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1 Introduction

Compressed sensing is one of novel sampling theory, recently attracting more and more re-
searchers’ interest, see [1], [2], [3], [4] and [5]. It plays a critical role in a variety of fields such as
signal processing, machine learning, seismology, electrical engineering and statistics. In compressed
sensing, we are interested in recovering an unknown signal € R that fulfils the undetermined
system of linear equations, that is,

b=dx+¢ (1.1)

where ® € RM*N is a known sensing matrix with M < N, observed signal b € RM and ¢ € RM
is an unknown bounded noise. In particular, when the noise vector £ = 0, the linear measurement
(1.1) reduces to the noiseless situation, namely,

b= dzx. (1.2)

It is well known that there is not only unique solution to the linear measurement (1.1). However, we
assume that the signal x consists of a small number of nonzero coefficients that spread arbitrarily
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throughout the signal, that is, suppose that x is sparse. Under this assumption, the problem has a
unique sparse solution. Initially, the way that solves it is to study the lg-minimization, i.e.,

min ||z||p, subject to b = P, (1.3)
xT

where ||z||p counts the number of nonzero elements of the vector x. However, it is nonconvex and
NP-hard and accordingly is not to solve efficiently in the polynomial time. It is now well understood
that the /;-minimization approach offers an effective method for resolving this problem, i.e.,

min ||z||1, subject to b = Pz, (1.4)
xX

where ||z||; = Z¥,|x;|. Formally, the [;-minimization (1.4) is convex and therefore is computation-
ally tractable. The equivalency [6] between the problem (1.3) and the issue (1.4) has been proved
by making use of the restricted isometry property (RIP) with some restricted isometry constant
(RIC). Let s is a positive integer with 1 < s < N, the restricted isometry constant ;s of order s of
a matrix @ is defined as the smallest nonnegative constant such that

2
L < ol

2 <145, (1.5)
(EAlb;

holds for any s-sparse vectors x € RY. Here, we say that x € RY is s-sparse that ||z[o < s < N.

However, in a lot of practical applications, some real-world signals may exhibit some particular
sparsity patterns, where the non-zero coefficients arise in some fixed blocks. These non-conventional
signals have a number of potential applications in various fields of science and technology, like DNA
microarrays [7], equalization of sparse communication channels [8], face recognition [9], source
localization [10], reconstruction of multi-band signals [11] and multiple measurement vector model
[12]. We refer to these signals as block sparse signals. Literature [13] first introduced the concept
of block sparsity. Recently, block sparsity recovery has attracted considerable interests; for more
details, see [14], [15], [16] and [17].

We assume that a block sparse signal € RY over block index set Z = {dy,ds,--- ,d;} can be
represented as:

. T
T = [':Ul)"' sy Ldys Tdy+15 " yLdy+day " " * 7xN—dl+l7"' ,.’L‘]\L] ) (16)

2[1] o[ o[l

where x[i] stands for the ith block of = associated with the block length d; and N = d; +da+- - -+d;.
We say a vector z € RV as block s-sparse over index set Z = {dy,--- ,d;} when x[i] is non-zero
for no more than s indices 7. In order to reconstruct a block sparse signal, analogous to the Iy-
minimization, we search for the sparsest block vector by employing the ls/lp-minimization below
proposed by [9]:

min ||z]|2,0, subject to b = Pz, (1.7)
x

where [|z|l20 = Zizl I(J|z]i]|]2 > 0), and I(z) denotes an indicator function that I(z) = 1 or 0
according as x > 0 or otherwise. Accordingly, we could define a block s-sparse vector z as ||z[[2,0 < s.
However, the I3 /lp-minimization approach remains NP-hard and computationally intractable. Let
lzl|2z = Zi:l ||z[¢]||2. Similar to the case of lp-minimization, one natural ideal is to substitute the
l2/lp-minimization with the lo/l;-minimization below given by [18]:

min ||z||2,z, subject to b = ®x. (1.8)
x



In order to describe the performance of this approach, the block restricted isometry property (block
RIP) was defined by [13].

Definition 1.1. Given a sensing matriz ® with size M x N, where M < N, one says that the
measurement matriz ® obeys the block RIP over T = {dy,--- ,d;} with constants 6,1 if for every
vector © € RN with block s-sparse over I such that

@3
= el

holds. We say the smallest constant 6,1 that fulfils the above inequality (1.9) as the block RIC
corresponding with the matrix ®.

1-90

<143y (1.9)

It is easy to see that the block RIP is an generalization of the standard RIP, but it is a less
stringent requirement in comparison with the standard RIP. Eldar et al. [13] proved that any block
s-sparse signal could be exactly recovered via the l3/l1-minimization as the sensing matrix ® meets
the block RIP with dy47 < v/2—1 =~ 0.4142. One can improve the block RIP, for example, Lin and Li
[14] improved the bound to dyy7 < (77—+/1337)/82 ~ 0.4931, meanwhile obtained another sufficient
condition dy7 < 0.307. Recently, Gao and ma [17] improved that bound to dyy 7 < 4/v/41 ~ 0.6246.
Up to now, to the best of our knowledge, there is no work that further concentrates on improvement
of the block RIC. Improving the bound concerning block RIC 4,7 could bring several advantages.
First of all, in compressed sensing, it permits more sensing matrices to be utilized; Then, it permits
for reconstructing a block sparse signal with more non-zero coefficients under the condition of the
identical matrix ®; In the end, it provides better error estimation in a general issue to reconstruct
signals with noise and mismodeling error; for more information, see [14], [13], [17], [21] and [20]. The
purpose of this article is to discuss the improvement for the block RIC, and we will investigate the
following minimization for the noisy and mismodeling measurement b = ®x + ¢ satisfying ||£[|2 < p:

min ||z||2 7, subject to || @z — b||2 < p. (1.10)
€T

First, the following theorem is one of our main results that give a sufficient condition of recovery as
signal z is not block sparse and the measure is corrupted by the noise. For any z € RY, we represent
Tmax(s) @8 T with all but the largest s blocks in l2 norm set to zero and T_ jax(s) = T — Tpnax(s)- Set

t = max{v/,t}.
Theorem 1.1. We assume that the measurement matriz ® with size M x N(M < N) fulfils for
0<t<4/3,ts>2,
S < — (1.11)
ts|Z 4_ ¢t :
If x* is a solution to problem (1.10), then we have
2\/59\/ I+ 5t5|.’[£

t+ (t - 4)6158\_’[

1 \/5(85t5|l + 4\/(t + (t - 4)5ts|1)5ts|1
S

_l’_ —
2 t + (t - 4)5t5|I

l2" = zfl2 <

+ 1) 12— max(s) ll2,z- (1.12)

Remark 1.1. The inequality (1.12) provides an error upper bound about the noisy recovery utilizing
the lo /1y -minimization methodology (1.10). FEspecially, the sparsity degree of the signal s and the
noise amplitude p can control the recovery accuracy of the ly/li-minimization.



Remark 1.2. Theorem 1.1 shows that any signals of block pattern contaminated by noise, i.e.,
(1.1) can be stably recovered via the ly/ly-minimization approach if the sensing matriz ® satisfies
the block RIP with a appropriate block RIC. Beside, when signal x is block s-sparse, then Theorem
1.1 ensure the signal x can be robustly constructed in the noisy scenario.

Remark 1.3. It is known that Lin and Li [1{] established a sufficient condition 47 < 0.307 for
rubost recovery. In Theorem 1.1, when t = 1, its result enhances the bound on the block RIC to
sz < 1/3 = 0.3333.

Remark 1.4. When the block size d; =1 (i = 1,--- 1), the result of Theorem 1.1 degenerates to
the convention case consistent with the results of [22].

Remark 1.5. In the proof process of Theorem 1.1, from the inequality (3.24) and applying Lemma
5.3 [24], then we could another error estimation as follows:

2\/20\/ 1 + 5t8‘ 'E

t+ (t —4)0,1

40 2\/(t (t 4)6 )5
2 ts|Z — 2)0ts|7)Ots|T

s 2 1.1
\/§< 4 (t — 4)dpz t+ \[> 12— max(s) 12,2 (1.13)

for more details, see Appendix. Obviously observe that the upper bound of the error estimation given
by (1.12) is much better than that determined by (1.13). In addition, even though set d; =1 (i =

1,---,1), we couldn’t derive the general result coincided with [22]. Consequently, the methodology
of the proof that we employ for Theorem 1.1 is preferable.

[ | PR

Corollary 1.1. Under the same condition as in Theorem 1.1, suppose that the noise term & = 0
and the signal x is block s-sparse, then x can be perfectly recovered through the la/ly minimization

(1.8).
Remark 1.6. The above result involving the noise-free and block s-sparse situation follows directly
from Theorem 1.1.

The following result states that the bound of the block RIC dy47 < t/(4 —t) with 0 <t < 4/3,
ts > 2 is sharp for assured recovery in the noise-free setting.

Theorem 1.2. Suppose s > 1 is an integer. If Sz <t/(4 —1) +e with 0 <t < 4/3 and ¢ > 0,
then the block s-sparse signal can not be exactly reconstructed via the la/li-minimization (1.8).
Concretely, there is a sensing matriz ® with dy7 = t/(4 —t) and a block s-sparse xq satisfying
x* # xg, where x* is the solution to (1.8).

The remainder of this article is organized as following. In Section 2, we will provide some
technical lemmas. In Section 3, we will offer the proofs of main results. In Section 4, we draw a
conclusion for this paper.

2 Auxiliary lemmas

All over this article, we utilize the notations below. Vector zyy indicates that it holds these
blocks indexed by II of the vector « and otherwise zero. For any block s-sparse vector, ||z[/2,00 =
maxi<i<s ||z[i]||2. supp(z) = {i : ||«[i]||2 # 0} denotes the block support of z.

The following two lemmas are necessary to the proof of the main results whose proofs are similar
to that of Lemmas 1, 2 [22]. Denote C7* = ().

m



Lemma 2.1. Given vectors {x; : i € I} in a vector space X with inner product < - >, where II is
an index set satisfying |II| = s. Suppose that we select all subsets 11; € 11 meeting |IL;| = m, i € J
with |J| = CI, then

DD w =00ty v (m > 1), (2.1)
e jell; iell
and
Z Z < zj,xp >=CM2 Z <zj x> (Mm>2). (2.2)
1€ jF£kell; JF#kell
Lemma 2.2. Given a matric ® € RM*N  we decompose ® as a concatenation of column-blocks
®[i] with size M x d;, say,
¢ = [(bla"' 7¢d15¢d1+1>"' 7¢d1+d27"' a¢N—dl+17"' ang]’
o[1] (2] ll]

and a vector v € RN (I > 2) that has the sparse pattern determined by (1.6) and put Q =
{1,2,---,l}. Suppose that we select all subsets II; C Q fulfilling |II;| = m, i € J with |J| = C|",
and all subsets Aj C Q2 obeying |Aj| =n, j € K with KK = C}'. Then

(= n)||Pxr, 3 ~ C=m)IPzp, [l (m—n)|| Pz}
2 T ) TS I (23)

eJ JjeK

and asl > m+n,
(m +n)?||®z|]3

l—m—n < mnl 9 9
> ; [9Gon, -+, I~ (e, — man, ) =
-y mnl|J|C A\l —m—n l

(2.4)
The following lemma offers a crucial technical tool to the proof of our main theorems which is
from [23]. For any vector « with sparse structure defined by (1.6), ||z[/22 = (22:1 |2 [d]||3)Y/2.

Lemma 2.3. For a positive number « and a positive integer s, the block polytope (v, s) C RN s
defined by
r(a,s) = o € R ¢ [lzllome < . flallaz < sa).

For any x € RN, the set of block sparse vectors U(a, s,x) C RN is defined by

Z/[(Oé, S,IL') = {u S RN : Supp(u) - supp(x), Hu 2,0 < s, Hu’ 2,7 — H{I; 2,7, HUHZ,OO < CE}.

Then we can represent any x € 7(a, s) as
r = Z /\iui,
i
where u; € U(o,5,2), 0 <A <1, Y A\ =1,and ), )\i||ui||%’2 < sa’.

The following lemma is necessary to the proof of the main results, whose proof is similar to that
of Lemma 4.1 [24]. Here we omit the detail.

Lemma 2.4. Let k > 2, s > 2. For all measurement matrizes ® with the size M x N (M < N),
we obtain 647 < (26 — 1)d47.



3 Proofs of main results

Proof of Theorem 1.1. First, suppose that ¢s is an integer. As aforementioned, hpyay(s) stands for
x keeping all but the s largest blocks in I3 norm set to zero. Let hyax(s) = b —h_pax(s), T° =+ h.
Similar to the proof of Lemma 3.1 [14] , we could deduce

2,7- (3.1)

Select positive integers m and n satisfying n < m < s and m+n = st. Subsets II;, A; C {1,2,--- , s}
represent all the possible index set that |II;| = m, |Aj| = n with ¢ € J and j € K that |J| = C"
and K| = €T (C7 = (3).

n

Hh— max(s)H?,Z < Hhmax(s)HZ,Z + 2”55— max(s)

Denote
. Hhmax(s)HZI + QHIE_ max(s)2,Z
= S .
Due to
o max(oll2z < s =~
—max(s)112,Z = ST = nnra
and
||hm X ||2,I
Hh— max(s)’ 2,00 = %(S)
< ”hmax(s)H?,I + 2‘|x—max(s) 2,7
- s
<r<? (3.2)
T —T. .
TTn

Making use of (3.2) and Lemma 2.3, we have h_ .x(s) = >_; Nitti, where u; is block n-sparse, 0 <
Ai <1 with Zz Ai =1, and Supp(ui) C supp (h—max(s))a HuiHZI = Hh—max(s)H2,I7 HUZHQ,OO < ST/”?
and

s \2 s%r?
ANollwsll2, < (7):7' 3.3
Zi: ZHUZH2,2 =n nr " (3.3)
Analogously, we can decompose h_ ax(s) a8
h_ max(s) — Z’Yiviv
i
h_ max(s) — Z ViWs,
i
where v; is block m-sparse, w; is block (¢ — 1)s-sparse with
2,2
9 s4r
> il < = (3.4)
1
2
9 ST
N < . 3.5
S villwila < (35)

i
Notice that hyay(s) is block s-sparse, and utilizing Cauchy-Schwarz inequality to any block s-sparse
vector , ||e[3 = (2 [2filll2 - 1)* < s X2, [l2li][3 = sllz[3., we have
2 _ g2

2
= (||hmax(s)H2,I + QH'T— max(s)”ZI)



= 872 (”hmax(s) H%,I + 4Hhmax(s) ”2,1”1'7 max(s) H2,I + 4”.%', max(s) H%,Z)

< 5_2 (SHhmax(s) ”%,2 + 4\/§||hmax(s)
_ _3

=S5 1Hhmax(s)”%,2 +4s2 Hhmax(s)

— max(s) H %,I)

— max(

T max(s)H?,I + 4872”‘,177 max(s)H%,I‘ (36)

For 1 <t < 4/3, exploiting the notion and monotonicity (Page 1404 [14]) of d,7, we have
(Phmax(s), Ph) < [[@hmax(s) 2] PA]2
L+ 65zl rmax(s) 2| PR|2
1+ 0151z | naxs) 12| @Al 2- (3.7)
Since z* is the feasible solve to (1.10), we have
[®hll> < [B(z — 2 < [|®z — bl + | ®2" — bl < 2p. (3)

Putting (3.8) into (3.7), we have
<(I)hmax(s)a (I)h> <2p\/1+ 5ts\I||hmax(s) HQ (3'9)

For simplicity, we use G, for

m
G = D Mo ([ @(ha, + Zur) [3 = n @ (hny, — ) 3)
S iedk

s—m 2 m 2 2 _n 2
#2203 e (02100, + o0l - A0, — Tu0l3) . (3.10)

S ek

Let 0(m,n,t) = 2mn(t — 2) + (m — n)2. The following two equalities both hold, whose proof that
may use Lemma 2.2 are similar to that of identity (14) and (15) [22]. The detail process is omitted.
The equality

O(m,n,t)(t —1) mn 9 9
mnCreT, OZAj . 190, + b3 + @ (b, — mhy,)|3

= tgm,n + an(t - 2)t2 <(I)hmax(s)7 Q)h> (311)

holds for 0 < t < 1. The equality

Q(m,n,t) Z Vg (H(I)(hmax(s) + (t - 1)wk)”§ - ”(t - 1)q)(hmax(s) - wk)”%)
k

—(8t = 4)Gmn + 2((t — 1)8* = mn)t* {@hypax(s), Ph) (3.12)

holds for 1 <t < 4/3. For notational convenience, set

Ay = H(m,n, t) Z Vi (‘|q>(h1nax(s) + (t - 1)U)k)H% - H(t - 1)(1)(hmax(s) - wk)”%) s
k

Ao = —(3t — )G + 2((t — 1)8* — mn)t? (Phyay(s), Ph)
O(m,n,t)(t —1 mn
Dg= MR 00D S (0, )1 + oo, — mha )13

mnC*C?_, YV t




Ay = tGmp + 2mn(t — 2)t* (Phuax(s) Ph) -
As to 6(m,n,t), as ts is even, we can set m = n = ts/2; as ts is odd, we can put m = n+1 =
(ts 4+ 1)/2. Tt is no difficult to check that §(m,n,t) < 0 for the both situations.
By exploiting the definition of order tk block RIC and observing that hyy,, v; are block m-sparse

and hp ., u; are block n-sparse obeying m + n = ts, we have

sSs—n n m
Gmn 2 > M <m2(1 — Osiz) || Py, + ;UkH% = (1 + byz) I, — SukH%)
5 iedk

sSs—m m n
+ nOm Z Yk <n2(1 - 5ts\I)HhAj + ;ka% - m2(1 + 5ts|I)HhAj - Ska%)
S jeKk

Note that < hyr,, ur, >=< ha;,vx >= 0, because of the support of hry; (hy;) does not intersect with
the support of ug (vg). Therefore,

S—n m
gm,n = Z )\k( 5ts|I)||hH ||2 t
s i€J,k

2.2
n
(1= 0sy7) lusll3

2n2 5
" +5tsz>||uk||2)

m?n?

—— (1= Ggy)llve3

— 12 (L + dsjz) |15 —

S—m
P fyk<n2<1—ats|z>umju%+

n
S jeKk
) 5  m2n? 9
—-m (1 + 5tS‘Z>HhA]' HZ - ?(1 + 5ts|I)HUI€H2

5—n -n m n? .
= (m?® =n®) — (m® +0?)é157) Y [l |13 — Cm —2 s 5ts\ZZ)\kHuk”2

mc‘gn ieJ

s—m —m, m?n?

o (=) = (0 5) 3 g = S 2 O 3wl
§ jex

By using (2.1), we have
2(s — n)mn?
gm,n Z((mg - ’I’L2) - (m2 + n2)5ts|l) Cmcgn 11||hmax(s HQ 82)5t5|lz>\k“uk“%
k

n s —m)m?n
+ (= = 12) = (2 + 0200 O o = 2 5 g Yl
k

Obviously, for any vector z € R with sparsity pattern determined by (1.6), we could rewrite

2 z >
2 = (Za?) <lex[i]|!§> = [lzll2,2-

Due to (3.3) and (3.4), we have

lo-norm ||x||2 as

s§—n 2(s —n)mn
gmvn 2((m2 - n2) - (m2 + nz)(stle)THhmax(S)H% - ( 32)




2,.2

(=2 = 02) = (2 4+ 12)8) = [ — 2 S
(m? —n?)(m—n) (m*+n?)(2s — (m +n))dyyz 2
(=) : ) Wi
— 2mn(5t5‘zr2(2s — (m+n))
= (t(m — n)2 + (m2 + n2)(t — 2)5ts|I) Hhmax(s)H% + 2mn(5ts|zr2$(t —2). (3.13)

First, we consider the case of 1 <t < 4/3.

Since 6(m,n,t) is not lager than 0, hy,q(s) is block s-sparse and wy is block (¢ — 1)s-sparse
combining with the definition of order ¢s block RIC 4,7, then

A < Q(ma n, t) Z Vi <(1 - 5ts|I)||hmax(s) + (t - 1)wk||% - (1 + 5ts|I)H(t - 1)(hmax(s) - wk)”%) .
k

Observe that the support of hy . (s) does not intersect with that of wy, thus

Ay < e(mvnat) Zyk ((1 - 5ts|I)Hhmax(s)||% + (1 - 6ts|I)(t - 1)2||’(Uk)‘|§
k

(= DAL+ G a2 — (¢ — D2(1+ «sm)nwku%)

=0(m,n,t) ) vy (((1 = (t=1)%) = (L4 (t = D*)012) | Prmax(s) I3

k
- 2= 1Pl ).
By applying (3.5) to the above inequality, we have
Ay < 0(m,n,t) <((1 —(t=1)%) = (L + (t = 1)*)s5i2) [1hmax(s) I3 (3.14)
— 2657577 (t — 1)>. (3.15)

It follows from the assumption of Theorem 1.1 that s > 3/2, so it is no hard to see that

mn>t232—1:(2—t)232—1
- 4 4

for 1 <t¢ < 4/3. Combining with (3.9), (3.13) and (3.16), we have

+(t—1)s* > (t —1)s?, (3.16)

Ao > —(3t—4) ( (m — )2 + (m 4 12)(t — 2)z) ranas(sy |3 + 2mndigzr?s(t — 2))

+ 4p\/ 1+ 5ts|2((t - 1)82 - mn)t3||hn1ax(s)”2' (317)

Let A1 minus Ay, then

0 SH(m,n,t) (((1 - (t - 1)2) - (1 + (t - 1)2)5ts|I)Hhmax(s)H% - 26ts|IST2(t - 1))



+ (3t — 4) ( (t(m —n)* + (m* + 0®)(t = 2)645iz) [1h— max(s) |13 + 2mndygzrs(t — 2))

— 4pm<(t - 1)32 - mn)t3‘|hmax(s) H2

By using (3.6) to the above inequality, the fact that for any vector z, ||z
||z||2 and some elementary calculations, then

22 = (X0 le[i]I3)? =

0 <2((t - 1)s? — mn)t? ((t (= 902) a2

45ts|I||x— max(s)”?,l 2 1 (5 ]’L 45tS|IHx* max(s)”%,Z 3 18
- \/E + pt\/ + ts|Z H max(s)”Q_ s : ( )

Next, we take into account the case of 0 < ¢ < 1. Utilizing Lemma 2.4, we have

”(I)hmax(s)H% < (1 + 5S\I)Hhmax(s)‘|%
(1 + 5%t5|1’> ||hmax(s) H%

2
<1 + (t — 1) 5tsI> HhmaX(S)H%

1 —"_ 6 S hmax S 2
- ( ¢ |z)tH ( )||2‘ (3.19)

IN

By (3.8) and (3.19), we have
<(I)hmax(s)7q)h> < Hq)hmax(s)HQH(I)h’”z

(1 + 5ts\Z)t

<2
<2p ;

Hhmax(s) H2 (320)

By taking advantage of the concept of order ts block RIC and (2.1), we have

_ O(m,n,t)(t—1) mn 9 9
S S Grer 3 (T I+ G, =i, )
i i=

O(m,n,t)(t —1) mn 9 9
< mncgncg_m H'mZA._gb m(l - 5t5\I)HhHi + hAj HQ + (1 + 5t8|I)thHi - mhAj HQ
i =

O(m,n,t)(t—1) [ mn n m
_ 0m.m, 1) >< <1—@sz)(cs_mZrhni||§+os_nzllw\%>

mnCmC?_ - \t—1 = pre
(L4 ) (ncm S i3+ m2Cm 3 g, ||%))
ieJ jex

_ O0m,n,t)(t — 1) ( mn

mnCmCon f—1 (1 - 5t5\1) (Csn—mcgn—_ll ”hmax(s) H% + C;n—ncg—_lluhmax(s) H%)

(L4 b2) (n202_m08“1—11 Vo |3 -+ M2 CT M o H%))

O(m,n,t)(t—1) [ mn m— n—
= Aot DO ) (01— ) (€7 O+ C ) Wi

10



(14 bgz) (2207 O™ 4 m2CT O ) H%)
= 0(7717 n, t) (t + (t - 2)(5ts|I)Hhmax(s) ”% (321)

By combining (3.13) with (3.20), we have

Ay > t< (tm —n)? + (m® + 1) (t = 2)815i7) | Aumax(s) 13 + 2mndygzrs(t - 2))
+ 4mnp, 1+ Gpz(t — 2)tV/E | hrpax(s)ll2-
Let Ag minus Ay, then
0 < O(m,n, )(t + (t = 2)017) | max(s) I3

- t( (m — n)? + (02 £ 12) (¢ — 2)0y57) Doy 12 -+ 2mndpzr?s(t — 2))

- 4mnpm05 — 2)t\/g||hmax(s) 2

< 21(t - 2>mn<<t T (= 9812 oo |2

_ 451&3\1”:6— max(s)”ll—
Vs

By (3.16) and the assumption of Osz < ﬁ, it is easy to see that the above two inequalities given
by (3.18) and (3.22) are second-order inequalities about || fyax(s)ll2, Where the quadratic coefficients
are negative.

45ts\IHx7 max(s) H%,I)

+ 20 (05 002 ) e —

(3.22)

Consequently, through a straightforward calculation, we have

46ts\IH‘T— max(s) ||2,I

7 +2p/T+ 0yt
2(t + (¢ = 4)0ss12)
45ts|Ifo max(s)

+ (2t + (t— D))" (( N 2T L op 1+ 5ME)

5155\2
S

”hmax(s) HQ <

2

D=

F16(t 4+ (- 4)0,z) ||m_max<s>u2,z) ,

where ¢ = max{t,/t}. Note the fact that for fixed 0 < ¢ < 1, any non-negative number z,v,
(z+y)? < 2?7+ y?. Hence,

2p\/ 1+ 6ts|I£+ 2 <5ts|l' + \/(t + (t - 4)5ts\1)5t5|l') H.’L’_ max(s)
t + (t - 4)6ts|_’[

21/\/s

Hhmax(s) H2 < (323)

Easily verify that for any block s-sparse vector z, ||z[j22 = (3, ||[i] ][%)1/2 < Vz[ll2,00 /2] 2,Z-

oz = lzlilll2 1 < s3(X; llz[i)l3)2

And employing Cauchy-Schwarz to any block s-sparse vector z, |||
52 |z]]2,2 and combining with (3.1), we have

1A - max(s)ll2.2 < \/Siluhmax(s) 2,2\/||hmax(s) 2,7 + 2[[7 - max(s)ll2z

11



< \/Siluhmax(s)H%,I + 2571”hmax(s)”2,z||x— max(s) HQ,I

_1
< \/Hhmax(s) H%Q + 252 Hhmax(s) ||272||£L'_ max(s) |27I‘ (324)

By utilizing (3.23) and (3.24), we obtain

1
HhH2 Hhmax(s)H% + Hh—max(s)Hg)2

I
—~~

1
_1 2
< (I 13 + I maso 132 + 257% oo 22112 max(s)27)

[N

I
/N 7N

2 _1
2 a3 + 25 [ranay 122112 ey 127

1
_1 _1 2\ 2
< (V22 + 2 2o 2225) - st oz + (29 2o mancolaz)
_1
= \/§Hhmax(s)H2 + (23) 2 fo max(s)HZI

< 2\/5/)\/ I+ 6ts\Z£+ 2\/5(51}3|Z + \/(t + (t - 4)5ts|I)5ts|Z)fo max(s)”?,l/\/g
= t+ (t —4)0z

+ HJ“—max(s)HQ,Z/\/%

< 2\/§p 1+ 6ts\I£

- t+ (t - 4)5ts|I

RNe <4 (201517 + /0 + (£ = Do)z
t+ (t — 4)5t5|I

o\ s + 1>”x—max(s)||2,1‘

If ¢s is not an integer, we set t's = [ts], then t's is an integer with ¢’ > ¢. For ' < 4/3, we have
Opsz = Orsjz < /(4 —1) <t'/(4—1'). Analogous to the proof above, we can prove the result under
the condition of dys7 < t/(4 —t) with ts ¢ Z.

O
Now we prove Theorem 1.2.
Denote
d d
w1 = 2sd) 3 3o T 1,0, 0T € RY,
2s blocks

where 2s < I, Z ={dy =d,dy =d,- - ,das = d,das+1, -+ ,d;} and ||x1||2 = 1. The linear transfor-
mation ® : RY — RY is defined as follows:

1
1—

dxr =

- (x— < z1,2 > 171),
4

for any = € RY. For block [ts]-sparse signal 2 € RY, then

@] = — (el 2 < w12 > + < 1,0 2 a1 3)

1
1
= ; (||x||%— < T1,T >2) .

L=

12



Applying the Cauchy-Schwarz’s inequality, we have

0<|[<m,z>|=|(z1[supp(z)], z) |

< ler[supp(@)]lallzllz < [1max(usp o]l
ts

=/ Sy,

For es > 1, then

1 [ts]
x5 > 1 2
R L
1 ts+1
e (e [ P
-1 2
1 ts+es
> (125 1eiB
4
=

In the other direction, it is easy to see that

4 t
el = (1 2 ) el

¢
< (1 +—t s) |z]|3.

Hence, we obtain dys7 = gz < t/(4 — 1) +e.
At last, denote

1®z]|3 <

d d d d
T .0 ... T N
zo=1[1,---,1,---,1,---,1,0,---,0,---,0,---,0,0,--- ,0]T e RV,

s blocks s blocks
d d d d
&=1[0,---,0,---,0,---,0,=1,--- ,—1,--- ,=1,--- ,—1,0,--- ,0]T € RV,
s blocks s blocks

Easily check that ||zo|l2z = ||Z]j2z = sVd, and g, 4 are block s-sparse, x1 = (2sd)™"/?(xg — 7).
Since ®x1 = 0, then ®x¢9 = &z = b. It is no possible to recover vectors xg,Z only based on the
known measurement matrix ® and the observation vector b.

O
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4 Conclusions

In the article, we investigate the block sparse signal recovery drawn from incomplete undeter-
mined system of linear equations, whose non-zero coeflicients are aligned into blocks, that is to say,
they appear in blocks rather than arbitrarily disperse over all the vector. Based on block RIP, we
derive a novel sufficient condition. Under the condition, we can assuredly recover all block sparse
signals in the noise-free situation and robustly reconstruct signals that aren’t exactly block sparse in
the noisy situation by ly/lj-minimization methodology. Furthermore, we provide a special example
to indicate that the sufficient condition we obtain is sharp. As byproduct, when t = 1, the result
enhances the bound of the block RIC 4,7 in [14].

Appendix
Lemma A.1(Lemma 5.3 [24]) Assume that s < [, a1 > a2 > --- > a; > 0 obeys Zle a; >

Zizsﬂ a;, then we have
> i<y af (4.1)

for all @ > 1. Generally, assume that a; > a2 > --- > a; >0, ¥ > 0 such that »_;_; a; > Zé:s—l—l a;

holds, then we have
l 3 o «
> af<s ( im0 d’) (4.2)
s s

i=s+1
for all o > 1.

Proof of Remark 1.5. Applying Lemma A.1 to (3.1), we have

! s . 2
S JhiE < s ( IGIEN 2rx_max<s>u2,z>

= S s
i=s+1
ie.,
2”:’8—111 X ”2,I
Hh max(s)||2,2 < ”hmax(s)||2,2 + %.
ACCOTdingly,

1
HhH2 - (Hhmax(s)Hg + th max(s)”%)2

2 2H$—max(s)H2,I 2 %
< Hhmax(s)||2+ Hhmax(s) 2,2"‘7

27— max(s) 22

NG

< V2| hax(s)ll2 +

22/ TF 07
<\fp\/+7t\t

Tt (t—4)d7

\/5 45155|Z + 2\/(t + (t - 4)6ts\1)5ts|f \/5
T 3( t+ (t_4)5t5|1_ + )||$—max(s)’2,z-
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