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1 - Introduction

In [1] we showed that the three-dimensional Euler (v = 0) and Navier-Stokes
equations in rectangular coordinates need to be adopted as

ou; i
(1) §+—‘+21 1 J —VVZul+ v—(V w) + fi,
l
d .
fori = 1,2,3, where a; = % is the velocity in Lagrangian description and u; and the

partial derivatives of u; are in Eulerian description, as well as the scalar pressure p and
density of external force f;. The coefficient of viscosity is v and by ease we prefer to
use the mass density p = 1 (otherwise substitute p by p/p and v by v/p).

An alternative equation is

op; Bu d
2 == ‘+Z]10c]a L= V2, + va—xi(V-u)+fz,

Bxl
thus making the pressure a vector: p = (p4, P2, P3)- In both equations is valid

Du; puf Duj;

Du; i _ ou;
3 Dt_Dt_Dt_( +Z]1]6 )lL'

where the upper letter E refers to Eulerian velocity (1) and L to Lagrangian velocity

(a). The symbol |, means the respective calculation in Lagrangian description,
substituting each x; as a function of time, initial value and eventually some

D
parameters. With the notation o e want, in principle, to make explicit that we are

calculating a total derivative in relation to time, and the result is a function exclusively
of time (and possibly a set of constant parameters and initial position), without the
spatial coordinates x, y, z, but when for some reason we need to leave the result as a
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function of the spatial coordinates we can also do it. It is like when we want to write

E L
puf  pul . S ,
—- = —*|g, where the symbol | means the respective calculation in Eulerian
pt ~ bt 'E E
description.

A condition indicated by us in [1] were

ou;
—=0,1i#],
(4) 6xj J
axl- = uiat

because we have, by definition,

_ dx
(5) ul - dt’

in Lagrangian description, and for this reason the velocity component u;, a priori, is not
dependent of others variables x;, with x; # x;. More than a rigorous mathematical
proof, this is a practical approach, which simplifies the original system.

We will describe in section 2 a circular motion with uniform angular velocity
and in section 3 a quite general movement, both in rectangular coordinates. In the
section 4 we will write the Euler and Navier-Stokes equations in cylindrical coordinates
and in section 5 in spherical coordinates. The section 6 will be our Conclusion,
concluding again on the breakdown solutions and the necessity of use of vector
pressure.

2 — Circular Motion in Rectangular Coordinates

Let a circular motion of radius R, centered at (x;, y.) and with constant
angular velocity w > 0 described by the equations:

. {x = x¢ + R cos(6y + wt)
(6) Yy =yc + Rsin(6y + wt)

and consequently
2
7 x—x)’+(y—y.) =R

Then the velocity components are

E

@) a; =ul =x=—-wRsin(0y + wt) = —w(y —yc) = uf
a, =us =y =+wR cos(fy + wt) = +w(x — xc) = us

and the acceleration components are



L E
DU _ % = —w?Rcos(6y + wb) = —w?(x — x;) = 24
(9) Duk . puf
—2=j = —w’Rsin(f, + wt) = —w?(y —yc) = 2

Supposing that the particles of fluid obey the motion described by (6) to (9), we

have
ow _ _, u_
ay ' 0x
1o P2 — 4 2
ax ’ 9y

apparently in disagree with (4) if w # 0. But, as x is a function of y and reciprocally, in
this circular motion according (7), again (4) turns valid, for any signal of x and y. For to
complete a three-dimensional description, we define z = z,, without dependence of
time, and u; = 0.

ou; , 0u;j
This is a motion of velocity without potential, becausea—xl + a—x]for some
j i
o . . as; _ 0S;j .. .
i # J,butif f = (fy, f2, f3) has potential we have . e foralli,j = 1,2,3, with
j i

aui 3

ou; 1 0
) Si=-=; jzlaja—é+vvzui+§va—m(v-u)+ﬁ,

then the system (1) has solution.

A calculation for the scalar pressure of this motion is

12) p=] (5,5,5)dl=][ (—%+f)-dl
= 02 [(% = xex) 15, + (L= yey) ] +U = Us +q®

= (5 xee) (55 ) (2 3e9) ()]
U—U,+q(t),

where f =VU, Uy, = U(xg,Y9,Z0,t) and L is any smooth path linking a point
(X0, Yo, 20) to (x,y,z). We can ignore the use of x,, Yo, 2o and U,, and use only the
free function for time, q(t), which on the other hand can include the terms in x,, y,
and z,, and nevertheless this solution shows us that the pressure is not uniquely well
determined, therefore we get to the negative answer to Smale's 15" problem,
according already seen in [2] and [3], even if we assign the velocity value on some
surface that we wish and even if g(t) and U does not depend explicitly on the variable
time t. In this motion the pressure is dependent, besides of x,y and U, without any
problematic question, and x.,y. and w, specific parameters of the movement



conditions of a particle, of g(t), U, and more three parameters, x,, Yy, and z,, then
there is not uniqueness of solution.
Another calculation for pressure is possible due to fact that we can describe the
Du Da
acceleration Dt of a particle of fluid as a function only of time, ot without the

variables x, y, z, and then

(13) p———j"w+U Uy + q(t)
= +w?R[cos(8, + wt) (x — x,) + sin(8, + wt) (y — y,)]

with
d
f£ = +w?Rcos(fy + wt) + f; = +w?(x —x¢c) + fi
5} .
(14) ! £ = +w?Rsin(@, + wt) + f, = +w?(y —yo) + [
op _
5, = I3
in fact derivatives such as can be obtained from (12).

Note that in order to continue using the traditional form of the Euler and
Navier-Stokes equations we will have non-linear equations, which can make it difficult
to obtain the solutions and bring all the difficulties that we know. To make sense to
use the velocity in Eulerian description rather than the Lagrangian description in a; it

is necessary that, forall t > 0,

dx dy dz
(15) wF(x(t), y(6),z(0), 1) = a(®) = (5,2, %) = ut(®),
omitting the use of possible parameters of motion, then nothing more natural than the
definitive substitution of the terms - + Z] =193 ;, as well as— + Z} 1Y aul

L

in the equations, and to return to having the position as reference it is enough to use
the conversion or definition adopted for x(t), y(t) and z(t), including the possible
additional parameters, for example, substituting initial positions in function of position
and time, etc.

Thus, more appropriate Euler (v = 0) and Navier-Stokes equations with scalar
pressure are, in index notation,

2.+, % (v. .
(16) axl+ t—vV ul+3v6xi(V u) + f;.



3 — Generic three-dimensional motion in Rectangular Coordinates

Suppose that a particle of fluid moves according to equation
(17)  x; = A;(O)x] + B;(0),

A;(0) =1, B;(0) =0, 4;,B; € C*([0,0)), i =1,2,3, (x1,%3,%3) = (x,¥,2), where
(x2,x2,x9) = (x4, V0, 20) is the initial position of this particle in relation to three-
orthogonal system of reference considered at rest.

Your velocity in relation to this system is, for i = 1,2,3,

(18) X%; = —x; = uf = a; = Aj(O)x] + B;(t),

d
dt
with acceleration

D

d %
(19) x,_ = X = oy

D 144 144
a uf = 5% = A (®)x) + B (t).

We are using both the superior point (x) and the prime mark (4"), and respective
repetitions, for indicate differentiations in relation to time.

We are going to transform Lagrangian velocity into Eulerian velocity through
transformation

i—Bi(t
o) xf =25

which results in

xi—Bj(t)

21 uf =ufly = (4[(Ox) +B{(D) I = A1) 752+ B{(®)

_ A AOB®) |

=a05 T 4w B
and

puf Dul % % _ A XimBi(t) "

22) ZL=2, = (A7 (Ox) + B (©) | = AY (O 52 + B (1)

_ @, AOBO L pi

=0T T ae THWO

We see that both u an

; or only functions of time

L() L()
.00 andlmA(t)

otherwise we will have infinite velocities or accelerations in these instants of infinity if

if A;(t) = 1. We still want the limits lim ——= to be finite for allt > 0,
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the corresponding values in Lagrangian description also are. When 4;(t) = 0 the
values respect to Eulerian description are equal to the corresponding Lagrangian
description.

The expression (22) is also obtained through the chain rule

DuiE uf
(23) ¢ +21 1 Ja
being
ouf  alla—(a})? AlB\
24 1 —_ l i 1 ( 1 l) +B{I'
(24) ot A? i A; L
A'B;\'  AVB;+A!B a2
e () == () B
A A A
and
(’iu{-5 N Aj
(26) Y3+ o = (Ajx} +Bi)A_i'

With movements where there is some linear relation between the spatial
coordinates, as

(27)  x; = A (Ox) + A (O)x3 + Az (H)x3 + By (t),
A;j(t), Bi(t) € C*([0,)) fori,j = 1,2,3, we can transform
(28.1) A;(£) » Ay(D)x)

(28.2) B;i(t) = A;j(©)x] + Ay (£)xg + B;(t)

into the previous equations (17) to (26), withj <k, i #j # k, i,j,k = 1,2,3, and we
will arrive at results similar to those already obtained.

If the relation between the coordinates is more complicated, not just linear, for
example when the particles need follow a specific family of surfaces of type
z = g(x,y) (omitting other possible parameters), for g smooth function, then we can
abandon the dependency of position, at least in one coordinate, as

29) z=g(xy) =g(x(),y(®) = h(0),

and therefore



u; = @1(x,t)
(30) U, = @y, 0)
u3 = (pS (Z, t) = (pg(h(t),t) = a3(t)

Thus, (4) holds in an infinity of cases and the Euler and Navier-Stokes equations has
solution in this way (if the external force f is conservative).

Note that in both examples, sections 2 and 3, the solutions for velocity are at
most linear in relation to spatial coordinates, and then there is no necessity of
calculation of second derivatives of velocity, i.e., V2u = 0 for any viscosity coefficient
and the Navier-Stokes equations are reduced to the Euler equations. In general terms
we have, from (21),

0 _ Ai©® _ A®Bi(0) | p
BY W= T e B
A
Ai(t)
V-u=V-u® =0 (incompressible fluids) then it must be valid, for allt >0, the

where we suppose that lim;_, is finite fori =1,2,3. If it is necessary that

relation

A | A0 | A _
4:1(1) A As(D)

(32)

In all functions of time A;(t), A;;(t) and B;(t) are implicit the inclusion of
constant parameters of movement, as R, 8y, w, X¢, Y, V, etc.

The scalar pressure is equal to

33 p=J, (5,5,8)-dl=[ (—2+f)-dl
i Du;
— Zi3=1f;? (_D_Ii) dxl- + U — UO + CI(t),

if f is a conservative external force, f = VU, with

Du;

(34) Si=_m+fi

and

aS; _ aS
(35) ox; 0

j .. . i J
fori,j =123, ie,—=—
x ori,j i.e ox; 9%/’

and then there is solution for Euler equations in this case.

As we have seen previously, the calculation of pressure is not unique and we

Du; . . . .
can use D—tl as a function of x; and t or only of t. The simpler calculation gives



36) p=—Xi[47@Ox?+B!'®)](x;—x)+U—-U, +q(¢),
using

2% = 2% 40 + B (o),

(37) Dt Dt L

according (19). The pressure is not dependent only of position and time, but also initial
position, although there is a one-to-one correspondence between initial position with
time and position, according (17) and (20).

See that we use 4;(t) # 0 because any particle start from some position and it
is not possible all particles start from the same position, but if 4;(t) = 0 for some
t > 0 use for (18) to (37) the results equivalents to Aj(t) = A (t) = 0and 4;(t) = 1,
except (20) which is no sense in this case, and (17) will be x; = B;(t).

Another calculation for scalar pressure gives, from (33) and using

Du; dx;
(38) tl dxi = d—tldui = ul-dui,

D

the interesting result

1
—Ti (W —w?) + U= U, +q(®)
= —— @2 —u?) +U - U, +q(1),

(39) p

as the Bernoulli’s law with %: 0, u=V¢, compatible with the velocity u in

Lagrangian description, u = u’ = a, but whose value may be converted to Eulerian
description too, using uf = u’| as (21).

4 — Cylindrical Coordinates (1, @, z)

Using the transformations

— /2 2
(40) T xc+y

¢ = arctan

and the inverse transformations

X =TCOSQ
(41) {y =rsing

for radius r, azimuthal angle ¢ and elevation z as shown in figure 1, it is possible write
the Euler and Navier-Stokes Equations in cylindrical coordinates. Note that the inverse
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tangent denoted in ¢ = arctan%must be suitably defined, taking into account the

correct quadrant of (x, y).

Fig. 1 — Cylindrical coordinates (r,¢, z).

Based on Landau and Lifshitz[4], for viscous incompressible fluid we have for the
three components the new form

9p | Our L. _ Ul _ (2 _ia“_w_&)

(42.1) ar+ o + (u” - Vu, — =V Veu, = 12 + £,
19p | dug L. uGuy (2 iaur_u_(p)
(42.2) 7o+ + W Vuy +=——=v(Vu, + 3 9 72 + for
ap auz L 2
(42.3)6—2+E+(u 'V)U,Z:VV uz+fz,

where the Lagrangian velocity is
@3) ubt = (uf,ub,ub),
the Eulerian velocity is

E _ ,, —

and, for v: R3 X [0, ) — R smooth scalar function,



L UGy 0

u
T"or  r d¢ Z 97

by 12 (00) , 1070 o
(46) V7w r or rar +r26<p2+622'

45) (@Wl-VYiv=u

The incompressibility condition (equation of continuity) is

_10(@uy) | 10uyp

(47) V-u r odr r do

ou,

+ 5, = 0.
You can consult in internet for a brief comparison the links

https://en.wikipedia.org/wiki/Navier%E2%80%93Stokes equations and

https://en.wikipedia.org/wiki/Del in cylindrical and spherical coordinates. In the
1 1

. . a d a . .
first link the termslv—V-u, 2viZv.uand=viV-uare added respectively in
3 O0r 3 rde 3 0z

right side of each one of equations (42) for viscous compressible fluid.

Using the substitutions

X, X T

(48) (X2, Y P @
X3,Z P Z

and, respectively,

Ug, a1, 41, Bl;Alj = Uy, Ay, Ay, By, Arj
(49) Uz, aZ;AZ; BZ;AZj = u(p; a(p; A(p; B(p: A(pj
usz, a3, Az, B3, Azj = Uy, a5, Az By, Ay

in section 3, equations (17) to (22) and (27) to (31) for rectangular coordinates, it is
possible obtain similar relations for cylindrical coordinates, such that

r=A,.(t) ry + B.(t)
(50) 3@ =Au(t) po + By(D)
z = A, (t) zp + B,(t)

supposing the time functions are smooth, with the initial conditions

4,(0) = A,(0) = 4,(0) = 1
G {Brm) = B,(0) = B,(0) = 0

Differentiating in relation to time we have the velocity components in
Lagrangian description
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I F=dr=ul=a =A@ 1+ B,®
(52) {9=2p=ub=a,=A4,0 ¢,+ B,
( z=4z=ul=a,=A,t) 20+ B,(t)

and using the initial conditions parameters obtained from (50)

( _ r—B,(t)
07 4.0
_ @—By()
(53) %o —A(p(t)
_Z—By(t)
20 = Ay (t)

in the Lagrangian velocity components (52) we have the Eulerian velocity components

_Ar®) _ AR©B(®)

Ur = ur = ’rlE - Ar(t) Ar(t) + Br(t)
_ Ay () _ Ay (£)By (1) ,
(58) Uy = Uy = Uyl = e yes + B, (t)
= yE = 4L Az(t) AL()B,(t)
| Uz = U = U= ol Tam T B.(t)

Differentiating (52) in relation to time we have the Lagrangian acceleration

components
(F=Si=2uk== aT—A(t)r0+B(t)
. d . D D
(55) {p==¢= Eug =50 = A(,,(t) @t Bq,(t)
z=tz=2ul=2a —A(t)zo+B(t)

and using again the initial conditions parameters (53) now in (55) we have the Eulerian
acceleration components

(Duf _ Dub, _ A® .. AW®B® | p"
i T R L O

Dub _ Dub, Ap®)  Ap®By(t) | p”

(56) Dt Dt |E Ay(D) W"‘Bq)(t)
Duf _ Duby _ Ay®)  _ A;OB,(O | p"

D = o e T A T B0

Being true that numerically we have
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Du, 6ur ubu
(Dt = +(u -Vu, — “’T‘”
Du au uku
57 Yo _ qo oUr
57 {Z2=Z24 (ub-V)y, +
Z a Z
Du, _ Ju +(u -Vu,

Dt
when all functions are converted into time functions, where

d
(u V)u‘l" = u# aur

u(p au(,,

I
(58) {(u Vu, = .

L@t Vo, = uk 2

for

Our _ Our _ Oup _ Uy _ Ouz _ O0u,
dp 9z or 98z  or  dg

(59) =0,

according (54), we write the Navier-Stokes equations (42) in cylindrical coordinates as

dp , Duy _ 2. 20up  u

I(6_+ —V(V Ur =35~ —)+fr
10 Du 2 u

(60) 4 p+ “’—V(V u(p——rf)+f

\ a’”+D”Z=1/V2uz+fz

From (46) and (54) we have

2, —A®1
(61) Viu, = AT

Vzu(p = Vzuz =0

and then in this case the Navier-Stokes equations are

o Dur _ (A1 _ 24,0 _u
ar Tt V(Ar(t)F 2 A,(t) r_2> +f,

(62) 9p Dug _ _ %
l a(p+rDt vr+rf(p
dp , Du, __
az+ Dt _fZ

Defining

12



(Sr= _D!ltr_l_v(Ar(t)l_iA@_(t)_ﬂ)_'_fr

D AT T2ANE) 1
(63) — _Duw W
So=-—r o V- +rf¢
— Du,
SZ - = Dt + fz

to have some solution to the system (62) it is necessary that

of
(05r — %S¢ Uy _ _ DUy , | Uo Yo
| 9 or 0@ Dt +vr2+f<p+r6r

(64) 9Sr _ 05, L, Ofy _ 0f,

az ~ ar 9z or
654,_652:) oy _ 9of,

0z do 0z do

so there is not always a solution to the Euler and Navier-Stokes equations in cylindrical
coordinates, according to the above system, as too occurs in the case of rectangular
coordinates.

When there is some solution for the system (62), given the velocity and
external force, a solution for pressure is then as in the rectangular coordinates case,

65) p= [, S-dl+q(),

dp Op Op
forA = (r,,z), Ay = (19, 9o, Zo), (5,%,5) = (Sr,S(p,SZ) =S, dl = (dr,dep,dz),
being also possible the use of the vector S transformed as time function only, the
Lagrangian description. The value of line integral is independent of path. q(t) is any

smooth and limited time function, a physically reasonable time function.

5 — Spherical Coordinates (17, 0, @)

Using the transformations

r= \/xz + y? + z?2
V4
(66) 6 = arccos~

Q= arctan%

and the inverse transformations

X =7rsinf cos @
(67) Jy =rsinfsing
Z=r1cosf

13



where
0 < 0 < m, 0O isthe polarangle or colatitude,
0 < ¢ < 2m, @ isthe azimuthal angle,
r = 0 is the radius,

as shown in figure 2, it is possible write the Euler and Navier-Stokes equations in
spherical coordinates.
£

¥ (r, B, q&)

Fig. 2 - Spherical coordinates (r, 8, ¢) as commonly used in physics (ISO convention): radial
distance r, polar angle 6 (theta), and azimuthal angle ¢ (phi). The symbol p (rho) is often used
instead of r.

Based on Landau and Lifshitz¥, for viscous incompressible fluid we have for the
three components the new form

L L
ou Ugug+ugu
(68. 1) — + L+ (ut-Vu, — % =
2 2 0(ugsin @) 2 Jduy ZuT)
v(Veu, — - -
( " r2sin20 00 r2sin@ d¢ 72 +ﬂ
10p 6u9 ugur uéu(p cotf
68.2) —— u- - V)ug — =
(68.2) ———+—=+ (u" - Vug + -
2 2cos@ duy 2 aur )
viViug —————+ 5 ——
( ® " r2sin2g L) r2 90 T stH fe
683 1 dp n ouy n ( L V) n u@ur n u@ug cotf
. —+—+ W -V)u =
( ) rsinf do at ¢ T T

2 2 du, 2cosf aug )
v({Viu
( ¢ + r2sin@ d¢ + r2sin?6 d¢ r 51n29 f(p

where the Lagrangian velocity is
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L —(,L ,L ,L
(69) ut = (uk,ug,ub),
the Eulerian velocity is
700 uf =u = (u,,ug uy,),

and for v: R3 x [0, 00) — R smooth scalar function,

pov  ubov | b ov
T"or ' r 00  rsinf d¢’

10 ov 1 9 ov 1 9%
) V= lO(a®) 10 (g0, 1 ot
(72) 2 9r or t r2sin@ 06 06 t r2sin%6 92

71y @Wr-VYv=u

The incompressibility condition (equation of continuity) is

1 9(r?uy) 1 9(ugsinh) 1 Ouy
r2 or rsin 6 a0 rsind d¢p

(73) V-u=

You can also consult in internet for a brief comparison the links
https://en.wikipedia.org/wiki/Navier%E2%80%93Stokes equations and

https://en.wikipedia.org/wiki/Del in cylindrical and spherical coordinates. In the
1 1

s 19 a 1 a .
first link the terms=v—V -u, —v-—V-uand=v———V - u are added respectively
3 0r 3 radé 3 rsinf de

in right side of each one of equations (68) for viscous compressible fluid.

Using the substitutions

X, X T

(74) {xz,y 0
x3,z g (p

and, respectively,

uy,aq,41, By, Ayj » up, @y, Ar, By, Ay
(75) Uz, az,AZ, BZ)AZj = Uy, a@:Ae: BQ,AQJ'
ug, ag,A3,B3,A3] - u(p, a(p,A(p,B(p;A(p]

in section 3, equations (17) to (22) and (27) to (31) for rectangular coordinates, it is
possible obtain similar relations for spherical coordinates, such that

r=A.(t) 1o + B.(t)
(76) { 6 = Ap(t) By + By(t)
@ =A,(t) o+ By(t)

supposing the time functions are smooth, with the initial conditions
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4,(0) = Ag(0) = 4,(0) = 1
U7 B,(0) = By(0) = B,(0) = 0

Differentiating in relation to time we have the velocity components in
Lagrangian description

d ! !
I{ r=—r=ul=a =A)ro+ B

0=20=ul=ay=4y1 0+ By(®)

¢ =20 =uh=a,=A,0 ¢, + Byt

(78)

and using the initial conditions parameters obtained from (76)

r—B,(t)
Ar(1)
0—Bg(t)
9, =0
(79) 4 Yo Ag(0)
=§0_B<p(t)
(o Ap(t)

in the Lagrangian velocity components (78) we have the Eulerian velocity components

40O AOBO 4 pipy

(.,
U = up = urlp =250 A (D)
_ L E _ Ly _A®) 5,  Ap®)Bg(t) | p
(80) | Us =Us =Ugle =7 = 1w T Be(®
_ B _ Ly Ae®)  Ap®)Be(®) | o
(Up = Up = Uglg = 2,0 e + B, (1)

Differentiating (78) in relation to time we have the Lagrangian acceleration

components
( r—%r——ur =2 a, = A, 1o+ B (1)
(81) { h=24=Luyk= DQ=A&0%+B&0
. d . n "
=== D—tué = D_t% = Ay(t) @, + By(t)

and using again the initial conditions parameters (79) now in (81) we have the Eulerian

acceleration components

(Duf _ Dub, _ A® .. AW®B® | p"
Dt ~ Dt IE o Ar(t)r Ar(t) + B (0

Duf _ Dub Ap®) f _ Ag(®Bg(t) 4
82) 5 =5l = Ag(t)g Ag(0) +Bo(0)
Duf _ Dub, Ap®  AgDBy(®) 4 B:;, ©®

\ Dt Dt |E Ay () Ay(t)
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Being true that numerically we have

( Du ou ubug+ulu

—r =7+ W Vu, — R
Du ou uku uku, cotd

(83) <D—te 9+(u V)u+9r—‘”"’r
Du au uku ukug coto

¢ _““o L. QUr [ad’)

37 = 5 + (" - Vu, + .

when all functions are converted into time functions, where

d
I( (ut-Vu, =ut aur
L. _ u0up
(84) (u V)U,Q = 9
L
L. _ Yo O
(u V)u‘p " rsin® do

for

ou ou ou ou ou ou
(85) T _ ro_ % — 6 — <P Qo __ 0
a0 do ar do ar 26

according (80), we write the Navier-Stokes equations (68) in spherical coordinates as

(o0 4 Dur _ ( 2, 2 O(ugsing) 2 duy ZuT)
46 + Dt viViu r2sin’@ 20 r2sin @ ago r2 fr
19p | Duy 2 2cosf Juy
86 +—=—"L=v (V Ug — )
(86) rae ' Dt 0 2sinZg 99 r251n 0 f@

1 ap Du(p _ ( 2 _ Ugp )
rsin96<p+ Dt =v(V g r2sin®@ +f(P

From (72) and (80) we have

10 0 10 Ar(t 2 Ayt
rvzur _ (r2 ﬁ) _ ——(rz r( )) _ 24
r2 or ar r2 or Ap(t) T Ap(t)
a ou 1 Ag(t)
2 0 _ 1 4p
(87) 4 Vup = 2 sin @ ae( ing ae) T 12 Ag(0) cot&
2
2 _ 1 0 u<p _
\ v Up = r2sin26 9?2

and then in this case the Navier-Stokes equations are

(a_p_I_Dur — vy zA’r(t) 2 O(upsing) 2 A;p(t) 2u, +f
Dt rAr(t)  r2sing 00 r2sinfA,(t) 12 r

(88) <{ 1lop Dug _ 1 Ag(t) cotf — 2cosh Ap(t)  uy
706 + 2 Ap(®) r2sin®0 Ap(t)  r2sin’@ f9

1 dp Duy, (_ Up )
\ rsin9690+ Dt =V r2sinZ6 +f§0
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Defining

( Duy 2 A;ﬂ(t) 2 0(ugsinB) 2 A:p(t) 2uy
Sr=- Dt TV (?Ar(t) T 2sinZg 06 2 sin 6 Ay (t) 2 + f

(89) A S 7"% Vl A’g(t) cotd — 2c0s0 Apt)  uy e
6= Dt T\ 4g(t) sin?8 Ap(t)  sin’g f9

Sy = —r51n0——vrsm9+r51n9f

to have some solution to the system (88) it is necessary that

]
+r£

(90)

_ )
5= 5= (e s T = e TV
) %:%:%z—sin6%+vr +51n9(f¢,+raf<p)
k %:aai: %:—rc059%+ ur<p;:05 +r(cos€f¢,+sm9 )
where
o1 0= (2corg - L2220 va)

so there is not always a solution to the Euler and Navier-Stokes equations in spherical
coordinates, according to the above system, as too occurs in the cases of rectangular
and cylindrical coordinates.

When there is some solution for the system (88), given the velocity and
external force, a solution for pressure is then as in the rectangular and cylindrical
coordinates cases,

(92) p= L:S-dl+q(t),

where A = (1,60, ¢), Ay = (19,00, ©o), (gf gz SZ) = (Sr,Sg,S(p) =S and the line

differential element is dl = (dr,d6,de). It is also possible the use of the vector S
transformed as time function only, the Lagrangian description. The value of line
integral is independent of path. q(t)is any smooth and limited time function, a
physically reasonable time function.
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6 — Conclusion

Essentially the present conclusion has already been obtained in [1], using only
rectangular coordinates, and here we are only updating it with the three coordinate
systems we have seen.

From equation (16) in rectangular coordinates,

(93) :—Z+% = vV, +§vaixi(v u) + f;,

we realize that if v = 0 and f is not conservative then there is no solution for Euler
equations, as well as if u is conservative and f is not conservative there is no solution
for Navier-Stokes equations, which now it is very clear to see and it is complementing
[5]. More specifically, if u°, the initial velocity, is conservative (irrotational or potential
flow) and f is not conservative then there is no solution for Navier-Stokes equations,
because it is impossible to obtain the pressure. This then solve [6] for the cases (C) and
(D), the breakdown of solutions, for both u° and f belonging to Schwartz Space in case
(C), and smooth functions with period 1 in the three orthogonal directions e4, e,, e3 in
case (D). As u® need obey to the incompressibility condition, V-u® =0, with
Vxu®=0andu’ = Vg° where ¢°is the potential of u°, we have V?u® = 0 and
V2p® =0, i.e., u® and @° are harmonic functions, unlimited functions except the
constants, including zero. As u° need be limited, we choose u® = 0 for case (C) (where

it is necessary that fw |u®|?dx dy dz is finite) and any constant for case (D), of

spatially periodic solutions. In case (D) the external force need belonging to Schwartz
Space with relation to time.

The conditions (64) for cylindrical coordinates and (90) for spherical
coordinates also show that there is not always a solution to the Euler and Navier-
Stokes equations, with even more difficult equations to be obeyed.

Note that the application of a non conservative force in fluid is naturally
possible and there will always be some movement, even starting from rest. So that this
is not a paradoxical situation it seems certain that the pressure in this case cannot be
scalar, but rather vector, and thus the equation returns to solution in all cases
(assuming all derivatives are possible, etc.). It is as indicated in (2), or substituting p by
p; in (16) and pr, Dy, P Do in the others correspondent coordinates.

According to what we saw in this article, solve the Navier-Stokes equations can
be synonymous to solve the Euler equations, at least in rectangular coordinates, and
we can take advantage of this facility. For the time being, specifically in rectangular
coordinates case, section 3, | do not know any reason for having to a more
complicated solution than the those described here, when the use of V2u # 0is
necessary, except if the compromise with the motion of particles is forgotten or we
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intend to describe a spatially periodic solution in Fourier series or the pressure is given
and is not Vp = f or yet, the worst, the velocity is not smooth (C*®) and there are
boundary conditions. Nevertheless, even in the most complicated cases, the
movement of particles can be transformed into functions exclusively of time and
parameters as initial position and others. Perhaps naval or aeronautical engineers have
other motives, but with a greater rigor, involving temperature and the collision of
particles (between them and on rigid surfaces), other equations must be constructed.

So that there are no contradictions between the three reference systems, if in
rectangular coordinates the solution is independent of the coefficient of viscosity, then
the same movement in the cylindrical and spherical coordinates will also be, taking
into account the additional terms that appear after V?u,, V?u,, and V?uy in (42) and
(68) and the terms related to the partial derivatives of V - u (equation of continuity).
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