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Abstract

‘We show how to express the representation of a composite rotation
in terms that allow the rotation of a vector to be calculated conveniently
via a spreadsheet that uses formulas developed, previously, for a single
rotation. The work presented here (which includes a sample calculation)

also shows how to determine the bivector angle that produces, in a single
operation, the same rotation that is effected by the composite of two
rotations.

“Rotation of the vector v through the bivector angle M1, to produce
the vector v'.”


https://mx.linkedin.com/in/james-smith-1b195047
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1 Introduction

Suppose that we rotate some vector v through the bivector angle Mju; to
produce the vector that we shall call v/ (Fig. [1]), and that we then rotate v’
through the bivector angle Moo to produce the vector that we shall call v”.
That sequence of rotations is called the composition of the two rotations. It is
equal to the rotation through some bivector angle So ([1], pp. 89-91). Geometric
Algebra (GA) is a convenient and efficient tool for manipulating rotations—single
as well as composite—as abstract symbols, but what form does a numerical
calculation of a rotation take in a concrete situation? And how can we calculate
the bivector angle So 7

Those are two of the questions that we will address in this document. Our
procedure will make use of single-rotation formulas that were developed in [2].
We'll begin with a review of how a given vector can be rotated via GA. In that
review, we’ll discuss the important concept of the representation of a rotation,
after which we’ll present an formula that can be implemented in Excel for to
calculate single rotations of a given vector.

Having finished that review, we’ll see how to express the representation of
a composite rotation in terms that can be substituted directly in the formula
for single rotations. We’ll then work a sample problem in which we’ll calculate
the results of successive rotations of a vector. We'll also calculate the bivector
angle that produces the same rotation in a single operation. The method used
for calculating that bivector angle is presented in the Appendix.



Figure 1: Rotation of the vector v through the bivector angle My, to produce
the vector v’.

Figure 2: Rotation of the vector v’/ through the bivector angle Ma s, to produce
the vector v"”.



o radians

Figure 3: Rotation of v through the bivector angle So, to produce the vector
v” in a single operation.

2 A Brief Review of How a Rotation of a Given
Vector Can be Effected via GA

References [3] (pp. 280-286) and [I] (pp. 89-91) derive and explain the following
formula for finding the new vector, w’, that results from the rotation of a vector
w through the angle § with respect to a plane that is parallel to the unit bivector

Q:

Figure 4: Rotation of the vector w through the bivector angle Q;, to produce
the vector w'.



w = [e‘Qe/z} [w] [ng/z} : (2.1)

Notation: Rgg(W)

For our convenience later in this document, we will follow Reference [I] (p. 89)
in saying that the factor e~ Q%/2 represents the rotation Rqo. That factor is a
quaternion, but in GA terms it is a multivector:

e Q02 = cosg — Qsin g (2.2)

As further preparation for work that we’ll do later, we’ll mention that for any
given right-handed reference system with orthonormal basis vectors a, b, and &,
we may express the unit bivector Q as a linear combination of the basis bivectors
ab, bé, and aé :

Q= él;)Qab + Bégbc + acqac,
in which qup, gpe, and ¢, are scalars, and ng + qgc +q3. =1.

To present a convenient way of calculating rotations via Excel spreadsheets,
Ref. [2] built upon that idea to write e~ Q%/2 as

e~/ — f, — (&Bfuy + Befoc + aCfac ) (2.3)
with f, = cos g; fab = qap sin g; foe = Qpesin g; and fue = gqcsin g Similarly,
¥ = f,+ (éﬁfab +béfoe + ééfac) : (24)
IAJsing these expressions for e~ Q%2 and eR9/2, and writing w as w = aw, +
bwy, + cw,.., Eq. becomes
W' = [fo — abfuy = BEfoc — 88fuc| [awa + buy + €we| [fo + &b fus + befc +aefuc].
By expanding and simplifying the right-hand, side we obtain
W = Alw, (2 — 12+ f2 — [2.) + W (2f0fub — 2fsefac) + We (2fofac + 2fan foc)]

+ B[wa (2fofab - 2fbcfac) + wyp (fg - 31; - beL + fgc) + we (_2fofbc - 2fabfac)} (25)
+ é[wa (Qfofac + zfabfbc) + Wy (zfofbc - 2fab.fac) + We (f3 + faQ[; - be(‘ - ffz,)] .

Because this result can be implemented conveniently in (for example) a
spreadsheet similar to Ref. [4], the sections that follow will show how to express
the representation of a composite rotation in the form of Eq. (2.3).

3 Identifying the “Representation” of a Com-
posite Rotation

Let’s begin by defining two unit bivectors, M; and Ms:
M, = élE)’mlab + Bémlbc + atmige;

MQ = ébmgab —+ bémgbc —+ éémgac.

Notation: Rqe(w) is the
rotation of the vector w by the
bivector angle Q6.



Now, write the rotation of a vector v by the bivector angle M p; to produce
the vector v’:

v = {e_M”“/Q} [v] {eM”“/Q} )

Next, we will rotate v/ by the bivector angle Mapus to produce the vector v”:
v’ = [67M2“2/2} [v'] [eMz‘”/Q} .

Combining those two equations,

o= e (e e ]

The vector v was produced from v via the composition of the rotations by
the bivector angles My 1 and Mopu;. The representation of that composition
is the product [e_M"‘“l/Q} [e‘Ml’“/Q]. We’ll rewrite the previous equation to
make that idea clearer:

VO (it et 0| G L

Representation
of the composition

There exists an identifiable bivector angle —we’ll call it So—through which v
could have been rotated to produce v in a single operation rather than through
the composition of rotations through Mjpu; and Maus. (See the Appendix.)
But instead of going that route, let’s write e M1#1/2 and e~M212/2 in a way
that will enable us to use Eq. :

e_Mlul/Q = YGo — (éf)gab + IE\)égbc + éégac) 7and

e Menz/2 _p (éf)hab + béhy, + acha) ,

1 . 1 . 1 . 1
where go = COS %7 Jab = Migp S %7 Gbec = MipcSM %; and Jac = MiacSM %7
M2, . M2, . M2, . M2
and h, = cos —; hgqp = Mogp Sin —; hpe = Mopesin —; and hge = Moge Sin 5

Now, we write the representation of the the composition as
(o = (@bha + Behye + achac )| [g0 — (@bgas + begne + aégac )|

e—Mapa/2 e—Mipuy/2

After expanding that product and grouping like terms, the representation of the
composite rotation can be written in a form identical to Eq. (2.3)):

F, - (aﬁfab +beFp + éé]—"ac) , (3.1)
with
F, = <67M2u2/26*M1u1/2>0
= hogo — havGab — MveGoe — NacGac
]:ab - hogab + habgo - hbcgac + hacgbc 5 (32)

Jfbc = hogbc + habgac + hbcgo - hacgab ) and
Fac = hogac - habgbc + hbcgab + hacgo .



Therefore, with these definitions of F,, Fap, Fpe, and Fue, v can be
calculated from v (written as av, 4+ by + €v.) via an equation that is analogous,
term for term, with Eq. (2.5)):

v [va (F2 = F2, + F2, — F2) + vy (2FoFap — 2FpeFac) + Ve (2FoFac + 2FarFic)]

! — é
4 B [va (2F, Fap — 2FpeFac) + 0y (F2 = F2y — F2 + F2) + v (2F Foo — 2FapFac)]
+ é[va (2FoFac + 2FanFoe) + 0o (2FoFoe — 2FapFac) + Ve (]:Z + .7:31, — .7:,3C — ]:fc)] .
(3.3)

At this point, you may (and should) be objecting that I've gotten ahead
of myself. Please recall that Eq. was derived starting from the “rotation”
equation (([2.1)))

W = [e—Qe/z} [w] [6Q9/2:| .

The quantities f,, fo, fab, foe, and foe in Eq. (2.5), for which

e Q02 — [, — (&b fup + Do + 8Sac ) | (34)
also meet the condition that

€02 = [, + (&b + BEfye + 8Efac) (3.5)

We are not justified in using F,, Fap, Foc, and Fge in Eq. (2.5) unless we first
prove that these composite-rotation “F’s”, for which

F, — (éfo]—"ab + beFy. + éé]—"ac> = ¢~ Man2/2g=Mun/2 (3.6)
also meet the condition that
Fo+ (éf)]—'ab 4 BéFp + éé]-‘ac) = Min/2g—Mapz/2 | (3.7)

Although more-elegant proofs may well exist, “brute force and ignorance” gets
the job done. We begin by writing eM1#1/2¢=M212/2 ip 5 way that is analogous
to that which was presented in the text that preceded Eq. (3.1):

[go + (éf)gab + bégye + éégac)} [h + (éf)hab + béhy, + éehac)} .

eMiny/2 eMapu2/2

Expanding, simplifying, and regrouping, we fine that eM1#1/2¢=M212/2 ig indeed
equal to F, + (éf)]:ab + beFy. + ééfac), as required.

4 A Sample Calculation

The vector v = %é — %f) + ?é is rotated through the bivector angle 51577/2

radians to produce a new vector, v/. That vector is then rotated through the

bivector angle ab , be ac) (—21) to produce vector v”. Calculate

V3 v3 B\ 3
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Figure 5: Rotation of v through the bivector angle abr /2, to produce the vector

v'.

a The vectors v/ and v”, and

b The bivector angle So through which v could have been rotated to produce

v in a single operation.

We begin by calculating vector v'. The rotation is diagrammed in Fig.

As shown in Fig. @ v = gé + %E) + ?é

We'll calculate v in two ways: as the rotation of v/ by the bivector angle

<?/t;j + % - ;c?:) (—2%), and as the result of the rotation by the composite of
the two individual rotations. The rotation of v’ by <?/% + % — f}%) (—%ﬂ) is

diagrammed in Fig. 7. Fig. 8 shows that v// = %é + ?6 + %é.

As we can see from Fig. [0 that result agrees with that which was obtained
by calculating v in a single step, as the composition of the individual rotations.
Fig. |§| also shows that the bivector angle So is bé (=m/2), which we can also
write as &b (7/2). That rotation is diagrammed in Fig.

5 Summary

We have seen how to express the representation of a composite rotation in terms
that allow the rotation of a vector to be calculated conveniently via a spreadsheet
that used formulas developed in [2] for a single rotation. The work presented
here also shows how to determine the bivector angle that produces, in a single
operation, the same rotation that is effected by the composite of two rotations.



Rotation of a Vector by a Given Bivector Angle

Derivation is part of the document that is available at
https://www.slideshare.net/lamesSmith245/how-to-effect-a-desired-rotation-of-a-vector-

about-a-given-axis-via-geometric-clifford-algebra

Yellow fields are user inputs. |025ra!,.|r fields are informational.

Pink fields are checks.

The vector, ¥, to be rotated
Components a_hat, b_hat, c_hat

a_hat b_hat c_hat
1.33333333| -1.3333333| 5.33333333

Components of the unit bivector, M1 . . .
° = Angle of rotation p1 in radians.
a_hat*b_hat | b_hat*c_hat | a_hat*c_hat

1 0 0 | 1.570796327

Calculated values of the factors f Check: Sum of the squares

Ho HYab Ybec Yac of the f's =17
0.70710678 | 0.70710678 0] 0] | 1

The vector, V', that results [1v'] = 5.65685425

from the rotation [V |= 5.65685425

Components a_hat, b_hat, c_hat
a_hat b_hat c_hat
1.33333333 | 1.33333333 | 5.33333333

Figure 6: A spreadsheet (Ref. [5]) that uses Eq. (2.5) to calculate v/ as the
rotation of v through the bivector angle abm/2.

Figure 7: Rotation of v'. Note the significance of the negative sign of the scalar
angle: the direction in which v’ is to be rotated is contrary to the orientation of
the bivector. That significance is clearer in Fig.



Rotation of a Vector by a Given Bivector Angle

Derivation is part of the document that is available at
https://www.slideshare.net/lamesSmith245/how-to-effect-a-desired-rotation-of-a-vector-

about-a-given-axis-via-geometric-clifford-alzebra

Yellow fields are user inputs. |Gra!,,lr fields are informational.

Pink fields are checks.

The vector, V', to be rotated
Components a_hat, b_hat, c_hat

a_hat b_hat c_hat
1.33333333| 1.33333333| 5.33333333

Components of the unit bivector, M2 . . )
° . Angle of rotation p2 in radians.
a_hat*b_hat | b_hat*c_hat | a_hat*c_hat

0.57735027 | 0.57735027 | -0.5773503 | -2.094395102 |
Calculated values of the factors f Check: Sum of the squares
ﬁo ﬁa& ﬁ&c ﬁ-ac of the f's = 1?
0.5 0.5 0.5 0.5 | 1
The vector, W", that results [Iv™||= 5.65685425
from the rotation [V = 5.65685425

Components a_hat, b_hat, c_hat
a_hat b_hat c_hat
1.33333333 | 5.33333333 | 1.33333333

Figure 8: A spreadsheet (Ref. [B]) that uses Eq. (2.5) to calculate v’ as the
rotation of v’ .



Composite Rotation of a Vector

Yellow fields are user inputs. |Gm1,rﬁeldsare informational. |

Pink fields are checks.

The vectar, v, to be rotated

Components a_hat, b_hat, ¢_hat

1333333 —1.33333| 9.333333

The two rotations

First rotation Second rotation
IImit bivectar [, Imit bivector M
1 0 057735 | 0577535 | -0.57735
Check: Iz MTunitare? Check: = P2 unitary’?
[IM]= 1 [IM2]]= 1
Calculated values af cosfficients Calculated values of coefficients

0. 707I06TE1 0.5

0. 707I067TE1 -0.5

0 -0.5

0 05

Calculated parameters of the composite rotation

Check: Sum of the
0. 707107 ] -0.70711 0 squares af the F's= 17

Calculated bivector angle Sa that gives same rotation in a single aperation
o [radians 5, See Check: Sum af the
1.570736 0 -0. 70711 1] squares of the 5's = 17

0.5

Check: |[w]l=[lw]l?
The vectar, v, that results IMIE 5.656554

from the composite rotation [[wl]= 5.6566854

Components a_hat, b_hat, c_hat

1333335 5.333333| 1333335

Figure 9: A spreadsheet (Ref. [6]) that uses Eq. (3.2) to calculate v’ via the
composite rotation of v.

11
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Figure 10: Rotation of v by So to produce v” in a single operation. Note the
significance of the negative sign of the scalar angle: the direction in which v’
rotated is contrary to the orientation of the bivector f)é, and contrary also to
the direction of the rotation from b to €.

6 Appendix: Identifying the Bivector Angle So
through which the Vector v can be Rotated
to Produce v” in a Single Operation

Let v be an arbitrary vector. We want to identify the bivector angle So through
which the initial vector, v, can be rotated to produce the same vector v” that
results from the rotation of v through the composite rotation by Mju1, then by
Mo pa:

[e*lem/?] [e*Mlm/Q] [V] [6M1M1/2] [6M2M2/2} =v' = [6*50/2] [V] [686/2]. (6.1)

We want Eq. to be true for all vectors v. Therefore, €57/2 must be equal to
[eM”‘l/Q] [eM”‘?/Q], and e~57/2 must be equal to [e_M”‘l/Q] [6M2“2/2]. The
second of those conditions is the same as saying that the representations of
the So rotation and the composite rotation must be equal. We’ll write that
condition using the F,’s defined in Eq. , with S expressed in terms of the
unit bivectors éf), f)é, and ac:

cos T (éﬁsa,, 4 BESy + ééSac) sin 7 = F, - (éf)]-'ab + beFpe + éé]—'ac) .

S

Now, we want to identify o and the coefficients of éf), Bé, and ac. First, we
note that both sides of the previous equation are multivectors. According to the
postulates of GA, two multivectors A; and Ay are equal if and only if for every
grade k, (A1)r = (As)r. Equating the scalar parts, we see that cos% = F,.

Equating the bivector parts gives (éBSab + f)éSbc + ééSac) sin% = éf)]-"ab +

12
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E)é}"bc + acF,.. Comparing like terms, Sy, = Fap/ sin 5 Spe = Fbe/ sin %, and
Sac = Fac/ sin %

Next, we need to find sin g Although we could do so via sin % = ,/1 — cos? %,

for the purposes of this discussion we will use the fact that S is, by definition, a
unit bivector. Therefore, ||S|| = 1, leading to

Isin Z|| = |abF,p, + beFpe + 4eF e ||

= \/]:Zb—*—]:ch—’_]:gc'

Now, the question is whether we want to use sin% = +\/F2 + Fi.+ F2., or
sin% = —\/F% + Fi.+ F2,. The truth is that we can use either: if we use

—/F2, + Fi + F2. instead of +/F?2, + Fi. + F2., then the sign of S changes
as well, leaving the product S sin% unaltered.

The choice having been made, we can find the scalar angle o from the values
of sing and cos %, thereby determining the bivector angle So.
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Why is it correct to identify the
S's by comparing like terms? In
simple terms, because the unit
bivectors ab, bé ab are
orthogonal. Two linear
combinations of those bivectors
are equal if and only if the
coefficients match, term for
term.
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