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Abstract
Exactly solvable rational extensions of the harmonic oscillator have been
constructed as supersymmetric partner potentials of the harmonic
oscillator [1] as well as using the so-called prepotential approach [2]. In
this work, we use the factorization property of the energy eigenfunctions
of the harmonic oscillator and a simple integrability condition to construct
and examine series of regular and singular rational extensions of the
harmonic oscillator with two known eigenstates, one of which is the
ground state. Special emphasis is given to the interrelation between the
special zeros of the wave function, the poles of the potential, and the
excitation of the non-ground state. In the last section, we analyze specific
examples.
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Dimensionless units
In order to make the quantities that interest us dimensionless, we introduce the

: : : . X : o : o
dimensionless variable xET, where x is the position and / is a positive real

constant with dimensions of length, which later can be related to the length scale of
the examined particle.

Then, the wave function /(x) of the particle and the potential V' (x) become
functions of ¥, i.e. y(x) >y (%) and V (x) >V (%).

Also, we have
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Then, the second derivatives of the wave function with respect to x and x are related
by the equation

d*y (x) _1 d*y (%)
dx* > dx

The energy eigenvalue equation of the particle in the potential V(x) , 1.e. the equation

TV 2 5y () ()=

1s then written as

LV 2y (@) (1) =0 1" (2)+ 2 (B (3w (1)=0=
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where the primes now denote differentiation with respect to x .
We observe that

e
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The quantity Y has then dimensions of energy and we use it to make the energy
and the potential dimensionless.
To this end, we set



7 (%) z—zmlhf(i) 3)

The quantities £ and V(%) are then dimensionless.

For convenience, we’ll call the dimensionless variables ¥, E, and V(fc),

dimensionless position, dimensionless energy, and dimensionless potential,
respectively.
Substituting (2) and (3) into (1), we obtain

y' (£)+(E-V (%))w(¥)=0 4)

This is the energy eigenvalue equation in terms of the dimensionless position, energy,
and potential.
In what follows, we’ll work with the dimensionless position, energy, and potential,

but for simplicity and convenience, we’ll keep denoting them by x, £, and ¥V (x).

General analysis

It is known that [3], leaving aside the normalization constants, the energy
eigenfunctions of the harmonic oscillator are products of its ground-state wave

function and the respective Hermite polynomials, i.e. w, (x)~H, (x)w,(x), where
w,(x) and w,(x) are, respectively, the ground-state and the 7 -th excited-state wave
functions, and H, (x) is the respective Hermite polynomial.

Using this property as our starting point, we’ll search for real potentials V(x) having
a bound eigenstate of energy E,, which is described by a wave function y, (x), and a

bound eigenstate of energy E, # E,, which is described by a wave function of the

19
form

v, (x)=4,p(x)y, (x) (5)

where 4, is the normalization constant of the wave function i, (x)

For the moment, we’ll assume that p(x) is a general, appropriate function, and later

we’ll restrict our attention to polynomials of definite parity.
Since both wave functions describe bound energy eigenstates, they must both be
square integrable.

The wave functions y,(x) and w,(x) satisfy, respectively, the energy eigenvalue

equations
v, (x)+(E =V (x))w; (x)=0 (6)

v, ()C)+(E2 —V(x))l//2 (x) =0 (7)

Using (5), the first derivative of y, (x) is



v ()= 5 (D ()4 p () ()
Then, the second derivative of y, (x) is

"

v, (x)=p"(x)w, (x)+ p'(x)w (x)+ P (x)w (x)+ p(x)p" (x) =
=" (x)y, (x)+2p" (x)p (%) + p(x)w (%)

That is

0 (5)= P () (x) 20 () () p () () 9

Besides, from (6) we obtain
v (x)= (V(x) _El)‘//l (x)

Substituting the expression of l//l" (x) into (8), we obtain

vy (%)= p" (x)w (x)+20" ()9 (x) + p(x)(V (x) = £ )w, (x) =
=2p' (x)w) (x)+((V (x) = £ ) p(x) + p"(x)) w1 (%)

That is

w" (x)=2p'(x)p (x)+((V (x) =) p(x)+ " (x) )y (x) ©9)

The equations (5) and (9) give us y, (x) and its second derivative in terms of y, (x),
p(x), and their derivatives. Observe that the second derivative of , (x) contain
only the first derivative of y, (x), not the second.

Then, substituting (5) and (9) into the energy eigenvalue equation for w, (x) (eq. (7)),

we obtain a first-order, linear — and homogeneous — differential equation for y, (x) .
We have

20 (2 () +((V () = £1) 2 () + 2" (0))p1 () + (£, =V (x) p () (x) = 0=
= 2p' (X)) (x)+((7 (x) = E) p(x)+ p"(x) + (E, -V (x)) p(x)) (x) = 0=

= 2p' (X)) (x)+((V (x) =B+ E, -V (x)) p(x)+ p" (x))ya (x) = 0=

=20 (x)p (x)+((E~E) p(x)+ 0" (x))w (x) =0=

() (B E)p(x)+p"(x) _,_wi(x)_ (BE—E)p(x)+p"(x) _
(s 20'(x) () 20/ (x)
_ E-E p(x) 1p"(x)
2 p'(x) 2p'(x)
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Since the two energy eigenstates are bound, each of the wave functions y, (x) and

(10)

v, (x) is [3] the product of a real-valued function and a constant complex phase that

can be incorporated into the respective normalization constant.
Thus, the function p(x) can be assumed a real-valued function.

Also, omitting for the moment the normalization constants, we can assume that the
two wave functions are also real-valued.
Then

p'(x)
p'(x)

and

=(In|p'(x)|+C,) (D)

‘//1’ (x) '

——==(Inly, (x)+C,) (12)

50y (1))

with C,C, being real constants.

By means of (11) and (12), (10) is written as

E,—E p(x) 1

(infy () +C) = 2P G )=
= In|y, (x)|+ C, = E;Ejdy;’((yy)) (in|p'(x)]+ €)=
=l ()=~ [ EE il () S =
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Setting C = —71— C, anew real constant, the previous equation is written as

1n\y/1(x)\=—E2;El [y r(y) +lnp/(x)["* +C (13)

P'(»)

We can also incorporate into C the constant of the integral .[ dy

p(y)
P'(»)

, and thus we

do the integration without adding a constant.
From (13) we obtain



‘t//l(x)‘ =exp(— £, ;El jdy r(y) +ln‘p'(x)‘7l/2 +Cj =

P (»)

-a -2 [y 2 g ) o)
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Setting 4, =exp(C), we obtain

“/’1()6)‘=A1‘p'(x)‘71/2 eXp(_Engl J’dy p(y)j

v P(»)

or

v, (x)=%4, ‘p'(x)‘il/z P (_ = ;EI :[dy 117?'(();))}

Now, incorporating into yfl(x) the normalization constant, which includes the

complex phase, the constant 4, becomes a complex constant.

Since the plus and minus wave functions are linearly dependent, we choose one of
them, and thus, choosing the one with the plus sign, we end up to

v, (x) =4 lp (x| exp(— =oh Jars ((i ))J (14)

where 4, is a complex constant.

If the function p(x) has definite parity, i.e. if it is an even or an odd function, then

p'(x) has also definite parity, but different from p(x), and thus M is always of
p'(»)
odd parity. Then the function .[ dy% is of even parity, as the indefinite integral of
y PV

an odd-parity function. Thus, the exponential exp(— E2;E1 .[ dy p’((y))j is also an
v P\

even-parity function. Besides, since p’(x) has definite parity, its absolute value

‘ p'(x)‘ is of even parity, and thus the function ‘ p'(x)‘fl/2 is also of even parity. Thus,

the product of ‘ p'()c)‘fl/2 and exp(— £ ;EI j dy p’((y))j is an even-parity function,
y Py

i.e. the wave function y, (x) is of even-parity.
Then, since y, (x) is of even-parity, from (5) we see that y, (x) is of even/odd parity
if and only if p(x) is of even/odd parity, i.e. ¥, (x) has the same parity as p(x).



Therefore, if p(x) has definite parity, y, (x) is of even-parity and v, (x) has the
same parity as p(x).

Symmetric potentials
We’ll consider symmetric potentials, i.e. potentials of even parity. Then, the energy
eigenfunctions have definite parity [3], and thus ,(x) and w,(x) have definite

parity.
Since y, (x) and w, (x) have definite parity, and (5) is written as

pla) =20

Ay, (x)
we conclude that p(x) has definite parity, and then, as we showed, y, (x) is of even-
parity and y, (x) has the same parity as p(x).
Therefore, y, (x) has the same parity as the potential, it has the symmetry of the
potential.
Also, from (5), we see that if , (x) has zeros, these are also zeros of w, (x), i.e. the

zeros of y, (x) are common zeros of the two wave functions, and in this sense, they

are special zeros, which are expected to result from the singularities of the potential.
Thus, the wave function y, (x) has the symmetry of the potential, i.e. it is of even

parity, and it can have only special — or common — zeros resulting from any
singularitites of the potential. This means that yfl(x) is the ground-state wave

function.

Then, y, (x) is an excited-state wave function, and thus E, > E, .

Since y, (x) is an excited-state wave function, it must have at least one simple zero
[4], which, as seen from (5), is also a zero of p(x).

If p(x) has r simple zeros, with r=1,2,..., then w,(x) is the r-th excited-state

wave function [4].

We remind that the two wave functions must be square integrable, and also, since the
probability density must be finite everywhere, the two wave functions must be finite
for every x.

The expression of the potential

Since the potential we consider is symmetric, i.e. ¥ (—x)=V(x), it is enough to

calculate it in the domain x>0 only.
In the region(s) of the domain x>0 where the derivative p'(x) is negative, ie.

p'(x) <0, (14) is written as

=4 0) e BB 20



Using (15), the first derivative of y, (x) is

'y
AN
'(y)J
E,- p(») ) _
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2 !dyp'(y)}
E . p()
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Besides, from (15) we have

E,-E ¢, p(») N

A exp| ——— | dy— j=—px v, (x
o B [ 2 |- ()
Substituting into the expression of the second derivative, we obtain

v () =5(p" () +(E:~E) P ())(-2'(x) " (-7 (x)) " (x)+

12

w, (x)+




v (x):(EZ—E1 jz(p(x) J:g(ﬁ'(ﬂ}z_ p"(x) +(E2‘El)p(x)p"(x)_E2;El (17)

v (x)

Besides, from (6), i.e. from the energy eigenvalue equation for y, (x), we obtain

V) gy (x)—0mr(x) =) g
vi (%) vi (%)
Substituting l//l—(x) from (17), the potential is then written as
Yi\x
2 2
V(X)Z(Ez_Eljz(pr(X)J +§(p'(X)J SC) BMCO RN F:1C) Ll Ji AT
2 J\r(x) 4r(x) 2p(x) p"(x)

To determine the potential uniquely, we need its value at a reference point. The
reference value of the potential may well be a limiting value at infinity.

Using the reference value, we determine the potential uniquely and also, we obtain an
equation for the two energies E, and E,.

In the region(s) of the domain x>0 where the derivative p'(x) is positive, ie.

p'(x) >0, (14) is written as

v () =4 (¢ (x)) exp(— =oh Jars ((i ))J (19)

Using (19), the first derivative of y, (x) is
N DRI _E,—E . p(»)
v, (x)= 2A1(p (x)) p (x)exp( 5 .[dyp }L
1 -2 _Ez_El p(x) _Ez_El p(y) —
+A1(p (x)) ( 5 —p’(x)jexp( 5 jdy ( =

1

L @) (BB () () )4 e"f{‘EzE o) (y)j

v (x)=—=(p"(x)+(E, - E) p(x))(p'(x) " 4 exp(_ £, ;E [ay Z(y) j 20)

Using (20), the second derivative of i, (x) is
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Besides, from (19) we have
E,—E, ) [ e
Alexp(— 5 :[dy;(i)j_(p(x))/ v, (x)
Substituting into the expression of the second derivative, we obtain
v (x)==5(p" () +(E,~ )2 (x)(p'(x)) wa(x)+
(0" () (B~ B p(0) () (0 (3)) v () +
+ BB (7 () (B~ B) p(6)) p () (2 (5)) i ()
Thus
v/ (x)_ p"(x) E - 3(#’@)} 3(E,~E)p(x)p'(x) | (E~E)p(x)p'(x) |
t//l(x) 2p'(x) 2 4 p'(x) 4p2(x) 4p2(x)
JE-EY (p(0)) _(E-EY(p™)) ,3(P®) () (E-E)p(x)p(x)
1 (p%x)J ( 2 Mp’(x)J 4(p'<x>j 2p'(x) P ()
E,-E,
2
That is
W () _(E-EY(P®) 3(P®) _p'() (E-E)p(x)p'(x)_E-F
%(x)‘( 2 Mp«x)J 4(p'<x>j () ) 2z Y

Comparing (17) and (21), we see that they are the same expressions.
In the previous case, we saw that, using again (6), the potential is



Vix)= +E
()= )

Substituting %T(x)) from (21), the potential is then written as
Yilx

V(X)Z(Ez—Eljz(p(x) J2+§(p"(x)}2_ p"(x) +(E2—El)p(x)p"(x)+E E-E,

2p'(x) P (x) b2

2 4

p'(x)

p'(x)

which is the same expression as (18).
At the zeros of p'(x), i.e. at the points where p'(x)=0, the wave function y, (x),

and then y, (x) too, is not differentiable.
However, since the expressions of the potential in the regions where p'(x) is

negative and positive are the same, and assuming that p’(x) is continuous, so that the

wave functions are continuous, which is necessary for the probability density to be
continuous too, if x, is a zero of p'(x), the left-side and right-side limits of the

potential at x, are the same, and we can define the value of the potential at x, as the
value of these two limits. If x, is a simple zero of p'(x), then the limits are infinity,
and thus x, is a singular point of the potential.

Therefore, the simple zeros of p’(x) are singular points of the potential.

To give a summary of what we’ve done so far, the wave functions (14) and (5),
provided that they are square integrable and finite for every x, describe, respectively,
the ground state, of energy E,, and a bound excited state, of energy E, > E,, of the

potential

2 )P 2p'(%) p"(x)

The potential is uniquely determined if we know its value at a reference point, which
may well be the infinity.

In the previous section, we showed that if the potential is symmetric, p(x) has
definite parity.

Using (22), it is easily shown the opposite, i.e. if p(x) has definite parity, then the
potential is symmetric.

Indeed, if p(x) has definite parity, then p'(x) has opposite parity from p(x), and

2
thus p’(x) is of odd parity, and then (ﬂ} is of even parity.
p'(x) p'(x)

(22)



Also, p"(x) has the same parity as p(x), and thus has opposite parity from p'(x),

2

and then M is of odd parity, and thus (MJ is of even parity.
p'(x) p'(x)

Also, p"(x) has opposite parity from both p'(x) and p”(x), and thus p'(x) and

pm(x)

p'(x)

are both of odd parity,

p"(x) have the same parity, and then

p(x) 4 P'(x)

so, since an p(x)p"(x)
Also-sinee ey ™ () )

E —-F . . .
The constant £, ——2——L | as any constant, is an even-parity function.
1 > Yy parity

is of even parity.

is of even parity.

Therefore, using (22), the potential, as a sum of even-parity functions, is of even
parity (symmetric).

The case where the function p(x) is a definite-parity polynomial
We’ll now assume that p(x) is a polynomial of even or odd parity.
Since we can always incorporate the leading coefficient of p(x) — which by
definition is non-zero — into the normalization constant 4, of the wave function
w, (x), we can assume that p(x) is monic, i.e. its leading coefficient is 1.
In this case, as seen from (22), the singularities of the potential are the zeros of p’(x)
—if p'(x) has any zeros — and they are poles of second order.

We’ll examine separately the case where p(x) is of odd parity and the case where it
is of even parity.

l. p(x) is of odd parity and satisfies an integrability condition
If p(x) is an odd-parity polynomial, it will be of odd degree and it will have the form

p(x)=D ppux™ (23)

m=0
where p, ., =1and n=0,1,...
Since p(x) is of odd parity, it has a zero at 0.
The first derivative of p(x) is

n

p'(x)=Y.(2m+1) p,,..x*" (24)

m=0

Using (23) and (24), we have
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p m=0

_ m=0 _ X m=0 _
' C w 2m+1 w 2n+1-2m+l w
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X 2m 2m +1 2m 2m +1 2m
~1 - ~1
’;[pZerlx +( 2]’1 +1 )p2m+1x ( 2]’1 +1 )p2m+1x j B
C2n+l 2m+1 5 N
’;) 2 +1 p2m+1
= 2m+1 m [ 2m+1 m
X Z[(l—i_ 2’Z+1 _1)p2m+1x2 _( 2’:+1 _1)p2m+1x2 j
_ m=0
a 2}’1 +1 3 2m +1 2m -
mZ(:) 2}’l+1 p2m+1x
S 2m+1 om [ 2m+1 o
= ~1
X %[2 +1p2m+l (2’1_’_1 )p2m+1x j_
T on+l 2m+1 m -
,g 2 +1 p2m+1
2m+1 om 2m+1 o
- -1
_ X ,;) 2 +1 p2m+1 mzzo( 2}’1 +1 jp2m+1x _
2n+1 2m+1 )
n z 2m+1 p2m+1 ?
m=0
2m+1 m 2m+1 2m S 2m+1 2m
-1 -1
_ X ’;)2 +1p2m+l _;(2’14_1 jp2m+1x _ X _;(2}’14‘1 jp2m+1x
2 1 2 1 m 2 1 m 2 1 2 1 m
e z 2’;::1 172171+1x2 z 2’;::::1 p2m+1 ? e z 2’:::::1 p2m+1 ?
m=0 m=0 m=0
" dm+1 - " (2m+1—(2n+1 -
X 2( 2’;/l+1 _lj 172171+1x2 : X 20( 2}’15‘1 )jp2m+1x2 :
= _m=0 — _m= _
2n+1 2(2m+1)p2m+1x2m 2n+1 2(2m+1)p2m+1x2m
m=0 m=0
" 2(m—n - 2 -
B x ’; (2}’l+1 )}72171+1x2 : B X mZ(:)z(m_n)pZerlxz : B
2n+l Zn:(2m+l)p2m+1x2m 2n+l (2n+l)Zn:(2m+l)p2m+1x2m
m=0 m=0
iz(}’l _m)pZerlxszrl
— X m=0
2L 20 41)Y (2m+1) pyy 2
m=0

That is



n

2m+1
p(x) 3 x N ;2(n_m)p2m+1x

P21 1) S (2m 1) ™

m=0

Since the coefficient 2(n—m) p,,., vanishes for m=n,

n n—1
2m+l __ 2m+1
zz(n_m)pZerlx _zz(n_m)p2m+1x ’
m=0

m=0

and thus

n—1

2m+1
p(x) 3 x N ;2(n_m)p2m+1x

P21 00 1) S (2m 1) o™

m=0

(25)

where n=1,2,...

If =0, then gz(n_m)pzmﬂxzmu =0, and ﬁr(();)) = 2*;+1 = x, as expected since

then p(x) =
In this case, where p(x)=x and thus p’(x)=1, we obtain the wave functions of the

ground-state and of the first excited state, and the respective energies, of a harmonic
oscillator. Thus, this case can be considered as trivial.
n—1
In (25), we observe that the numerator 22(n—m) DX
m=0

2m+1

is of degree 2n—1,

2m

while the denominator Z(2m +1) DX
m=0

is of degree 2n, and thus, at long

n—1

zz(n_m)pZerlx

2m+1

distances, i.e. for |x| — oo, the fraction —2=° - goes to zero, and

(2n+1))_(2m+1) p,, . x>"

m=0
2

then Lx) = . Then, the integration of gives - , which appear in

p'(x) 2n+1 n+1 ( n+l)

) E2

the exponential factor exp| — , and thus, in order for the wave

1

functions to be square integrable, the factor — must be negative, which means

that £, > E|.

n—1

22 n m 172171+1x2mJrl
As noted, in the fraction 2% , the degree of denominator is equal

z (2m + 1) p2m+l‘x2m

m=0
to the degree of numerator plus 1.




Then, to proceed, we’ll consider the case where the series in the numerator is
proportional to the derivative of the series in the denominator, i.c.

!

n—1 n
z 2 (n - m) Do X" =a [z (2m + 1) J j (26)
m=0 m=0

where a is a non-zero real number.

The relation (26) is a condition that allows us to calculate the integral .[ dy p’((y )) '
Py
From (26), we have
n—1
2(n m szﬂxzmﬂ _ az 2m 2m+1) pszrlem—l N
m=0 m=1
—1
z ” m szﬂxz"”l = aZm 2m+ 1) P (27)
m=0 m=1
n—1
Changing the summation index to m’'=m+1, the series D (n—m)p,, x"" is
m=0
written as
z (n - (m’ _ 1)) pz(mLI)Jrle(m'fl)Jrl — z (n —m'+ 1) p2n1'71x2n1'71
m'=1 —

Renaming the summation index of the last series to m , we obtain

n—1 n

2m+1 __ 2m—1
Z(n_m)pZerlx _Z(n_m+l)p2m—1x
m=0 m=1

Using the last relation, (27) becomes

n

z (n -m+ 1) pszlxzm*1 = azn: m (2m + 1) pzmﬂxz’"’1

m=l m=l

Equating the coefficients of the same degree terms in x, we obtain

(l’l_m +l)p2m—l = am(zm +1)p2m+1
or

m(2m+1)

Sl il 28
p2m—1 n—m+ 1 p2m+1 ( )

where m=1,2,..,n>1,and p, , =1.
From the previous relation, we calculate the coefficients of the polynomial (23).
Besides, using (24), the condition (26) is written as

n—-1
D 2(n—m) p,,.,x*"" =ap"(x) (29)

m=0

By means of (24) and (29), (25) is written as

p(x) X ap”(x)
p'(x) 2n+l (2n+1)p'(x) (30)




where a is a non-zero real number and n>1.
This is the differential equation the (2n+1)-degree, odd-parity polynomial p(x)
must satisfy in order for the condition (26) to hold.

Using (30), the integral .[ dy p(y) is easily calculated.

()
We have
p(y) y ap”(y) ¥’ a . pP'()
;[yp'(y) ;[y(2n+l+(2n+l)p'(y) 2(2n+1)+2n+1~)|: yp'(y)
x’ a
= 1 !
2(2n+1) 2041 |y ()
That is
p(y) ¥ a ,
d = | 31
'[yp'(y) 2(2n+1) 2041 nlp!(¥) &1
We again remind that the integral .[ dy% is calculated without adding an
y P

integration constant.
Substituting (31) into (14), the wave function v, (x) is

v (x)=4]p (<) exp[_ 5 2 S (2(2);: " e ““p'(’“m )
=l o] o] -G S -
= Al o) oo -

a#0
vroNFV2 s alEa-E)/2(2n4) E,—E)x’
= 4, ‘p (x)‘ ‘p (x) exp(—(:(zT)l)J -

Lo \FV2-a(B-E)/2(2n41) E —E)x’
=4 ‘p (x)‘ exp (——( 42(2n i)l) J =

L \[FV2(1+a(Ey=E)2n41) E —E)x’
=Alp(x) =P (_(42(2;1;)1) J

—a(E,-E,)/2(2n+1) j

That is

_ 2
v (x) = a ] (o) exp(——(Ez - )’)C J (32)

4(2n+1
Then, from (5), i.e.
¥, (x) = Azp(x) Vi (x) )



we calculate and the wave function y, (x).
Since p(x) and p'(x) are polynomials, in order for the two wave functions to be

square integrable, it is necessary — but not sufficient if p’(x) has zeros —that £, > E,.

For convenience, we set

p= _l(MJAJ (33)

2n+1

Then, we have

a(Ez—El) a(Ez—El)
—2p= 1 =—(2p+1
r 2n+1 = 2n+1 ( - ):
E,-E :_2p+1 (34)
2n+1 a

Since E,-E, >0, then 2p+1<0’ and thus the signs of @ and 2p+1 must be
a

opposite.
By means of (33) and (34), (32) is written as

ﬂ :AI\p«x)\pexp[Mj

4 4a

v (x)=4|p'(x)) exp

That is
p 2p+1)x?
v (x)= 4 |p'(x)| exp [%j (35)

and

v, (x) = 4,p(x)y; (x)

As explained, the two wave functions must be finite for every x. Thus, if p’(x) has
zeros, the parameter p must be non-negative, i.e. p>0.

2p+1
a

The previous condition along with the square-integrability condition <0 are

the two conditions the wave functions i, (x) and v, (x) must fulfill,

p(x)
p'(x)

expression of the potential (22), we obtain

V(X)Z(Ez;Elj2(2nx+l+(2naf;)(;?(x)J (i((j))J épp(();)f

X 4 "(x) "(x) E,-E _
+(E2_El)(2n+l+(2nfl)p'(x)Jp th—y =

Now, substituting the expression of

from the differential equation (30) into the




[ty (oot 50 s e e O -
sttty [t (56 (5 56

). (Ez—E)(P"'( ) 5K
2n+1 p( ) 2n+1 p( ) 2
sty () s (e () )
B E)x p'( p’:(( ))JerEl_Ez;E _

2 1
n
) pm,(X) vE - E,-E,
2p (x) 2
That is
2
V(x): L, - E x2+Ez_E1 a(Ez_E1)+l P (x)+
2(2n+1) 2n+1 2(2n+1) p'(x)
2 2
" a(Ez_El) +a(E2—E1)+§ p"(x) B Pm(x) L E _E,-E
1
2(2n+1) 2n+1 4 1 p'(x) 2p'(x) 2

Substituting (34) into the last equation, we obtain

2p+1Y
(x)= a x2_2p+l(_2p+l+ljxp’ (x)+
2 a 2 p(x)

(
(
_@pr1) +2p+1(2p+1_1jx "(x
2

| v
4a 2 ' 2 '

. _Ez—E1:(2p+1)2x2+2p+1 p+1-2 xp"(x)+ SR BPR p”(x)z_

E == " ( > jp,(x) (p pry=2p-1 4)(5@)}

W) BB () L 2e-)ee)w'(x) L (0] P |
2w T 4a® 2 p'(x) e p)( ()J 2p'(x)




That is

V(x)=(2j;l)2 e ’“5,"(%)+p(p—l)(p "(X)J P BB (g

We see that the potential (36) consists of the harmonic oscillator potential

(2p+1Y’
4q’

x* and a rational part with even parity.

/(x)
g(x)

Defining the degree of a fraction as the degree of f(x) minus the degree of

X ” X .
m M = a non-zero (finite) constant

\X\l—m P'(x)
Since the polynomial p(x) is of odd parity, then p'(x) is of even parity and p"(x),

xp”(x)

p'(x)
parity, and thus its limits at plus and minus infinity are equal.
Therefore, at long distances, the potential (36) is approximately the harmonic

(2p+1Y’

4q*

1s of even

and thus, since x is of odd parity, xp"(x) is of even parity. Then,

x” plus the constant

oscillator potential



2a ke p'(x) : 2

Choosing the infinity as the reference point of the potential, we set the previous
constant equal to zero, i.e.

(2P—1)(2P+1)(1im xP"(x)}LE R (37)

(2ﬂ—1)(2ﬂ+1)(hm xp"(x)}E _E-B

2a ke p'(x) :

The potential then becomes a rational extension of the harmonic oscillator
(2p+1)
—x.
4a
Since xp"(x) is an even-parity polynomial of degree 27 and p'(x) is also an even-

parity polynomial of the same degree, the limit ‘l‘im XPT(X))
X|—>00 p x

leading coefficients of the numerator and denominator, i.e. of xp”(x) and p'(x).

is equal to the ratio of the

From (24), the leading coefficient of p'(x) is (2n+1) p,,,, =2n+1.
Using (24), the second derivative of p(x) is

p" (x) = Zn: 2m (2m + 1) Doy

m=1

Thus

xp"(x) = Zn:2m (2m+1) py,,x"

m=1

Then, the leading coefficient of xp"(x) is 2n(2n+1) p,,,, =2n(2n+1).
Thus
xp” (x) B 2n(2n+1)

li = =
\«*\1230 p'(x) 2n+1 "

Then, the condition (37) takes the form

(2p-1)(2p+1) 2n+E1—E2_E1 0o
2a
Thus
EI—E2;E1 _ n(2p-1)(2p+1) (38)
a

Substituting (38) into the expression of the potential (36), we obtain



V(x)z (2,0+1)2 x2+(2p—1)(2p+1) xp"(x)er(p_l)(i"'((x))J B p"’(x) _n(2p—1)(2p+1)

4a’ 2a 7 (x) X)) 2p(x) a
Ll L I L
B T e e
(= o R, o 2] 5

Using (34) and (38), we can express the two energies E, and E, in terms of the
parameters a and p.
From (34), we obtain

E,-F =_(2n+1)(2p+1) (40)
a

By means of (40), (38) becomes

(2n+1)(2p+1)
E - a :_}1(2,0—1)(2,0+1):>El+(2n+l)(2,o+l):_11(2,0—1)(2,0+1):>

2 a 2a a

L p o 2nCp-1)(2p+1) (2n+1)(2p+1) _(2n(2p-1)+(2n+1))(2p+1)

b 2a 2a - 2a B

(4np-2n+2n+1)(2p+1)  (4np+1)(2p+1)
- 2a - 2a
That is
E =_(4n,0+12)(2,0+1) i
a

By means of (41), (40) becomes
E+(4n,0+1)(2,0+1) _(2n+1)(2p+1):>E _2(2n+1)(2p+1) (4np+1)(2p+1)

: 2a a : 2a 2a
_ (2(n+1)+(4np+1))(2p+1)  (4n+2+4np+1)(2p+1)  (4n(p+1)+3)(2p+1)
a 2a a 2a a 2a
That is
- :_(4n(p+1)+3)(2p+1) “2)

: 2a



. 2p+1 . .
As explained, P20 , so that the two wave functions are square integrable. Thus

2p+1
2a
as 4n(p+1)+3.

>0, and then E, has the same sign as 4np+1, while E, has the same sign

Also, since 4n(,0+1)+3=4n,0+1+4n+2>4n,0+1, then E, > E,, as it should.

>0

2p+l <0 becomes l<0, and thus
a a

For p=0, the square-integrability condition

a<0.
2
Besides, for p=0, the wave function w,(x) becomes y,(x)= 4, exp[:—j, with
a

a <0, which is the ground-state wave function of a harmonic oscillator. Then, for
p =0, the potential (39) must become a harmonic oscillator potential.

Let us verify it.

For p=0, (39) becomes

_ X 1 (' (x)=2p'(x)) p(x) X 1 (ap"(x) ) pT(x)
V(x)_4a2 2a( P'(x) j 2p'(x) 4a’ 2a(p'(x) 2} 2p'(x)
1w, ()

4 2a(p<x> ’ p(x)j
That is

_E 1), @)
(oo

Using (30), we’ll show that the expression in parentheses vanishes.
Differentiating both members of (30) with respect to x, we obtain

p(x) pEp'(x)_ 1 a (p"'(X)_P"(X)p"(X)J:

P'(x) P (x) C2n+1 2n+1 p'(x) 7 (x)
@)1 { P (x) {pw)J }
p'(x) p'(x) 2n+1 2n+1| p (x) p'(x)

Using (30), the previous equation becomes

= ap”(x) p"(x)= 1 a p"(x) (p"(x) ’ -
! (2n+1 (2n+1)p'(x)}p'(x) 2n+1 2n+l{p'(x) (p'(x)j}

L P @) P 1 e )« (p"mjg
2n+1p'(x) (2n+1)p'(x)p'(x) 2n+1 2n+lp(x) 2n+1 p'(x)

L x P a p"(x)j: 1, a P"(¥) _a (p"(x)jzz
2n+1 p'(x) 2n+1\ p'(x) 2n+1 2n+1 p'(x) 2n+1{ p'(x)



N 1_ X p”(x) _ 1 s a pm(x) N 2n +1_ Xp”()C) _ 1 apm(x)
2n+1 p'(x) 2n+1 2n+1 p'(x) P'(x) P'(x)
Lo ), @)
p'(x) p'(x)
That is
xpn(x) _2n s apm(x) _ 0

p'(x) p'(x)

Thus, for p =0, the potential becomes the harmonic oscillator potential V(x) = 4x_2
a
Besides, for p=0, (41) and (42) give, respectively,
E, __ L and E, _ _dnt3 .
2a 2a

2

: : : x : o

E, is the ground-state energy of the harmonic oscillator 2 and since a <0, it is
a

positive, as it should.
2

E, is an odd-parity excited-state energy of the harmonic oscillator —-, and it is
a
greater than E,, as it should.

We remind that we work with dimensionless variables.

Ifa:—%,then V(x)=x?,and E =1 and E, =4n+3, while

2
if a=-1, then V(x)=%,and EI:% and E, _dnt3

1
2n+1)+—
(2n+ )+2,

which are, respectively, the ground-state energy and the (Zn + l) -th excited-state
energy of a harmonic oscillator with Ziw=1.

The odd-parity polynomials p(x) for a<0 and for a>0
The differential equation (30) is written as

(2n+1) p(x)=xp'(x)+ap"(x) = ap"(x)+xp'(x)—(2n+1) p(x)=0=
= —2ap"(x)-2xp'(x)+2(2n+1) p(x) =0 (44)

L. a<0
Then a=—|a

2|a|p"(x)—2xp'(x)+2(2n+1) p(x) =0 (45)

1
V2d
d _did 1 d

dx  dedi L &%

, and (44) becomes

Setting X = x, we have



and

d_2 dd (dxij(@ij_ 1 df 1 4] 1 &
d’  dvde \dcdi\dvdi) | [2]a d¥ || [2|d 4% | 2|a| d¥’
Also

2|alx (46)

Thus, with respect to x, (45) is written as
2|a -2 a + 2 2n+1)p(x)=0=
()= 2Bl ()=

:>p( ) 2xp( )+2(2n+l)p( )=O

where now the primes denote differentiation with respect to x .
We see that p( ) satisfies the Hermite differential equation, i.e.

y'(X)-2x"(X)+24y(%)=0,

for A=2n+1.

Thus, since p(X) is a polynomial, then p(X)=bH,,, (%), where H,, (%) is the
Hermite polynomial of degree 2n+1, and b is a real non-zero constant.

Obviously, the polynomials p(X) and H,,,, (%) have the same zeros.

The Hermite polynomials are orthogonal, and a Hermite polynomial of degree n has
n ZEros.

Thus, H,,,, (%) has 2n+1 zeros, and then p(X) has also 2n+1 zeros.

Since the relation (46) is a linear, one-to-one relation, p(x) has also 2n+1 zeros.
1
V2ld

1 . .
p(x)=bH,,,,| ——=x|. Then, the constant b is calculated by comparing the
1/2|a|

Using that ¥ = x, the relation p(X)=bH,,,, (X) is written as

leading coefficient of p(x), which is 1, with the leading coefficient of

1
H, | ——=—x|.
|
We thus showed that if g <0, the odd-parity polynomial p(x) has 2n+1 zeros.

Then, from Rolle’s theorem, the derivative p’(x) has at least 2n zeros, and because

it is a polynomial of degree 2n, it has exactly 2n zeros.
Therefore, if a<0, p(x) has 2n+1 zeros and p’(x) has 2n zeros.

i. a>0
We showed that, in any case, the coefficients of p(x) are given by (28), i.e.



B am(2m+1)

Py = n—m+1 Popsr»

where m=1,2,..,n>1,and p,  =1.

, . am(2m+1) , ,
Since n—m >0, the fraction T has the same sign as a. Thus, if a>0,
n—m+
2m+1
then am(2m+1) >0, and since the polynomial p(x) is monic, ie. p,,,, =1>0, all

n—m+l
its coefficients are positive.
Then p(x)>0 for x>0. Since p(x) is of odd parity, p(x)<0 for x <0, and, also,

p(O) =0.

Thus, if >0, p(x) has only one zero, at 0.

Since all coefficients of p(x) are positive, the coefficients of p’(x) are positive too,
because each coefficient of p’(x) is the product of a respective (positive) coefficient
of p(x) and a positive integer.

Now, since p(x) is of odd-parity, p'(x) is of even parity.

Thus, p’(x) is an even-parity polynomial with positive coefficients.

Then, p'(x)>0 for x>0, and since p'(-x)=p'(x), p'(x)>0 for x<0.

Also, p'(0)=p,>0.

Thus, the polynomial p'(x) has no zeros.

Therefore, if 0>0, p(x) has only one zero, at 0, and p’(x) has no zeros.

Summary of the case where p(x) is an odd-parity polynomial and
satisfies the integrability condition (26)

To summarize the case where p(x) is an odd-parity polynomial of degree 2n+1,

with n>1, we have

a<0
Then p(x) has 2n+1 zeros and p'(x) has 2n zeros.
Since p’(x) has zeros, the condition that the wave functions must be finite for every
x gives p=0.

2p+1
a
In this case, the two wave functions have 2n common — or special — zeros, which are

Then, the square integrability condition <0 is satisfied.

the simple zeros of p'(x), and the wave function w,(x) has 2n+1 more zeros,
which are the simple zeros of p(x).

At each zero of p’(x) , the potential has a pole of second order, and thus the potential

has 2n second-order poles.



The potential is then a singular rational extension of the harmonic oscillator
(2p+1)

—x.

4a

The wave function y, (x) is the ground-state wave function, with energy E,, while
the wave function y, (x) is the (2n+1)-th excited-state wave function, with energy
E,.

Between the two energy levels E, and E,, there are 2n energy levels, as many as the

poles of the potential.
The two energies are given by

E __(np1)(2p+1) , _ (4n(p+1)+3)(2p+1)

2a 2a

The energy E, has the same sign as 4np+1, and thus, since p >0, it is positive.

That is, the ground-state energy, and thus all excited-state energies too, are positive.
2

For p =0, the potential becomes the harmonic oscillator potential V(x) = 4x—2, and
a

the two wave functions y, (x) and w, (x) then become, respectively, the ground-state

wave function and an odd-parity excited-state wave function of the previous harmonic
oscillator.

a>0
Then p(x) has only one zero, at 0, and p’(x) has no zeros.
Since p’(x) has no zeros, the two wave functions are finite for every x for every

value of the parameter p.

2p+1
a
In this case, y, (x) has no zeros, and it is the ground-state wave function, with energy

The square integrability condition <0 gives p< —% .

E, , while y, (x) has one zero, at 0, and it is the first-excited-state wave function,

with energy E, .
The potential has no singularities, it is a smooth function, and it is a regular rational
. o (2p1)
extension of the harmonic oscillator 4—2x .
a
In this case, between the two energy levels E, and E, there are no energy levels.
As in the case where a < 0, the two energies are given by
(4np+1)(2p+1) (4n(p+1)+3)(2p+1)

| == and F, =—
2a 2a

The energy E, has the same sign as 4np+1, while the energy E, has the same sign

as 4n(p+1)+3, respectively.

Since p<—%,and n>1, then np<—%:>4np<—2:>4np+l<—l<0.



Thus E, <0, i.e. the ground-state energy is always negative.
For the first-excited-state energy, we have the cases

If 4n(p+1)+3<0=>4n(p+1)<-3= p+l1< —4i:> p< —1—4i, then E, is also
n n
negative, i.e. the first-excited-state energy is negative.

If 4n(p+1)+3=0= p=-1 —41, then the first-excited-state energy is zero.
n

If 4n(p+1)+3>0= p> —l—i, ie. if 1 > p> —l—i, then the first-excited-
4n 2 4n

state energy becomes positive.

Observe that for n— o0, i.e. for big odd-parity polynomials p(x), the critical value

of p, the value for which the first-excited-state energy vanishes, tends to —1.
If —% > p >—1, the first-excited-state energy is positive for every n>1, and then the

first two energies, i.e. the ground-state energy and the first-excited-state energy, have
different signs.
Il. p(x) is of even parity and satisfies an integrability condition

If p(x) is an even-parity polynomial, it will be of even degree and it will have the
form

p(x)=3 pp™ (47)

m=0
where p, =1 and n=1,2,...
The case n=0 (p(x)= 1) is excluded, since then p'(x)=0.
Besides, if p(x)=1, then y, (x)=4,p,(x), i.e. the two wave functions are linearly
dependent and thus they describe the same eigenstate, i.e. E, = E,.

Observe also that since p(x) is of even parity, p’(x) is of odd parity, and then is has

a zero at 0, which is then a singular point — a second order pole — of the potential. In
other words, in this case the potential is always singular.

From (47), the first derivative of p(x) is

p'(x) =3 2mp,, 3 (48)

m=1

Then, we have



p m=0 m=1

n n n
(x) zp2mx2m zp2mx2m +p0 xz p2n1x2n171

_ m=1 + pO

P (x) i 2mp2mx2m*1 i 2mp2mx2m4 i 2mp2mx2m4

m=l1 m=1

n
2m-1
X pme

m=l1 m=1

m=1

n
2m-1
z 2mp2mx

n
2m-1 m 1 2m-1 m 1 2m-1
X pme + ;_ pme - ;_ pme

m=1 m=1

n

— nm=12 + , pO
m 2m-1 2m-1
2”2 2}’1 pme zzmp2mx

m=1

m 2m-1 m 2m-1
z 1+7_1 pme - ;_1 p2mx

n
2 m 2m-1
n T pme

po _ X =1 po
+ n - AN " + » =
z 2 2m-1 2n z ﬂ 2m—-1 z 2 2m-1
mpme pme mpme
m=l1 m=1 n m=1
n
m 2m—1 m 1 2m-1
X ; pme - ; - pme p
_ " m=1 0 _
= 2 - + - =
n m 2m-1 2 2m-1
T p2mx mpZm‘x
m=1 n m=1
n n
m 2m-1 m 2m-1
zipbnx z 7_1 p2mx
— i m=1 n _ m=l n + pO —
2n - m 2m-1 - m 2m—1 - 2m-1
zipbnx zipbnx zszme
m=l1 n m=l1 n m=1
n n
m 2m-1 m 2ni
X Z(n_ljpbnx D X z ;_1 pme p
_ _ m=1 0 _ _ m=1 0
_21’11 o 2m-1 T2 21_21’1 C 21+n 21_
m— m— m— m—
zip%nx zzmp2mx zzmp2mx zzmp2mx
m=1 n m=1 m=1 m=1
n n
m-—n 2m 2m
z pme Z(m_n)pme
:i_m=l n + pO :i_m=l + pO —

2n C 2 2m-1 X 2 2m-1
mpZm‘x mpme

m=1 m=1

n

2. (n=m) py, X"

n

Z(n_m)pmezm +np0

:i_i_m=ln +— Py ] _
2n nz 2mp,, x™" z2mpzmxz’"f1 2n nz 2mp,, x*"
m=1 m=1 m=1
That is
n
p(x) . Z(n —m)pzmxz’" +np,

— + m=1

pl(x) 2n nizmpzmxbn—l

m=l1

n n

n—1
Z(n_m)p2mx2m +np0 = Z(n_m)p2mx2m = Z(n_m)p2mx2m b
m=0

m=1 m=0

2n - 2 2m-1 - 2 2m-1
n mpme mpme

m=1 m=1

+



because the coefficient (n—m) p,, vanishes for m=n.

p(x)
p'(x)

Then, the previous expression of is written as

where n=1,2,...

2m-1

In (49), the degree of denominator z2mp2mx is 2n—1, while the degree of

m=1
n—1
numerator z (n—m) p,,x™" is 2(n—-1)=2n-2.

m=0
As in the case of odd-parity polynomials p(x) , the degree of denominator is equal to
the degree of numerator plus one, and then we’ll consider the case where the series

in the numerator is proportional to the derivative of the series in the
denominator, i.c.

!

n—1 n
Z(n_m)pzmxzm :a[z2mp2mx2mlj (50)

m=0 m=1

where a is a non-zero real number.
As in the case of odd-parity polynomials p(x), the relation (50) is a condition that

allows us to calculate the integral .[ dy&.
" P(Y)
The condition (50) gives

n—1

> (n=m) poy™ =y 2m(2m=1) py, " = ay 2m(2m=1) py

m=0 m=1 m=1

That is

n—1

z (n - m) Py, X" = azn: 2m (2m —1) pzmxz(m*l) (51)

m=0 m=1
Changing the summation index of the series in the right-hand side of (51) to
m'=m—1, we have

n—1

Zn:2m(2m =1) poy ™" = 3 2(m 1) (21 +1) 1) Py ¥ =
m=1 m'=0

n—1

= z (m'+1)(2m' +1) P X" = z (2m'+1)(2m' +2) Payrin X"

m'=0 m'=0

Renaming the summation index of the last series to m , we end up to

n—1
z2m 2m-1) p,,x 2m1) z 2m+1)(2m+2) p,, ., x"

m=1 m=0



Substituting the last relation into (51), we obtain

n—1

—1
Z(n m sz z 2m+1 2m+2)p2m+2x2’"
m=0

m=0

Equating the coefficients of the same degree in x, we obtain

(n_m)pZm = a(2m+l)(2m+2)p2m+2
or

a(2m+l)(2m+2)

p2m = p2m+2 (52)
n—m

where m=0,1,..n—-1 (n>1), and p,, =1.

From the previous relation, we calculate the coefficients of the polynomial (47).
By means of (48), the condition (50) is written as

n—1

5 (n-m) po® = ap’(+

m=0
Using again (48), and the previous relation, (49) is written as
p(x) _x  ap'(x)
—L=——+—= (53)
p (x) 2n np ( )
where a is a non-zero real number and n>1.

This is the differential equation the 2n-degree, even-parity polynomial p(x) must
satisty in order for the condition (50) to hold.

Using (53), the integral .[ dy p(y) becomes

P'(»)
de (») jd (2’1 szﬁ+ﬁjdywzx_z+ﬁln‘pr(x)‘

P'(») np'(y)) 4n n< " p'(y) 4n n
That is
I o) ln\p )| (54)
We once again remind that we omit the integration constant in the calculation of the
. p(y
integral J' dyﬁ,

By means of (54), the wave function i, (x), which is given by (14), is written as

=) exp[_ Bk (x_2+ﬁln‘p'(x)‘jj=

_ Al ‘p,(x)‘fl/z exp [_ (Ez _El))c2 ~ a(E;—EJ ln‘p'(x)‘j —




a’zO ) B , o n
= Al‘p'(x)‘ 1/2 exp(—%_i_ln‘pr(x) (E,-E)/2 jz

_ 2
= Alp () " () exp(——(Ez b)x j—
_ 2
_ Al‘p’(x)‘flﬁfa(Eszl)/Zn exp [_ (E2 El)x j=

_ 2
_ Al ‘p' (x)"l/z(H”(Ez’El )/n) exp [_ (EZ El ) X j

That is
- +a(E,— n E _E ?
l/ll(x)=A1‘p'(x)‘ 1/2(1+a(E,~E)/ )exp[_( 2 8n1)x j (55)

and y, (x) = Azp(x) v, (x) .
In order for the two wave functions to be square integrable, it is necessary — but not
sufficient as p'(x) has zero(s) — that £, > E,.

As in the case of odd-parity polynomials p(x), we set the exponent

i[M

2 n

+1j as a new parameter p, i.e.

E —-F

p= _l{MJrlj (56)
2 n

Making use of (56), we obtain

a(E2 —El) il E,-E, =_2p+1

n n

(57)

2p=

2p+1

Since E, > E,, then <0.

a
Then, in terms of the parameters a and p, the wave function (55) is written as

20 220

’ P
v, (x)=4 ‘p (x)‘ exp| — 3 <

That is

p 2p+1)x?
vi(x) =4 |p' ()] exp %)xj (58)

(
and y, (x) = Azp(x) v, (x)



As noted, since p(x) is of even parity, p'(x) is of odd parity, and thus it has a zero
at 0. Then, in order for the two wave functions to be finite at 0, p must be non-

2p+1 <0
a

negative, i.e. p>0. Then 2p+1>0 and the square-integrability condition
gives a<0.

Thus, if p(x) is an even-parity polynomial that satisfies the condition (50), a can
be only negative, while p is non-negative, i.e. zero or positive.

We’ll now substitute the expression of % from the differential equation (53) into
p'(x
the potential (22), to derive an expression of the potential in the case where p(x) is

an even-parity polynomial that satisfies the condition (50).

We have
v e -s.

+E2—E1 xp"(x) a(E,—E)( p"(x) +E1—E2_El
2n p'(x) no (r(x) 2
2
:(EZ_Elj2x2+ a(E,—E,) 2+a(E2 E1)+§ p'(x) +E2_E1 a(Ez_E1)+
4n 2n n 4 1\ p'(x) 2n 2n
_pm(x) +E_E2—El
2p'(x) : 2
That is

4n

sl

V(x)= (ujz X+ Ezz_nE‘ [a(Ez —E) +1j w(x)




Substituting (57) into the last equation, we obtain

2p+1Y
V(x)= 4 x2—2p+1(—2p+1+1jxp, (x)+
4 2a 2 p(x)

J{(_zp;ljz_(2p+1)+%J(i’:((i))Jz—5}:’,(();))+E1—%:
_(2p+1) x2+2p+1(2p+1_1ij’"((x))+ ([H_%jz_zp_“_%J(p"(x)Jz_ P(x) |
P(x

164’ 2a | 2 r'(x)) 2r'(x)
B S e )
oSt izt o ) 58
At st (2]l 5

That is

V(x)= (2{2;1)2 ¥’ sz_liff””) xl’:,"((xx))+p(p—l)(p"(x)J ) g —E2;E1 (59)

As in the case of odd-parity polynomials p(x) , the potential consists of a harmonic

oscillator potential and a rational part with even parity, and also, we have

deg ¥ (x)j=0

deg p"(x)f =2deg(p"(x)J =2(-1)==2




X ” X .
m M = a non-zero (finite) constant

ke p'(x)
The polynomial p(x) is of even parity, and thus p’(x) is of odd parity and p"(x) is

of even parity, and then, since x is of odd parity, xp"(x) is of odd parity. Since

w'(x)

xp"(x) and p'(x) have the same parity, —

p'(x)
at plus and minus infinity are equal.
Then, at long distances, the potential is approximately the harmonic oscillator

is of even parity, and thus its limits

2
potential wxz plus the constant
16a
(2p-1)(2p+1) o P (x) VE _E-E
4a ke p'(x) 2

As in the case of odd-parity polynomials p(x), we choose the infinity as the
reference point of the potential and we set the previous constant equal to zero, i.e.

(2P—1)(2P+1)(1im xP"(x)}LE R (60)

4a ke p'(x) :

The potential then becomes a rational extension of the harmonic oscillator
(2p+1)
e X
16a
Since the derivative p’(x) has simple zero(s), the potential has singularities, and thus

it is a singular rational extension of the harmonic oscillator.
Since xp"(x) is an odd-parity polynomial of degree 2n—1 and p'(x) is also an odd-

parity polynomial of the same degree, the limit ‘l‘im xp’ ((x))
X|—>00 p x

is equal to the ratio of the

leading coefficients of the two polynomials.
From (48), we see that the leading coefficient of p’(x) is 2np,, =2n.

Besides, using (48), we have

p(x)= Zn: 2m(2m—1) p,, x> = xp"(x)= Zn:2m(2m —1) py, ™"

m=1 m=l

Thus, the leading coefficient of xp”(x) is 2n(2n—1) p,, =2n(2n-1).

Then, the fimit Tim 20 i
ke p'(x)

lim xp (x) _ 2n(2n—1) ol

|0 p'(x) 2n

Substituting into the condition (60), we obtain



(2p-1)(2p+1)
4a
g E-E _ (2n-1)(2p-1)(2p+])
1 2 4a

Substituting the previous equation into the potential (59), we obtain

/)= Col ColComle) | 20020

(2n-1)+E, —%=0:>

(61)

4q 164> 4q

p'(x)

(2n-1)(2p-1)(2p+1) (2p+1)’ 2, 2p=1)(2p+1) (xp"(x) —(2n—l)j+p(p—l)[p"(x)j2 B

p"’(x) (2,0+1)2 e Jr(2,0—1)(2,0+1)(xp"(x)—(2n—1)p'()c)}rp(p_l)(p"(x)J2 )

2p'(x) T 16a? 4a P'(x)

That is

V(x):(2/0+1)2 2+(2/0—1)(2p+1)(xp"(x)—(2n—l)p’(x)J+p(p_l)(p"(x)J ) pm(x)

164’ g 4a p'(x) P'(x) 2p'(x)

As in the case of odd-parity polynomials p(x) , we’ll use the relations (57) and (61)

to express the two energies £, and E, in terms of the parameters a and p.
From (57), we obtain

n(2p+1)
a

E,-E =- (63)

Substituting into (61) yields

E— a :_(2”_1)(2/0_1)(2/0+1):>E +n(2p+l):_(2n—1)(2p—1)(2p+1):>
1 2 4a ! 2a 4a
_ g o (2n-1)(2p-1)(2p+1) 2n(2p+1) _ ((2n-1)(2p-1)+2n)(2p+1) _
1 4a 4a 4a

(4np-2n-2p+1+2n)(2p+1)  (dnp-2p+1)(2p+1)  (2p(2n-1)+1)(2p+1)

4a 4a 4a

That is

E=_ (2p(2n —1i+1)(2p+1) 64)
a

Substituting (64) into (63) yields

(62)



E+(2p(2n—l)+l)(2p+l) _n(2p+1) an(2p+1) (2p(2n-1)+1)(2p+1)

2 4a - a = £, =- 4a - 4a
_ (4n+2p(2n-1)+1)(2p+1)
4a
That is
, :_(2p(2n—1)+44n+1)(2p+1) ©5)
a

As explained, in the case of even-parity polynomials p(x) satisfying the condition

(50), a<0 and p>0.

Thus — 2p+l

4 >0 and also, since n>1, then 2p(2n-1)+1>0, and thus
a

2p(2n—1)+4n+1>2p(2n—1)+1>0.
Then, from (64) and (65), we see that both energies are positive, and E, > E,, as it
should.

2
X

For p=0, (58) gives y,(x)=4 exp[8 j, with @ <0, which is the ground-state
a

wave function of a harmonic oscillator.
Then, for p =0, the potential (62) must become a harmonic oscillator potential.

Let us verify it.
For p=0, (62) becomes

(x)= 2 (xp"(x)—(2n—l)p'(x)}_p"'(x)

4a p'(x)

164> 4a

=X_2_L(M_(2n_l)}ﬁ'"(ﬂ ES _L(xp;%x)_(2n_1)+2ap"'<x>j

164> 4a| p'(x) 2p'(x) 164 4a| p'(x) p'(x)
That is
X b xp"(x)_ . +2ap"'(x)
V(x)_l6a2 4a( p'(x) (2n-1) P'(x) j

Using the differential equation (53), we’ll show that the expression in parentheses
vanishes.
Differentiating both members of (53) with respect to x, we obtain

P'(x) p(X)p"(X)_Lg(p'"(X) p"(X)p"(X)j:

pi(x)  p(x) 2 alp(x)  p7(x)

OYAS) _L#{p'"(x){p"(x)jz}

p'(x)p'(x) 2n n| p'(x) (P(x)

Using again (53), the previous equation is written as



:>1_ xp"(x _g prr(x) _i_i_apm(x)_E prr(x) -
2np'(x) n\ p'(x) 2n np'(x) n{ p'(x)

1 xp ’(x) _L ap’(x)jzn_xp’ (x)_l+2a;’9 ()c):>
2np (x) 2n  np (x) p (x) p (x)
=0= xP, (x) +1—2n+2a1? (x) = xP, x) —(2n-1)+ 2al? (x)

p'(x) p'(x)  p'(x) p'(x)
That is

D) gy 2070
p'(x) P'(x)
Thus, for p =0, the potential becomes the harmonic oscillator potential
2

X
Vix)= .
( ) 16a2
Besides, for p =0, (64) and (65) give, respectively,
E __ 1 and E, _ _dn+l
4a 4a

2

. . : : : xt .
Since a is negative, the ground-state energy E, of the harmonic oscillator p 1s
a

positive, and thus all excited-state energies are also positive, as expected.
The energy E, is an even-parity excited-state energy of the previous harmonic

oscillator.
dn+1

1 ) ) )
If a= 5 the two energies become E| =% and E, = =2n +%, 1.e. we obtain,

respectively, the ground-state energy and the 2n-th excited-state energy of a
harmonic oscillator with 7w =1.

The even-parity polynomials p(x) for a<0
The differential equation (53) is written as

2np (x)=xp'(x)+2ap"(x) = 2ap" (x)+xp'(x)-2np(x)=0=
= —4ap"(x)—2xp'(x)+4np(x)=0
As explained, in this case, where p(x) is of even parity and satisfies the condition

(50), a can be only negative, and p>0.

, and the previous differential equation is written as

Since a<0, a=—|a

4|a|p”(x) —2xp'(x)+4np(x)=0 (66)



Setting i:;x we have
Jald

d_did __ 1 d
dx dx dx /4|a| dx
and
£ g (Edy@nd) )L
ax* dx dx \dx dv )\ dx dv 4|a| dx’
Also

4lalz (67)

Thus, (66) becomes
4la -2 a + 4np 0=
)2 ) ()

:>p( )—2xp( )+4np( )=0

where, now, the primes denote differentiation with respect to x .
We see that p( ) satisfies the Hermite differential equation, i.e.

y'(X)-2x"(X)+24y(%)=0,

for A =2n.

Thus, since p(X) is a polynomial, p(%)=cH,,(X), where H,, (%) is the Hermite
polynomial of degree 2n and ¢ a real non-zero constant. p(x) and H,, (%) have the
same zeros, and since H,,(X) has 2n zeros, p(X) has also 2n zeros. Then, since the

relation (67) is a linear, one-to-one relation, p(x) has 2n zeros too.

! { ! }
X1,

VA4ldl V4ldl

constant ¢ by comparing the leading coefficient of p(x) , which is 1, with the leading
1

——x|.

N 4|a|

We thus showed that if g < 0, the even-parity polynomial p(x) has 2n zeros.

Using that x= X, we obtain p(x)=cH2n and we calculate the

coefficient of Hz{

Then, from Rolle’s theorem, the derivative p’(x) has at least 2n —1 zeros, and as it is

a polynomial of degree 2n—1, it has exactly 2n—1 zeros (n2>1).

Therefore, if a<0, p(x) has 2n zeros and p’(x) has 2n-1 zeros (n>0).



Summary of the case where p(x) is an even-parity polynomial and
satisfies the integrability condition (50)

In this case, the two wave functions have 2n—1 common — or special — zeros, which
are the simple zeros of p’(x) , while y, (x) has 2n more zeros, which are the simple

zeros of p(x).

At each zero of p'(x), the potential has a pole of second order, and thus it has 2n -1
poles of second order. The potential is then a singular rational extension of the
(2p+1)

16a* r
The wave function y, (x) is the ground-state wave function, with energy E,, while

harmonic oscillator

the wave function v, (x) is the 2n-th excited-state wave function, with energy E, .

Between the two energy levels E, and E,, there are 2n—1 energy levels, as many as
the poles of the potential.

The two energies are given by
(20(2n-1)+1)(2p+1) i B (20(2n-1)+4n+1)(2p+1)

b 4a ? 4a
and they are both positive.
As the ground-state energy E, is positive, all energies of the potential are positive.

b

Examples

1.

p(x)=1
As mentioned, this case is excluded, since then the two wave functions are linearly
dependent, and thus they describe the same eigenstate.

2.
p(x)=x
Then p'(x)=1 and Idym :x—2
L P(y) 2
Thus, from (14) and (5), the two wave functions are respectively written as

v (x)=4 exp[—wj

4

(Ez—El)xzj

v, (x)=4,x exp[— 2

with E, > E, so that the wave functions are square integrable.

These are, respectively, the ground-state wave function and the first-excited-state
wave function of a harmonic oscillator.



Indeed, from (22), using that p"(x)=p"(x) =0, we obtain

b

2
Ez_Elj x2+E _EZ_EI
1

V(X)Z(T 2

which is a harmonic oscillator potential plus a constant.

. E -E .
Setting E, ——2 3 L =0, the potential becomes

V(x)z(Engljzxz

Observe that in order to calculate uniquely the two energies, we need one more
equation. This equation can come from the “strength” of the harmonic oscillator, i.e.

2
how big is the factor (%j .

El

2
E,—-E ) : : o E, -
If & :(%j , then using this equation and the condition E, ——2 5 =0, we

calculate the two energies, i.e. the ground-state energy and the first-excited-state
energy of the harmonic oscillator.

p(x)=x’+p, (n=1)

This is the first non-trivial case.

Since p(x) is of even parity, a<0 and p>0.

Using the recursion relation (52), we calculate the coefficient p,, which is
_a*l*2

= =2a
Pmoo &

Then
p(x) =x’+2a (68)

Since a < 0, the binomial (68) has two zeros, at J_r,/2|a| .
Using (68), the derivatives of p(x) are

p’(x) =2x, p”(x) =2, p”’(x) =0

Then, the wave function (58) is written as

2 2
. (5)= 4 ol exp (%j 427 e (@j
a a

Incorporating the constant 2” into the normalization constant 4,, we write (x) as

2p+1)x?
v, (x) = 4 [x|" exp [%j (69)



Also, using (68), the wave function (5) is written as
v, (x) =4, (x2 +2cz)l//1 (x) (70)

Substituting the derivatives of p(x) and n=1 into (62), we obtain the expression of
the potential, which is then

2x-2x=0

(20+1) , (2p-1)(2p+1)| 2x—(2-1)(2x) 2
_\ept 2 P~ P+ X—\2— X a2 _
V)= ¥ 7 4a 2 % l)(zxj
:(2p+1)2x2+p(p—1)

164> x*
That is
V(x):(2p+1) x2+p(p_1) (71)

164’ x’
with a <0 and p>0.

For p>1, the potential (71) is the potential of an isotonic oscillator [5], and it is

exactly solvable.
We observe that the potential (71) has a pole of second order, at 0, as expected, since

the derivative p'(x) has a pole at 0.
The potential (71) is then a singular rational extension of the harmonic oscillator
(2p+1)
—x.

16a*
Substituting n =1 into the general expressions (64) and (65), the energies of the two
eigenstates are

(2p(2-1)+1)(2p+1)  (2p+1)

: 4a 4a
~ (2p(2-1)+4+41)(2p+1)  (2p+5)(2p+1)
P 4a - 4a
That is
2
-2 (o)
4a
K, =_(2p+53(2,0+1) 73)
a

We see that both energies are positive.
The two wave functions have a common zero at 0, which is the zero of p'(x), and the

wave function i, (x) has two more zeros, which are the zeros of p(x).



Therefore, y, (x) is the ground-state wave function, with energy given by (72), while

v, (x) is the second-excited-state wave function, with energy given by (73), of the

potential (71).
We also observe that the potential (71) becomes a harmonic oscillator potential for
two values of p, and particularly for p=0 and for p=1.

However, if p=1, both wave functions (69) and (70) are not differentiable at 0, due

to the presence of the term |x , and this is unacceptable for a smooth polynomial

potential, as is the harmonic oscillator potential.
On the contrary, if p =0, the absolute value of x vanishes, and both wave functions

become smooth.

Thus, the value p =0 is the right one to obtain the harmonic oscillator potential.
2

For p=0, the potential (71) becomes V' (x) =1;C—2, in accordance with what we’ve
a

found in the general case of even-parity polynomials p(x) satisfying the condition
(50).

p(x)=x"+px (n=1)
Using the recursion relation (28), we calculate the coefficient p,, which is

k1%
a*l 3p3=3a

PO e

Then
p(x)=x*+3ax (74)

The derivatives of p(x) are then
p'(x)=3x"+3a=3(x"+a)

P (x)=6x

p"(x)=6

Then, using (35), the wave function y, (x) is

2 2
pexp[—(2p+l)x j=A13p‘x2+a‘p exp[—(zpﬂ))C j
4

3()c2 +a)

vi(x)=4 a 4a

Incorporating the constant 3” into the normalization constant 4,, we write i, (x) as

v, (x)=4, ‘xz + a‘p exp [%j (75)

Using (74), the wave function (5) is written as



v, (x)= Azx(x2 +3a)t,//1 (x) (76)
As showed for odd-parity polynomials p(x) satisfying the condition (26), the
domains of @ and p are a >0 and p<—%,or a<0and p=0.

Substituting the derivatives of p(x) and n=1 into (39), we obtain the potential,

which is then

eI (2p-1)(2p+1)[ x6x-2%3(x +a) o | 6 _
V(x)— Zaz o . 2ap { 3(x2+a) }Lp(pl {3(x2+a)} _2*3(x2+a)_
(20+1) , (2p-1)(2p+1)[ —6a o Y1
B Zaz w1 2ap {3(x2+a)}+p(pl)(x2+aj XY+a

=(2p+1)2x2 (2p-1)(2p+1) 4p(p-D)x 1 _

4a’ X’ +a (x2 +a)2 X’ +a

(20+1) L _(20-1)(2p+1)+1 dp(p-1)x* _(2p+1)" , 4p* 4p(p-1)x* _

4a’ X’ +a (x2 +a)2 4a’ X' +a (x2 +a)2
_(@prl) |, 4p(p=l)¥ =40 (X' +a) (2p+1) , 4pix-dpx’—dp'x —dap’ _
4a’ (x2 +a)2 4a’ (x2 +a)2
_ (2,0+1)2 N —4px* —4ap? _ (2,0+1)2 o 4/)()62 +ap)
4a’ (x2 +a)2 4a’ (x2 +a)2
That is

V(x)= (2/07;1)2 2 _4p(x2 +a2p)
4a (x2+a)

If a> 0, the potential (77) has no singularities, it is differentiable everywhere and its
derivatives are also differentiable, i.e. the potential is a smooth function of x.
- : , (2p+1)
The potential is then a regular rational extension of 4—2x .
a

(77)

In this case, where a >0, p< —% .If p=-1, the potential (77) becomes

~ 4(—1)(x2 —a) e . 4()62 —a)
4a’ ()c2 +a) 4a’ (x2 +a)




Since a > 0, the potential (78) is a generalized isotonic oscillator [5, 6].

If a <0, the potential has two singularities, two poles of second order at +, /|a| .

2
For p=0 (a<0), the potential (77) becomes V (x)= 4x—2, and the wave functions
a
(75) and (76) are, respectively, the ground-state wave function and the third-excited-
state wave function (as it has three zeros, at O,J_r,/3|a|) of the harmonic oscillator

2

X
4a*’
Substituting n=1 into (41) and (42), we obtain the two energies, which are
4p+1)(2p+1
g = Upr2p+1) oo
2a
4p+7)(2p+1
o 2)( 1) (g0
a

If ¢>0 and p< —%, w, (x) has no zeros, while y, (x) has one zero, at 0.

Thus, ,(x) is the ground-state wave function and w, (x) is the first-excited-state
wave function of the potential (77), with energies given by (79) and (80), respectively.
As 4p+1< —%+l =-1<0, then from (79) we see that E, <0, i.e. the ground-state
energy is negative.

From (80), we see that the first-excited-state energy E, is negative if p< —% , 1t 18

zero if p= —% , and it is positive if —% <p< —% .

If a<0 and p >0, the two wave functions have two common zeros, at J_r«/|a , and

w, (x) has three more zeros, at 0, %, /3|a , which are the zeros of p(x).

Thus, w,(x) is the ground-state wave function and y, (x) is now the third-excited-

state wave function, with energies given by (79) and (80), respectively. Both energies
are now positive.

In this case, the potential (77) has two second-order poles at J_r\/|; , and thus it is a

2
. . ) 2p+1
singular rational extension of (/Z—z)xz .
a
We see that the presence of the two poles in the potential raises the ground-state
energy, so that it is always positive, and it also results in the presence of two energy

levels between E, and E,.

p(x)=x"+p,x*+p, (n=2)
As showed for even-parity polynomials p(x) satisfying the condition (50), a <0 and
p£20.



Using the recursion relation (52), we calculate the coefficients p, and p,.
We have

al2+1)(2+2
a2y
2-1 -
2a
= =al2a=124"
Dy 2_0p2
Thus

p(x)=x"+12ax* +12a* (81)
The derivatives of p(x) are then
p'(x) =4x"+24ax = 4x(x* +6a)
p'(x)=12x" +24a =12(x + 2a)
p"(x)=24x

Using (58), the wave function y, (x) then becomes

4x(x2+6a)‘p eXp(Mj=Al4p x(x2+6a)‘pexp[(2p+l)xzj

=4
i (x) ' 8a 8a

Incorporating the constant 4” into the normalization constant 4,, y, (x) is written as

v, (x) =4 x(x2 + 6a)r exp [WJ (82)

Also, using (81), the wave function y, (x) is written as, from (5),
v, (x) =4, (x* +12ax* +12a° )y, (x) (83)

As shown for the even-parity polynomials p(x) satisfying the condition (50), a can

be only negative, and then, for this case, p(x) has four zeros and p’(x) has three

ZEros.
Then, the wave functions (82) and (83) have three common zeros, which are the three

zeros of p'(x), while y, (x) has four more zeros, which are the zeros of p(x).
Thus, ,(x) is the ground-state wave function, while w, (x) is the fourth-excited-

state wave function of the potential we’ll calculate now.
Substituting the derivatives of p(x) and n=2 into (62), we obtain the expression of

the potential, which is then



V(x): (2/0+1)2 E +(2p1)(2p+1)[x12(x2 +2a)—(2*2—1)4x(x2 +6a)}+

164° 4a 4x()c2 +6a)
12(x* +2a) ’ 24y C(2p+1)
+p(p—1 {4x(x2+6a)} _2*4x(x2+6a)_ 164° o

4a 4x(x2+6a) x(x2+6a) X +6a B

+(2p1)(2p+1){12x(x2+2a)12x(x2+6a)}+p(p1){3()524-261)}2 3

_ (2p+1)2 2 +(2p1)(2p+1){3(x2 +2a)—3(x2 +6a)}+9,0(,01)(x2 +2a)2 3

164’ 4a x* +6a 2 (xz +6a)2 ¥ t6a
2 2 2
_(2p+]) x2+(2p—l)(2p+l)( ~12a j+9p(p—1)(x +2a) 3 _
164’ 4a x* +6a 2 (x2 +6a)2 x* +6a
_(2p+1) xz_3(2p—1)(2p+1)+9p(p—1)(x2+2a)2 3
16a’ x* +6a 2 (x2 +6a)2 x* +6a
That is

()= (20+1) , 3(2p-1)(2p+1) N 9p(p-1)(x*+2a) 3

x — —
16a’ x* +6a 2 (x2 +6a)2 x* +6a

(84)

But

) 2
_3(2p—1)(2p+1)+9p(p—1)(x t2a) 3
x* +6a 2 (xz +6a)2 X +6a

3(4,02 —1) 3 Jr9,o(,o—l)(x2 +2a)2 _ 12p* =343 +9,0(,0—1)(x2 +2a)2

X’ +6a  x’+6a xz(xz +6a)2 x* +6a 2 (xz +6a)2
12,7 9,0(,0—1)(xz+2a)2 9p(p—1)(x2+2a)2—12p2x2(x2+6a)
— + =
x’ +6a x’ (x2 +6a)2 x’ ()c2 +6a)2

) 3((3,o2 -3p)(x* +4ax’ +4a’) -4 p’x* —24ap2x2)

X (x2 +6a)2
3(3p°x* +12ap°x* +12a° p* =3 px* —12apx” —12a’ p— 4p’x* = 24ap’x’)

B x (x2 + 661)2

3(—,02x4 ~12ap°x*> +12a* p* -3 px* —12a px’ —l2a2p)

B X (x2 + 661)2




3(—(/)2 +3,o)x4 —12(1(,02 +p)x2 +l2az(,o2 —p))

B x ()c2 +6a)2

3(,02 +3,o)x4 —36(1(,02 +,o)x2 +36az(,o2 —p)
X (x2 +6a)2

_Bp(p+3)x' =36ap(p+1)x* +36a’p(p-1)

B xz(xz+6a)2 -

3p((p+3)x* +12a(p+1)x* —12d° (p-1))

x (x2 + 6a)2

Then, the potential (84) is written as

(2p+1) , 3p((p+3)x" +12a(p+1)x*~124* (p-1))
V()C)= 16612 r- 2(.2 2
x (x +6a)

(85)

The potential (85) has three poles of second order, at 0, £, /6|a , which are the zeros of

p'(x)-
The potential is then a singular rational extension of the harmonic oscillator
(2p+1)
e X
16a

As noted p>0. For p=0, the potential (85) gives the harmonic oscillator potential
2

16a>°

polynomials p(x) satisfying the condition (50). Then, the wave function (82)

in accordance with what we’ve found in the general case of even-parity

2
X

becomes y,(x) =4, exp[8 j and it is the ground-state wave function of the
a

2

harmonic oscillator (a<0), while the wave function (83) is then the fourth-

6a’
excited-state wave function of the previous oscillator.
Substituting n =2 into the general expressions (64) and (65), the energies of the two

eigenstates are

E =_(6p+1)(2p+1) (86)
4a

K, =_(6,0+9)(2p+1) ®7)
4a

Since p>=0 and a <0, both energies (86) and (87) are positive, and E, > E,, as

expected.
The energy (86) is the ground-state energy, while the energy (87) is the fourth-
excited-state energy of the potential (85).



The presence of three poles in the potential results in the presence of three energy
levels between E, and E,.
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