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Abstract In this work first we show that the three main formulations of physics, namely, Newton’s second law of
motion, Maxwell field equations of electromagnetism and Einstein field equations of gravitation can be formulated
in similar covariant forms so that the formulations differ only by the nature of the geometrical objects that represent
the corresponding physical entities. We show that Newton’s law can be represented by a scalar, the electromagnetic
field by a symmetric affine connection or a dual vector, and the gravitational field by a symmetric metric tensor.
Then with the covariant formulation for the gravitational field we can derive differential equations that can be used
to construct the spacetime structures for short-lived and stable quantum particles. We show that geometric objects,
such as the Ricci scalare curvature and Gaussian curvature, exhibit probabilistic characteristics. In particular, we also
show that Schrodinger wavefunctions can be used to construct spacetime structures for the quantum states of a
quantum system, such as the hydrogen atom. Even though our discussions in this work are focused on the
microscopic objects, the results obtained can be applied equally to the macroscopic phenomena.
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1. Introduction

In classical physics, particle is a general term that refers
to a localized object that can be used to model physical
theories. The motion of a particle can be described in a
deterministic and predicable pattern within the framework
of Newtonian mechanics. In quantum physics, the concept
of the classical particle is still retained even though
in the realm of quantum mechanics a quantum particle
exhibits the phenomenon of matter wave, which, if not
being simply probabilistically interpreted, is a physical
occurrence due to an extended medium rather than a
single physical object occupying a single position at a
particular time in space. This epistemological problem
raises the question of whether the concept of particle as a
localized object is adequate for modeling physical theories
or in fact physical theories should be based on the model
of a particle as an extended object. In this work we
show that quantum particles that are formed from the
microscopic spacetime structures can be regarded as
elementary particles in three-dimensional Euclidean space
and can be assumed to possess the geometric and
topological structure of a differentiable manifold, and a
physical theory can be formulated as the dynamics of its
spacetime structures. An intrinsic geometric dynamics of a
differentiable manifold is a geometric process of evolution
that can be described by physical theories such as general
relativity [1] or geometrical theories such as the Ricci
flow [2,3]. Even though we will not represent them in this
work, for a more complete description an elementary
particle should be represented as a CW complex [4,5,6]. In

this work we will deal with the following topics. In
Section 2 we show that classical physics that includes
Newtonian mechanics, Maxwell field equations of
electromagnetism and Einstein field equations of general
relativity can be formulated in a general covariant form. In
Section 3 we show that geometric objects such as the
Ricci scalar curvature also have a probabilistic character.
In Section 4 we show that Schrddinger wavefunctions can
be used as mathematical objects to construct intrinsic
geometric spacetime structures of quantum particles.

2. A Covariant Formulation of Classical
Physics

In this section we show that the three main formulations
of physics, namely, Newton’s second law of motion, the
field equations of the electromagnetic field and the field
equations of the gravitational field can be formulated in
similar covariant forms so that the formulations differ only
by the nature of the geometrical objects that represent the
corresponding physical entities. Fundamentally, Newton’s
law can be represented by a scalar, the electromagnetic
field by a dual vector or by a symmetric affine connection,
and the gravitational field by a symmetric metric tensor. In
classical physics, for conservative forces, Newton’s
second law can be written in terms of a potential energy V
as [7]
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Maxwell field equations of the electromagnetic field
can be written as [8,9]
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And Einstein field equations of the gravitational field
can be written in the following tensorial form [1]
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The three main systems of dynamical equations of
physics have different mathematical formulations because
on one hand, Newton’s second law and Maxwell field
equations were basically derived from physical laws that
had been established from experiments therefore they
contain experimentally defined physical entities. On the
other hand, Einstein field equations were proposed purely
from scientific and mathematical reasoning. However, in
the following we will show that all three dynamical systems
can be formulated in the same general covariant form and
they can be represented by the following general equation

VM =kJ )

where M is a mathematical object that represents the
corresponding physical system and Vs is a covariant
derivative. For Newton’s second law M = E and J = 0.
For Maxwell field equations of electromagnetism
M = F% and Jcan be identified with the electric and
magnetic currents. And for the field equations of general
relativity M = R%¥ and ] can be defined in terms of a
metric and Ricci scalar curvature.

In fact, Maxwell field equations of the electromagnetic
field have already been formulated in the following
covariant form

af

T i’ (10)
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where the electromagnetic tensor F®* is expressed in
terms of the four-vector potential A* = (V,A) as F* =
g* AV — gvA* . The four-current j* is defined as
j* = (Pe,j.) - Since the electromagnetic tensor F® is
anti-symmetric, it can be expressed in terms of a dual
vector. In terms of the electromagnetic tensor F*¥ | the
electromagnetic energy-momentum tensor T% for the free
electromagnetic field with the defined Lagrangian of the

form L= —% Fob Fep can be established as

T =foc2(nva“ﬂFVﬂ +%77"’ﬂFiVF’1"j (11)

where 7,4 is the Minkowski metric tensor [8,9]. We now
show how a covariant form as given in Equation (10) for
the electromagnetic field can be formulated for Newton’s
law of mechanical dynamics and the field equations of the
gravitational field.

In order to formulate Newton’s second law of dynamics
covariantly, we write Newton’s second law given in
Equations (1) and (2) in terms of the potential energy V
with the coordinate notation x* = (x,y, z) as follows

d2x# oV
m— +——=0.
dt ox*
From the definition of work done in classical mechanics,
which is defined as the line integral of a force F along a
path ¢, W = fC F.dr, the conserved energy E for a
particle of inertial mass m is established as
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From Equation (13), we obtain the following relation
by differentiation

OE  d%x* oV
— =Mt
oxH dt oxH

If the dynamics of the particle satisfies Newton’s
second law given in Equation (12) then we obtain

o _
ox#

It is seen that Equation (15) has the covariant form
similar to Maxwell equations of the electromagnetic field
given in Equation (10). However, the covariant equation
for Newton’s dynamics is related to a scalar rather than a
tensor as in the field equations for electromagnetism.
Furthermore, it is interesting to observe the following.
While the total energy E = T + V of a physical system is
the sum of the kinetic energy and the potential energy, the
Lagrangian L = T — V of a physical system is essentially
the difference between the kinetic energy and the potential
energy. Similar to Equation (14), we can write

(14)

0. (15)
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Equation (16) can be used to describe, for example, the
expansion of a physical system in which the term aV /dx*
can be considered as a repulsive force. As in the case of

total energy E, if the Lagrangian L of a physical system is
conserved, i.e.,

(16)

oL
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then we obtain
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We now show that the field equations of the
gravitational field can be proposed and formulated in a
covariant form similar to the covariant form of the
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electromagnetic field given in Equation (10). It is shown
in differential geometry that the Ricci tensor R* satisfies
the Bianchi identities [10]
1
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where R = g R, is the Ricci scalar curvature. Even
though Equation (19) is purely geometrical, it has a

covariant form similar to Equation (10) for the
electromagnetic tensor 3, F** = uj* defined in Euclidean

space. If the quantity %g“ﬁVﬂR can be identified as a

physical entity, such as a four-current of gravitational
matter, then Equation (19) has the status of a dynamical
law of a physical theory. In this case a four-current
j¢ = (p,j;) can be defined purely geometrical as
. 1 op
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In later sections we will show that the purely geometrical
four-current j* defined by Equation (20) can be

established as physical entities, however, in the following
we want to show that for the case of a purely gravitational

field in which %gaﬂVﬁRzo, the proposed field equations

given in Equation (19) also arrive at the same results as
those from Einstein’s formulation of the gravitational field.
For a purely gravitational field, Equation (19) reduces to
the equation
v 4R =0. (21)
The field equations for the gravitational field given in
Equation (21) play the role of Maxwell field equations for
the free electromagnetic field. Even though rigorous
solutions to the dynamical field equations given in Equation
(21) would require laborious mathematical investigations,
we can obtain solutions found from the original Einstein
field equations, such as Schwarzschild solution, by
observing that since V#g“ﬁ = 0 Equation (21) implies
R = Ag*P (22)
where A is an undetermined constant. Equation (22) can
also be written in a covariant form as
Raﬂ :Agaﬁ' (23)

Using the identities g,z 9 = 4 and g,z R =R, we
obtain A = R/4. If we consider a centrally symmetric
gravitational field with the metric

ds? =e¥ c2dt? —e¥dr? —r? (d62 +sin29d¢2) (24)

then the Schwarzschild solution can be found as [11]

(25)
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It is observed that, as in the case of the free
electromagnetic field, the energy-momentum tensor T,
for the gravitational field can be established if we define

it through the relation T, :E[Raﬂ —lgaﬂRJ, which
K 2

is Einstein field equations given in Equation (8).
Furthermore, from Equation (23) we also obtain the
relation T,z = (A/K)gqp - It is interesting to mention here
that, as shown in Appendix 1, the intrinsic geometric Ricci
flow that was introduced by Hamilton can also be derived
from Equation (21) and given as follows

a9
a”t’ﬂ =—2Ry.

Mathematically, the Ricci flow is a geometric process
that can be employed to smooth out irregularities of a
Riemannian manifold [2,3].

(26)

3. Probabilistic Characteristics of
Geometric Objects

In this section, we discuss the possibility of identifying
geometric objects with physical entities and we show that
the identifications provide a route to formulate dynamical
equations that describe probabilistic processes in physical
theories. In particular, by assuming the purely geometrical
Bianchi identities as covariant field equations of the
gravitational field we are able to derive a geometric
diffusion equation and a Schrédinger-like wave equation
that can be used to describe random movement of particles
as spacetime structures. First we want to show that the
probabilistic characteristics of geometric objects also
manifest even in semi-classical theory such as Bohr’s
theory of the hydrogen atom [12]. As shown in Appendix
2, the momentum p of the particle and the curvature k of
its trajectory in a plane are related by the relation p = hk.
According to the canonical formulation of classical
physics, the particle dynamics is governed by the action
principle 6S = & [ pds = 0. Using the relation p = fix
and the expression of the curvature of a trajectory f(x) in
a plane, k = f" /(1 + f'?)%/2, the action integral S takes
the form

M

—dx. (27)
1+ f
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It is shown in the calculus of variations that to
extremise the integral S = [L(f,f,f ,x)dx , the
function f(x) must satisfy the differential equation [13]

S &2 T

, d 28
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However, with the functional of the form given in
Equation (27), L=hAf" /(1 + f'?), it is straightforward
to verify that the differential equation (28) is satisfied by
any function f(x). This result may be considered as a
foundation for the Feynman’s path integral formulation of
quantum mechanics, which uses all classical trajectories of
a particle in order to calculate the transition amplitude of a
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quantum mechanical system [14,15]. Since any path can
be taken by a particle moving in a plane, if the orbits of
the particle are closed, it is possible to represent each class
of paths of the fundamental homotopy group of the
particle by a circular path, since topologically, any path in
the same equivalence class can be deformed continuously
into a circular path. This validates Bohr’s assumption of
circular motion for the electron in a hydrogen-like atom.
This assumption then leads immediately to the Bohr
quantum condition
9spds:hgskds:h§$:h§de:nh. 29)

The Bohr quantum condition possesses a topological
character in the sense that the principal quantum number n
is identified with the winding number, which is used to
represent the fundamental homotopy group of paths of the
electron in the hydrogen atom.

Now we show that the geometric objects that are
identified as physical entities from the covariant form of
the field equations of the gravitational field given in
Equation (19) also exhibit probabilistic characteristics.
From the four-current of matter given in Equation (20), by
letting @« = 0, we obtain the matter density component of
the four-current as

_i0_Loopy p 1,08

It is seen from Equation (30) that in order to be able to
define matter in terms of geometric objects, the Ricci
scalar must depend explicitly on the coordinates x*. In
particular, if the metric tensor g*# is diagonal and the
Ricci tensor depends explicitly on the temporal coordinate
x® = ct then we have the geometrical density

p=ig°°a R. (31)
2c t

In order to give the mathematical entity p a physical
content, we introduce a dimensional constant k; and
Equation (31) is rewritten as

Ki 00
P 209 oR.
We will assume that the field equations of general
relativity given in Equation (19) can be applied to the
microscopic spacetime structures of quantum particles and,
furthermore, in order to specify a particular form for the
quantity g°°, we will adopt Weyl postulate, even though
the postulate has mainly been used for considerations of
macroscopic phenomena. Weyl postulate requires that the
geodesics of the perfect fluid particles are orthogonal to a
family of spacelike hypersurfaces. As a consequence, a
commoving frame can be introduced such that the line
element can be written in the form [10]

(32)

ds? = gggcdt? —a? (t)gaﬁdx“dx/}. (33)

It is noted that Weyl hypothesis allows us to think of
the geometry in which spatial structures evolve over time.
With this view, quantum particles that are formed from
the microscopic spacetime structures can be regarded as
three-dimensional differentiable manifolds which can be

identified with normal elementary particles in three-
dimensional Euclidean space. As a consequence, we will
assume that the matter density p in Equation (32) also
satisfies the Poisson equation for a potential V in classical
physics

VA =47k, p (34)

where k, is a dimensional constant. Normally, Poisson
equation is used to describe the potential field of a
conservative force, which is time-independent. However,
Poisson equation can also be used for time-dependent
potentials if the Coulomb gauge is applied. In fact, Poisson
equation can also be formulated for non-conservative
forces in which the potentials are time-dependent [16].
And, even though it conserves the energy-momentum
tensor, general relativity is non-conservative. Therefore,
we can assume that the potential in Poisson equation given
in Equation (34) is time-dependent. As in the case of
Einstein theory of general relativity in which the field
equations are proposed by observing the similarity

between the Bianchi identities Vﬂ(R“ﬂ —%gaﬂRjEO

and the conservation of the energy-momentum tensor
VﬁT"ﬁ =0, in the following we will assume that the

scalar potential V and the Ricci scalar to be related by the
relation

(35

where k5 is an undetermined dimensional constant. With
the above assumptions, from Equations (32), (34) and (35)
we obtain

V =k3R

Vz(k3R):MgooatR. (36)

2c

Equation (36) is rewritten as
&R :LOOVZR. 37)
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In order to investigate further we need to specify the
time component g°° of the metric tensor g* . It is seen
from Equations (2) and (4) given in Appendix 3 that a real
spacetime structure that is described by the Ricci tensor
can admit a real metric tensor or an imaginary metric
tensor. If the metric tensor g is real then we obtain a
diffusion equation

oR=kV2R (38)

where the constant k = cks;/(2mk,k,g°°). While
investigating the theory of the Brownian movement of
particles suspended in a liquid, Einstein derived the
following one-dimensional differential equation for
diffusion [17]

of (x.t) _ Dazf(x,t)
ot x>

where f(x,t) can be identified with the concentration per
unit length of the number of particles or of the substance
under study, and D is the coefficient of diffusion. The
solution to Equation (39) is

(39)
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f(x,t)=m

(40)
where M = f:of(x, t)dx is the total number of particles
or the total mass of the substance. For the case of a three-

dimensional diffusion equation given in Equation (38),
solutions can be found to take the form [18]

7x2+y2+22

R(x,y,z,t):%e 4kt (41)
( 47rkt)
Equation (41) determines the probabilistic distribution
of an amount of geometrical substance M which is defined
via the Ricci scalar R and manifests as observable matter.
On the other hand, if the metric tensor g is imaginary,
then since the Ricci tensor R, is real and the Ricci scalar
R is a contraction of the metric tensor and the Ricci tensor
given by the relation R = g% Rqp, the Ricci scalar R is
imaginary. If we let R = i¥ then Equation (38) can be
written as

o, =ikv2y, (42)

Equation (42) is similar to the free particle Schrodinger
wave equation in quantum mechanics
ow(rt) . n

=|—V2y/(r,t).

= 2 (43)

The similarity between Equations (40) and (41)
suggests that the Schrodinger wavefunction ¥ (r,t) may
intrinsically be related to the geometrical structure of
spacetime that can be materialised to become observable
as quantum particles. However, it is seen that unless
d.R = 0, Equation (42) can only be realised within the
existing framework of mathematics if there exist real
functions whose rates of change are imaginary functions.
In fact, such functions can be used to describe real
physical processes without their property of producing
imaginary rates being realised. For example, if the rates of
change of a real function f(x) are given as df (x)/dx =
ikif(x) and d(df (x)/dx)/dx = ik, df (x)/dx, where
k, and k,, are real, then d?f(x)/dx? + kik,f(x) = 0is a
real equation, which can be used to describe a wave
motion. If we generalise Equation (38) by assuming that
the Ricci scalar R can take complex-valued values then a
complex solution to Equation (38) can be obtained as

i x2+y2+22
4kt
e .

R(x, y,z,t)=L3 (44)
(Vanikt)
Equation (44) can also be rewritten in the form
-M V2 +in2
R(x,y,z,t)= 3{ 5 ]
( 47rkt)
(45)

4. Spacetime Structures of Elementary
Particles

In this section we investigate spacetime structures of
quantum particles by deriving equations that can be used
to construct line elements for given Ricci scalar curvatures.
The diffusion equation given in Equation (38) describes
the density fluctuations of a geometrical substance that is
undergoing diffusion. We assume that the geometrical
substance materialises to appear as quantum particles from
spacetime structures. For the Ricci scalar given in
Equation (41), due to the spatial symmetry of the Ricci
scalar, we seek a line element of the form

ds? = D(cdt)2 -A(x,Y, z,t)[(dx)2 +(dy)2 +(dx)2] (46)

where D is constant. As shown in Appendix 3, the
quantity A(x,y,z,t) satisfies the following differential
equation

2
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Asymptotically, Equation (47) describes a wave motion
for t — oo given the gauge condition that involves the first
derivatives. Those quantum particles that can be described
by Equation (47) are short-lived subatomic particles. They
appear for a short time and then disappear into the purely
gravitational field with a wave motion when R— 0.
However, whether Equation (47) can be solved to obtain
exact solutions requires further investigation. If the metric
tensor of the line element given in Equation (46) is
complex, then instead of Equation (47), we obtain the
following equation for the complex function A(x,y, z,t)

2
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Now, it is noted that if the Ricci scalar curvature is
time-independent then Equation (38) reduces to Laplace
equation

(48)

V2R =0. (49)

. . 1 1
From the relation J“=(P,Ji)=Eg“ﬁVﬁR:Eg“ﬂaﬁR,

for the case of a symmetric metric tensor, we have p = 0,
therefore the spatial structure of a quantum particle is
visualised only in terms of the three-current j;. Apart from
the interesting question that arises from this result about
what form of matter the three-current j; to represent, such
physical structure is possible only when the metric tensor
itself depends explicitly on time but the contraction
R = g% R,z reduces the Ricci scalar to time-independent.
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For example, from the defined relation of the Ricci scalar
curvatureas R = gOOROO + gllRll + gZZRZZ + g33R33, if
g% Ry, is time-independent and g'', g'! and g'! are
time-dependent, a time-independent Ricci scalar can be
obtained if g'*Ry; + g%?R,, + g**R33 = 0.

If the spatial structure of a quantum particle is
considered to be spherically symmetric then its
materialised spatial structure can be described using
spherical coordinates (r, 8, ¢). In this case Equation (49)
takes the form

1 a[ zaRj 1 0 ( aRj
— |+ in@—
28I’ or r sm@@@ 00

1 [o%°R
STy oyl el
resin“g\ o¢

The general solution for the Ricci scalar curvature R
can be found as

(50)

(r,0,¢) =§ Z (A,mr' +B,mr‘('+1))v,m(9,¢) (51)

where Y}, (6,¢) is the spherical harmonics and the
coefficients A;,, and B, can be determined from the
boundary conditions [19].

If the spatial structure of an elementary particle is
considered to be cylindrically symmetric, such as a thin
disc that forms the rotor of a gyroscope, then its
materialised spatial structure can be described using
cylindrical coordinates (p,¢,z). The Laplace equation
given in Equation (49) now takes the form

aZR 1R 162R 62R
ap2 pop p? og? T

=0. (52)

The general form of the solution for the boundary
problem where the cylinder has a radius a and a height L
is found as

R(p.¢.2)
Amnsin(mg) ) (53)
- mzor%] Kmn2)sinh(Kpn Z)[+ancos(m¢)j

where J,, (x) is Bessel function, k,,, = x,,, /a with x,,,
are the roots of J,, (x.,) = 0, and the coefficients A4,,,
and B,,,, can be determined from the boundary conditions
[19].

Although it is almost impossible to construct line
elements for the whole value of the Ricci scalar curvatures
given in Equations (51) and (53), it is possible to construct
a line element for each quantum state for discrete
values of [ and m. For example, the quantum state with
[ =0 and m =0 for the spherically symmetric Ricci
scalar curvature given in Equation (51) is

R()=—( 224 |

If we assume a spherically symmetric line element of
the following form

A(r)(dr)? =r?(d6)? —rZsin?g(dg)? (55)

(54)

ds? = D(cdt)” -

where D, Ay and By, are undetermined constants, then
using the result obtained in Appendix 3, we arrive at the
differential equation

r dA 2 1 1 BOO ]
—t—|1-— |=— 56
2A% dr rz( Aj \/47r( ~foo 0
Equation (56) is a first order non-linear differential
equation and it can be shown that in general there exists a

unique solution to the initial value problem that involves
such equation.

5. A Relationship between Schrodinger
Wavefunctions and Spacetime
Structures

In this section, we show that there is a relationship
between Schrédinger wavefunctions and the spacetime
structures of a quantum system in the sense that
Schrddinger wavefunctions are considered purely as
mathematical objects that can be used for the construction
of spacetime structures of the quantum states of a quantum
system. In order to construct the spacetime structures for
quantum particles, we observed the similarity between the
equation p = (k;/2¢)g% a,R and the equation 4mk,p =
V2V. We assumed that the scalar potential ¢ and the Ricci
scalar curvature R to be related by the relation V = k3R,
where k;, k, and k; are undetermined dimensional
constants. In the following we will discuss a procedure to
construct spacetime structures for the quantum states of a
guantum system in which Schrddinger wavefunctions are
employed as a pathway. We also assume that the relation
V = k3R is hold for any potential defined in classical
physics. Since Schrédinger’s original works were on the
time-independent quantum states of the hydrogen atom,
we first recapture the main ideas of Schrédinger’s method
to obtain the time-independent wave equation for the
hydrogen atom [20,21]. Schrédinger commenced with the
Hamilton-Jacobi equation, written in terms of the
Cartesian coordinates (x, y, z) as

2 2 2 2
BV BV E) _omle+X |20, 57

oX OX OX r
However, in order to obtain a partial differential
equation that would give rise to the required results,
Schrodinger introduced a new function Y , which is

real, single-valued and twice differentiable, through the
relation

S=hlny (58)
where the action S is defined by

S= j Ldt (59)
and L is the Lagrangian defined by

L=T-¢ (60)

with T is the kinetic energy and ¢ is the potential energy.
In terms of the new function v, Equation (57) takes the
form
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ox Ox ox w2
Then, by applying the principle of least action defined

in classical dynamics, & [ Ldt = 0, Schrodinger arrived at
the required equation

2
sz/+i—r;(E +'%jy/=o. (62)

Now we show that Schrddinger wavefunction i can be
used to construct the spacetime structures of the quantum
states of the hydrogen atom. By using the defined
relations L = dS/dt, dS/dt = 8,S + ¥ _; 9,S(dx" /dt),
T=mY;_i(dx"/dt)* and ¢ = T — L, we obtain

3 3
go:mz(dxﬂ /olt)2 ~0iS+ 30, S(dx“ Idt).  (63)
u=1 =l

In terms of the Schrédinger wavefunction i, Equation
(63) can be rewritten as

3
3 2 Oty 0,w(dx/dt)
¢,:m2(dx/‘/dt) “n Lt .(64)

=1 4

From the assumed relations V = k;R and V = ¢/m,
we obtain the following relationship between the

Schroédinger wavefunction 3 and the Ricci scalar
curvature R
3 2
(dx“/dt)
=1
R=1|# 5 . (65)
3 hathﬂ:layy/(dx”/dt)
m v

Since we will use spherical coordinates for the
Schrédinger wave equation given in Equation (62), the
Ricci scalar curvature should also be written in terms of
spherical coordinates (r, 8, ¢). The Ricci scalar curvature
given in Equation (65) then takes the form

2 2
(ﬁj +r25|n ¢(d9j r2£d—¢j
1 dt dt dt
= dr do dg |
k 5 Oy +0 Doy = +04p
3 ty + rV/d +0g¥ at dt

m 4

The eigenfunctions ,;,, (r,0,¢) for the hydrogen
atom, which are solutions to the Schrddinger wave
equation given in Equation (62), can be found in the form

Ynim (r,6’,¢):Rn| (r)YIm (9:¢) (67)

where the spherical harmonics Y}, (6, ¢) and the radial
functions R,; (r) are given as

Yim (0,4)=(-1)" [%JZ A™ (cos@)e™ (68)

Roi (1) =- [ijgz(z_;l)' ’ e 2

P
'L () (69)
%) an((nel))f | )

where p = 2r/na, and a, = 4mweyh?/mq? [8]. From
these solutions, the first few normalised wave functions
for the hydrogen atom and their corresponding Ricci
scalar curvatures are given below

3
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It is seen from the above results that unless particular
conditions are imposed, such as the constancy of the
kinetic energy of the electron on each quantum state, as in
Borh’s model, the mathematical construction of possible
spacetime structures of the quantum states would require
laborious mathematical investigations. However, we
would like to give the following interesting discussion
about the geometric structures of spacetime that are
closely related to the undeterministic characteristics of the
guantum states of a quantum system [15]. If we consider
the quantum spacetime structures as embedded surfaces in
the Euclidean space R3 then the Ricci scalar curvature R is
related to the Gaussian curvature K = 1/kk, as
2

R=—" 76
e (76)

Wa00(r,0

(73)

¥300 (1.6,

(75)

where k; and k, are the principal radii of the surface.
Consider a surface defined by the relation x® = f(x!,x?)
in Cartesian coordinates (x!,x2,x3). The Ricci scalar
curvature given in Equation (76) can be found as



112 International Journal of Physics

2
_ 2t fo —(f12)

R 2
(1+ flz + f22)

(77)

where f, = df /ox* and f,, = 02f/0x*0x" [22]. Let P
be a 3-dimensional physical quantity which plays the
role of the momentum p in the 2-dimensional action
integral. The quantity P can be identified with the surface
density of a physical quantity, such as charge. Since
the momentum p is proportional to the curvature x,
which determines the planar path of a particle, in the
3-dimensional space the quantity P should be proportional
to the Ricci scalar curvature R, which is used to
characterise a surface. If we consider a surface action
integral of the form S = [ PdA = [(q/m) RdA, where q
is a universal constant, which plays the role of Planck’s
constant, then we have

2
f11f20 —(f12)

s=4
(l+ f12 + f22 )3/2

T

dxtdx?. (78)

According to the calculus of variations, in order to extremise
the action integral of the form S = IL( f, fﬂ, fﬂ,, , x”)dxldxz,
the functional L(f, f,, f,v, x*) must satisfy the differential
equations

oL o oL oL _
o ox#of, oxtox o,

0. (79)

However, it is straightforward to verify that with
the functional of the form obtained from Equation
(78), L = (q/27) (firfoz — (fi2)))/ (1 + £ + f7)3/2, the
differential equation given by Equation (79) is satisfied by
any surface. Hence, we can generalise Feynman’s
postulate to formulate a quantum theory in which the
transition amplitude between states of a quantum
mechanical system is a sum over random surfaces,
provided the functional P in the action integral S = [ PdA
is taken to be proportional to the Ricci scalar curvature R
of a surface. Consider a closed surface and assume that we
have many such different surfaces which are described by
the higher dimensional homotopy groups. As for the case
of positive curvatures, we choose from among the
homotopy class a representative spherical surface, in
which case we can write

grda=1-guq (80)

where dQ is an element of solid angle. Since ¢ dQ
depends on the homotopy class of the sphere that it
represents, we have ¢$dQ =4mn , where n is the
topological winding number of the higher dimensional
homotopy group. From this result we obtain a generalised
Bohr quantum condition

$PdA=nq. (81)

From the result obtained in Equation (81), as in the case
of Bohr’s theory of quantum mechanics, we may consider
a quantum process in which a physical entity transits from
one surface to another with some radiation-like quantum

created in the process. Since this kind of physical process
can be considered as a transition from one homotopy class
to another, the radiation-like quantum may be the result of
a change of the topological structure of the physical
system, and so it can be regarded as a topological effect.
Furthermore, it is interesting to note that the action
integral (q/2m) $RdA is identical to Gauss’s law in
electrodynamics and the constant g can be identified with
the charge of a particle. In this case the charge g
represents the topological structure of a physical system,
and must exist in multiples of gq. Hence, the charge of a
physical system, such as an elementary particle, may
depend on the topological structure of the system and is
classified by the homotopy group of closed surfaces. This
result may shed some light on why charge is quantised
even in classical physics. We would also like to mention
here that the physical entity of magnetic monopole that
was introduced by Dirac can also be formulated in terms
of topology and the homotopy group as discussed above
for the electric charge if instead of one-dimensional we
introduce a three-dimensional temporal manifold. In
particular, we also show that the Dirac relationship
hc/q.q, = 2 between the electric charge g, and the
magnetic charge q,, can be obtained from topological
characteristics and invariants [5].

6. Conclusion

We have shown in this work that physical formulations
in classical physics that include Newton’s second law of
motion, the field equations of the electromagnetic field
and the field equations of the gravitational field can be
formulated in a general covariant form so that the
formulations differ only by the nature of the geometrical
objects that represent the corresponding physical entities.
In particular, when the field equations of the gravitational
field are formulated covariantly using Bianchi identities
then instead of viewing quantum particles as mass points
we show that it is possible to represent them as three-
dimensional differentiable manifolds which possess
geometric and topological structures, and these structures
can be determined by Schrddinger wavefunctions by
identifying the classical potential with the Ricci scalar
curvature, and therefore we can extend the description of
the dynamics of quantum particles in the current
formulation of physics as mass points to the dynamics of
elementary particles as three-dimensional differentiable
manifolds in an ambient space. Being viewed as three-
dimensional differentiable manifolds, quantum particles
may possess internal geometric symmetries that give rise
to intrinsic dynamics. If elementary particles are assumed
to remain as stable geometric structures then their intrinsic
dynamics should be described by continuous isometric
transformations, which is an isometric embedding into the
spatiotemporal manifold [23]. We can describe the
evolution of quantum particles as a change of their
geometric structures through evolutionary processes, such
as the Ricci flow or the field equations of general
relativity, rather than their motion in an ambient space as
mass points. For a purely geometrical formulation of
physical theories we may speculate that the continuous
isometric embedding of three-dimensional Riemannian
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manifolds should be viewed as a continuous process of
materialising spacetime structures rather than the motion
of a solid physical object through space with respect to
time. It is also possible to suggest that the process of
materialisation from spacetime structures under a
continuous isometric embedding will decompose the
geometric structure of spatiotemporal manifold in the
forms of n-cells which in turns will give rise to physical
effects which manifest as physical fields, such as the
gravitational field or the electromagnetic field. Therefore,
mathematically, we consider quantum particles as
three-dimensional differentiable manifolds which may
have intrinsic geometric and topological structures of CW
complexes.

As a further remark, we would like to mention here that
even though our discussions have been focused on the
quantum objects, the results are equally applied to
macroscopic phenomena.
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Appendix 1

In differential geometry, the covariant derivative of a
contravariant tensor of second rank A% is given by

B _ 7 B
VyA“ _ayA“ +F§7A" +F§7Aw. €8]
The partial time derivative of Equation (1) is
o (v, A7)
=00, A7 )+(are, ) A7 +TE, (A7) (@)
+(6t1“z7)A“" +T%, (at A“").

Under the coordinate transformation x = f%(x#), the
tensor A% is transformed as

vy X% P
o 22X o 3)
oxP ox

If the coordinate transformation is time-independent
then the partial time derivative of the tensor A% is also a
tensor which is transformed according to the rule

onP  ox@ ox P onre

= 4
ot oxP ox° ot ®
In this case, we have
v, (aA?)
)

=0, (A7 )+1, (0,47 )+ T2, (0,A°7 ).

It is observed from Equations (2) and (5) that if we
impose the following condition on Equation (2)

(org, ) A7 +(are, ) A% =0 (6)
then we obtain the identity
v, (0A% )=y (v, A7) %)

For a metric tensor g® we have the identity
v,(0,9%) =0,(V,g**)=0, and therefore from the
field equations Vg R% = 0 we arrive at

6gaﬁ
ot

= kRaﬂ ®)

where k is a scaling factor.

Appendix 2

In differential geometry, the position vector r(s), the
unit tangent vector t(s), the unit principal normal vector
p(s) and the unit binormal vector b(s), defined by the
relation b(s) = t(s) x p(s), satisfy the Frenet equations
[22]

dt dp db

— kP, —=—xt+ b, —=— 1
& Kp & o, s op €Y)

where x(s) and o(s) are the curvature and the torsion

respectively, and ds = Vdr. dr is the linear element. If we
consider the motion of a particle in a plane, as in the case
of Bohr’s model of a hydrogen-like atom, the Frenet
equations reduce to
ﬂ:]{p’ d—pz
ds ds
By differentiation, we obtain the following system of
differential equations

—xt. (2)

2
d’td(Inx) dt

2
— t=0 3
ds? ds ds ®)

2
d’p_d(n9dp o o

= 4
ds? ds ds )

If the curvature k(s) is assumed to vary slowly along
the curve r(s), so that the condition d(Ink)/ds = 0 can
be imposed, then t(s) and p(s) may be regarded as being
oscillating with a spatial period, or wavelength, 4, whose
relationship to the curvature « is found as

27
K=—o.
A

In the case of the Bohr’s planar model of a hydrogen-like
atom with circular orbits, the condition d(Ink)/ds = 0 is
always satisfied, since the curvature remains constant for
each of the orbits. In order to incorporate this elementary
differential geometry into quantum mechanics, we identify
the wavelength defined in Equation (5) with the de
Broglie’s wavelength of a particle. This seems to be a
natural identification since the spatial period A is the
wavelength of the unit tangent vector t(s). With this
assumption, the momentum p of the particle and the
curvature k are related through the relation

®)
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p=rix. (6)

Appendix 3

In this appendix, we show in detail the derivation of
the equations to determine the metric tensor of the line
element given in Equations (46) and (55) in section 3.
In differential geometry, the Riemann curvature tensor

R% 5, is defined in terms of the affine connection rgﬁ as
Ra ar/‘ﬁ aFa 1—‘4 F rl l—v(Z (1)
AP ax'B N

The contraction of the Riemann curvature tensor given
in Equation (1) with respect to the indices a and g gives
the Ricci tensor

ary, _arza
ox°  ox¥
On the other hand, the contraction of the Riemann

curvature tensor with respect to the indices a and u gives
the segmental curvature tensor [24]

A A
I +r,uvrg0' _F,uarfi—w (2)

Mg Uy
x%  oxP

It is seen from Equation (3) that if the affine connection
F”ﬁ is symmetric with respect to the indices @ and S8 then
the segmental curvature tensor Q.4 is anti-symmetric and
in this case it might be used to formulate the
electromagnetic field as given in Equation (10). In order to

formulate the field equations for the gravitational field it is
necessary to introduce a symmetric metric tensor g,z in

terms of which the affine connection Fyﬁ is defined as

L Bou Bpr | @)
o ox¥ ox°

aff = 3)

riv =%gla(agov

However, with the introduction of the symmetric metric
tensor, it can be shown that the segmental curvature tensor
vanishes. This result shows that the electromagnetic field
and the gravitational field may not be formulated on the
same geometric structure of a Riemannian manifold. With
the line element given in Equation (46) in section 3, we
obtain the following non-zero components of the affine
connection [25]

Ty =T}y = 1 0A 2,=T? _10oA
017710 " 9ca ot 2 20 T ca
o _ LA o 1 0A
087730 Aot 1 2D ot
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From the components of the affine connection given in
Equation (5), we obtain

. 1 %A 10°A 1 8%A
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USIng R = gOOROO + g Rll + g RZZ + g33R33 we
obtain

Roo =

2
R 2 PR 2 3 g )
c’DA ot A 2A
With the line element given in Equation (55), we
obtain the following non-zero components of the affine
connection are [26]

1dA
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U= dr

2 2 1
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From the components of the affine connection given in

Equation (8), we obtain

Ry LtOAp 1 r dA
U™ adr 2 A op2dr
1 r dA .2
Ryy=| ————=—-1sin“@, Ryp =0. 9
33 (A 72 dr j 00 €)]
USing R = gOOROO + g11R11 + gZZRZZ + g33R33 we
obtain
R:Ld—A+£(1—i]. (10)
2A2dr 20 A
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