Question 383: Nonlinear Equation , Euler Numbers , Number Pi

Edgar Valdebenito

abstract

This note presents some formulas for = .
1. Introduction
¢+ The nonlinear equation:
sinhx—acosx=0 (1)

% Unknown: x:=x(a) .
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Assumptions: |x|<z /242 ,a>0.
Particular cases:
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a= 1,—,\/5—1,2—\/5} 2
s @)
a=1=sinhx—cosx=0= x =a =0.70329065... 3)
1 . 1
a=—==sinhx——=cosx=0= x= £ =0.48969168... 4
7 7 p 4
a=+/2-1=>sinh x—(ﬁ—l)cosx =0= x =y =0.37628974... (5)
a=2-3=sinh x—(2—J§)cosx=o:>x=5=o.25637378... (6)
¢ Iterative method:
f (a,x)=sinh™(acosx) @)
X = (LX), %x=0=>x >a (8)



Xn+1:f(\/§1 nj’xi O=x,—>p
:f(\/§—1,xn),x1:0:>xn—>y

= f(2-43,%,), % =0=x,>6

< Remark: sinh’lyzln(y+«/1+ yz), yeR .

2. Euler Numbers

¢ Definition Euler numbers E,,neN :

2 - =1—5x2+5x4—3x6+... ,|x|<£
+e7* 2! 41 6! 2

E, = {1,5,61,1385,50521,...)
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3. Pi Formulas

7= 4a+4i 2En+2;) " m (i (1+1))

7= 6ﬂ+ei E, 2;) 2n+1|m(i"(1+i))
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7= 8a+82 anl) Y m (it (1+1))

7= 125+12§: Enzl)
+

S Im(i (1+1))
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% Remark: i=v-1,z=x+iyeC,Im(z)=y .
u, =Im(i"(1+i)) ,neN
u, = {1, -1,-111-1-111-1-111], }
v, =1u,,,=u,, ,=-1u, =u, ,=1

Uy, =—U,, U =1u,=-1
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4. Other Formulas

For In(1+\/§)<x<7r/2 :

= 2x+2i )” En X2n+1+4ie_(2n+1)xzn: n+k (_ )k
(2n+1)! n—k )2k +1

n=| n=0 k=0

Example x=1:

n=. n=0

© n+k )k
Y e EDREDY i

n=4|n(1+ﬁ)+4i

nzl 2n +1

(In(1+ «/_))2n+1

If sinh (%J _ cos(%) r =0.9289002... then:

7 =4rsin (£j+4ii 2 i (2n+1)7
3) =(2n+1) 3

If sinh(z) cos[r[] r =1.1010843... then:

7 =4rsin (£)+4ii 2 gin (2n+1)7
6) &= (2n+1)! 6

If sinh(rsinl)=cos(rcosl),r=0.9383295... then:
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= 4rsm1+4

" sin(2n+1 29
3 2n+1) r*"sin(2n+1) (29)

If sinh(sin&)=cos(cosd),d=0.7687389... then:

7 =4sin 0+42(2n+1)!sin((2n+1)0) (30)

If z :1+iln(cosl+,/1+(cosl)2) then:
41 4 7> 31
= m + Z 2n+1 ( ) 31

nzﬁln(sec(ng} (InBD 122 Egns (Ir;Bj (32)

o 4n+1
7=6In3-61In sec(ln—e’}ttan [In_3j +12)° San (In_Bj (33)
2 2 = (an+1)1 2
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