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Abstract

The G4,8 Double Conformal Space-Time Algebra (DCSTA) is a high-dimensional 12D Geometric
Algebra that extends the concepts introduced with the Gg o Double Conformal / Darboux Cyclide
Geometric Algebra (DCGA) with entities for Darboux cyclides (incl. parabolic and Dupin cyclides,
general quadrics, and ring torus) in spacetime with a new boost operator. The base algebra in
which spacetime geometry is modeled is the Gi 3 Space-Time Algebra (STA). Two G2 4 Conformal
Space-Time subalgebras (CSTA) provide spacetime entities for points, hypercones, hyperplanes,
hyperpseudospheres (and their intersections) and a complete set of versors for their spacetime
transformations that includes rotation, translation, isotropic dilation, hyperbolic rotation (boost),
planar reflection, and (pseudo)spherical inversion. G4 8 DCSTA is a doubling product of two orthog-
onal Go 4 CSTA subalgebras that inherits doubled CSTA entities and versors from CSTA and adds
new 2-vector entities for general (pseudo)quadrics and Darboux (pseudo)cyclides in spacetime that
are also transformed by the doubled versors. The “pseudo” surface entities are spacetime surface
entities that use the time axis as a pseudospatial dimension. The (pseudo)cyclides are the inver-
sions of (pseudo)quadrics in hyperpseudospheres. An operation for the directed non-uniform scaling
(anisotropic dilation) of the 2-vector general quadric entities is defined using the boost operator and
a spatial projection. Quadric surface entities can be boosted into moving surfaces with constant
velocities that display the Thomas-Wigner rotation and length contraction of special relativity.
DCSTA is an algebra for computing with general quadrics and their inversive geometry in spacetime.
For applications or testing, G4,8 DCSTA can be computed using various software packages, such as
the symbolic computer algebra system SymPy with the GAlgebra module.
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1 Introduction

This is an extended paper! on the Double Conformal Space-Time Algebra [11] (DCSTA) Gy 5 [7]. DCSTA
Ga,s is a high-dimensional 12D Geometric Algebra [3][15][17] over the twelve-dimensional (12D) vector
space R%3 that extends the concepts introduced with the Double Conformal / Darboux Cyclide Geo-
metric Algebra (DCGA) Gg.o [4][5][6][8][9][10] with entities for Darboux cyclides (incl. parabolic and
Dupin cyclides, general quadrics, and ring torus) in spacetime with a new boost operator.

The base algebra in which spacetime geometry is modeled is the Space-Time Algebra (STA) Gy 3 [14].
Two orthogonal, and isomorphic, Conformal Space-Time subalgebras (CSTA) G(141),(3+1) [2] provide
spacetime entities for points, hypercones, hyperplanes, and hyperpseudospheres (and their intersections)
and a complete set of versors for their spacetime transformations that includes rotation, translation,
isotropic dilation, hyperbolic rotation (boost), planar reflection, and (pseudo)spherical inversion.

The double CSTA (DCSTA) G4 5 is a doubling product of two orthogonal CSTA subalgebras Gs 4
that inherits doubled CSTA entities and versors from CSTA and adds new bivector entities for general
(pseudo)quadrics and Darboux (pseudo)cyclides in space-time that are also transformed by the doubled
versors. The “pseudo” surface entities are spacetime surface entities that use the time axis as a pseu-
dospatial dimension. The (pseudo)cyclides are the inversions of (pseudo)quadrics in hyperpseudospheres.

1. Revised version v4 (viXra), 26 Jan 2019 (original v1 is dated 22 Aug 2017). This paper was written as an invited
extended paper, extending on the published 10-page conference proceedings paper Double Conformal Geometric Algebra
(DOI:10.1063/1.4972658), for possible later submission to the journal Mathematics in Engineering, Science and Aerospace
(MESA). This is a working paper that has not been peer-reviewed, may have errors, and may have later revisions.
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2 SECTION 2

DCSTA allows general quadric surfaces to be transformed in spacetime by a complete set of doubled
CSTA versor (i.e., DCSTA versor) operations. General quadric surface entities can be boosted into
moving surfaces with constant velocities that display the Thomas-Wigner rotation and length contraction
of special relativity. DCSTA also defines an operation for the directed non-uniform scaling (anisotropic
dilation) of the bivector general quadric entities using the boost operator followed by a spatial projection.

As will be explained further in more detail, the new DCSTA bivector entities for quadrics and
Darboux cyclides are formed by extracting polynomial terms from the coefficients on the basis 2-blade
terms of the DCSTA 2-blade point entity using reciprocal (or pseudoinverse) basis 2-blades as extraction
operators. The reciprocal basis 2-blades that extract the same polynomial term s from the DCSTA point
entity are added and averaged as the DCSTA 2-vector extraction operator for value s.

The DCSTA G453 D has a basis of twelve orthonormal vector elements e;, 1 < i < 12, with metric
(squares or signatures) mp:

m=mp = diag(l,~1,-1,-1,1,—1,1, -1, —1,—1,1, 1) = [my;] (1)
= diag(mex, mc2) diag(1, mes1, 1, mes?) (2)

= diag(mpaq, 1, —1, mpage, 1, —1) =diag(1, ms1, 1, —1,1,mg2, 1, —1) (3)

mps = diag(mesi, mes2), mij=€;-ej. (4)

The above metric also includes the metrics of the subalgebras:

o Gy 4 CSTAL Cl: mer o G4 CSTA2 C? me2

e Gi 4 Conformal SA1 (CSA1) CS*: mes: o Gi4 CSA2CS%: mes:
e Gi3STAL MY mpp e Gi3STA2 M2 mppe
e Go.3 Space Algebra 1 (SA1) St mgs: e Gos3SA2 8% mse

e Gs s Double Conformal SA (DCSA) DS: mps

2 Notation of Space-Time Algebra (STA)

The basis of the space-time algebra Gy 3 STA M = Gy 3 STAL M is {0, 71,72, V3} = {e1, 2, €3,€4}, and
for the second copy of the space-time algebra G; 3 STA2 M? we have the basis {70, 71, 72, 73} = {er, es,
eg,e10}. The space algebra Gy 3 SA S basis, included in the space-time algebra, is {~1, v2,v3}. The STA
unit four-dimensional pseudoscalar is Ini = vpy17Y27Y3, and for SA the unit three-dimensional pseudoscalar
is Is = 41v27v3. Moreover, STA defines a symbolic space-time “test” position with symbolic coordinates
(w=ct,z,y,z) by the four-dimensional (4D) vector

t=tm=wyo+z71+yy2+2y3=wy+ts, (5)
a specific space-time position with specific coordinates (pw, Pz, Py, p=) by the 4D vector
P =PM=PuwYo+ PeV1+ DyY2+ PY3=PuYo + Ps, (6)
and a 4D space-time velocity
V=Upm = Yo+ VaY1 + Uy Y2+ VY3 =CY0 + Vs, (7)

with 4D STA vectors in bold italic, and 3D SA spatial v,v1 + v,y2 + v,7y3 vectors v=vs in bold. An
algebra symbol S as a subscript of an element Ag indicates that As € S, and similarly for the other
algebra symbols.

The geometric product of vectors uw and v is
uv=u-v+uAv, (8)
where the inner product is the symmetric product

u-v=(uv+ou)/2 (9)
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and the outer product is the anti-symmetric product
uAv=(uv —vu)/2. (10)
We will make frequent use of the square of £y, known as the space-time interval,

i =w? -2y 22 (11)

A vector tpq is time-like for t3,> 0, space-like for t3, <0, and null (or light-like) for t3=0. The interval

a? is often used to avoid imaginary numbers. In (138), the interval a? is the square of a hyperbolic

radius 72 = a?. A null radius r =0 is associated with a null hypercone. A real radius r > 0, for a®> 0,
is associated with a (hyper)hyperboloid of one sheet. An imaginary r = |r|\/—1, or a® <0, is associated
with a (hyper)hyperboloid of two sheets. The (hyper)hyperboloids are circular and are also called real
or imaginary hyperpseudospheres, respectively.

A null vector a®? = (s + t)? =0 is the sum of space-like s? < 0 and time-like 2 > 0 vectors that are
orthogonal 2s-t = st +ts =0 and of equal magnitude |t|=|s| (31), where a®?=s?+t2>=t|? — |s]?=0.
A non-null vector @ has a non-zero interval a0 and has an inverse a~'=a/a?

The vector projections [15] of any vector u = ull? + uL? parallel /¥ and perpendicular u? to any
non-null vector v is defined by

u=(uv)v = (u-v)v '+ (wAv)v ! =ul? 4wt =Py (u) + Pi(u). (12)
The untranslated (at origin) observer worldline, in the rest frame of the observer, is
ot = ctyo (13)

with proper time (coordinate time) ¢ and light speed c. See also, the CSTA line entity L¢ of (151).
The SA spatial dualization of SA spatial vector n is

nt=-nslg’. (14)

For an SA spatial unit vector rotation axis n, the unit directional 2-blade n* of the rotation plane is
isomorphic to a pure unit quaternion, where (1*)? = —1. Using (14), the correspondence with unit

quaternions is {i,j, k} = {v1{,v3,vi}.
The STA space-time dualization of STA space-time vector vy is

v =vmIng. (15)

The vector (1-blade) conjugate a' [18] of any vector a, written using Einstein notation as

_ p ) p+q )
a=a'e;= Zazeﬂr Z a‘e; | €6, , (16)
i=1 i=p+1

on the standard orthonormal basis of vectors {e; : 1<i<p+ ¢} having pseudo-Euclidean sig-
nature (p, ¢) with Euclidean signatures { e; : e?=1,1<i<p } and anti-Euclidean signatures
{ e : el=—1,p+1<i<p+gq }, is

P ) p+q )
at= Z a‘e; — Z a’e;, (17)
=1 i=p+1

such that all of the anti-Euclidean basis vector terms are multiplied by —1. For any STA vector (1-
blade) a=awYo+a=awYo+ GzY1+ ayy2+ azv3 € gig, its conjugate is (changing the sign of the spatial
component)

a’ =085 = auYo — A= auwyo — @Y — ayy2 — @73 (18)
A k-blade Ay, of grade k denoted by subscript (k) [18], is the outer product of k vectors a;,

k
A<k>:/\ ai:/\ a;,=aiNas/\...\ag. (19)

1=1
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A scalar a is also called a 0-blade. A k-vector Ay, often denoted Ay, is a sum of k-blades. A multivector
A is a sum of k-vectors of various grades k. The reverse A™ of any multivector A reverses the products
of all vectors in A (e.g., It = ¥37v27170). The reverse of a k-blade A, is

A<~k>:(71)k(k’1)/2A<k>:ak/\ak,l/\.../\al. (20)

The k-blade conjugate AIM [18] of any k-blade Ay is (n.b. the reverse order)

k
AIM:/\ a£+17i:a£/\a£71/\.../\ai. (21)
i=1

For any STA k-blade A(xy=ai1Nazx\...Na € Qfg, 1<k <4, its conjugate is (a composition of reversion
ATy with sandwiching between g factors)

Al =vA%0=al af_A..Aa]. (22)
The Fuclidean norm (lg-norm [16]) ||la||2 of any STA vector a is

lalz=Va-af>0, (23)

which is positive or zero. Similarly, the Euclidean norm || A )||2 of a k-blade A4y is
Ay lla= /Ay - Alyy > 0. (24)
The Fuclidean normalization of any (but restricting to null) STA vector a is the Euclidean normalized
vector
a=allalz (25)

where ||a|j2 =1 is unit Euclidean norm. Although the Euclidean normalization (25) is defined for any
STA vector a, in this paper we restrict the Euclidean normalization to STA null vectors a, where a®=0.
For any STA non-null vector a, we define a by the pseudo-Euclidean normalization (30) as a unit vector,
where a2 = =+1.

A null vector (1-blade) a has a zero interval a® =0 and no inverse, but has a pseudoinverse [18]
at=a'/|al3, (26)
where a-aT=1.
For any k-blade A, its pseudoinverse [18] is
Alyy= Al /[ Aw3= Al / (A - Aly)), (27)
where A ) - Az“m =1.
For any non-null k-blade Ay, its inverse is
Ay = Ay / (A ATiy) = Ay / Ay, (28)
where A<k>A<_k1> =1. A null £-blade has no inverse, but has a pseudoinverse.

The pseudo-Euclidean norm (or seminorm) ||a|| of any STA vector a is

lall=+Vla*l =+/la-a] >0, (29)
and the pseudo-Fuclidean normalization of any non-null vector a is the unit vector
a=a/llal, (30)

such that if a is time-like (a? > 0) then @?= 1, and if a is space-like (a? < 0) then a¢?= —1. For a null
(light-like) vector a, the notation @ is the Euclidean (I3) normalization ¢ =a /||al|2 (25). The pseudo-
Euclidean norm ||a|| is a seminorm since ||a||=0 for a null vector a # 0 [16].
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The pseudo-Euclidean norm ||a|| (29) is equivalent to hyperbolic modulus [21] (or magnitude)

lal = lall=]a-a]=/la}, - (a3 + a} +a2), (31)

and the non-null unit vector @ (30) is also called a unimodular vector. For scalar a, |a| is the absolute
value of a. For SA spatial vector a, the pseudo-Euclidean norm and Euclidean norm are equal,

lal|=la] =la]lz=Va-af = y=a~a>0. (32)

Similarly, the pseudo-Euclidean norm [|A || of any STA k-blade A 4y is

[Ag] = Al = /1A% = /| Aw - Apy| 2 0. (33)

For any STA vector (1-blade) a, the unit vector G is defined by

a/lal=a/vl]a? : a?#0

a= (34)
a/llallz=a/Va-a' : a®>=0.
For any STA k-blade A (), the unit k-blade A<k> is defined by
A Ay /Al = Ay / /1A% Ay #0
Ay = (35)

Ay /Ay lla=Awy/ /Ay - Alyy + Afyy=0.

In STA, null k-blades exist, such as the null 2-blade (v + ~1)~y2, where ((70 + v1)72)? = 0. Note that,
the conjugate AIM, Euclidean norm || A)||2, and pseudoinverse A?}) exist for null k-blades A%M =0
(including null 1-blade vectors) and are mainly used for the algebra of null k-blades.

The canonical basis of G, 4 has n=p+ g orthonormal basis vector elements a; =e; and a total of 2"
basis unit k-blade elements

A= /\ eli=ebreb?.. ebn, (36)
where the exponents b; are n binary digits of the binary number b = b1bs...b,, essentially acting as
presence bits (generally A=1, A'=A). A k-blade has a number b with & ones. The basis unit 0-blade
(unit scalar) is Ag = 1, and the n-blade unit pseudoscalar is I = Agn_1 = ejes...e,. However, for the
decimal number dec(b) of b, in general dec(b) #i of e; etc., and the binary number b is the subscript on
A, since it intuitively relates to the construction of Ay as the product of canonical basis unit vectors e;

in ascending order of subscripts i. The basis k-blade Ay on an arbitrary basis a;, where the a; are not
necessarily orthonormal vectors, is

A= N\ @b =ab nal A .. Aalr, (37)

which is not in general equal to the geometric product of the al’, as for orthogonal vectors.

On an arbitrary vector basis a;, 1 <i <n, of an n-dimensional algebra G, 4, n=p+ g, where a=a;
is the jth linearly independent basis vector, the pseudoscalar is I= A,y = A a; (19) (not necessarily a
unit n-blade) and the reciprocal basis vector a’, to a = a;, is [15, page 28]

a’ = (=1)7 7 (T\ay)I7, (38)
where I\a; = /\#j a; (i.e., I without a;) and j is still the index (not exponent), such that
a;-a7 = (1) Ya; - (T\ay) - 1) = (~1)(a; A (Tay)T~ =TT =1, (39)
and a;-a’ =0 for i+ j. Using the Kronecker delta

5 = {0 i (40)

: 1:i=j,

the reciprocal basis vectors are often defined by the expression a;-a’ = 5{ .
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The reciprocal basis vector a’ is a coefficient extraction operator that extracts the (contravariant)
scalar coefficient v7 on (covariant) basis vector a; in any vector v = via; = v;a’ as v/ = v - a’, and
v;=wv-a;. For basis vector a=a;, its reciprocal basis vector a’ and its inverse a~! are not necessarily
equal, especially since a null basis vector has no inverse but does have a reciprocal.

Similar to the case of vectors (1-blades), it is possible to compute the reciprocal basis k-blade of a
canonical (non-null) basis unit k-blade A, (36) as

A= s AT, (41)
where b is still the index (not exponent), and
s= (Ab A ANOTb) -I7! and AxoTy= I\Ab where (I =IA 1)\1 =1, (42)

such that A,- A®=1 and A= A;" = A; ! on the canonical basis. The notation NOT b=bXOR (2" — 1)
is the bitwise complement. The formula (41) can also be used to compute the reciprocal basis k-blade
AP on an arbitrary basis a; by replacing I with the pseudoscalar Ay (19) of the arbitrary basis a;, but
then A’= A} = A; " does not hold in general on an arbitrary basis.

There are distinctions between pseudoinverse a™, reciprocal a’, and inverse a~! vectors (and of k-
blades A ) that can be clarified in the context of STA by some further explanation, which follows (until
(46)).

In STA G 3, an arbitrary basis can include null basis vectors. There are three Minkowski planes,
oY1, Yoy, and ~oys, that each span -, so we have to choose one Minkowski plane for any STA basis.
A 2D Minkowski (pseudo-Euclidean) plane can be spanned by two null vectors, e.g., mg—1 = v — 71
and nogp1=v+7= ngfl, using (25) for a null unit vector 911 (25), and then the rest of 4D space-
time is spanned by the other two vectors, e.g. 2 and -s. Such a basis is comprised of orthonormal
vectors a; € {no_1, No+1, Y2, Y3}, as are the canonical basis vectors a; € {70, 1, Y2, Y3}, so it is not
an entirely arbitrary basis, but a special basis. The three different unit pseudoscalars, for a different
orthonormal basis with null vectors, are Ing=mng_1 A Mgr1 A Y2 A~y3 or Inq=mng_2A v ANgra A~y3 or
Ip=10-3 A y1 A v2 Angys (19), but they are not actually different since all equal Iny, which is the
unit pseudoscalar of the canonical basis of STA. For the canonical basis unit vectors a; € {071, v2, 3}
and the null basis unit vectors 7Mg4; (25), it can be shown that their pseudoinverse vector (26) and
reciprocal basis vector (38) are equal, and we find it more convenient to use the pseudoinverse to obtain
a reciprocal basis vector, since we are then not concerned with determining the sign (—1)7 1 in (38).
More generally, for any pseudo-Euclidean ~g;-plane, with 43=1 and 42= —1, the canonical orthonormal
basis {70, vi} and any basis of pseudoinverses {a=|a|d@d=a;,a* =a'/|a|=a’} in the plane, have the
property that their pseudoinverses (26) equal their reciprocals (38). The basis {a,a™} includes the null
basis {afig_;, Mo+i/a} or any non-null skew basis { a=avy— Bv,at : a£p } around 7o in the ~o;-
plane. The choice of basis for STA, between the canonical basis (of vectors) a; € {~;} or a special basis

a;€{vj¢0.i},@,at}, (43)

having a particular skew basis {a@, a™} for just one of the three particular Minkowski ~o7;-planes, is
arbitrary since the pseudoinverse basis k-blade A; (27) provides a uniform expression of the reciprocal
basis k-blade A”= A} (41) on these special choices of basis. For the general choice of an arbitrary STA
vector basis a;, the pseudoinverse a; (26) is not in general equal to the reciprocal a’ # a; (38), and
then the general reciprocal vector a® by (38) can always be used instead of the pseudoinverse to obtain
the correct reciprocal.

If we arbitrarily choose one of the three Minkowski planes ~y7;, then the special null basis for STA is
an orthonormal basis, a;e {ﬂo_l, ﬂ0+1, Y2, ’73} or a; € {ﬁO_Q, Y1, ﬁ0+2, ’Yg} or a; e {’ﬂo_g, Y1, Y2, ﬂ0+3}
with unit pseudoscalar Irq, that includes the two null unit vectors ng+,; of the ~yvy;-plane and the two
other canonical basis vectors v;j¢o,;}. Then, a basis unit k-blade Ay (37) that includes one of the null
basis unit vectors 7, is a null basis unit k-blade A3 =0, where its reciprocal basis k-blade (41) A and
pseudoinverse k-blade (27) A; are equal A’ = A;, but no inverse exists. For a null basis unit k-blade, we
find it again convenient to use its pseudoinverse (27) as its reciprocal (41) and avoid the determination
of the sign s in the more general formula for a reciprocal (41).



NotaTION OF SPACE-TIME ALGEBRA (STA) 7

For a canonical (non-null) basis unit k-blade (36) or special null basis unit k-blade Aj, we have
Ay= N\ @' =ai na A Aay=atas.ayn, (44)

where the basis unit vectors a@; (34) are orthonormal, and where just one of abi = a; may be present
(bj = 1) that is a special null basis unit vector a; = fo+; for a special null basis unit k-blade Ay. Its
reciprocal basis unit k-blade A® (41) equals its pseudoinverse (27) Aj as (n.b. the reverse order)

n

A= A7 = N\ (@)t = (@)t A (@)t A A @) = (@)t (ar )t (et (45)

n—1
i=1

This result A;, on the canonical or any special null basis, is easy to use in the sequel on DCSTA, where
the DCSTA bivector (2-vector) extraction operators T, are sums of 2-blade extraction operators Aj.
We simply multiply pseudoinverse (reciprocal) CSTA basis vectors aj, as CSTA extraction operators
aj =T3i (129), in reverse order to form a DCSTA 2-blade extraction operator Aj =T =TS3T51 (Table
1) for polynomial term s = s2$1. In further extensions of CGA beyond doubling, called Extended CGA
(k-CGA), this result Aj is used for defining the k-vector extraction operators T} of k-CGA, which are
sums of k-blade extraction operators Aj .

A k-versor Vj is the product of k£ non-null vectors a; with inverses a; ! =a;/ a,? as
Vi=ara,_1...a;. (46)

A unimodular k-versor Vj, is the product of k unimodular (non-null) vectors a?=+1 as

Vi=arGp_1...41. (47)
The modulus |Vi| of k-versor V is
|V}€| = \/|V1€VkN| = \/|VkNV}€| = \/|akak_1...a1a1...ak_1ak| = |ak||ak_1|...|a1|, (48)

and the unimodular k-versor V} can be expressed as

Vi = Vil = Vi = Vi / VIVAVET. (49)

The inverse V;, ' of k-versor V;, is

Vil = Vi /(W) =aitaytap (50)

. . 1 _ A9 A A
The 1-versor V; =a is an operator for vector reflection v’ =VijvV,” =ava ! = a2ava=wv!l* —v1ae The

negative, —ava ' = —a2dva = v —v!1%, reflects v in the hyperplane orthogonal to a. The unimodular
1-versor Vi = @ is an operator v’ = VivV; = ava for reflection in the vector 4 = @' when a?>=1, and
for reflection in the hyperplane orthogonal to @ = —a~! when a?= —1.

A unimodular k-versor Vj, operates on a vector v using the versor “sandwich” operation
v = VoV, (51)
where Vi~ = :I:Vk_1 (use Vk_l when + orientation is significant). The general k-versor V) operation is
v' =Vl (52)

We primarily use (51) since the + orientation is usually not significant for CGA geometric entities.

The unimodular k-versor Vj is an operator for successive reflections in k£ vectors or hyperplanes,
depending on the particular signatures of the unit vectors a@? =+1. Reflection in two unimodular spatial
vectors 4; is spatial rotation in the plane of the two vectors by twice the angle # between them. Reflection
in two unimodular time-like space-time vectors a@? =1 in the same space-time v+o-plane is hyperbolic
rotation (boost in direction v) by twice the hyperbolic angle ¢ between them.

By outermorphism [18], the unimodular k-versor Vi (47) transforms the k-blade Ay (19) as
Ay = ViAW = (ViaVi ) A (ViaoVi) A A (ViawVi), (53)

which rotates or reflects the k-blade A ;) by rotating or reflecting each vector a; in the k-blade. By the
linearity of the versor operation (51), as a linear operator, a unimodular k-versor Vj can also transform
any k-vector Ay or multivector A.
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An STA unimodular 2-versor V5 is the geometric product of two unimodular vectors a? = +1,
Vo= Gol1 = G2 G1 + G2 A d1 = texp(aA), (54)

which is a scalar a@s - a; plus a 2-blade A = as A a; with unit 2-blade A by (35) in the direction of the
plane of rotation. A unimodular 2-versor Vs is a geometric number [21] that is isomorphic to an elliptic
complex number a + bi (with i? = —1), or a parabolic complex number a + be (with €2 =0, € # 0), or
a hyperbolic complex number a + bj (with j2 =1, j # 41), and is generally a rotation operator that
preserves the modulus |a;| (31) of vectors a; in (53). The angle « of rotation in (54) is given by

6 = acos(—az- aq) . A2=_1 (Vh~elliptic complex number)
a=4 |az-ai| A2 : A2=0 (V5= parabolic complex number) (55)
o=atanh(|A|/(G2-a1)) : A2=+1 (Vo= hyperbolic complex number).

We use the notations § = acos(z) and ¢ =atanh(y/z), rather than 6 = arccos(z) and ¢ = artanh(y/z),
since both angles, # and ¢, can be interpreted as arc lengths or as areas in the plane.

A unimodular 2-versor V5 operates on a vector v using the versor “sandwich” operation
v' =V, (56)

where the reverse V5~ corresponds to the compler conjugate V5~ = V5~. For the unimodular exponential
form Vs = exp(aA), which is our usual preferred form, we have Vs~ =V, ! exactly.

In (56), the vector v is rotated by twice the angle a (i.e., by 2a). To rotate by angle a, we define a
2-versor V,, for angle « as the square root

Va=1/Va=Va2a; =3 - a1+ az A a; =exp(aAd/2). (57)

We usually assume that our 2-versors are unimodular V5= VQ and use VQ or its square root Va in operation
(56), but for non-unimodular versors Vj; # Vj, the operation (52) could be used.

It can be useful to interpret the product of vectors asa; = I;/d =ba 1! as a certain ratio of vectors “b

)]

N N N 1~ _L
by @’ that transforms @ into b as (b/a)a=(b/a)%2a(b/a) 2, and also transforms other vectors by the
same proportion, which is by the same angle in the same plane of rotation.

In (54) and (55) for A% =0, the null unit 2-blade is A = A /||A]]2 by (35) and [Va| = ,/[VaV, | =

V](as-a1)? = |as - a1| by (48), where by (49) Vo = |Va| Vs = | - a1 'Va = +exp(aA) = £(1 + aA)
(n.b., Vo = +|Vhlexp(aA), but in (56) + is canceled). Then, V; is a unimodular 2-versor for a special
type of translation (rotation around the point at infinity), such that the modulus |v’| = |v| is invariant.
General translation does not preserve the modulus. For example, using as =~y + 71+ 2 and a1 = —~s,
the product asa; is the ratio o/ v2=1+ Y A(vo+v1) =1+ A=exp(A) = ‘72, and then the versor
V= exp(A /2) transforms s into Gz = VayaVa”, which is ~o translated by the null vector n =~y + 1,
where |v2+ n|=|v2| =1. Other vectors are transformed by Vo, by the same proportion, which are special
translations by wvarious null or non-null vectors (not a constant vector) in the plane of A that preserve
the modulus. When STA G 3 is viewed as the CGA G 241 of the ~oys-plane (CSA in 2D), then the
translator T=1—d(vo+ 1)/ 2=exp(ed /2) translates CGA entities by d in the ~2ys-plane (see CSA in
[7] for details). In CGA Gj 241, the translation of CGA point P into P’=TPT ! is a parabolic rotation
of P into P’ along the null parabola cut from the null cone of Gy 241 that connects P to P’.

If a is a null vector, then a is Euclidean norm by (34), which is not unimodular since the modulus is
|a] =0+ 1. The reflection v’ = ava of any vector v in any null vector a produces v’ with modulus |v’'| =0,
which is a null vector or the zero vector 0. Therefore, if any vector a; in the k-versor Vj, is null a? =0,
then the modulus is |V;| =0 by (48) and the operation v’ = V4wV~ produces a vector with |v’| =0, which
is a null vector or the zero vector 0. For a 2-versor V4, = asaq, if either vector a; is a null vector then the
modulus is |V5| =0 by (48), V2 has no exponential form (thus, not a proper 2-versor), and all resulting
vectors v’ = VouVs™ are zero modulus |v’| =0. A null vector a; is not generally admitted in a proper k-
versor Vj, (46), except in the special case where Vj is to act only on null vectors or null blades (i.e., on
CGA points or other null entities) such that their zero (or null) moduli are preserved. For example, using
as =70+ 1 and a; = —~2 might be interpreted as the ratio as/ -2, but the attempt to transform as a
versor operation gives Voy2V5~ = 0.
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The k-versor (47) for even k=2m is a composition of m 2-versors, and the k-versor for odd k=2m+1
includes one more 1-versor for a final reflection in a vector or hyperplane.

An STA 1-versor a is any non-null STA vector a = ay with an inverse a=! =a/a? The reflection
p’ of vector p in vector a is given by the versor “sandwich” operation (or conjugation)

p' = apa'=pl*—ple=P,(p) - Ps(p)=(p-a)a'—(pAra)a’. (58)

Two successive reflections (58), in vector a and then in vector b, forms the 2-versor ba. In general,
in the geometric algebra of an nD vector space, k successive reflections (58) in 1 < k < n vectors a;
forms a k-versor ay....asa; for an orthogonal transformation (CARTAN-DIEUDONNE theorem). All of the
versors in this paper can be derived from successive vector reflections (58). The 2-versors are generalized
rotation operators with unimodular exponential forms exp(A) = e4. The opposite orientation to (58),
p’ = —apa~!, is reflection in the hyperplane orthogonal to a. The geometrical distinction between
reflection in vectors or in hyperplanes is not very important in this paper since we will only use even
k-versors as products of unimodular 2-versors in exponential forms, or transform homogeneous entities
in CSTA and DCSTA that are equivalent up to any non-zero scalar multiple, where any changes in
orientation (4 sign) or scale are usually of little significance.

The STA 2-versors include the spatial rotor R and the spacetime hyperbolic rotor (boost) B. The STA

2-versor spatial rotor R is defined as (n.b., (25)?=—1, see (14))

1

R= Rn—(b/a)7 = exp(00% /2) = 2”5 — cos(6 /2) + sin(6 /2)0% (59)

for spatial rotation around the spatial unit vector axis ns through the origin by the radians angle 6
subtended from a to b (by right-hand rule) in the ab-plane orthogonal to n. Two successive reflections
(58), in vector a then in vector b, rotates by twice the angle § = Zab, but R rotates by just 6. The ratio

b /4 is isomorphic to HAMILTON’s unit quaternion versor [13].
The STA 2-versor space-time hyperbolic rotor (boost) B is defined as (n.b., (V9)?=+1)

B=B, = (yv/0)* = exp(p¥y0/2) = cosh(i2/2) + sinh(ip/2) 70, (60)

where three-dimensional spatial speed v in physics is

v=Be=|vl = /vi + vy + 2, (61)

light speed is ¢, natural speed [ is
0<(B=Bv=Ivll/lloll=v/c)<1, (62)
space-time velocity is by (7)
v=0+vVv=cyy+ fcv, (63)
and rapidity (hyperbolic angle in (60)) is
© = py =atanh(f). (64)
The Lorentz factor

Y=y =dt/dr=+/0?[v? = o] /jv|=1/v/1= B =1/d (65)

is related to special relativity length contraction (from Lo to L) as

L:\/1—62L0:L0/’y:dl/0, (66)

where T =1, is the proper time of the observable with space-time velocity v. The proper time of o is
tpo =1, which is also the coordinate time t., =1 of any vector v =0+ v directly relative to an observer o.
The proper time of vi=0+vi=0—v (see (17) and (18)) is tyi- Relative to o with coordinate time ¢,
then ¢, =1, =7 and 7,1 =y, but these are not equal relative to another observer u#o. A space-time
velocity u =0+ u is a spatial velocity u relative to the spatially stationary observer o. The coordinate
time of w is tcy, =10, and the proper time of w is t,,.
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The unimodular boost operator B is either an active boost B = By by v =0+ v into the rest frame
of v or an equivalent passive boost B = B;Tl relative to v, boosting o as

ByoB,'r=0@vr = yv="y71(0+Vv)=t(o+Vv)=0vt (67)

B\]loBth =ocvit = yitv="it(o—vl)=71(0—vl)=vr. (68)

The above active and passive boosts, while algebraically equivalent, have different interpretations, espe-
cially of the time transformations. For B = By, then v,7 = Yytpy = tpo, and for B = B;Tl the relatively

corresponding (and numerically equivalent) times are 7y it = 7y itpo = t,,t. We also use the alternative
notations

Tv="Y00v="Tpv=Tdv = YoDv; (69)

where vogv = Ygv emphasizes the spatial velocity boost by v =0+ v from velocity 0 or from an unspecified
arbitrary initial velocity, and g, = Yo emphasizes the space-time boost by v and that (o®v)So=v
and (0 ®v) ©v=o0 (and similarly for initial velocity u instead of 0).

The notation for the active boost of u by v is
ByuB,'=u®v=yuev(0+udv), (70)
where the active dilation factor (including an alternative notation subscript) is

u-v
’YuEBv:’)’uEBv:’)’v(l ) ) # (Yoouev = Youadv = Yoousw); (71)

the active time transformation (7 =tpy) = (t =tew =tpo ="tco) i

and the spatial velocity addition u® v (“u boosted by v”) is

(U6 V) Yuger = ( yullv v+ ut? )qu@vT _ (fyv(u VIVt yv+(uAav)vt )t. (73)
Tudv Tusdv
The active time transformation is a relative time transformation of the proper time t,, of v into the
coordinate time t,, of u, which is the proper time ¢,,=t of 0. Then, (u ®v)T=(0+ud V)t is a relative
transformation of the velocity audition ué v back into the frame of o with coordinate time ¢. In general,
u ® v+ v P u, otherwise the direction of length contraction would be ambiguous. The formulas for v,y
and u @ v can be derived and verified by algebraically expanding the boost versor operation ByuB; .
For any boost By, we must limit Sy to less than light speed 0< 8, < 1 such that 1<y, <oco and 1>~,'>0.

Note that, in some other literature y,qv (71) is sometimes defined differently, as we define ygugv (81)
for the composition of two boosts (two @), by w and then by v. Our definition of ~y,gy is for one boost
(one @) of u by v, boosting w into the rest frame of v with new time 7 =t,,, which passively transforms
back to ¢, where u and v are both in the frame of o with coordinate time ¢. Also note that, due to the
anti-Euclidean metric of spatial vectors u and v, the sign on u- v is negative compared to some other

literature that uses the positive Euclidean metric for spatial vectors. The expression (u@®v) = V‘Zl (udv)
Vo
may appear more like some other literature.
The notation for the passive boost of u relative to v is
B\TIUBVZUGUZ’YUGV(O'i_u@V)a (74)
where the passive dilation factor (including an alternative notation subscript) is

u-v

Tuov = Tuov = ’Yv(l + 2 ) # (Yosuev = Youov = Yoousw); (75)

the passive time transformation (¢ =tcy =tpo =tco) = (T =tpo) is

Tuevt =T, (76)
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and the spatial relative velocity u© v (“u relative to v”) is

(11 o) V)’Yuevt _ < ’)’quV — WV + utv ),.Yuevt _ (’Yv(u . V)Vﬁ1 — WwWV—+ (11 AN V)V*l )7-. (77)

Yuev Yuov
The passive time transformation is a relative transformation of the coordinate time t., of w, which
is the proper time ¢,, =t of o, into the proper time ¢y, = 7 of v. Then, (u S v)t = (0 + u & V)7 is
a relative transformation of the relative velocity u © v into (relative to) the rest frame of v, where
(vov)t=(o/w)t=o1 and ((0 B v) ©v)T =o07. In the rest frame of v with proper time 7 as coordinate
time, the worldline o7 represents observable vt that is in the frame of o (i.e., o is the observer space-
time velocity within any rest frame). Velocity subtraction (u@®v')t=(u©v)t in the frame of o uses the
spatial velocity addition (73) with a negative velocity v = —v, which is not actually the same as the
spatial relative velocity (77) in the frame of v since the frames o and v and their proper times ¢t and 7
are different.

Our notation u® v, which we define by (73) as “u boosted by v,” is also found in some other literature,
where the notation “u @ v” is defined differently as “v boosted by u” with a reversed sense of operator
and operand (or some other definition). In the expression u @ v, our operator ®v is a RHS operator
that acts on LHS operand u, while some other literature may define the LHS operator u® that acts on
v. By our definitions of RHS unary operators @v (73) and &v (77), we arguably write more intuitive
expressions such as u®vov=(udv)©v=u with conventional left to right precedence of operations,
while in other literature defining LHS operators this may be written backwards as v (v@u) =u or
perhaps as ©v @ (v @ u) =u, which requires the parentheses to order the operations as right to left. The
form of a relative vector u — v, of u relative to v, better agrees with our choice of notational definition,
expressing u relative to v as u © v (77). However, in other literature using LHS operators this same
expression would be written v © u or perhaps ©v @ u, which is misleading or less intuitive. Some other
literature may try to work around this notational problem by defining our RHS operators with other
notations, such as Bv and Bv, but whatever the exact differences may be in our definitions of @&v (73)
and ©v (77) compared to other literature, we stand by our more general definitions of @v (70) and ©v
(74), which can operate not only on vectors u but also on versors and geometric entities.

The notations for the relatively equivalent active and passive boosts are
BwuB,'=B,uB,i=udv=ucvi=v,,,i(0+ucvh), (78)

with the relatively equivalent active yugvlpy = tcw and passive vy,qytteu = put time transformations,

which are numerically equivalent for ,, =tc, since yugv= Yoyt An active boost can be viewed as the

equivalent passive boost, and vice versa, but their interpretations are different.

For the composition of active boosts By By, as 0 & u & v = ByByoB, lB; 1, we use the following

notations

BuoBglzo@u = Yeu(o+0Du)=ygu(o+u)="ru(0+1u)=Y%eu(o+u) (79)
Bu(0®u)B; ' =00uDY = Youwtev(0+10V) = Tousv(0+ 1) (30)
u-v
Youdv = Yodudv = TouYudv= ’Yu’)’v(l T2 ) (81)
u-v
TYouov = Yguevt = TouYuov= 'Yu'YV(l + 2 ) (82)
’YoEBuEthpv - ’Yo@utpu:tco:t (83)

For the composition of the relatively equivalent passive boosts By By = B\]lB;TI, we use the following
notations

B;JFIOBuJT:O@u’Jr = Vo@uT(OiuT) :’YOGUT(Oi uT) :Veuf(oi uT) = Ypul (84)

B;TI(O@“’T)BVT:O@u’T@vJr = VeuT’YuT@vT(O*uT@VT):’Yo@uT@vT(OfuT@VT) (85)
= Yoguguv(0+Uud®Vv)=0dudv

tCO’-Yo@u*@vT = t;zruﬁ”)"u*@vT :tp'uT' (86)

Although ByB,= B;TlBl}l, their interpretations and time transformations are different.
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For continued compositions of boosts t Pu @ ... v Pw and tSuw S ... S v S w etc., the notations

7t@u@..,@v@wtpw = ’YtEBu@...EBin; = e = 7t®utpu = tet and tct’)/teu@...evew = tpu’}/ue...evew = e =
tpvYvew = tpw €tc. may be most intuitive for the time transformations from frame to frame. For a mixed
active/passive composition Yrougveow = Ytoudvow (as an example), we must have toViougvow = tpw
since the last boost is passive into the frame of w, and then we make an equivalent purely passive factor
Ttoudvew = Vtouovtow: where tetVeouovtow = huYuovtow = tpv Yot cw = tpw, NOtINg that tp, = pot
etc. Similarly, a continued boost that ends active Vtguowv@w Must have Ytguwov@wlpw =tct, and then we
make an equivalent purely active factor Yiguocvow = Ttgumvi®w WHETE Viguoutowlpw = Vigupvilos =
Vedutpu =tet. A continued active boost has a time transformation taking a proper time ¢, of w through
many proper times to a coordinate time t.; of ¢, and a continued passive boost takes a coordinate time t.¢
through many proper times to the proper time t,,, of w. Note that, ¢ can be replaced with o ©t=00t1,
and then the purely active boosts convert time into t., =10, and the purely passive boosts convert from
tco = tpo = tet, such that only proper times are transformed from frame to frame.
For the active boost u @ v, the spatial velocity u® v generally has a natural speed

Puev=[udvl/c, (87)
and for the special case u||v of parallel velocities

_ But By
ﬁu@v _H—ﬁuﬁv- (88)

For the passive boost u © v, relative to v, the spatial velocity u& v generally has a natural speed
Buev=|luov|/c, (89)
and for the special case u||v of parallel velocities

ﬂuev :% (90)

For the special case u_Lv of perpendicular velocities

Buav = Buev=1/(1 - B3) B2+ F5. (91)

The boost notations and formulas given above are derived directly from the boost operations. The
notations can extend to further compositions of boosts.

Hyperbolic rotor (boost): B= B, = e(1/2)#v¥70 Gl 4 By =(wv/0)"/? = (v + 1vBv¥0)"/?
3 space B ._ p~
e o) = ch( X sh( L ¢ ! v
BV—OXP((l/Z)savvvo)—Ch(zwv)+sh(2wv)vvo v (02 =1
eV =7 Byedy vy
Hyperbolas of constant (rapidity)
space-time interval: Observer:

perbolic arc length:

Boost velocity: v=0+ v =cvyy+ -
: Pv= ath( — ) =ath(By)

0=<CcY

WV =y Bveyf se
run

3
Natural speed: Bv= 1

_ / 2
Lorentz factor: ™wv=1/V1-=55
Yv=dtpo/dtpy=dt/dr

v = ByouBy = By(o/w)By
W =ByvoBY = ey + wBveV
Observable velocity: % =0+u=cyo+ Buc
Bu=|5 ra=1/VI-F2
Active @ and passive © boosts:
(0 ®V)tpy = (BvoBY )tpy = Yy Vtpy = Vicg
(O S 'U)tco = (BVNOBV)tco = 'Yoevv'rtco =l Fpu

v =pBvcy)

vCPv

vO = Yy CYo

1 .
gl,o time

Observer v or v':

0,1=BJwiB,i=0/v

0y =BJvBy=0/y
Proper times:

u'v+4 /17—,u*"+v uf
o= V - t=tey =ty =tpo
1-—= T:tpv:tva:tpo/'Yv
ulv 1My,
uov= Vl+ - 7\/ N :’yZ'UT
Y _dtpo _ (l*u.v) o dtpy (l+U'V) (u%v)r:(BquJ)T:A/u;v(oJru%V)T:(o+u%v)t
nov—aqt,, 'V c2 ) mov=—aqt.., 'V c? ~ o ~ N ~ . ~
’ ; (uov)t=(BYuBy)t=yusv(o+uov)t=(o+usv)r

Figure 1. Space-time diagram of space-time boost B operations.
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Figure 1 shows a space-time diagram of space-time boost B operations on space-time velocities as
hyperbolic rotations. The orientation places the pseudospatial time axis g € 91170 horizontal and the anti-
Euclidean spatial axis v € g&g vertical. The slope 8 of a space-time velocity v =0+ v =cvyy+ fcv is the
natural speed 3= 3y = |v||/||o|| =v/c. The Lorentz factor of v is v =y = |0|/|v| =c/\/ c? — B2c* =
1/+/1— B%. In close analogy to elliptic trigonometry in a Euclidean plane where 2 =1 cos(), y=1rsin(f),
and 6 = atan(y / z), in the Minkowski space-time plane of Figure 1, we have hyperbolic trigonometry
where z =r cosh(p), y =rsinh(p), and ¢ =atanh(y/x) = atanh(B). Here, r is the constant hyperbolic
radius under hyperbolic rotations (r? is the constant interval), and ¢ is the hyperbolic angle (rapidity).
The stationary observer has space-time velocity o = rvy = c¢vyp. The observer worldline is ot. The
hyperbolic rotation v’ = u ® v = ByuBY of a space-time velocity w by angle ¢, = atanh(fy) is an
active boost by spatial velocity v = Bcv that transforms the slope S, of the space-time velocity w
into Bf, = Buav of ' =u @ v, while holding the interval |u|? = |u’|> constant. In the figure, the active
boost of o by v is 0 ® v = ByoBy = 7,v, where the new time 7 = ¢, is the proper time of v, where
WwT =t and 07 =vt = (0+ V)t is in the frame of o. Note that, no boost B can ever boost a speed 8
to exactly B’ =1 since the hyperbolic rotation can only asymptotically approach, but never reach, the
direction of a light-speed null vector ¢y =+ ¢v on the light-like null hypercone. The time-like hyperbolic
(pseudo-Euclidean) length |vt| = |(0 4 v)t| = \/(cy0 + Bc¥)2t2 = /1 — B2ct = ct |y = cT = clpy, gives the
proper time 7 =t,, of v. Proper time is the pseudo-Euclidean length of the worldline when using only
natural speeds with c=1. For 8=0, the observable vt coincides with the observer ot, and the observer
measures time ¢t = Lo. For 0< 3 <1, the observer computes the time t,, = L=1/1— 3%2Lo= Lo/, which
is the special relativity length contraction formula (66) for length (and time, or space-time) contraction
in direction v as experienced by the observable v relative to o. In effect, vt = (v © 0)t, relative to ot,
experiences contraction or = ot/ v, = (v S v)t.

A composition of two successive unlmodular boosts By By = B Bu =B Rm, by veloc1t1es u then v, is
equivalent to a Thomas-Wigner rotation Res that is followed by a single resultant boost By by a velocity
w=00udv=u®dv. The Thomas-Wigner rotation R.; is a spatial rotation in the plane of u and v
(with normal n =en) by an angle e. However, the factoring of By By can be done in two different ways

as ByBu= BWQRH = Rnéwl, where BWQ = Ew. The product of two unimodular boosts By B, expands as

By By

1 . 1 .
exr><§s0vvvo>exr><§<puuvo) (92)
cosh( ; gp\,)cosh( 5 gpu> + smh( <pv)51nh< 5 gpu>( va) + (93)
cosh( 5 gp\,)smh( 5 <pu)u')/0 + smh( gpv)cosh< 5 gpu) VYo

== hcc + hss(*Oﬁ) + (hcsf1 + hsc{’)'70~ (94)

The part of the expanded product By B, that is purely a spatial rotation Ry, is

Ra = heot has(—90) = hee &+ hos(—¥ - 01— VA Q) = hCC—l—hss(cos(H)—sin(@)fr/ﬁ‘/\ﬂ) (95)

Rn = |Rn|1RneXP<%€ﬁg)C0< ) ( ) *:Reﬁa (96)

where the angle 0 <0 <7 between G and V is

0 =acos(—v- 1), (97)
— 2
the modulus of Ry, as an elliptic complex number with (,{,J_u A ﬁ) =-—1,is
|Ra| = (/RnRa=VER5Rn, (98)

and the spatial Thomas-Wigner rotation angle € of Ry is

eQacos(#). (99)
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Using trigonometric identities, the Thomas-Wigner rotation angle € is also expressed as [20]

(14 Youav + Yu+ W)?

14 cos(e) = 14+ vguaev) L+ 7)1+ )

> 0. (100)

The axis ng of the Thomas-Wigner rotation Ro=Re is (by the “undual” operation),

. . Ra— Ry
HSZ_(HS)IS=—<W>IS, (101)

where the orientation of the axis ng in (101) is such that the rotation is from @ toward v by angle
0<e<min (99). Note that, in the anti-Euclidean metric of SA Gy 3, the unit bivector 1§ (generator of
rotation) is formed in reverse (or negative) to the similar unit bivector ng in the Euclidean metric of Gs.

Using the pure rotor Ry, the composition of boosts By, By factorizes two different ways as

ByBy = Ru(1+ Ry (hestt + hee¥)70) = RuBw, (102)
= (1+ (hest + hseV) Ry '40) Ry = By, Rn (103)

A 1 . 1 . 1 .
Bw, = |Bw,| !Bw,= exp<§gpwlw1'yo> = cosh<§<pwl) + s1nh<§<pwl)w1'yo (104)

. . 1. 1 (1 .
Bw, = |Bw,| 'Bw,=€xp FPwaW2Y0 | = cosh 5¥ws + sinh 5¥wz [W270, (105)

where the inverse R, ! of spatial rotor Ry, is

pi_ Ba _ By heths(-0v) _ Ry
"™ "R R, RuyRa |R[? | R’

(106)

and the modulus |By/| of By = |Bw|exp(%<pwvAv')/0), as a hyperbolic complex number with (W~p)?=1, is

| Bw| = /1B Bwl = V/IB&Bw| = /| Bul*. (107)

For the composition of boosts By, By, we now have the two unimodular factorings

ByBy= BvBu = szRn = Ranl- (108)

The boosts Bw, and By, can also be written as

R (hestt + hoc A 1 A
By, = 1+ nyo =1l4+a1wiyo=1+ tanh<§¢wl)w170 (109)
Rn(hestl 4 sV . 1 .
By, = 1+ W'm =1+ asWwoy=1 +tanh<§<p“,2>wz'yo, (110)
and we see that ||a;W1|| = ||aeWs|| = . Therefore,
Ow = gpwngWQQatanh(a)Qatanh(W) (111)
Bw = tanh(cpw) = Bw, = Bwy- (112)

In the composition By B, = EWQRn, the purely spatial rotation Ry is applied first to a purely spatial
point (or other geometric entity) with zero velocity, and then the space-time boost By, is applied second
(subscript 2). Therefore, the velocity addition direction u@ v is

/\
W=Wo=10®dV=Ru(hestt + he¥), (113)

and the unimodular boost 3W = EW2 = Bu@v can be expressed as

Bw= Bugv= ByBuRoa, (114)
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with boost space-time velocity
W=0+W=0+UuBV=cy+ SwcW. (115)

A triad of boosts BWTBVBU that returns to zero boost velocity is a Thomas-Wigner rotation

Byi(ByBy) = Byav(ByBu) = R By BY (ByBy) = BoReiy = Rei. (116)

However, a quad of boosts B B TBVBU =1= EORO that returns to zero boost velocity also returns to
zero rotation.

In the composition By By = ReﬁBWU the space-time boost By, is applied first (subscript 1), and then
the spatial rotation Res is applied second, where Rei rotates the boost velocity direction wi as

-

Reﬁwlé:ﬁ = ReﬁR:ﬁ(hcsﬁ + hsc{’)R:ﬁ = Reﬁ(hcsﬁ + hsc{’) = vAV2 =W. (117)
Applymg the rotation R.s second has the effect of making a trajectory correction by the rotation
melRm = ws of the boost velocity direction w; into wo =W, as well as spatially rotating any spatial
entity. Spatial rotation of a boosted point or entity also rotates its velocity direction.
To apply only an arbitrary spatial rotation Ry, to an entity with space-time velocity uw=o0+u, without
changing the velocity u or changing from the frame of u, we use the boosted rotor

Run®u=ByRuBy, (118)

where R,, ® u relative to u is the spatial rotation (R, ® u) © u = R, in the frame of u. Applying Ry,
directly to an entity with velocity u will also rotate the velocity into u’ = RyuRy, which rotates the
entity as stationary in the frame of u’= o0+ u’. Similarly, to apply an arbitrary boost By to an entity
in the frame of u, without changing from the frame of u, we use the boosted boost

By®u=B,By By, (119)

where By, @ u relative to u is the boost (By @ u) ©u= By in the frame of u. For a stationary entity in
the frame of wu, then B, @ w is effectively equal to applying ByBy (#ByBy) to the entity when stationary
in the frame of o. Note that, B,By boosts into the frame of u, while B, B, boosts into the frame of v.

As we will show, the boost effects of By By, including length contraction L=1/1— % Ly and Thomas-
Wigner rotation Req, are easy to demonstrate when boosting the DCSTA 2-vector quadric surface entities
(see Figure 4).

3 Notation of Conformal STA (CSTA)

The basis of CSTA G 4 C, isomorphic to (=) CSTA1 G 4 C! (index y=1), i

{707 Y1, Y25 V3 €+, e*} = {elv €2, €3, €4, €5, eG}a (120)
and for the second copy CSTA2 G5 4 C? (index vy =2),

{70, 71, 72, 13, €4, e_} = {er, e3, €9, €10, €11, €12} (121)

The six-dimensional CSTA unit pseudoscalar is

Ic="om1v2v3€ 18- (122)

The G;,4 Conformal Space Algebra (CSA), subalgebra of Ga 4 CSTA, omits the time-like basis vector g
and the time coordinate w=ct =0, and then has only spatial entities and operations that are similar to
those of G4,1 CGA. CSTA defines three geometric inner product null space (GIPNS) [18] 1-blade entities,
as follows.

The CSTA GIPNS 1-blade null hypercone entity K¢ (growing sphere in time from a point), equal to
the null point embedding Pe, is

N 1
KC:PC:C(pM):pM+§p/2\/le00'y+eO'y; Pg:oa (123)
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centered at vertex paq with null infinity point (representing the point at infinity)
exy=€yr+e_, eZOW:O, (124)
and null origin point (representing the point at the origin)
ern=(e_—e;)/2, €2,=0, ey exr=-1, e e_=e,Aex. (125)

A normalized point entity Pe has unit scale on the homogeneous term €,y s
Pe=Pc/(—Pc-ewn). (126)

The vector pyq and its embedding Pe = C (pm) represent a specific position point (py, Pz, Py, Pz)-
The symbolic vector tyq and its embedding Tp = C(tam) represent the symbolic variable “test” point
(w=ct,z,y,2).

The projection (inverse of embedding) of a point Pe =C(pp) to its embedded STA vector is

pvm = CN(Pe)=(Pe-Tu)Iyf =(PerepAe)(es Neo), (127)

which is geometrically projection onto Inq or rejection from e;e_=e  Ne_=e A€oy
The inner product of two normalized points Pe=C (pm) and Q=c (gm) is
5. A Lo 1, 1 2
Pe-Qc=pm-am—5PMm — 5am = —5(Pm—am)”, (128)
which is —1/2 the space-time interval (pa — quaq)? between pyg and gug.
The reciprocals of {~o, v1, Y2, V3, €+, e—} are {0, —¥1, — Y2, — 3, €1, —€_}, and the reciprocals of
{€0y, €00~} are {—e, —€o, }. Using these reciprocals, we define the CSTA extraction operators

] w T 2 A
T’C‘S S TC = {TC 5 TCta TC 5 TCya TC 5 Tcl, TCtM} = {707 70/Cﬂ Y1, —Y2, 73, —€cony, 72607}’ (129)

which are for the extractions of the corresponding coefficients s € {w =ct,t,z,y,z,1,t3,} from any point
T, =C (tr) as the inner product s = Tp - T¢. Linear combinations of the extraction operators 1§ € T¢
(extracting values s) can form the CSTA GIPNS 1-blade entities for hypercones K¢, hyperplanes E¢, and
hyperpseudospheres 3¢ in terms of their algebraic polynomial implicit surface functions F(w,x,y,2z)=0
in space-time. The inner product of the symbolic test point Te=C (tam) with point P is

A 1 1 1
Te-Pe = ta: Pm— 5t —5Pha=—5(tm—pm)? (130)
1
= *5((11)*[774;)2* (:Efpz)Qf (yfpy>27 (Z*pz)2)7 (131)

which represents the implicit surface function F(w,x,y, z) = Te - Pe of a hypercone F =0 with vertex
Pm- A point T¢ is on the hypercone surface presented by Pe iff (if and only if) T¢- Pc=0. As an IPNS
entity, the conformal point embedding Pc = C(pm) represents the hypercone implicit surface function
(131) for a hypercone with vertex paq, not just the embedded point prq. However Te A P =0 iff Te~ P,
and we call P¢ a geometric outer product null space (GOPNS) point entity. The relation ~ denotes the
equality, up to a non-zero scalar multiple, of homogeneous entities representing the same geometry.
The IPNS hypercone entity Pc= K¢ can be written in terms of the CSTA extraction operators 7¢ as

A 2 . o~
—2K¢ = TEM—2p I8 + 2p,TE + 2p, T + 2p.T¢ + (p2, — p2 — p2 — pH)T¢ (132)
= —2epy —2pm— p/2\/(e<>0'y- (133)

It can then be verified that T¢ - K¢ = F(w, x, y, z) of (131). Linear combinations of the extraction
operators T¢ construct IPNS entities that directly correspond to certain polynomial functions F'(w,z, y,
z) that can be formed as linear combinations of the available terms s. While the 7§ represent symbolic
variables and constants of a polynomial function F(w, z, y, z), their linear combinations form specific
elements of CSTA, which we call geometric inner product null space (GIPNS) entities.

If points pprq are restricted to spatial points pps = ps with no time (w = ¢t = 0), the conformal
embedding is the CSA null 1-blade spatial point entity Pes= C(ps) of the CSA CS subalgebra of CSTA
C. Both the IPNS and OPNS of the CSA spatial point P¢s represent only the point ps when tested
against the CSA test point Tcg =C(ts) (i-e., TesPes=0 iff Tes~Pes).
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The CSTA GIPNS 1-blade space-time hyperplane (3D subspace of 4D ST) entity E¢ is

E: = ny+ (p/\/l : nM)eoc'ya (134)

which represents the 3D subspace orthogonal to na¢ and passing through space-time position pas. A
normalized hyperplane E¢ has ma =17 by (34). When nq is a null vector (n3,=0), then E¢=L¢ is
the CSA GIPNS 1-blade null line (light-line) entity L¢ through the point pp in the null direction nag
that includes point e~ on the null line.

The inner product of the symbolic test point Ty =C (tm) with Ee is

Te-Ec = ta-nm— Pm- 1= (tm — D) - T (135)
= (’LU - pw)nw - (l‘ - pav)nav - (y - py)ny - (Z - pz)nza (136)

which represents the implicit surface function F(w, x, y, z) = T - Ec of a hyperplane F' =0 orthogonal
to ng and passing through pyy (by translation). The hyperplane entity E¢ can be written in terms of
the CSTA extraction operators T¢ as

Ec=n,T¥ —n,T¢ —n,T¢ —nTE — (ppm-nm) T2 (137)

For position pyr;=ps and normal n = ng restricted to spatial vectors, the entity E¢ is the CSA GIPNS
1-blade spatial plane entity Iles = E¢ (i.e., holding w = ¢t = 0 removes the ~y dimension), where the
CSA point Tes = C(ts) is on the plane I¢g iff Tes - s =0. In CSTA, Il¢s is a purely spatial plane
entity at zero velocity (no time ¢ dependency), which can be boosted B,II¢sBy into a velocity v.

The CSTA GIPNS 1-blade hyperpseudosphere entity X¢ centered at point P = C(pam) with initial
radius 7o, or through point Q¢ =C(quq), is

2C:PC+(1/2)r%eoow:pC+(pC'QC)eOO'y; (138)

where the initial radius 79 can be real or imaginary. For spatial points P =C(ps) and Qc =C(qs), 1o is
the initial radius of a spatial sphere that grows with time in space-time, and then ¥p is a (hyper)hyper-
boloid of one sheet in space-time. More generally 7§ = —(par — qum)? (cf.(128)), and for a space-like
interval (pa— qar)? <0 then rg is real and 3¢ is a (hyper)hyperboloid of one sheet, for a time-like interval
(pam — qum)? > 0 then 7 is imaginary and X¢ is a (hyper)hyperboloid of two sheets, and when Pe=Qc¢
then 7= 0 and ¢ = P is a null hypercone. The inner product of the symbolic test point Tp = C(tm)
with X¢ is

2B = =2 ~H{tu-p - 1t (139)
= T%+(w7pw)27(x*pmy*(y*py)Q*(Z*pz)Qa (140)

which represents the implicit surface function F(w, x, y, z) of a pseudosphere (space-time circular
hyperboloid) in the pseudospatial time w dimension with any two space dimensions, and a hyperpseu-
dosphere F' =0 in all four STA dimensions. For Pe=Pes=C (ps) restricted to a spatial center pomt ps
with w = ct =0, the hyperpseudosphere Ec is the CSA GIPNS 1-blade spatial sphere entity Scs = Ec
with radius r =rg, where the CSA null 1-blade spatial point Tcng(tS) is on the spatial sphere Scg iff
Tes-Scs=0. The hyperpseudosphere entity X¢ can be written in terms of the CSTA extraction operators
T¢ as

—98%0 = 1313 + TE — 2p T + 2p,TE + 2p,TY + 2p.T¢ + piATe. (141)

The quasi-sphere implicit surface is defined by at3( + bn - toq + ¢ = 0, which can be represented as
the linear combination aX¢ + bE¢ + ¢T¢. The quasi-sphere is a hyperpseudosphere for a # 0, and is a
hyperplane for a =0 and b= 0. The quasi-sphere generalizes the hyperpseudosphere and hyperplane. The

hyperpseudosphere entity ic/ |ro| through point gaq with center par= gaq+ |ro|7t becomes, in the limit
|ro| = oo, the normalized hyperplane E¢ with normal 7 through g,

~ A 1 ~\2 A\ D
. + |rojn 4+ = + |rojn)” — (|7o|1))€coy + €0
Bo — lm 2C_ pp, WM Irol7 + 5 ((qr + [ro[1)* — ([ro[1)*)eccy + €0y (142)

Irol—o0 [To]  [rol—oo 7o

= n+(qu-n )eoc'y- (143)
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Thus, the hyperpseudosphere entity generalizes to the hyperplane entity, like the quasi-sphere.
The extraction operators (129) can also form the following CSTA differential operators

Dy = THIE) ' = —€ocy¥0 =0/ €cory (144)
Dy = TZ(TE) ™t =—cecoyY0=CY0 A €ccry (145)
D, = T(}(Téc)ilzfeoov'T’l:')’l/\eoow (146)
Dy = T¢(TY) ' = —eoyr2="2 A €oory (147)
D, = THTE) ' = —eoory3="Y3/ €ccr. (148)

The CSTA differential elements are free vectors [3|, which represent directions without locations, and
are invariant by the translation operator (159). The n-directional (|n||z=Vn-n'=1) derivative of any
CSTA GIPNS 1-blade entity A is, by the commutator product x (186) with a differential operator,

OnA = (nyDy +nyDy +nyDy +n.D.) x A. (149)

The outer product of two to six of the above three CSTA GIPNS 1-blade entities (null-hypercones Ke,
hyperplanes E¢, hyperpseudospheres 3¢) forms, by intersection, more CSTA GIPNS entities of higher
grades.

The CSTA GIPNS 2-blade space-time plane entity
e = Djy — (pm - Did)eoor, (150)

in direction of 2-blade D4 through point pa4, is the intersection (wedge) of two space-time hyperplanes
(134). A normalized plane IIc has a unit 2-blade direction Dy = D by (35). Note that, the CSA GIPNS
2-blade spatial line entity L¢s = a-s — (p . &*S)em, viewed as a CSTA entity that is tested against
the CSTA point T¢ =C(tr) instead of the CSA point Tes =C(ts), gains the span of the pseudospatial
direction g and is the CSTA plane I with 2-blade direction Dy =d A 7 through point pps =ps.

The CSTA GIPNS 3-blade space-time line entity
LC:dX/('i‘(pM'dX/l)/\eoova (151)

in the direction daq through point ppr = puwYo + Ps, is the intersection (wedge) of three space-time
hyperplanes (134). A normalized line L has a unit direction dy=dxq by (34). If the line direction vector
djq is a null vector, then the line entity L¢ is a null 3-blade representing a null line (light-line). The
point at infinity e, is a point of any line L¢. The line L¢ can represent the worldline of an observable
with STA velocity v =da= cyo+ Scv with initial spatial position paq=pg. The initial position pg can
also be found as the CSTA GOPNS 2-blade flat point? [3] position

C(Po) A€oy~ (Yo A Le)Ig? (152)

at t=0, where E¢ ="y is the t =0 hyperplane (134) and 49 A L¢=DP¢ is a CSTA GIPNS 4-blade flat point
entity Pc, which is the intersection of four hyperplanes (134). By CSTA dualization (154), (v A Le)Ig?
is a CSTA GOPNS 2-blade flat point entity P& = P¢ A €. The point P, =C(pm) of a CSTA GOPNS
2-blade flat point IPg is projected as

= (eoy/\eooy) : (eow/\]Pé)- (153)
—(eoyNeoy) - IPE

The boost B, and the other CSTA versors, can operate on the line L¢ to implement space-time transfor-
mations of a worldline representation. Intersecting L¢ with the time ¢ hyperplane E¢ = v+ ctew~ finds
the spatial position at coordinate time ¢ in the current frame as the resulting CSTA GIPNS 4-blade flat
point Pe= L¢ A Ec. A passive boost changes the coordinate time ¢ to be the proper time 7 in the new
frame.

2. Flat point Pc A eqo~ in [3] is called homogeneous point Pas A €cor + €0y A €co~ in [18].
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CSTA dualization of a CSTA GIPNS k-blade entity X¢ gives its dual CSTA geometric outer product
null space (GOPNS) [18] (6 — k)-blade entity

X¢=XcIgt (154)
A CSTA point P¢ is on CSTA GIPNS entity X¢ iff

Pe-Xc=0. (155)
A CSTA point Pg is on the corresponding dual CSTA GOPNS entity X¢& iff

PeNXE=0. (156)

The outer product of up to six well-chosen CSTA points Pc, produces various CSTA GOPNS (1...6)-blade

space-time surface entities X = A P, for surfaces that the points span as surface points. The CSTA

GOPNS null 1-blade point (embedding) Pe equals the CSTA GIPNS null 1-blade hypercone Pe= K.
CSTA inherits the STA 2-versor spatial rotor

Rc=R=exp(fns/2)=cos(0/2)+sin(6/2)n}, (157)
and STA 2-versor space-time hyperbolic rotor (boost)
Be= B =exp(pvyo/2) =cosh(y/2) +sinh(p/2)Vo. (158)

Compositions of rotor and boost, such as the boosted rotor and boosted boost are also inherited.
CSTA introduces the CSTA 2-versor space-time translator

Tc:exp(eoode/Q):1+600de/2, (159)

which translates by daq. As versor compositions, CSTA also introduces the following three translated 2-
versors. The translator T¢ with (esdpq)?=0 is a geometric number form of unimodular |T¢| =1 parabolic
complex number (dual number) a + be with £2=0.

The CSTA 2-versor spatial translated-rotor is

Le=TeRcTy ' =exp(—6v0- Le/2) =cos(0/2) +sin(0/2)Les, (160)

which rotates by angle 6 anticlockwise (by right-hand rule) around the spatial CSA line Les = ns —
(ds-n%)es~ through point ds in the rotor axis direction fgs.
The CSTA 2-versor translated-boost is

Bé=exp(o(vy0— (dr - (¥70))€c0y) /2) = exp(gol:IC/Q) = cosh(yp/2) +sinh(y/2)Ie, (161)

centered on point daq and with plane direction Dy = (Vy0)Im.
The CSTA 2-versor translated-isotropic dilator is

Dec= exp(ln(d)l—:’c A €ooy/ 2) = cosh(In(d) /2) + sinh(In(d) /2)15(; A €5y (162)

for isotropic dilation by factor d > 0 relative to normalized center point 15@, ie. Pc “€s0y=—1. By versor
outermorphism [18], all CSTA versors correctly transform all CSTA GIPNS and dual CSTA GOPNS

entities.

4 Construction of Double CSTA (DCSTA)

In double conformal space-time algebra (DCSTA) D, CSTA1 C! and CSTA2 C? are orthogonal subal-
gebras and their geometric or outer product is a doubling extension. Any CSTA1 entity or versor Ac:
and its double Ac2 in CSTA2 (with the same scalar coefficients on corresponding basis blades) can be
multiplied to form the corresponding DCSTA entity or versor

Ap=AciAc2=Ac1 A Ace. (163)

By versor outermorphism, the DCSTA versors operate correctly on all DCSTA entities.
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The DCSTA null 2-blade “standard” point entity
TD:D(tM):Tcl/\Tc2:C1(tM1)/\C2(tM2) (164)

is an extended, doubled form of the CSTA point embedding Tt =C(trq) (123). Note that, as in CSTA,
the DCSTA point is a geometric OPNS (GOPNS) null point, but is a GIPNS null hypercone.

The construction method is further extensible to an Extended CGA (k-CGA) K, which is using not
just a double k=2, but some k corresponding orthogonal CGAi G,1,4+1 C' of a vector space RP>9 V?,
1 <4 <k, where the corresponding k-CGA entity or versor is

Ax=Ac1Acz... Aci=Act N Ac2 N\ ... N\ Agk. (165)
The Extended CGA (k-CGA) null k-blade point is
Tc =K(ty) =Te1Te2.. Tpr = Cl(tvl)CQ(tv2)...Ck(tvk). (166)

The k-CGA k-blade entities are called the “standard” entities, corresponding to CGA entities and repre-
senting the same hypersurfaces. In addition to the standard k-blade entities, there are also new k-vector
entities that represent general degree k polynomial implicit hypersurfaces and specific other implicit
hypersurfaces of polynomial degrees k <1 < 2k.

Similar to the DCSTA null 2-blade point entity Tp (164), other “standard” doubled 2-blade entities
are formed as the product of corresponding CSTA1 and CSTA2 GIPNS 1-blade entities, which include
the DCSTA GIPNS 2-blade hyperplane Ep = Ec1E¢2, the DCSTA GIPNS 2-blade hyperpseudosphere
Yp=3c1¥c2, and the DCSTA GIPNS null 2-blade hypercone Kp= Ke1Ke2=Tp1Tp2. The CSTA GIPNS
intersection entities of grades 2, 3, 4, and 5 can also be doubled into their corresponding “standard”
DCSTA GIPNS intersection entities of even grades 4, 6, 8, or 10, respectively. The same holds that, the
CSTA GOPNS entities can be doubled into DCSTA GOPNS entities, or obtained from DCSTA GIPNS
entities by using the DCSTA dualization operation (177).

The doublings of the CSTA versors include the DCSTA 4-versor translator Tp =Tg1Tez, the DCSTA
4-versor rotor Rp = ReiRer and its translated form RS = Rglez = Lci1Le2, and the DCSTA 4-versor
hyperbolic rotor (boost) Bp = Be1Be» and its translated form B$ = B& B%. The DCSTA GIPNS 2-blade
hyperplane Ep = Ec1Ee2 is also the DCSTA 2-versor reflector in the hyperplane. The DCSTA GIPNS
2-blade hyperpseudosphere 3p =313 ¢z is also the DCSTA 2-versor inversor in the hyperpseudosphere.
When time is fixed as t =0, DCSTA D effectively becomes the DCSA DS subalgebra, where the DCSA
null point Tps=Tp represents only the point by both IPNS and OPNS (i.e., PpsTps=0iff Pps=Tps),
the DCSA 2-blade sphere Sps=Xp is the DCSA 2-versor inversor in the sphere, and the DCSA 2-blade
plane IIps= Ep is the DCSA 2-versor reflector in the plane.

From a DCSTA point Tp, certain scalar polynomial terms (monomials), or values s, in variables x,
y, z, and w=ct can be extracted from the basis 2-blade coefficients in Tp by inner products s =Tp - T;
with certain corresponding value s extraction operators Ty (see Table 1), which are each a certain bivector
that is an averaged sum of up to m = k! =2 reciprocal (or pseudoinverse) basis 2-blades that extract the
same coefficient value s. The DCSTA 2-blade extraction operator 15, : 1 <i <m for value s is the product

Tp, = TSI =T33 ATE (167)

of CSTA2 and CSTA1 extraction operators Tg% and Tg% (129), respectively, such that s=s3s1. Note that,
the reciprocal 2-blade T3, is formed by using the reverse order of multiplication of CGAi C' elements as
compared to the order that forms a point Tp = Tp1Tp2 (164). The monomial value s is extracted from
a DCSTA null 2-blade point Tp by contraction (inner product) with any one of the 2-blade extraction
operators Tp, as

s=Tp-Tp,=Tp, - Tp. (168)

For example, in DCSTA D, which is a 2-CGA, we can form a DCSTA 2-blade extraction operator 73,
for value z in two ways, as (see (129))

T8, =Tp:T¢ =exaNea and  TH,=THT = es A et (169)
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Then, the DCSTA bivector (2-vector) extraction operator 15 =T, for value x is

1

1
Tﬁ:TJZE(Tﬁl+Tﬁ2):§(em2/\eg+eg/\ew1), (170)

which is the average of the reciprocal 2-blades 775, and T75,. The value x is then extracted from a DCSTA
point Tp as

$:TD-TI:Tw-TD. (171)

Other extraction operators Ty are formed by the same method (see Table 1 and Eq. 173).

A DCSTA bivector extraction operator Ty =T34 is generally the sum of up to two 2-blade extraction
operators 15,. The bivector extraction operators T are usually employed, rather than just one of the
2-blade extraction operators 135,, such that all relevant geometric terms are present and then all entities
and operations remain consistent.

In Extended CGA (k-CGA) Gi(pt1),k(q+1) K of dimension n=k(p + ¢ +2), up to ms : 1 <my < k!
reciprocal basis k-blades T¢, = Tg,’;TgSTg% : 1 <4 <my can extract the same monomial value s =s;...5951
from a k-CGA point Ti as the contraction s = Ti - T¢,. Let C(n, k), for k <n, denote the number of
combinations of k items chosen from n items. Each monomial value s is of degree k, or is of degree k — p
when p : 0<p <k of the s; are s;=1. If each of the first ¢ distinct factors s; : 1 < j <t <k (including any
sj=1) occurs as a factor of s=s...s251 a multiplicity of p; times (or of power p;) where k=>" p; such that
s=]1] sfj, then there are exactly ms= H;:1 C(k - Zf:_ll pi, pj) =k!/ H;zlpj! reciprocal basis k-blades
TR, :TCS;’;TCS?TCSZ% : 1 <14 <myg, by distinguishable permutations of {sy, ..., s2, 51}, that extract the same
monomial value s=]] sj’] from a k-CGA point Tk as the contraction s =Tj - T¢,. The k-vector extraction
operator Ty for the monomial value s is then T, =T¢ = (1/my)Y " TR, = (1/k!)ZUTgk(S’“)...ng(SQ)Tgl(sl),
which sums over all permutations o of {sg, ..., s2, s1}. A k-vector geometric entity €2, representing
a polynomial and its implicit hypersurface, is a linear combination of k-vector monomial extraction
operators Q = > T, with scalars ;. The Extended CGA (k-CGA) k-vector entities, in the form of
2, can represent general degree k polynomials and also specific degree k <! <2k polynomials, which in
turn represent general degree k implicit hypersurfaces and their inversions in hyperpseudospheres (that
generalize to reflections in hyperplanes). In DCGA [10][6] and DCSA [7], entities for general quadrics
can be reflected in standard 2-blade sphere entities (inversions in spheres) to produce general Darboux
cyclide entities (see Figure 2) of up to polynomial degree 2k =4. The new k-vector entities €2 in k-CGA
are not necessarily k-blades. However, 2 may be a k-blade when it can be factored into the product
Q= Acr... Acr of k CGAi 1-blade entities A¢i. When the Aci are k corresponding entities, then the k-
blade entity 2 = Ax = Acr...Acr is a “standard” k-blade entity. Otherwise, when some of the A¢: are
not corresponding entities, then the k-blade entity € = Aci...Acr represents the union of the distinct
hypersurfaces represented by the distinct hypersurface entities in Ac1...Acr. The contraction of the k-
CGA k-vector entity Q= €2 by any CGA 1-blade (vector) surface point Pgx of Qy, where P - Q2 =0,
produces the tangent hypersurface Qi _1=Per-Qy at point P of lower polynomial degree in the (k —1)-
CGA subalgebra. The result Qi _1=Per- Qy is zero if the tangent hypersurface does not exist, which is
possible when the point P of the surface is not a regular point of the surface €. Repeated contraction
of surface Q) at a CGA surface point P¢ can give Q1 = (Pe2...Per) - Qf, which (if it exists) represents the
tangent plane or the tangent sphere to the surface Q2 at point P; the special tangent sphere ;=8 (CGA
1-blade sphere) is obtained as the tangent surface to special polynomial degree k <! <2k surfaces, and
the tangent plane Q1 =II (CGA 1-blade plane) is obtained as the tangent surface to general polynomial
degree k surfaces in k-CGA.

In k-CGA K, the CGAi C' {1, 2}-versors Vpi € {Eci, X¢i, Rei, Tei, Des, Bei} have corresponding
{k, 2k }-versors Vic = Vi...Vor that perform the same corresponding operations on all k-CGA entities
as versor “sandwich” operations ' = VKQV,C_l. The versor operation performs the outermorphism

- EA Vo Qs SkY/— s — s —
Q =V Qe ' =) o ViRV = > HSVC;CTC;VCkl...VCzTCiﬂ/ClecchiH/'cl1 (172)

s,1<i<mg

on the CGAi C* factors T! (extraction operators) in the terms of the entities €2.
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Tw:%(eoog/\eg—i—eg/\eool) Ty:%(emg/\eg—i—eg/\eocl) Tzzé(emg/\eé;—i—elo/\eool)
T.2=eg/es T,2=eg/Nes T2=ejg/Ney
Twy:%(e9A92+98/\e3) Tyz:%(elo/\e3+e9/\e4) szZ%(ess/\%—i—ew/\eﬂ
th}w =epxNext+egNey Tytﬁ,l =e,oNe3+egAey th}M =eppNegt+epes

T = —€co=—€x01 N\ €2 Tz, =€o2/\Nexc1tesc2N€or | Tyg, = —de,=—4es1 A€o
Tw:%(el/\eoo2+eocl/\e7) T,2=erNe; T3, =€1/Neo2+es1Ner
Twwzé(el/\eg—i—eg/\eﬂ Twy:%(el/\eg—i—eg/\eﬂ Twzzé(el/\e1o+e4/\e7)
T,=1T, Tyo=— Ty T3, == Tut,

Tio == Tus Tiy = Tuy Tio=-+To-

Table 1. DCSTA bivector extraction elements T.

Table 1 gives all 27 of the DCSTA bivector eztraction operators (or elements) T; for the extractions
of scalar values s (indicated by the indices x, ..., tz) from any DCSTA point Tp = D(txq) by the inner
products

SZTS'TD:T'D~TS. (173)

Note that, in Table 1, the scalar time ¢t = w /¢ is not the vector t (in bold italic), where t =tn, is the
STA symbolic “test” position vector (5) with square (space-time interval) ¢3, (11).

A linear combination of the DCSTA extraction operators T; forms a DCSTA GIPNS bivector geo-
metric entity €2 that represents a polynomial function F'(w,x,y, z), which in turn represents a Darboux
cyclide implicit surface F(w,x,y,z) =0 in space-time, where

Q=>" o7, (174)

and

F(w,x,y,z):Tp-Q:Z S, (175)

with real scalar coefficients .
For w=ct=0, then t\s=ts and Tp = Tps=D(ts) is a DCSA spatial point Tps [7], and then the
first five rows in Table 1 are the DCSA Gy(1),2(3+1) extraction operators T for spatial Darboux cyclide

surfaces in the anti-Euclidean space R%3. DCSA Gy g [7] is similar to the Double Conformal / Darboux
Cyclide Geometric Algebra (DCGA) Gs 2 [4][5][6](8][9][10] with opposite signature.

Darboux cyclides are quartic (polynomial degree 4) surfaces that include quartic Dupin cyclides
(including tori), quartic Blum cyclides, cubic (polynomial degree 3) parabolic cyclides, and general
quadric (polynomial degree 2) surfaces. In Extended CGA (k-CGA), linear combinations of the k-vector
extraction operators T form k-vector entities that represent a further generalization of the Darboux
cyclide polynomial function F' that includes general degree k implicit surfaces and certain other specific
implicit surfaces of degrees k <1 <2k of inversive geometry.

The DCSTA GIPNS bivector entities for quadrics and cyclides can be directly written as linear
combinations of the extraction operators T;. For example, an ellipsoid (centered at the origin, aligned
along the SA axes 1, 2, 73) is

E=T,/a’+T,2/b>+T2/c*— T4, (176)

and a general point Pp is on the ellipsoid iff Pp-E=0. The DCSTA dualization of the bivector E,
E*P=EI;' =E(Icile2) !, (177)
is a valid GOPNS 10-vector entity where Pp is on the ellipsoid iff Pp AE*P =0. If time is always fixed as

t=0, then the DCSTA GIPNS bivector entities €2 formed from the 7} correspond to entities of Gg 2 DCGA
[6][10], up to some sign differences in some scalar expressions, due to the different choice of signature.
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(8) (h)

Figure 2. DCSA 2-vector quadrics Q and their inversions 2 = SQS™ in sphere S=Sps.

Figure 2 shows various DCSA 2-vector quadrics (and tori) Q and their inversions in a DCSA 2-blade
sphere S = Sps (S = Xp holding ¢ = 0). Figure 2(a) shows the inversion of a quartic torus, which is a
quartic Dupin ring cyclide. Figure 2(b) shows the inversion of a quadric cylinder, which is a quartic
Dupin needle cyclide. Figure 2(c) shows the inversion of a quadric cone, which is a Dupin horned cyclide.
Figures 2(d,e,f,g,h) show the inversions of various other quadrics (ellipsoid, one sheet hyperboloid, two
sheets hyperboloid, paraboloid, and hyperbolic paraboloid, resp.), which are various quartic Darboux
cyclides. Figure 2(i) shows the inversion of a torus in a sphere that is centered on a surface point of
the torus, which is a cubic parabolic cyclide. The DCSTA point at infinity e, = esc1€x02 1s an exterior
(outlier) surface point of the quadric ellipsoid entity Q =E of Figure 2(d), where Se,,S™! = Pps= D(ps)
is the center point of sphere S and an exterior surface point (not visible in the figure) of the Darboux
cyclide Q@ =SES™. An exterior (outlier) point may also be called a handle point.

Any DCSTA GIPNS bivector spatial quadric surface entity Q, formed as a linear combination of
the T; from the first three rows in Table 1, has no time ¢ dependency and appears to have zero velocity
in space-time. The entity Q is also a purely spatial entity in the Gy § DCSA subalgebra. The spatial
quadric entity Q can be actively boosted into a spatial velocity v = fBcv using the DCSTA 4-versor
boost operator Bp = Be1Be2 (158). In physics, the speed 0 < v < ¢ of massive bodies can only approach
light speed ¢, and the natural speed S=wv/c is then limited to 0 < S < 1. If Q has been translated by d
from the origin (perhaps by using a DCSTA translator Tp = TeiTe2) and is centered at spatial position
po=d, then the translated boost operator B = B&iBg (161) can be used on Q. The boosted quadric
entity Q = BAQBRX™ has center position p;=po+ vt at time ¢, and has a geometrical length contraction
(directed scaling) of the surface in the direction ¥ by factor d=+/1 — 32, which is consistent with special
relativity length contraction (66). While Q (in bold) is a spatial entity with no time ¢ dependency,
the boosted entity Q (in bold italic) is a space-time entity with time dependent position according to
a constant velocity v of the boost, and also a contraction effect at all times. At ¢ = 0, the contraction
effect, which is a geometrical dilation, is present, and projecting @ on the DCSA subalgebra, effectively
setting ¢ =0, produces a purely spatial entity Q'=P(Q) (178) at t =0, centered at po=d, that retains
the geometrical dilation or length contraction. The result Q' is a directed scaling operation, but (so far)
limited to a scaling factor 0 <d <1.

The boost natural speed /3 for a length contraction factor d is 3= +/1— d?, by solving for 3 in the
Lorentz factor (65). Admitting the imaginary scalar i =+/—1 (defined by i?=—1), the boost of a quadric
by an imaginary (3 dilates by d > 1, and then the result can be projected to the spatial subalgebra Gs g
DCSA to discard time components and achieve directed spatial scaling in the direction v of the boost
velocity v.
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Ellipsoid:
E'=P(BREB%™)
d=5(v1+v2+73)
B=V1-d?

d

Boost direction:

ff:%(’h-# Y2+ 73)

rm

Darboux cyclide:

E"— SE/S~ Time:

w=ct=0

Figure 3. Spherical ellipsoid E(r = 5) dilated by factor d =3 in direction v as ellipsoid E’ and then reflected in
sphere S as Darboux cyclide E”.

Figure 3 visualizes [19] a DCSTA GIPNS bivector spherical ellipsoid E dilated in situ by factor d=3

in the direction v as E’ using a translated-boost operator BS centered on the center position pg=d of
E and E’. The G2 3 DCSA projection is

P(A) = (A-Ips)Ips, (178)
where the DCSA unit pseudoscalar is
IDS = 1316566152611612. (179)

E’ is reflected in a DCSTA GIPNS 2-blade (hyperpseudo)sphere S=X(t =0,79=15) = Xc13c2 as E”,
which is a Darboux cyclide. The sphere S, initially centered on the origin, was translated using a DCSTA
4-versor translator Tp by a displacement vector d + (5 + 15)R&RN, using R = exP(%%%(’h _ ,71)*5)’
to bring the sphere into a tangential position to E’. All are at time ¢=0.

ByEBY n ByBoEByBY  ByBy= BwRea
v = [ycy2 BWwEBY w=udv
By =8/0 (Lv). o= /(1= B BE+ B2

t=10

Thomas-Wigner rotation:
=0 4 By (BvBuEBy BY)Byi = ReaERG
€=23.602° N=r"3

xT

B.EBY

bmmmmmm s u= fBucr1
Ba=9/10
Ellipsoid B(a=4,b—c—2)  Using c=1 =10

Figure 4. Boosts of ellipsoid E, showing length contractions and Thomas-Wigner rotation.
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Figure 4 shows the DCSA 2-vector ellipsoid entity E (176) with a =4 (z-diameter 2a =8) and b=c=2
(y-diameter 2b = 4), centered on the origin with zero initial velocity, which is then boosted by various
velocities u, v, and w=u® v. In the figure, natural speeds are used with ¢=1, and all of the boost B
and rotation R versors are assumed to be their unimodular DCSTA doubled forms (e.g., By= BcluBCzu).
The boosted ellipsoid B4EBy =E @ u (extending the notation of (70)), by u= fucy1=(9/10)~; and with
center position ut =94, at t=10, has length contraction factor v, ' =1/1 — 42 ~0.436 and the contracted
z-diameter is approximately v, '2a ~ 3.487. The boosted ellipsoid ByEBy = E @ v, by v = fycys =
(6 /10)~, with center position vt =6, at ¢t =10, has length contraction factor vy * = /1 — 42 =0.8 and
the contracted y-diameter is - 19p = 3.2. The boosted ellipsoid ByBLEBy By = BwRaER; By (by
(108)), with a resulting velocity w = BwcWw = 0.9372¢(0.7682+; + 0.640273) (by (112) and (113)) and
center position wt =7.2+; + 6 at t =10, has a more complicated contraction due to the composition of
boosts; however, when boosted back to zero velocity as By, i(BwRcaERcBw)Bat = ReaERG, then it is
only the Thomas-Wigner rotation R4 (96) of the ellipsoid E. In this example, u and v are perpendicular

(ulv), so we can also obtain By by (91) as fw = Busv = /(1 — B2)B2+ 4Z. The boosted ellipsoid
BwEBg has the same velocity w as By ByEBy By, but is a much different result: it is boosted into the
frame of w =0+ w, not into the frame of u then into the frame of v; it does not include the Thomas-

Wigner rotation Res; and, it has a simple contraction by the factor /1 — 82, ~0.3487 in only the direction
w.

(a)

Figure 5. Inversion 2 = SpETX% of pseudoquadric E1 in pseudosphere Ep.

Figure 5 shows the inversion Q = SpETX3 of a DCSTA 2-vector pseudoquadric ellipsoid
E+:Tmz/a2+Ty2/b2+Tw2/62—T1 (180)

in a DCSTA 2-blade hyperpseudosphere ¥p, which is a pseudosphere (circular space-time hyperboloid)
in the three dimensional space-time of the two spatial dimensions x and y with the pseudospatial
dimension w, holding z=0. A DCSTA 2-vector space-time pseudoquadric (pseudospatial quadric) Q™ is
formed from a DCSA 2-vector spatial quadric Q by replacing one of the coordinates x, y, or z with the
pseudospatial coordinate w. The inversion of the corresponding spatial quadric ellipsoid © = XpEXP
viewed in the same three dimensions x, y, and w sees the spatial ellipsoid as a circle (or ellipse) in the
zy-plane and as a cylinder in xyw-spacetime (i.e., the same zy-plane circle for all time w = c¢t), and
therefore its inversion appears quite different than the inversion of the corresponding pseudoquadric.

The DCSTA differential elements are

Dy = 2T,T.%" (181)
D, = 2T,T3" (182)
D, = 2T,T." (183)
D. = 20T (184)
D, = 2T,T)5" (185)

and the commutator product x of multivectors A and B is

AxB = (AB—BA)/2=-B x A. (186)
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Using the commutator product, the DCSTA differential elements are differential operators on any bivector
surface entity € that is formed as a linear combination of the DCSTA extraction elements T;. The

time ¢ derivative of €2 is

Q:@tﬂz%:Dth. (187)

For direction n with unit magnitude ||n|2=Vmn-n' =1, the n-directional derivative operator is

On= % = Dy, X =(nyDy + 1y Dy +nyDy +1.D.,) X (188)

and the n-directional derivative of any bivector entity €2 is
On2=Dp, x Q. (189)

The entity €2 represents an implicit surface function F(w,x,y, z), and its n-directional derivative 9,2
represents the derivative implicit surface function 0, F. Mixed partial derivatives are obtained by taking
successive derivatives in any order.

In Extended CGA (k-CGA), the differential operators have the general form D, = kT, x1T,." in (189).

5 Conclusion

Ga,s DCSTA [7][11] extends G s Double Conformal Space Algebra (DCSA) [7], which is different in
space signature from the DCGA Gg o of [4][5][6][8][9][10], into a high-dimensional 12D embedding of
Space-Time Algebra G; 3 [14] that has general quadric surface entities with a complete set of space-time
transformation operations as versors and projections.

The DCSTA 2-vector general quadric surface entities provide an accurate representation of quadric
surfaces in space-time. As discussed, boosts (see Figure 4) of the DCSTA quadric surface entities are
moving surfaces that include the special relativity effects of length contraction (66) and Thomas-Wigner
rotation (96). In geometry and physics, the DCSTA 2-vector surface entities, including general quadrics
and their inversions in hyperpseudospheres, may find uses in education and applications for modeling
inversive geometry and surfaces in the space-time of special relativity.

DCSTA is a Geometric Algebra [2][3][15][18] for computing with general quadric surfaces and their
inversions in hyperpseudospheres in space-time. For applications, testing, or education, DCSTA G, g can
be computed using various software packages. During the research and writing of this paper, the author
used the free symbolic computer algebra system Sympy [22] with the GAlgebra [1] module. All figures
were rendered using Mayavi [19] and annotated with mathematical text using TEXyacs [23]-

As discussed in the paper, but not elaborated in full detail, not only is it possible to construct
a doubling of CGAs as for DCSTA, but it is also possible (in theory) to extend to any number k& of
orthogonal CGAs Gi(pi1),k(q+1)- This CGA extension theory is to be called Extended CGA or k-
CGA. In k-CGA, there are k-vector entities (linear combinations of k-vector extraction operators) that
represent general degree k hypersurfaces and also certain other hypersurfaces of degrees I, k < < 2k,
representing all possible inversions (and compositions of inversions) of the general degree k hypersurfaces
in hyperpseudospheres.

As another example of k-CGA, the paper [12] presents the Extended CGA (3-CGA) G3(241),3 = Go,3
over G o, called the Triple Conformal Geometric Algebra (TCGA), as an algebra for general cubic plane
curve entities and their inversions. TCGA could be further extended to 3D, as G3(341)3 = G12,3 over G3 o,
for general cubic surface entities and their inversions.
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