Question 331: A short note on pi

Edgar Valdebenito
Abstract. This note presents some results on pi.

1. Introduction: Two Polynomials

p(z)=15625z° —60000z° + 403392z — 32768

q (Z) =156252° - 206252° +10587z —1331

+ Real Roots:

p(z)=0rzeR=>2z=17,

512 32 216 72
Z «/ ﬂ/
P 2101+1107\/7 +549349 25 125 125

q(z)=0rzeR=1z=7,

1331 11 %/— \/—

Z
173520+ 67837 + 696349 25 125 125

« Formula:

= Zsin’l(g/Z)JrZsin’l(g/Z)

2. Taxicab Numbers

¢+ Bernard Frenicle de Bessy (1657):
1729 =1°+12° =9° +10°
4101=9°+15> =2° +16°

++ Related formulas:
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T = ZSin_l i +25in_l 24 i
\1729 \11729
7T:23in71 27 i +28infl 10 £
\I1729 \/1729
7 =2sin" g —]+25in‘l£§ i
7 =2sin™ 11 +2sin™ 16 12
3\57 3 \57
n=25in‘1(;j+25in‘1[—1457 j+23in‘1(—1999 j
540710 12963 480/30

. _1( 4 ) . _1( 3371 j . _{725)
7=2SIN"| —— |[+28INT" | —— |+2S8In"" | ——
40515 960+/15 1728

3. Tribonacci Constant

«+ Tribonacci constant T :

T3-T2-T-1=0

T =%(1+#19+3\/£+#19—3\/£)

%:%(—1+%/17+3\/§+3/17—3\/ﬁ)

T :%+%%/38+12%/38+123/38+...

38
38
38
12+...

T :%+% 12+
12 +

12 +
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8

1+ 5+L
1+ 5+...

Tl=_%+%3/34—6\3/34—6\3/34—...

7 =4tan™ [lj +4tant (izj
T T

7 =4tan™ (T)—4tan1(iJ

=
_1j
4

_ 4
7Z'=§tan 1(T)+§tan l(TZ)

% Pi formulas:

N

)

r=4tan™(T —1)+4tan‘1(

C, = {l, 2,2,-4,-9,-8,6, }

7=43 G
= n+1

0 n n-k m k 2m -2m
= SZT - o 2
=~ HS=lk)\in-k-m){l m )2m+1

dx

T 2_ _
”=4I 3x°—-2x-1
0

—x*=2x° +x®
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4. Triangular Root of 2
% Constant R, :

171

2

R, =\/4+\/4+JK -1
R2=\/4—\/4—\/ﬁ

R,

R, = 4
4
1+ 7
1+ —
1+..
R,
r=1 1+2x3 _dx
o 16+ X" +2X" +X
1
7r=16R2I 1+ 2R,

0

R (R, -1
7 =4tan™ 1 +4tan™ M
R 4

2

Ry
=12 | 1+2x ” ,¢:1+\/§

7,10—2x=x* + 2% + x* 2

n:lzj 1+22x . ’¢:1+\/§
_¢10—2x—x +2X°+X 2

5. Nested Radical S,
% Constant S; :

\/ﬁ+1

2

S, =\/5+\/5+\/K

S, =

16+(4-R,)x* +(10R, —8) X’ +(20-9R, ) x*

dx
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35=1+\/5—\/5—\/f

7=20 XL
0 25+ X" —=2X" + X

25x—1

7r=205.j
0

Sg .
=16 2x-1 ix 1¢:1+\/§

¢17+2x—x2—2x3+x4 2

2x—1 g ,¢:1+\/§

X
17+2x—x2=2x3 +x* 2

Sg
7=16 .[

-1/¢

6. Ramanujan Nested Radical R
« Constant R :

R=\/5+\/5+\/5—\/5+\/5+\/TE
R 2+J§+\/15—T£

2

R*-4R®-4R*+31R-29=0

p 4x° —12x? —8x+31

d
251 (5+5,)% —(10+125,) X" + (301115, )x"

=116

14 24— 2x ;
41-154+(5+8¢) x* —(2+44) x> +x*

7z=4(5¢—4)T

7. Calabi Triangle Constant C,
+ Calabi Constant C; :

1 (—23+3i\/ﬁ)1/3 11

Cr==+ +

d
-([841+ 961x* —248x° —232x* +94x° +8x° —8x" + x°

X ,¢=

2x* —2x*-3x+2=0 ,x=Cg

5

3 3V 3(2(-23+3i/237 ))1/3
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Cer

7z—8f 3+4x-6x° dx
¢ 4+9x +12x° —8x* —8x° +4x°

7 =3sin" (—SCCR _1) +sin? [—23 j
J22 11722

8. The Numbers A, B,C
«+ The number A :

_d_l\/ +ﬂ4’a+ﬁ
a=124-66y3 , B=30-123

n-1 [(n
r=-12 N (_1) A’ _1 2] A2k+l
=N 2 = 2k +1

«* The number B :

B:—2_3\/§+(q+ p(q+ p(q+...)3'2)3/2)

_112-413 g 154643
117 26

n-1 n
7= 1251—(_1) LA 1) B2+
= n 2 = 2k +1

-1/2

w 1\t [(n-1)2] .
72.:122( 1) [ n :J(_l)k BZn—Zk—l(l_ Bz)Zk 1

2-3 3
C= 3\/_+p+q(p+q(p+...)3)

112413 154643

-117 9778
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RS

*

L)

*

T

Relations:

n-1
T =122ﬂ
= n

:;(

1-C2 N [(n-1)/2] k
C2k+l
[ 2 J kz(; 2k +1

4[nwﬂ

n
kz [2k +1

j szk%1 C)2k+l

Xe+4x° —x* +3x* —4x+1=0 ,x=ADB,C

x3+(2—J§)x2—x+2—J§:0 x=A,B,C

9. The numbers a, 8,y

The numbers «, 8,7 :

J3tanha —tana =0 A0 < a <1= o = 0.888539...

(ﬁ+1)tanhﬂ—tanﬁ=oA1< B<2=> B=1091769...

(2+\/§)tanh7—tan;/:0/\1<7<2:>;/:1.266367...

Recurrences:

a,.,=tan™ (\/5 tanh an)

o=l=a0, —>a

B, =tan” ((\/5+1)tanh ,Bn) B=1=p > p

Vo =tan*l((2+\/§)tanh 7/”) h=1=y >y

Pi formulas:

1

|

0

1

|

0

1

=3

0

smh ax

)—sin(ax)

smh ax

sinh ﬂx

(sin(ocx))2 "
)—sin(Bx)

smh ,Bx

sinh( ;/x

)+ (sin(x))

—sin(yx)

smh yx

P
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=

+

6
5

1

n

N

Ms o

Il
o

s :3a+3i1e’2”“ sin(2na)

n=1

33 &

7= 3a+— (-

==/

3

6n+2) e—(6n+4)a
1) +
3n +1 3n+2

i e?”sin(2np)
1

8
3
+
—r [ 4n+1 dn+2 4n+3

8 —(8n+2) ﬂ 2 e (8n+4)8 e—(8n+6)ﬂ
T==
3
2 S 72n]/
—y+— sin 2n
"5 Zl: 7)
Vv
—(12n+2)y (12n+4)y (12n+6)y —(12n+8)y 12n+10)
(1) J_ 3e . 2e J_ 3e L&
6n+1 6n+2 6n+3 6n+4 6n+5

10. Complex series for pi

Py 4Z—Im(( (1+i)e-1-i)”)

~n

= Im((1-(L+i)e ™ )) neN

Crio = AC’n+1 -

A=2-2¢"

B=1+2e>

Bc ,neN

n

(sinl+cosl)

—2e7*(sin1+cos1)

c, =e ' (sinl-cosl)

¢, =2e (sin1-cos1)(1-e™ (sin1+cos1))

7Z'=4U—4i£|m

n=1

((1—u (1+ i)e‘““*”)”)

8

|
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u =0.862404795... (98)

f(x):‘l—(x+xi)e’x’Xi 0<x<1 (99)
f(u)<f(x),vxe(0,1) (100)
f(u)= (r)r<lxlg f (x)=0.4882... (101)
zzsﬁ—sg%lm((l—(mﬁ)e“ﬁ)”j (102)
_3\/§ 1 1+i\/§ (141312 |
__—3;H|m[(1—( > Je J} (103)
- i_g in[l (1+|\/_J (i) J (104)
7= £_§Z Im ((1 4(1+|J_) “'f)j (105)
ﬂ=3u\/§—3§%Im[(l—u(l+i\/§)e_u(l+iﬁ))nj (106)
U =0.658836741... (107)
x)=‘1—x(l+i\/§)e_x(l+iﬁ) 0<x<1 (108)
f(u)<f(x),vxe(0,1) (109)
f(u)=min f (x)=0.3274... (110)
=6 62 Im(( (J§+i)eﬁ‘)"j (111)
7=3- GZnIm[E (*/i”}(ﬁ“)m] (112)
7=3— 3J_|+6|z { [‘/_“] (B (113)
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ﬂ:6u—6§lllm{(l—u(\/§+i)e_

nt N

u=0.558047018...
f(x)= ‘1— x(\/§+i)efx(ﬁ+i)

f(u)<f(x),vxe(01)

f (u)=min f (x)=0.5758.

O<x<1

u(ﬁ+i))”j

,0<x<1

= 2\/5—62% Im{[l(ﬂ ﬁje(lﬁ]n

7 :—4?% im{(1-sin(1+ i))”)—4i1 Im

n=1

10

(1+i)/3

_cos((1+i)/3)

_ (A+i)r2
sin((1+i)/2)

(1sinl<1i+i>JnJ

(1+i)/2

- tan((1+i)/2)

(1+i)/3
- tan((1+i)/3)

|

|
”J

|

(114)

(115)

(116)

(117)

(118)

(119)

(120)

(121)

(122)

(123)

(124)

(125)

(126)



7= —42% Im [(1— cosh (1%]}"
= —42% Im[(l—sinh (1—;')}”
= —42% Im((l—tanh (1—;'))”

_42 |m((1 tanh (1+1i) )) 42 Im M

F@%.m[@_f_;jrgjj“] DI [[ R+ m”

Remark: I'(x) ,Gamma function.

7,:3\/§+3§1:%Im((9(1))n)

s ()]

ﬂ:¥+32

_4illm 1-
n:ln

_4illm 1-
n:ln

_4i%|m 1-
n=1

(1+i)/2

cosh((1+i)/2)

(1+i)/3

sinh((1+i)/3)

(1+i)/2

)

)

tanh ((1+i)/2)

|

tanij(li)ﬂ

P

11

r(2+i)) )

|

|

m[(lm”
(i)

e 42 Im((l F1+|)) 42 Im((
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=1 n
ﬂ:3a\/§+3nz_;ﬁlm((g(a)) |
f(z):l—é ,ze C—-{0}
g(X)=f(X+X\/§i>,XER
a=0.67782142248...

__{ a>0
“o(e)|<|g(x)], vxx>0

_ 4(2+\/§)

T

24(2+\3) 12 &

=

745N

sl (o(2)]]

5 a2 m(())

a2k (S}

z

f(z):l—e7 zeC-{0}

h(x)= f (X+X(2+\/§)i),XER

ﬂ:4il|m (1—cos(1—;i)]n —421"” (1_(1_?

n= N

n=1

n=1 N

n=1

7r:4illm( 1—cosh(%)jn —4?‘1"“ (1_(%

s =4i1 Im((l—cos(a+ai))")

n= N

12
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ﬁ—4zll;'m[(lmJnJ

tan(a)tanh(a)=1 ,a=0.93755203...

x ., =tan™ ((tanh X )_1) X =1=>x —a=0.93755203...

= 65“1 Im((l—cos(a+ai))n)

n=1

ﬁ—6zll;'m[(lmJnJ

tan(a)tanh(a)=1/+/3 ,a=0.74168834..

Xy = tan™ ((J§ tanh x, )1) % =1=> X, —>2a=0.74168834...

X/
L X4

0

= Szllm(l cos(a+ai) )
r1—1rl

tan(a)tanh(a)=+2-1,a=0.63537231...

X, =tan™ (((ﬁﬂ) tanh X, )_1j % =1/2=x, > a=0.63537231...

X/
L X4

P :122% Im((l—cos(a+ai))n)

tan(a)tanh(a)=2-+/3 ,a=0.51480086...

n+1

13

= tan™ (((zwé)tanh X )j % =1/2=>x_ —>a=0.51480086...
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X/
L X4

ﬂ=—6illm

n=1

tan(a)=+/3tanh(a) ,a=0.88853943...

X,a=tan?(V3tanhx,) % =1=>x, —>a=088853043..

X/
L X4

ﬂ:—SZ‘jl:%Im

tan(a)= (\/§+1) tanh(a) ,a=1.09176902...

X, =tan™ ((JE+1) tanh xn) % =1= X —>a=1.09176902...
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