k(rl) /\'i'I_k(Tz) ='i’(_11j+12/)(1’17’2),
11‘/(1’11*2) =i (n) ANij(r) = zI‘k(rl) A 11‘]{(1”2) = l(_11j+12j)(71r2)'

f,/f(ﬁm) =fr(r) A fr () = f () A f; (r2) = Jc(flj+12].)(7’17’2),

f;;(”ﬂ’z) = f?(”l) A f?(”z) = ffrk(ﬁ) /\'tf;(fz) Z'tz}w]z])(?’l?’z),
1;;(1’11*2) =if(r) Nif(r2) = l;;(ﬁ) A 1;;(1”2) = zaljJrlzj)(rlrz),

ff;(ﬁ?’z) =) A f () = fr (r) A f (r2) = f(}'lﬁlzj)(fli’z)‘

When 11 € Uy, 12 € Uy, we get similar calculations. It’s true for j=1,2,...,t.
This completes the proof. [

We have defined the concept of interval-valued neutrosophic line graphs in Definition 2.3. Thus, we close
this research article with the following open problems:

Problem 1. Prove or disprove that interval-valued neutrosophic line graph structures are generalization of
interval-valued neutrosophic line graphs.

Problem 2. Prove or disprove that if f is a weak isomorphism of interval-valued neutrosophic graph
structures onto interval-valued neutrosophic line graph structures, then f is an isomorphism.
Acknowledgement. The authors are grateful to the reviewer’s valuable comments that improved the
quality of our paper.
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