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ABSTRACT

Regular polygons are planar geometric structures that are used to a great extent in mathematics,
engineering and physics. For all size of a regular polygon, the ratio of perimeter to the longest
diagonal length is always constant and converges to the value of m as the number of sides of the
polygon approaches to co. The purpose of this paper is to introduce Bishwakarma Ratio Formulas
through mathematical explanations. The Bishwakarma Ratio Formulae calculate the ratio of
perimeter of regular polygon to the longest diagonal length for all possible regular polygons.
These ratios are called Bishwakarma Ratios- often denoted by short term BK ratios- as they have
been obtained via Bishwakarma Ratio Formulae. The result has been shown to be valid by
actually calculating the ratio for each polygon by using corresponding formula and geometrical
reasoning. Computational calculations of the ratios have also been presented upto 30 and 50
significant figures to validate the convergence.
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INTRODUCTION
A regular polygon is a planar geometrical structure with equal sides and equal angles. For a

n

regular polygon of n sides there are

("2_3) diagonals. Each angle of a regular polygon of n sides

is given by (%) 180° while the sum of interior angles is (n — 2)180°. The angle made at the

center of any polygon by lines from any two consecutive vertices (center angle) of a polygon of
. . . 360° . . . .

sides n is given by — It is evident that each exterior angle of a regular polygon is always equal

to its center angle.

The ratio of the perimeter to the longest diagonal or diameter is characteristic feature of any
regular polygon. For a regular polygon of even number of sides, the ratio is given by nsin (%)

while for a regular polygon of odd number of sides the ratio is given by 2nsin (%) As the

number of sides of a regular polygon becomes infinitesimally large, i.e. n — oo, the resulting
polygon is called regular apeirogon which resembles a circle. The regular polygon at this state
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has countably infinite number of equal edges. The ratio of the perimeter to the longest diagonal
reduces to C%, where C is circumference of the resembling circle, 6 is angle opposite to the

perpendicular arm and p is perpendicular arm of the right angled triangle whose hypotenuse is
diameter of the circle. The expression CS;%Q provides exactly . Angles are used both in degrees

and in radians as required.

For inclusion of all regular polygons equilateral triangle poses a significant hurdle. It has no
recognizable diagonal or diameter. The ratio of the perimeter of the equilateral triangle to the
length of one of its sides is taken in this case which is equal to 3.

The Bishwakarma Ratio Formulae for the ratio of perimeter to the longest diagonal length can be
summarized as follows:

l. f(n)=3,forn=3
Il.  f(n) =nsin (%) for nis an even number, n > 4
1. f(n) = 2nsin (%) for nis an odd number,n>5

IV. f(n)=c Si;‘e ,forn - oo

CALCULATION OF BK RATIOS FOR SOME REGULAR POLYGONS
1. For n=3, representing an equilateral triangle

Equilateral triangle

total perimeter of equilateral triangle 3a 3
a side length -

2. For aregular polygon with even number of sides

Square (n = 4), Hexagon (n = 6), Octagon (n = 8) are the basic examples of this types of

polygons. The length of the longest diagonal (d) of these regular polygons is given by
W , Where ‘@’ is the length of the side of the polygon. If a regular polygon has even
sin\——

n

number of edges, then length of the longest diagonal of that polygon will be hypotenuse of a



right angled triangle for which one of the sides of thepolygon is the perpendicular side as
illustrated in figure.

From figure 1, we get

180° a a
sin( )=—i.€.d=—
n ,

in diagrom

a= regular side of polygon
d= longest diagonal length
n= polygon number

Figure 1: Illustration of the longest diagonal as the perpendicular of a right angled triangle

ILLUSTRATION I

The values of length of the longest diagonal for some regular polygons of have been
geometrically presented below. The calculation of the ratio of the perimeter of the corresponding
polygon to the length of the longest diagonal has been presented alongside.

I. Square (n=4)

sin(lioo) =% ie.d =——= (\/Z—)a I

sin45°

From geometry, the ratio of the perimeter of the square to the 180774
length of its longest diagonal is d

perimeter of the square _ 4a
length of the longest diagonal (vV2)a

=2\2

Using formula, we get a

. 7180° . ¢180° .
fn) = nsm( - ) = 45m< 2 ) = 45in45° = 22
Il. Regular Hexagon (n=6)

_(180°>_a_ J=2
sin G —dl.e. = 2a

al .ﬁn_'»

From geometry,

perimeter of the hexagon ~ 6a 3

length of the longest diagonal 2a




Using formula, we get

() = nsi (1800)—6 _ (180°)_3
f(n) =nsin —) = sin )=
Regular Decagon (n=10)

. 180° a . a
sm( )=—L.e.d= ,
10 d sin18°

From geometry,

(4]
(=]

perimeter of the decagon 10a q
- = = 3.09016
length of the longest diagonal a
sin18°
Using formula, we get 3
f(n) = nsm( ) = 10sin (180) = 3.09016 Rpguiar decagon

Similarly, we can usef(n) = nsm( ) formula for all regular polygons having even number

of edges. Therefore, f(n) = nsin ( ) is a valid formula for given domain.

3. For aregular polygon with odd number of sides

Pentagon (n = 5), Heptagon (n = 7), Nonagon (n = 9) are the basic examples of this types

of polygons.
a

2sin(>-)

The length of the longest diagonal d of these regular polygons is given by
where a is the length of the side of the polygon.

ILLUSTRATION 2

The values of length of the longest diagonal for some regular polygons have been geometrically
presented below. The calculation of the ratio of the perimeter of the corresponding polygon to
the length of the longest diagonal has been presented alongside.

A
. Regular Pentagon (n =5)
Diagonals from D and E are drawn to B - c?\
such that it subtends an angle a, and creates B< S o2 E
equal angles g on either side of the 360°
angle a.Similarly,diagonals AC and AD Fr P
C N D

Regular pentagon



subtend an angle a at A creating equal angles £ on either side of the angle «a.
Side AB is extended upto F and AN L CD such that
e AACD and ABDE are iscosceles and

e ACAN and ADAN are right angled triangles

From AABD, we get

(ot B) + (at+ B) + = 180° (sum of interior angles of a triangle)
30+ 2B =180 ccceeieeeiennn., (i)

On straight line ABF, we get

2ABE + £EBD + 2 DBC + 2CBF = 180° (angle add up on a straight line)

o

e p+atp+ = 180°

2 B=180°- (a+%"°) ..................... (ii)

From equation (i) and (ii), we have
360°

180°- (a +22-) = 180° - 3a

2n
In AACD,line AN divides AACD into equal two parts

£CAN= ~DAN= ";‘- and CN = ND :%

From right angled triangles ACAN and ADAN, AC=AD, both AC and AD are longest diagonal
(d) for pentagon and hypotenuse for right angled triangles ACAN and ADAN respectively.

a a
sin (g): —A/CZ ie. AC=d= Sm/é)
_ @
AC = (@) (iv)

From equation (iii) and (iv), we get

a a
AC= 360° 1

2sin(>5,-%3) B ZSin(gTOO)




From Geometry,

perimeter of the pentagon 5a
- = = 3.090169 ...
longestdiagonallength d _
ZSin(gg )
Using formula, we get
_(90° _(90°
f(n) = 2nsm( - ) =10 sm( = ) = 3.090169 ...

1. Regular Heptagon(n=7)

From both vertex angle A and B of Heptagon an angle ‘a’ taken from the middle so that by
symmetry all angles marked ‘B’ are equal in diagram.

i . A ¢ G
Line AB is extended upto H, A ' s
& &
AADE and ABEF are isosceles, and &

ADAN and AEAN are right angled triangle
Let £ AEB= 2DAE = £EBF = a(isosceles triangles), then

From AABE, we get H

(ot B) + (a+ B) + o = 180° {sum of interior angles of a triangle}
30+ 2B=180% i (1) Regular Heptagon
On straight line ABH, we get

2ABF + 2FBE + 2 EBC + 2CBH = 180°

[e]

ie.ptatp+ = 180°

360°
)

s~ 2B=180° (a+
B =180° (a -
From equation (i) and (ii), we get

o

36
) =180° -3«
n

180° — (a +




In AADE, line AN divides AADE into equal two parts
a a
£DAN= £EAN=andDN = NE =2

From right angled triangles ADAN and AEAN, AD=AE, both AD and AE are longest diagonal
(d) for heptagon and hypotenuse for right angled triangles ADAN and AEAN respectively.

From right angled triangle ADAN, we get

. s 4/
sin (E) = A_g i.e.AD =d = o (22)

Thus, this beautiful rule holds all the regular polygons having odd number of sides.
Since n=7 for heptagon, we get

perimeter of the heptagon 7a 90°

= 2 = (2 X 7)sin(
~(90° 7
Zsm(—)
n

longest diagonal length ) = 3.115293 ..

Using formula, we get

[e] o

f(n) = 2nsin (90 ) — (2 X 7)sin (90 ) — 3115293
- 5 .
Similarly, this formula gives an accurate ratio of perimeter to the diagonal of all polygons having

an odd number of sides.

4.For n — oo representing a apeirogon

For a given perimeter, if n become very large (or countably infinite) then a regular polygon
becomes regular apeirogon. Regular apeirogon is ultimate form of regular polygon and it has
countably infinite number of equal edges.

Fact: The ratio of the perimeter of this polygon to the length of its largest diagonal is calculated
by the limiting value as n — co. and it is calculated to be .



ANALYTICAL PROOF
We have two facts:

I. 180° = wrradians

1. limf(x) = lim ==
x—0 n—-oo

=1

X

For n is an even number, we get

180°
lim f(n) = lim nsin( )
n—oo n—oo n

lim f(n) = lim sin (z) n X r
n—oo - n—oo n T
sin (E) X
lim f(n) = lim Z
n—-oo n—-oo —_
n
=1Xm

=T

For n is an odd number, we get

90°
limf(n) = lim =2n sin( )
n—-oo n—-oo n
. AL T
lim f(n) = lim sin () x2n %~

. T
sin (—) X1
2n

lim f(n) = lim —
n—-oo n—-oo —_—
2n
=1Xm
=7

ANALOGY TO CIRCLE
By analogy to regular polygons with large number of edges, regular apeirogon resembles a
circle. In the figure right, we can see that C is circumference of circle,d is angle opposite to
the perpendicular arm and p is length of the perpendicular arm of the right angled triangle
whose hypotenuse is diameter of the circle. If two lines from diametrically opposite points
of the circle intersect at any point on the circumference then angle formed on the -
circumference by these two lines is always 90°.



ILLUSTRATION
From AABC, we get

sind =L i.e. d = -2 and the ratio is then given by
d sin®

lim £(n) c C Csine
imflnh)=- =——=0C——-
00 d P
" sin® p

. s sin©
Slimf(n) =C =

n—oo 14

circle
COMPUTATIONAL ILLUSTRATION
Convergence of BK ratio as polygon number increases
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Figure2: convergence of the BK ratio as the number of sides of a regular polygon increases
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Figure 2: Fluctuations of the BK ratio for the number of sides of a regular polygon from 3 to 250

Figure 2 shows the convergence of the ratios as the polygon number increases. However, at
lower polygon number there are significant fluctuations in the value of the ratio. As the polygon
number exceeds 250 the fluctuation is approximately negligible and approaches the value of .

APPENDIX
The numerical values of the ratios have been presented below:

Serial Name of regular Bishwakarma(BK) Ratio BK ratio with precision upto
number | polygon 30 and 50 significant figures.

. . 3.0000000000000000000000000
1 Equilateral triangle 3 0000

180° )

2 Square f(n) — 4Sin( 4 ) — 4Sin450 38842284271247461900976033774
3 Pentagon f(n) = 2 x Ssin( 9?03 — 10sin18° 3.1089301699437494742410229341
4 Hexagon f(n)= 6 sin 30° 36000000000000000000000000000
5 Heptagon f(n)= 14sin(90°/7) 3.1152930753884016600446359

0295

250



3.0614674589207181738276798

6 Octagon f(n)= 8sin(180°/8) 7994

7 Nonagon f(n)= 18sin 10° gﬁ§§6671980047462793308992
8 Decagon f(n)= 10sin 18° ?.1089301699437494742410229341
9 Undecagon f(n)= 22sin(90°/11) 39153609264420122730897634387
10 Dodecagon f(n)= 12sin 15° 2.1140958285412302491481867860
1 Tridecagon f(n)= 265in(90°/13) ?;f$9536866383993870757598
12 Tetradecagon f(n)= 14sin(180°/14) 3'2191552930753884016600446359
13 Pentadecagon f(n)= 30sin 6° 24103758538980296041419950246
14 Hexadecagon f(n) = 16sin(180°/16) 3.5162314451522580522855725578
15 Heptadecagon f(n) = 34sin(90°/17) 25123571242217522678381481376
16 Octadecagon f(n) = 18sin 10° 3.1182556671980047462793308992
17 Enneadecagon () = 38sin(90°/19) 8ﬁifo151279486283348130695
18 lcosagon f(n) = 20sin(180°/20) 39132486893008046173802021063
19 Icosihenagon f(n)= 42sin(90°/21) 33556639306298186802194693
20 Icosikaidigon f(n)= 22sin(180°/22) o 2020122 1S089T034387
21 Icosikaitrigon f(n) = 46sin(90°/23) 2;5103391510147748648923746700
22 Icosikaitetragon f(n)= 24sin(180°/24) 29143926286132812381971617494
23 Icosikaipentagon f(n)=50sin(90°/25) 29123895259764656688038089112
24 Icosikaihexagon f(n)= 26sin(180°/26) ?'3173739536866383993870757598
25 Icosikaiheptagon f(n)=54sin(90°/27) 851734? 8207611656947410923929
26 Icosikaioctagon f(n)=28sin(180°/28) 2'7163250053308926200371237661
27 Icosikaienneagon f(n)= 58 sin(90°/29) g6154200566979542165166946829
08 Tricontagon f(n)= 30sin 6° 24103758538980296041419950246
29 Tricontakaihenagon f(n)=62sin(90°/31) 3.1402484680001881612826151

6408




3.1365484905459392638142580

30 Tricontakaidigon f(n)=32sin(180°/32) 4444

31 Tricontakaitrigon f(n)=66sin(90°/33) 36104804064443669916316859581
32 Tricontakaitetragon f(n)=sin(180°/34) 25123571242217522678381481376
33 Tricontakaipentagon f(n)=sin(90°/70) ?élf305381245360447820663235
34 Tricontakaihexagon f(n)= 36sin5° 26113576067389156942480903137
35 Tricontakaiheptagon f(n)= 74sin(90°/37) 3'7154506490365149746349771198
36 Tricontakaioctagon f(n)=38sin(180°/38) g'1103280151279486283348130695
37 Tricontakaienneagon f(n)= 78sin(90°/39) %15'607433285343811822324491
38 Tetracontagon f(n)= 40sin(180°/40) 29173483638291137978013184098
39 Tetracontakaihenagon f(n)=82sin(90°/41) 341;'008241625828986018504475
40 Tetracontakaidigon f(n)= 42sin(180°/42) 26183686639306298186802194693
41 Tetracontakaitrigon f(n)=86sin(90°/43) iélféogg39829586598072905648
42 Tetracontakaitetragon f(n)= 44sin(180°/44) %193589240607662229744028611
43 Tetracontakaipentagon f(n)= 90sin 2° 261;'809547032250874481395663
44 Tetracontakaihexagon f(n)= 46sin(180°/46) 2;5103391510147748648923746700
45 Tetracontakaiheptagon f(n)= 94sin(90°/47) i71;'210078387214096622748496
46 Tetracontakaioctagon f(n)= 48sin(180°/48) 2'1123193502030468672071351468
47 Tetracontakaienneagon | f(n)= 98sin(90°/49) 251;710546020222070748879514
48 Pentacontagon f(n)= 50sin(180°/50) S o2o0704050088055089112
49 Pentacontakaihenagon f(n)=102sin(90°/51) g'71:810959727293760952056192
50 Pentacontakaidigon f(n)=52sin(180°/52) 2'2123096818659588747787770416
99 Hectohenagan f(n)=202sin(90°/101) 2'1124314660079108765500514002
100 Hectokaidigon f(n)=102sin(180°/102) 3.1410959727293760952056192

8757




3.1414634623641351506590706

198 Dihectogon f(n) = 200sin(180°/200) 6198

199 Dihectohenagon f(n) = 402sin(90°/201) 24124 415606760582980684791262
200 Dihectokaidigom f(n) = 202sin(180°/202) 2'11;314660079108765500514002
498 Pentahectogon f(n) = 500sin(180°/500) %151715719827794756248676550
499 Pentahectohenagon f(n) = 1002sin(90°/501) ?élf515875064885465734491186
500 Pentahectokaidigon f(n) = 502sin(180°/502) 351;615721471587027737755298
998 Chilliagon f(n) = 1000sin(180°/1000) g'slf915874858795633519332270
999 Chilliahenagon f(n) = 2002sin(90°/1001) 261;'515913642417427419638104
1000 | Chilliaidigon f(n) = 1002sin(180°/1002) o8 TH00488AR0TSA4TILE
4998 | Pentakischilliagon (n) = 5000sin(180°/5000) o 92408812001 L07262676
4999 Pentakischilliahenagon | f(n) = 10002sin(90°/5001) §;1154'315926019333303442935539
5000 | Pentakischilliadigon | f(n) = 5002sin(180°/5002) Sy PAATOAONSTHIITISZS
9998 Myriagon f(n) = 10000sin(180°/10000) %124815926019126656929793464
9999 Myriahenagon f(n) = 20002sin(90°/10001) gélé715926406730947731331068
10000 | Myriakaidigon f(n) = 10002sin(180°/10002) il;315926019333303442935539
99998 | Centachilliagon f(n) = 1000005in(180°/100000) | 37 1°920530730219604831480
99999 Centachilliahenagon f(n) = 200002sin(90°/100001) i'7124215926534606030027806206
100000 | Centachilliakaidigon | f(n) = 100002sin(180°/100002) | 5003079042630 714157
999998 | Megagon f(n) = 1000000sin(180°/ | 3.1415926535846255256825959

1000000)

6341




999999 | Megahenagon f(n) = 2000002sin(90°/1000001) 2413015926535885013128514835
— fn) =  1000002sin(180°/ | 3.1415926535846255463533850
1000000 | Megakaidigon 1000002) 7120
3.1415926535807932384626382
10'2-2 Teragon(10 sides) f(n) = 10*%sin(180°/1012) 1556
3.1415926535807932384626420
1021 | (10%2+1)-gon f(n) = 2(10'2+1)sin(90°/(10'2+1)) | 9135
. 3.1415926535807932384626382
12 12 _ - 12 o 12
10 (107+2)-gon f(n) = (10%+2)sin(180°/(10°+2)) | 1 5566722854897991273463. .
. 3.1415926535897932384626433
15_ 15 — 1503 o 15
10%-2 Petagon(10™ sides) f(n) = 10*>sin(180°/10~>) 832743351714171194293458
. 3.1415926535897932384626433
15_ 1541, - 15 o/(101L5
1051 | (10%+1)-gon () = 2(105+1)8in(90°/(10™+1)) | St e ononels
. 3.1415926535897932384626433
15 15 _ = 15 o 15
10 (107+2)-gon f(n) = (107+2)sin(180°/(10°+2)) | g35743351714171194500168
. . . (180°
lim f(n) = lim nsm( ) =T
Regular Apeirogon noe noe n
. (Precise Circle) 90° 3.1415926535807932384626433
It is ultimate regular | lim f(n) = lim 2nsin( )=7r 832743351714171194500168
polygon. n-o n-0 n
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