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Abstract:

In search to construct a Lagrangian functional of a damped harmonic oscillator
| thought to study higher derivatives of coordinates with respect to time in the
Lagrangian of a simple harmonic oscillator by adding a term proportional to the
square of the second derivative of the coordinate with respect to time in its
Lagrangian. In Newtonian mechanics a damping term is added directly to the
equation of motion of a simple harmonic oscillator, whereas in Lagrangian and
Hamiltonian mechanics (Analytical Mechanics as opposed to Vectroial
Mechanics of Newton) adding a term to the Lagrangian of the simple harmonic
oscillator wouldn’t reveal whether the term is a damping driving or a forced
driving agent until one study the solutions of the equation of motion.

Here, The Euler-Lagrange and equation of motion of a harmonic oscillator in a
potential energy proportional to the square of the second derivative of the
coordinate with respect to time have been formulated and discussed. The
equation of motion is derived from Euler-Lagrange equation by performing the
partial derivatives on the Lagrangian functional of the second variation of the
calculus of variations.

PACS numbers: 01.55. +b, 02.30.Hg, 02.30.Xx?
Keywords: General physics, Harmonic oscillator, Ordinary differential
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Introduction:

The harmonic oscillator model is very important in physics (Classical physics
and Quantum models of natural phenomena); because any mass subject to a
force in stable equilibrium acts as a harmonic oscillator for small vibrations.
Harmonic oscillators occur widely in nature and are exploited in many
manmade devices, such as clocks and radio circuits. They are the source of
virtually all sinusoidal vibrations and waves.
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Discussion

A Lagrangian functional of simple harmonic oscillator
A Lagrangian functional of simple harmonic oscillator in one dimension may be

written as:
1
Le—fkesimw
2 2

The first term is the potential energy and the second term is kinetic energy of
the simple harmonic oscillator.
The equation of motion of the simple harmonic oscillator is derived from the

Euler-Lagrange equation:
a_da_g
ox dt ox
To give
—kx—mX=0
This is the same as the equation of motion of the simple harmonic oscillator
resulted from application of Newton's second law to a mass attached to spring

of spring constant k and displaced to a position x from equilibrium position.

Solving this differential equation, we find that the motion is described by the
function

X(t) = %, cos(a, t-),

where x, =x(t=t;) and a, :\/%ZZT—”.

Damped harmonic oscillator in the Newtonian Mechanics

In real oscillators, friction, or damping, slows the motion of the system. Due to
frictional force, the velocity decreases in proportion to the acting frictional
force. While simple harmonic motion oscillates with only the restoring force
acting on the system, damped harmonic motion experiences friction. In many
vibrating systems the frictional force F, can be modeled as being proportional

to the velocity v of the object: F, =-bv, where b is called the viscous damping

coefficient.
Balance of forces (Newton's second law) for damped harmonic oscillators is
then
2
F=F,=F —kx—b%:md—i(
dt dt
When no external forces are present (i.e. whenF,, =0), this can be rewritten into

the form



kK 2m . i
@y =, |— =" is called the” un-damped angular frequency of the oscillator” and
m T

y = th;nT is called the “damping ratio”.
The value of the damping ratio y critically determines the behavior of the
system. A damped harmonic oscillator can be:

e Over-damped (y >1): The system returns (exponentially decays) to steady
state without oscillating. Larger values of the damping ratio y return to
equilibrium slower.

e Critically damped (y =1): The system returns to steady state as quickly as
possible without oscillating (although overshoot can occur). This is often
desired for the damping of systems such as doors.

e Under-damped (y<1): The system oscillates (with a slightly different
frequency than the un-damped case) with the amplitude gradually
decreasing to zero. The angular frequency of the under-damped harmonic
oscillator is given by =a,\/1-7° ; the exponential decay of the under-

damped harmonic oscillator is given by A =,y |

The Q factor of a damped oscillator is defined as
energy stored
energy lost per cycle

=2

Q is related to the damping ratio by the equation Q :Zi_
Y

Second Variations of the Calculus of Variations of scalar functions

It is known that the Euler-Lagrange equation resulting from applying the second
variations of the Calculus of Variations of a Lagrangian functional
L(t,q(t),q(t),c(t)) of a single independent variableq(t), its first and second

derivatives q(t), ¢(t) of following action

I[Q(t)]=JL(t,Q(t),Q(t),d(t)) dt
When varied with respect to the arguments of integrand and the variation are set
to zero, i.e.
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0=5 1[a(®] =4 L(t,qt).q(t). 4(1)) dt
= [SlL(t, a(), a(), G)] dt

e[ 5(E) S oo oos ) G

IS given by
oL d@L d? oL

oq dtaq dt 8q
Provided that the variations §qand 5q vanish at the end points of the integration.

The Model:

(1) A negative term proportional to square of second derivative of
coordinate with respect to time

A Lagrangian functional of a simple harmonic oscillator in one dimension in a

potential energy proportional to square of second derivative of coordinate with

respect to time may be written as:
L =—1k X2 +1m X —lnxz
2 2 2

where n Is a positive parameter.

The first two terms are the potential energy and kinetic energy of a simple
harmonic oscillator. The third term has been added to study effects on motion of
the harmonic oscillator of higher derivatives in the Lagrangian functional via
varying the parametern.
The equation of motion is derived from Euler-Lagrange equation by performing
the partial derivatives on the Lagrangian functional:

o d 8L d? oL

ox dt ox dt oK
To give the equation of motion

d d?
—kx ——(mXx) ——(nX) =0
o M)~z (%)

—kx—mX—n¥x =0
Or,

kx +m¥+nX =0

where k,m,n are spring constant, mass of particle and the yet unknown factorn ,

respectively. They are positive and have finite real valued constants, and none
have zero value (i.e.k #0,m=0,n#0;k # co,m#00,n# o).

where the units of the constants in the Sl are [k] =%, [m]=kg, [n]=kgs®
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Assume a solution of the form

X =X, exp[£i(w t—9)]
Where x, the amplitude in [m], i=+/-1 is the imaginary unit, » is the angular
frequency in [Hz], t is the time in [s] and ¢ is a phase factor in [dimensionless].

X = X, eXp[+i(ewt — )] X = X, exp[—i(ot — )]
X =iwX X =—lwX
K = —m>X X = —m>X
X = —iw’Xx X = +Hiw’X
W =+w*X W =+w*X

Substituting in the equation of motion, we get
kx + m(—w?)x +n(ew")x=0
[k +m(—0®) +n(w*)]x=0
Assume x(t) =0 at all times, then,
[k + m(=»?) + n(w*)] =0
|k — me? + nw* =0
This has four solutions, using the general method for determining roots of a
quadratic equation (az® +bz+c=0,a=0.):

_ —b++/b?*—4ac

2a

Z

with,
z=w*a=nb=-m,c=k
The solutions are:

w:i\/mi«/mz —an)(K)

2(n)

\/m m 4nk
=+ |—+— 1—
2n  2n m?

k

Define; w,> =— where o, is the natural frequency of the oscillator.

m
Then, » may be written as

Then, the fours roots are



Types of motion for different values of the positive parameter (n)

Case (1): n=

The harmonic oscillator should oscillate with its natural frequency when the
external potential energy term vanish or has very small value close to zero for
fixed values of the simple harmonic oscillator parametersk,mand / or w,.

Setting n=0 in the four solutions of wabove, and approximating the inner
radical:

1 4w, wy’

=

n]

2 2w, /
ﬂ-l——(l— (00 )_ \/_ m_m y, n=+ m_w()z,
2n 2n 2n m n

m 2w, m m 20,7
®, =+ ——@A-—2n) =+,|——— 2 n =+, =+
2 \/2 ( n) = \/Zn n

We, get

2nm

2
m _(1_2(00 )__\/_ ﬂ_ﬂzwon:—/m—woz,
2n 2n 2n m n

2 2 2

2n  2n m 2n 2n 2n m

So, we choose w=w,and o=w, to be the solutions in case n=0. The

corresponding equations of motion are that of a simple harmonic oscillator as it
should.

2
Case (2): n—4m2 (ie. 1-29" 1 _0)
Wy
Substituting n= 10, we get
4a)O
_+\/__— fl— =+,/20,° +fw0
2n

The corresponding equations of motion are that of a simple harmonic oscillator
oscillating at a frequency o of a value larger by (=41%) of the value of natural
frequency w, of free oscillation.
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Case (3): 0< 0 0.64)
m
4 2
Substituting 1- n=0.64 or,
m
2 2
(1- 2% h—064 >n="""@1-0.64)=036-"_=09" ™ _% )55 an example
m @, 4o, @, 2n 1.8

in the equation of w , we get the following solutions:

m m m 2
=+ |———(0.64) =+, [—[1-(0.64)] = +,|——[1-(0.64)] =+ ~ 0.45
o o 2n( ) ‘/2n[ (0.64)] ,/1.8[ (0.64)] @,

The corresponding equations of motion are that of a simple harmonic oscillator
oscillating at a frequency o of almost the half the value of the value of natural
frequency w, of free oscillation.

2

. 4
Case (4): n>—" (i.e. 1-"2 n<0)
m

0
2

n<0in the equation of » , we get

2
popfmomftol, n om [l
2n  2n m 2n  2n

Substituting 1- 42)

It is a square root of a complex number (i.e. it is a complex number), when a
complex number appears in the power of a complex number written in its polar
form a decay behavior appears.

Changing variables,

Its modulus is

2
2 2
4
] = mypm fAey
2n 2n m
\/mz 4’ \/m w,’ \/H
= —2 n: _— = —a)0
4n° m n 1 n

Its arguments are

N—
I
g_
7\
|3
N
N

7\

m\’ 4w, m\? m? \4aw,’
+| — n-| —| =,/|-—= n
2n m 2n 4n m
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6 = arctan (X) =arctan
X

It is in the fourth quarter in the complex plane.
In Cartesian form;
=|&[[cos() +isin(6)]

Now, taking the square root of both sides of »* =& , we get

o =& = [|¢|cos(6) +isin(0)
:|e§|% \Jcos(0) +isin(9)

= i(\/gwo]z cos(%) + isin(g)
W= i(\/ﬁc%]z cos(9 Al 2ﬂ) +1 sin(e Al 2ﬂ)
n 2 2

Now, inserting the value in the equation of motion x=x, exp[i(at —¢)], yields

and, the other root;

X =X, expx i{[ \/7 @, cos(g)ﬂsm(—)]t o}

= x, exp={i[( ( o, cos(%»t 9] sm(—)t}

X=X, expxi{[ \/7 —o, cos( +2n )+iSin(¥)]t—go}

2
= x, exp{il( f o, cos(2

Taking the negative sign in the exponential we get a smoothly damping solution

and,

))t ol- Sln( )t}

27y otherwise we get a growing

with a damping constant sin(g) andsin(9+

solution if the positive sign is taken and with growing constant sin(g) and

. 0+2r
sin(

).
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(2) A positive term proportional to square of second derivative of
coordinate with respect to time

The Lagrangian functional may be given by

1 1 1
L=—=k X*+=m X* +=n%’
2 2 2

The equation of motion is derived from Euler-Lagrange equation by performing

the partial derivatives on the Lagrangian functional:

oL doL d’oL
T 22 T

ox dt ox  dt? ox

To give the equation of motion this may be written as

d d?
—kx——(mx)+—(nX)=0
dt( ) dtz( )

where k,m,n are spring constant, mass of particle and the yet unknown factorn ,
respectively. They are positive and have finite real valued constants, and none
have zero value (i.e.k #0,m=0,n#0;k # co,m#00,n# o).

Then, the equation of motion may further be written as
—kx—mX+n¥X =0

Assume a solution of a form
X=X, exp[ti(at—p)]

X = X, exp[+i(wt — )] X = X, exp[—i(wt — )]
X=lwX X=—lwX
X = —w*X X = —w*X
X =—iw’X X = +iw®X
X =4w'X X =+w'X

Substituting in the equation of motion, we get
—kx —m(-0*)x +n(w")x =0
[k —m(-0®) +n(e")]x =0
Assume x(t) =0 at all times, then,
[k —m(-@?) + n(w*)] =0
|-k + m&® + nw* =0
This has four solutions, using the general method for determining roots of a
quadratic equation (az® +bz+c=0,a=0.):

, - —b++/b*-4ac

8 2a

with,
z=w*a=nb=m,c=-k

C)



The solutions are:

. i\/—mi«/mz ~4(n)(—K)

2(n)

Then, » may be written as

\/—m m by’
o=t —+—,[1+ n
2n  2n m

where o, =— is the natural frequency of the oscillator.

k
m
Then, the fours roots are

-m m 4(002 —-m m 4(002
@, =+ [—+—, |1+ n, @, =+ [———, |1+ n
2n  2n m

W, = -, W, =-0,

Types of motion for different values of the positive parameter (n)

Case (1): n=0

The harmonic oscillator should oscillate with its natural frequency when the
external potential energy term vanish or has very small value close to zero for
fixed values of the simple harmonic oscillator parametersk,mand / or w,.

Setting n=0 in the four solutions of wabove, and approximating the inner

radical:
4 2 4 2 2 2
22 e L A0y — s 2%
m 2 m
We, get
- 2w, - 20>
co1:+\/—m+ﬂ(1+ % n):+\/—m+£+m P n=y w,’ =+ay,,
2n  2n m 2N 2n 2n m
- 2 2.2 -
2n  2n m 2n 2n 2n m n
_ 2 2 2
T N T
2n  2n 2N 2n 2n m
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So, we choose w=wand w=w, to be the solutions in case n=0. The

corresponding equations of motion are that of a simple harmonic oscillator as it
should.

Case (2): Other values of the positive parameter (n)
For all other values of the positive parameter nthe value of v =w,and o =w,are

real and the motion is oscillatory:

-m m 4w,
@, =+ |—+— 1+ n,

2n  2n m
W3 =—0,
As an example: | take
2 2
4a)0n 0.44 — 044?1_)222(00 :co_o’
m 4w, 2n 044 0.22

Then, o, take the value

2 2

N 2 -
w1:+\/&+“’—°\/1+0.44=+\/ O O (19) = \/(0-2)50;2

=+~ 0.950,,
0.22 0.22 022 022
And,
2
409’ 9099 s 99992m LM 207
m 4ot 20 9999

Then, o, take the value;

@ —+\/_2‘" 20y 5509 - +\/ ~20," , 20y" o655 +\/(99) % _, 0140
1=\ 9999 " 9999 9999 ' 9999 9999 Y

The frequency of oscillation decreases with increasing the value of the positive
parametern.

Conclusion:

Studying systems with additional nonlinear term in their Lagrangian functional
may lead to interesting results. In our simple example of a simple harmonic
oscillator with a third -positive and negative term proportional to the square of
the second derivative of coordinates with respect to time- it is observed that
oscillatory, damping and growing behaviors emerged from the solution of the
equation of motion. Although it doesn’t substitute the direct treatment of the
Newtonian Mechanics of the damping harmonic oscillator it could be an
additional method for study it. This method could be applied to other systems
e.g. non-linear classical fields and may be to nonlinear quantum fields.
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