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Abstract

In this paper, using proposed three new transformation methods we have solved general solutions
and exact solutions of the problems of definite solutions of the Laplace equation, Poisson equa-
tion, Schrodinger Equation, the homogeneous and non-homogeneous wave equations, Helmholtz
equation and heat equation. In the process of solving, we find that in the more universal case,
general solutions of partial differential equations have various forms such as basic general solu-
tion, series general solution, transformational general solution, generalized series general solution
and so on.
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Introduction

Since the theory of partial differential equations (PDEs) has been established nearly 300
years, there is no universal and effective method for solving PDEs, and the existing methods
have many limitations. Three new transformation methods proposed in this paper cannot solve
all the PDEs, but the types of equations that can be solved effectively are extremely rich. As
typical cases, we have solved general solutions and exact solutions of the problems of definite
solutions of various important mathematical physics equations in this paper.

1. New principles and methods I
1.1. An axiom and a conjecture

It is well known that using algebraic methods to solve some algebraic equations may get
extraneous root, that is, the correct algebraic operation might not get the correct result; so any
conclusion from correct logic is not always the correct conclusion, conclusive verification is an
indispensable link to ensure correct results, so we first put forward a verification axiom:

Validation Axioms. Any conclusion by the correct logic, which has not been conclusively
corroborated, is not always the correct conclusion.

We will follow the validation axiom to verify any result obtained in this paper to ensure that
they are correct.
Here we analyze one of the simplest PDEs

u; = 0. (1)

The general solution of this equation seems to be easy to write, that is

where f is an arbitrary first differentiable functions, according to the general solution, it is easy
to obtain its infinite particular solutions, such as u = %, u = y> + siny and so on.

General solution (2) is clearly correct, but it is complete?

When we propose Eq. (1), we actually ignore a condition that cannot be ignored: Eq. (1) is
formed in which space? If in R2, (2) is clearly complete; if in R® whose independent variables
are x, vy, z, clearly the general solution is

u=[(y;2), 3)

So Eq. (2) is not the complete general solution in R3, if in R* whose independent variables are
x,y, z,t, the general solution of Eq. (1) is:

u=f(y,z1), (4)

This can be analogized to arbitrary R™ space, (n > 2). That is, in different dimensionality space
the general solutions of Eq. (1) are different.

It is necessary to further clarify that some particular solutions of PDEs are independent with
space dimensionality, and some particular solutions are related to it. As for Eq. (1), the special



solution u = y%, u = 3>+ siny are correct in any R” space, (n > 2), and u = y*> +z,u = y> +sinz
are correct in R™ (n > 3)), and they are wrong in R2.
In order to strengthen this understanding, let us analyze another typical case

Ugzy = 0. (5)
In R?, its general solution is
u=fi(z)+ f2(y). (6)
In R? whose independent variables are z,y, z, the general solution of Eq. (5) is
u=fi(z,2)+ f2(y,2). (7)

In R* whose independent variables are z,y, z,¢, the general solution of Eq. (5) is

u=f1(x,z,t)+ f2(y,2,t). (8)

where f; and fo are arbitrary second differentiable functions.
Based on the above two simple and profound cases, we propose a new guess:

Guess 1:  If a PDE has a general solution in R™, (n > 2), then the general solution is
related to n.

General solutions of common PDEs are obviously not easy to be solved in different dimension
spaces. In this paper, the new methods will solve this problem effectively.

1.2. Laws of arbitrary functions

General solutions of PDEs contain arbitrary functions, we will use the principle of function
correlation to get the laws of arbitrary functions. Here we need to explain that: the essence of
any function f(z1,---z,) interrelated with any constant c is

fz1,...zp) -0+ c=c, (9)

is not the solution of f(z1,---x,) = ¢, because if so, then any two functions are related, but
this is wrong.

Now we propose the concept of Equivalent Function .

Definition 1. In the domain D, (D C R"™), if uy,ua,- - uy are independent of each other,
V1, V9, - Um aTe also independent of each other, and u; is related to vy, va, - Uy, or v; is related
to up,ug, - Um, (1 =1,2,---m <n), we call f(uy,us,- - un) and g(vi,ve,- - vy) equivalent, or
they are equivalent functions, write as

f<U1,’U,27...U/m)Hg(vl,UQ,---Um), (10)

where f and g are arbitrary functions with m independent variables.

The interpretation of definition 1 as follows:
Assuming u; is related to vy, v, - - - Uy, namely u; = h;(vy,va, - - vy), then

f(ul,ug, e um) = f(hl(vl, V2, .. .’Um), hg(vl,vg, e ’Um), N hm(’Ul,’Ug, e Um))

= g(v1,v2,...Um).



So f(uy,ug, - uny) is equivalent to g(vy,va, - vy,). If v; is related to uy,ug, - - - up,,the proof is
similar. J

According to Definition 1, we can get Theorem 1.

Theorem 1. In the domain D, (D C R"™), if x1,x9, -2, are independent of each other, and
Y1, Y2, - Yn are also independent of each other, then

f($1;$27---1'n)Hg(yl;y%---yn); (11)

where f and g are arbitrary functions with n independent variables.

Proof. According to the principle of function correlation, in R", if x1, 9, - - - z,, are indepen-
dent of each other, y; must be related to xy, za, - - -z, that is y; = yi(z1, 22, Tn); Y1,Y2,* * Yn
are also independent of each other, so x; must be related to y1,y2, - yn too, (i = 1,2,---n),
according to Definition 1

fzi, e, .. xpn) < g (Y1,92, - - Yn)

where f and g are arbitrary functions with n independent variables. [J
1.3. Z; Transformation

In order to obtain general solutions or exact solutions of some PDEs, we propose Z; Trans-
formation:

7y Transformation. In the domain D, (D C R™),any established mth-order PDE with n space
variables F(x1, -« Tpy Uy Ugyy Uy, s Ugyzes -+ ) = 0,8et y; = yi(x1,- - xn) and u = f(y1, - y)
are both undetermined mth-differentiable functions (u,y; € C™(D),1 <1 <n), y1,y2---y are
independent of each other, then substitute w = f(y1,---y;) and its partial derivatives into F' = 0,
1. In case of working out y; = yi(x1,- - xyn) and f(y1,---y1), thenu = f(y1,---y;) is the solution
of FF =0,

2. In case of dividing out w = f(y1,---y;) and its partial derivative, also working out y; =
yi(x1, - xn), then u = f(y1,---y1) is the solution of F' = 0, and f is an arbitrary mth-
differentiable function,

3. In case of dividing out uw = f(y1,---y;) and its partial derivative, also getting k = 0, but
in fact k # 0, then u = f(y1,---y;) is not the solution of F = 0, and f is an arbitrary mth-
differentiable function.

In Z; Transformation, y; = y;(x1,---x,) and w = f(y1,---y;) are both undetermined,
yi(z1, - x,) may be an unknown function completely or has a determinate form with unknown
constants, the solution of f(yi,---y;) may be an arbitrary or a certain mth-differentiable func-
tion, the solution of y;(x1,---zy) and f(yi1,---y;) may not be single, etc., which are determined
by the PDE and the specific solution process.

In Z; Transformation, if | = n, the transformation belongs to the independent variable
transformation, then we can set u(x1, - xn) = u(y1, - Yn)-

Using Z; Transformation, we can get general solutions or exact solutions of many PDEs,
such as:

Example 1.1. In R”, using Z; Transformation to get the general solution of

AUz, + Q2Uzy + a3Uzy = A (21,22, ... Tp) , (12)



where a1, a2 and a3 are arbitrary known constants and A(xy, e, - x;,) is any known function.
Distinctly Eq. (12) cannot be solved by the characteristic equation method. Accord-
ing to Z; Transformation, set u(z1, @2, - 2n) = w(y1,Y2, Y3, T4, T5, ** Tn) , A(T1, T2, Tp) =

A(y17 Y2,Y3,T4,T5, """ 1.71)7 a‘nd
Y1 = C121 + C2Z2 + C3%3 , Y2 = C4T1 + C5X2 + C6T3, Y3 = C7T1 + CgT2 + Cox3,
where ¢; — cg are undetermined constants, and set

a (y17y27 Y3, T4, T5, ... I‘n)
0 (1,72, 73,24, 75, . . . Tn)

#0,

namely
—C3C5C7 + C2CCT + C3C4C8 — C1C6C8 — C2C4CY + C1C5C9 # O,

From (13), we get

—C6C8Y1+C5C9Y1+C3C8Y2—CaC9Y2—C3C5Y3+C2C6Y3

I =- C3C5C7—C2CECT —C3C4C8+C1CeC8+C2C4C9—C1C5CY
To = _ C6CTY1—CaCOY1 —C3CTY2+C1C9Y2+C3CAY3 —C1C6Y3
2 €3C5C7—C2C6CT —C3C4C8+C1CC8+C2C4C9—C1C5CY
Lo — — —CBCTYIFCACRY1I FCCTY2—C1C8Y2 —CaCaY3+C1CHY3
3 C3C5C7—C2CECT —C3C4C8+C1CeC8+C2C C9—C1C5CY
So
a1Ugz, + a2y, + A3Ug,
= (a1c1 + agca + azes) uy, + (a1ca + agcs + azce) Uy, + (@107 + agcg + azcy) Uy,.
Set
ajcy + agce + aszcg = aicy + agcs + ageg = 0.
We obtain
—Qa92C2 — a3C3 —a92C; — a3Cq
Cl=—"—""—"—¢4= —""—.
ay ai
Then

a1 Ug, + AUy, + a3Uy, = (a1¢7 + a2cg + ascy) Uy, = A (Y1,Y2,Y3, T4, T5, ... Tn) .

So the general solution of Eq. (12) is:

f A (y17 Y2,Y3,T4,T5, ... -Tn) dy3
ai1c7 + agcg + ascy

u=f(y1,92, T4, T5,...2Tn) +

where f is an arbitrary first differentiable functions, and

—a2C2 — ascs3
Y1 = —————— 1 + Cax2 + €33,
aj
—a2C5 — A3C6
Yo = a r1 + c5T2 + cex3,
1

(13)

(14)

(15)

(16)

(17)

ca,c3 and c5 — cg are arbitrary constants that satisfy Eq. (14). In a certain number field,
an arbitrary constant with some limit is called relatively arbitrary constant; an arbitrary
constant without any limit is called absolutely arbitrary constant; such as the solution of

an algebraic equation is
1

a—"b

xr =

If a, b may be arbitrary constants, they can only be relatively arbitrary constants, because a # b.

If the solution of an algebraic equation is

T =a—b.



If a,b can be any constants, then they are absolutely arbitrary constants.
According to the above conclusions,

AUz, + Q2Ug, + a3Uz, =0, (18)

the general solution of Eq. (18) in R is:

_ —a2C2 — a3C3 —a2C5 — a3Ce
v= f al al

T1 + coxo + 313, ———————— 1 + C5X2 + C6T3, T4, X5, . . . xn> . (19)

That is, the general solution is related to the spatial dimension n. According to (19) we can get
the general solution of Eq. (18) in R3 is:
<—a202 — ascs —Qa9Cs — a3Cq
u=f|———

x1 + coxg + c3x3, ——— 1 + Cc5x9 + 661‘3> . (20)
ai ay

Using the characteristic equation method, the general solution of Eq. (18) in R? is

a a
u = f <a12[131 + X9, ;31'1 + x3> , (21)

(21) is a special case of (20) as c2 = ¢¢ = 1,¢3 = ¢5 = 0, so using the characteristic equation
method can only get the incomplete general solution of Eq. (18) in R?, and cannot obtain the
general solution of Eq. (18) in R™.

In R”, consider the follow equation

AUz, + AUz + . .. + AUy, = A(z1,22,...2,), (22)

where aj,as - - ay,, are arbitrary known constants, (m < n), and A(x1,x2, - x,) is any known
function. According to the previous analysis, we can see that the characteristic equation method
cannot solve the general solution of Eq. (22) and the complete general solution of ajuz, +agus, +
coo Tt amty, = 0.

According to Z; Transformation, set u(x1, 2, - xn) = WY1, Y2, * Ymy Tmt1s Tmt2,°** Tn)
A(ajla L2y xn) = A(yb Y2, Ymy Tm+1, Tm+2, xn) and

Y1 =121 + X2+ ... + T,

Y2 = Cm+1T1 + Cp2T2 + ... + ComTm,

Ym = Cm(m—1)+1T1 t Cyy(m—1)4272 + . + Cp2Tim

and
0 (yla Y2, - Ymy Tm+1, Tm42, - - - l’n)
0 (z1,T2,...2Tp)

40,
Similar to Eq. (17), we can solve the general solution of Eq. (22).
Example 1.2. In R?*, using Z; Transformation to get the exact solution of

ar () ug + az (u) gy + ag (w) uyy + ag (v) vz = as (), (23)

where a;(u) is any known function, (i =1,2,---5).
According to Z; Transformation, set

w(z,y,z,t) = f (v) = f (kit + kox + ksy + kaz + ks)



where k1 — k5 are constants to be determined, f is an undetermined unary function, then

ar (u) ug + az (0) Ugg + ag (u) uyy + ag (0) s
= kiay (f) f, + K3az (f) fy + K3as (f) f, + kiaa (f) fy = a5 (f).

namely

= as (f)
Y kfar (f) + k3az (f) + k3as (f) + Kfaa (f)

So the particular solution of Eq. (23) is

D=

_ as (u) ) »
v = ko E / <k7 + 2/ k%al (u) + k%CLQ (u) + k‘%ag (u) + k‘ia4 (u)) du, (24)

where k1 — k7 are arbitrary constant.
Nonlinear wave equation
uy —a*hu=g (w) (25)

is a special case of (23), the law of the equation has been the hotspot of the study [1-3], according
to (24) we can get that the exact solution is

_1

g (u) ’
= kg + k 2 du. 26
o /(” /kf_az(kg+k§+kg)> ! (26)

In this paper, we also need a new theorem.

Theorem 2. In the domain D, (D C R™), if vi(x1, 2, - xy,) is an first differentiable functions
, (1€ {1,2,---m},m <n), then:

o[ ...[ f(vr,v2,...00)dvidus ... doy,

Gxi
= Z ’iji / e / f (Ul, V2, .. .’Um) dvldUQ . dvj_ldvjﬂ e dUm,
7=1

where f is an arbitrary integrable function with m independent variables.

Proof. Set

u (1, X2, ... Ty) = u(vl,vg,...vm):/.../f(vl,vg,...vm)dvldvg...dvm.

So
uvj = / PN / f (Ul, V2, ... Um) dvld’Ug PN dvj,ldvjﬂ e dvm

Then

Of ... [ f(vi,v2,...0m)dvidvus . .. dvy, ik
T = Oz = Zuijj:ci
7j=1

:Zvjzl_/.../f(vl,vg,...vm)dvldvg...dvj_ldvj+1...dvm.
7=1



So theorem 2 proved. [J
2. Solutions of Mathematical Physics Equations I

Before studying solutions of mathematical physics equation, we first use Z; Transformation
to obtain general solutions or exact solutions of three typical PDEs.

Example 2.1. In R", using Z; Transformation to get the exact solution of

ay (uggf))r + asy (u:(,;’;l))r +...+an (ué@)r + ant1 (u%‘%)r =0, (27)
where oy gty
wy) = oz’ ufh, = Oxboxd’

a;,(i=1,2,---n+ 1) are arbitrary known constants, r > 1,1 < p + ¢ = m, the left of Eq. (27)
could be added any number and types of (ué’f;i;",} )r with any constant coefficient, (i1 + 2 +
.-+ 414, = m), since the similar calculation method, for facilitating writing there is only the
o (1) i B 21

By Z; Transformation, set u(xy,---xy) = f(v),v(z1, - xp) = k1x1 + kexo + -+ + kpzp +
kn+1, where ki, ko, - - - kpy1 are unascertained constants and f is an undetermined unary mth-
differentiable function,then

a (ué@) +as (uéﬁ”) +-4an (ugf)) + api (u%%)
= (@ k" + ashg” + - kb ) (1) =0

The first case is

(£m) =0, (28)

according to Z; Transformation the solution of Eq. (27) is
u=f(v) = Cm 1™ e T2 L+, (29)

where v(x1,---xy) = k1z1 + koxa + - - - + kpxn + knt1, €1 — ¢m—1 and k1 — k41 are all arbitrary
constants.
Since v contains arbitrary constants kj1, so there is no arbitrary constants ¢g in (29).

The second case is
ar k" + agky™ + .. ank)” + anp1 kS KL =0, (30)

if m and r are both odd, then

(31)

1
. < sk - askTT 4.+ ank™ + an+1k§”‘k§’") e
1= - )
ai

where ko — ky41 are all arbitrary constants. By Z; Transformation the solution of Eq. (27) is

1
Ak 4 .+ ank™ 4 ap o KEET mr
u:f((— 22 7;1" nt1%2 3) 1+ koxo + ...+ knwy + knt |, (32)



where f is an arbitrary unary mth-differentiable function.
If there is at least one even number among m and r in Eq. (27), then

(33)

1
1 i( aoky'" + azky" + ...+ a, k)" + an+1k§T/~c§T> mr
1= - )
ai

By Z; Transformation, except (29) and (32) another solution of Eq. (27) is

1
-y (_(_angm F o Ak g KR
ai

) a1+ kowe + ...+ kpx, + an) . (34)

In the case of r =1, Eq. (27) becomes linear equation

aluggf) + agugg) + . Fapul™ 4+ an+1u§£%)3 = 0. (35)

n

If m is odd, by (29) and (32) the solution of Eq. (35) is

ai

1
u = f ((_U«ng o tanky +an+lk§kg) mxl + k2$2 4+ ...+ k'nl'n + kn-‘rl) (36)

F 10" 4 o™ T2 L+ v,

where v = Ciz1 4+ Coxa + - - - + Cpxy + Cry1,C1 — Cpyq are arbitrary constants. If m is even,
by (29), (32) and (34) the solution of Eq. (35) is

1

askT +...+ankl+an1kb ki m
u:f1<<_22 +123> $1+k‘21‘2+...—|—k‘nl‘n+kn+1>

ai

m m P1q % 37
+f2 <_ (_a2l2 +...+anln +an+1l2l3) T —+ l2$2 + ...+ lnl'n + ln+1> ( )

ai

FCm 10 ™2 4 L o

where fi; and fo are arbitrary unary mth-differentiable functions, ko — k41 and Iy — [, 41 are
arbitrary constants. In Appendix A we proved that if k1,l; # 0 and k1,13 - 0 in (37), c1v can
be described by f1 and fo.

Ifm=2r=p=q=1, Eq. (27) becomes

alugjzl) —+ a2u§c22) 4+ ...+ anu(wi) + An4+1Ugoxs = 0. (38)

According to (37), the general solution of Eq. (38) is

a k2+...ank,21—|—an kok
u:f1<<—22 . +1R2K3

1
2
) 1+ koxo + ...+ knxy, + kn+1>

2 2 lols ) 2 )
agty +...apl;, +a 2
+ fo <_<_ 22 2” n+123> x1+l2x2—|—...—1—lnacn+ln+1>—l—cw.
1
(39) can be written as
1
u ask? + ...+ ank? + anii1kiykiy 2
“:Z fr((——2 M Ty r1+ kipx2 + .+ i, T+ Ky
i=1 a1
(40)

1
asl? + ...+ apl? + aniilili. 2
_ 2%y "n il Z3) x1+l12x2++lln$n+lzn+1) +av

a
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where f1, and fo, are arbitrary mth-differentiable functions, k;, —k;, ., and l;,—[;, ., are arbitrary

determined constants.

Since Eq. (40) can have infinitely many series of functions, we call it a series general

solution , and Eq. (39) is the basic general solution .
Consider the following Cauchy problem of Eq. (38)

S
w (0,22, ... xn) = > @i (kiywa + kizs + ...+ ki, o + ki, )
i=1

s
Uz, (0,1‘2, . .%'n) = sz (kiz.%'Q + ki3l’3 + ...+ kinmn + kin+1) s
i=1

where 1 < s < 0o, 71 sometimes equal to time ¢. In (40), set ¢; = 0,k;; = 1;;, (1 = 1,2,
2,3,---n+ 1), by further calculation which is in Appendix B, the exact solution of Eq. (

the conditions of (41) and (42) is

S

1
U :5 Z(@i(kilxl + ki2x2 + ...+ kz’nxn + kin+1)
i=1
+ goi(—kilxl -+ kin’Q + ...+ kinmn + kin+1)
1 kiyz1t+kigzat.. Akip Tntki,

+— P(&i)d&;)

kiy —kiy o1tk ot Ak ontki,

where

N [=

ki = (— (agki + ...+ ankfn + ans1kiykiy) /a1)?.

Example 2.2. In R3, using Z; Transformation to get the general solution of
Ugy + Uyy + Uzz + Qumy - 2uyz — 22Uz = A (337 Y, Z) )

where A(z,y, z) is any known function.

According to Z; Transformation, set u(x,y, z) = u(p,q,r), A(z,y,z) = A(p,q,7), and

D = k1x + koy + k3z,q = kyx + ksy + kez,r = krx + kgy + kgz,

where ki — kg are undetermined constants, and set

m — ksksky + kakeky + kakaks — kikeks — kokako + kiksko # O.

By Eq. (46), we have

_ —rksks + rkake + qksks — pkeks — qkakg + pksky
ksksky — kokekr — kakaks + kikeks + kokako — k1ksko’

xTr =

_ rkska —rkike — qkskr + pkekr + gkikg — pkako
V= kskskr — kokekr — kskaks + k1keks + kakako — k1ksko’
. rkoky — rkiks — qkok7 + pkskr + qk1kg — pkaks
kskskr — kokekr — kskaks + kikeks + kakako — k1ksko

5,7
38) in

(41)

(42)

(47)
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Then
Ung + Uyy + Uszz + gy — Uy — 2uzg
= (k{ + k3 + k3 + 2k1 ko — 2koks — 2k1k3) upy
+ (K3 + k2 + k§ + 2kaks — 2kske — 2kakie) ugq
+ (K2 + k3 + k§ + 2krks — 2kskg — 2krkg) upy (51)
+ 2 (kika + koks + kske + kiks + koka — koke — ksks — kikg — kska) tpq
+ 2 (kikr + koks + kskg + kiks + kokr — kokg — ksks — kiko — kskz) upr
+ 2 (kakr + ksks + koko + kaks + kskr — kskg — keks — kako — kghz) ugr
=A(p.q,r)-
Set

k2 + k3 4 k3 + 2k1ko — 2koks — 2k1ks = k3 + kZ + ki + 2kaks — 2kske — 2kake = 0.
We get
ks = ki + ko, kg = kg + ks.

So
ki1ks + koks + kske + ki1ks + koky — koke — ksks — kike — k3ka

= k1k7 + koks + ksko + k1ks + kok7 — kokg — ksks — k1kg — kskr
= kak7 + ksks + kgko + kaks + kskr — ksko — kekg — kakg — kk7 =0

Note that we cannot further set k? + k§ =+ kg + 2k7kg — 2kgkg — 2k7kg = 0, otherwise kg = k7 + kg
and —ksksk7 + kokgkr + kskgks — k1keks — kokakg + k1kskg = 0.
Thus

Uy + Uyy + Uszz + 2Upy — 2Uy; — Uy = (k% + kg + kg + 2krkg — 2kgkg — 2k7k9) upr = A(p,q,r) .
So the general solution of Eq. (45) is:

u= f1(p,q) +rf2(p,q) + B(x,y,2), (52)

where
p=kiz+koy+ (k1 + k2) 2,q = kax + ksy + (ka + ks) 2,7 = krx + kgy + koz, (53)

—k1ksk7 + kokakr + kokaks — k1ksks — kokako + k1kskg 75 0, (54)

A(p,q,7)drdr
B(x’y’z):k2+k2+g+2kk: 2ksko — 2krky’ (55)
7 T K3 9 7Rg — 2RgRkg — 2R7K9
f1 and fo are arbitrary second differentiable functions, ki, ks, k4, ks and k7 — ko are relatively
arbitrary constants which satisfy Eq. (54).

It can be verified that

u:fl (p7Q)+Tf2 (p7Q) (56)

is the general solution of
Ugg + Uyy + Uzz + 2Ugy — 20Uy, — 2uzy = 0. (57)
Using theorem 2, we can verify

ff A(p,q,r)drdr
u =
k% + kg + k% + 2k7ks — 2kgkg — 2k7kg

(58)
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is a special solution of Eq. (45).

Example 2.3. In R?, using Z; Transformation to get the general solution of
A1 Ugy + A2Uyy + azuy, = A (:L'a Y, Z) 5 (59)

where a1 — ag are arbitrary known constants and A(z,y, z) is any known function.
According to Z; Transformation, set u(z,y, z) = u(p, q,7), A(z,y,2) = A(p,q,r) and

p=kix+ koy + k3z,q = kqx + ksy + kez, 7 = krx + kgy + koz, (46)

where ki — kg are undetermined constants, and set

d(p,q,7)
0(z,y,z)

By Eq. (46), we get

= —kskskr + kokekr + kskaks — k1keks — kakakg 4+ k1kskg # O. (47)

—rksks + rkoke + qksks — pkeks — qkokg + pkskg

_ , 48
v kskskr — kokekr — kskaks + k1keks + kakako — k1kskg (48)
Y= — rksks — rkike — qkskr + pkekr + qk1kg — pkako (49)
kskskr — kokekr — kskyks + kikeks + kokykg — k1kske’
L rkoky — rkiks — qkoky + pkskr + qk1ks — pkaks (50)
kskskr — kokekr — kskaks + k1keks + kokako — k1ksko
Then
A1 Ugy + A2Uyy + A3U,,
= (alk% + a2k§ + a3k§) Upp + (alk‘i + agk‘g + agk:g) Ugq + (alk:% + agkg + agk‘g) U
+ 2 (a1kiks + agkoks + agkske) upg + 2 (ar1k1kr 4+ askaks + asksky) wp, (60)
+ 2 (a1k4k:7 + asksks + a3k6k39) Ugr
= A(p,q,7).
There are many methods for solving Eq. (60), a typical method is to set
alki + agk?) + agkg = alk‘% + a2k§ + agkg =0. (61)
So
o —agk? — agk:g’k? _ 4 [ —ask? — agkg.
aq ai
Then set
arkak7 + asksks + askgkg = 0. (62)
Hence

_ k‘2 _ k:2 _ /{72 _ k‘2
arkakr + asksks + askeko = ial\/ a2lts — a3 6\/ W2Rs — U39 | oksks + askeke = 0

al al
- (agk?) + agkig) (agkg + agkg) = (agksks + a3k6k9)2
- k5k9 = kﬁks.

Namely
ks = kky, ks = kkg.
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It can be verified that if kgkg > 0, k4 and k7 must satisfy kqk7 < 0; if kgkg < 0, k4 and k7 must

satisfy kqk7 > 0; otherwise ¢ and r are function correlation.
For the unity and convenience, we set kgkg > 0, namely

_ _ k‘2— k,2
oy = $,k7:f %,kgzkkg,k5:kk6,kﬁk9>0.

Using the eliminant to solve

alki + agk‘% + agkg =0

alkg + agkg + agkg =0,

arksk7 + asksks + agzkekyg = 0
we will get the same conclusion.

Further order
ark1ky + agkoks + agksks = a1kiky + askaks + azksky = 0

So

—angkg — a3k§

ai

arkiks + agkoks + azkske = aﬂﬁ\/ + agkkoke + askske =0

—agkkgkﬁ — a3k3k6

—aok?—as3
ai

:>k1:

al |k‘6|

—aok2k? — qak2
42 9 — 3%y + aokkokg 4+ askskg =0

arki1ky + agkoks + agkskg = —a1k1\/

askkokg + askskg

a

:>k1:

—agk?—ag

aq ‘k‘g‘ a1

If kg, ko > 0, then

—aokkokg — asksks —asgkks — asks aokkokg + asksky askks + asks

kl = = = =
a1 ’k6’ —ask?—a3 ay —aok?—as3 ay |]{79|

So k1 =0, and
—agks

askko + asks = 0= ko =
agk‘

If kg, kg < 0, by the similar calculation, the conclusion is same.

If
—a2]€§ — a3k2

12 2
azks — ask 9 kg = kko, ks = kkg, keko < O.

6
k4 — ’kv? =
ai a

Then

—aok2k2 — qak2
A2 %6 — 437% + askkokeg + askske = 0

arki1ks + askoks + asksks = alkl\/ ar
—agkkgk‘(; — a3k3k6

M
—ask?—a3
ai

e kjl =
a1 |ke|

—agk?—ag alm

(64)
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—aok2k2 — qak2
A2 % — 937 + agkkokg + agkskg = 0

ay

arki1k7 + askoks + askskg = alkl\/

—agkkgk‘g — agkgk‘g

— kl =
—ask?—a3

aq ‘k‘g‘ a1

If kg > 0, k9 < 0, then
—agkk‘ﬂ% — agk‘gk‘ﬁ o —agk‘kg — a3k3 . —agk'k‘ng — a3k3]€9 _ agk‘k‘g + a3k3

—ask?—a3 a1 —ask?—as

k1 = =
—ask?—agz —ask?—as

ay |ke| ay |kg| —z = ay

So L
CLQ]{II{JQ + a3k3 =0= ]{;2 = —ash3

an:

If k¢ < 0, k9 > 0, by the similar calculation, the conclusion is same. Thus

b= 0k = 2 (65)
Then Eq. (60) can be simplified as
(@kg + a3k?2>) upp = A(p,q,7). (66)
The general solution of Eq. (59) seems to be written as
u=fi(g,r)+pf2(qr)+ B2,y 2), (67)
where
B(r.y.2) = J/Ap.qr) dpdp (68)

agk% + a3k§

f1 and fo are arbitrary 2th-differentiable functions, under the condition of (47), (63) and (65),
there are four relatively arbitrary constants among ko — ko, such as ks, ks, kg and kg, (ks, ke, ks #
0).

By theorem 2, it can be verified that u = B(z,y, z) is the correct special solution of Eq. (59),
but u = fi(q,7),u = pfa(q,r) and u = fi(q,r)+pf2(g,r) are not the solutions of a1uzy +astiyy+
asu,, = 0. Because (63) can be verified the extraneous root of simultaneous Eq. (61) and (62)
by the substitution of various numerical value, so (67) is not the correct general solution of Eq.
(59). This phenomenon, which is caused by extraneous roots of algebraic equations, is called
the excrescent general solution ,and we will find that it is more common.

By Z; Transformation, we get the special solution of Eq. (59):

o\ AWp,q,7)dpdp

agk% + agk‘% (69)
where
D = koy + ksz,q = kqx + ksy + kez,r = krx + ksy + koz, (70)
—ksksky + kakekr + kskaks — kakakg # 0. (71)
According to (69), we can find and verify
o\ JIAp.a,7)dadg (72)

alk:Z + agkig + agk?g ’
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" [[ A(p,q,r)drdr (73)
alkz$ + Cbgkig + Cbgkig’

are all the special solutions of Eq. (59), and can further find the more concise special solution is

_J Ap,y,z)dpdp

Y (:c,y,z) alk% +a2k§ +CL3]€§’ ( )

where

p=kix + koy + k3z, (K1, ke, k3 #0) (75)

In front, we mentioned there were many methods for solving Eq. (60), such as set
alk‘i + (ZQk‘g + agkg = alkg + agkg + agk‘g = ar1kqk7 + asksks + askgke = 0.
We get

(a1k? + ask3 + ask3) upp + 2 (arkiks + askoks + askske) upg + 2 (arkikr + askoks + askske) wpr
= A(p,q,r).

Then set w = u,, the general solution of Eq. (59) seems can be solved, but it can be verified

that we may obtain a variety of special solutions by Eq. (60), and only obtain excrescent general
solutions of Eq. (59).
According to (39),

a1 Uy + Q2Uyy + a3, = 0. (76)

The general solution of Eq. (76) is

u = fi (v1) + fa (v2) + vs, (77)
where )
asc? + azcs ) 2
v = B T+ cry + caz + c3, (78)
1
2 2\ 3
aocy + ascg \ 2
Vg = —<—24ag5> T + cqy + 52 + cg, (79)
1
v3 = c7x + cgy + c9z + c1o, (80)

f1 and fo are arbitrary 2th-differentiable functions, ¢; — ¢1g are absolutely arbitrary constants.
So the general solutions of Eq. (59) is

u = f1(v1) + fa(v2) + v3+ B (7,y,2). (81)

2.1. Laplace equation

Laplace equation is importantly used not only in classical electrodynamics, thermodynamics
and fluid dynamics etc., but also in the modern theory of the invisible [4, 5]. In recent decades a
research hotspot is using many numerical methods for solving Laplace’s equation in various ge-
ometries and boundary conditions, such as the moment methods [6], quasi-reversibility methods
[7, 8], finite difference methods [9] and so on.

In R3, The form of Laplace equation in Cartesian coordinate system is

Upg + Uyy + Uz =0 (82)
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Eq. (82) is a special case of Eq. (38) and (76), according to (39) and (40), its basic general
solution and series general solution can be get respectively

u=fi (x\/—k‘%—k%—l—k‘ly—i-kﬂ—i-kg) + fo (—:B\/—kz—k§+k4y+k5z+k‘6> + krz + ksy

+ kgz + klO,
(83)

u :Z (f]-z (x\/ _ki - k‘%l + kliy + inZ + kdz) + f2i (_x\/ _ki - k%, + k4iy + k5iz + k6i)
=1

+ kr,x + kg, y + ko, z + k‘loi)

(84)
where f1, fa, f1, and fs, are arbitrary second differentiable functions, (1 < s < c0), k1 — kjo are
absolutely arbitrary constants, and ki, — k1o, are arbitrary determined constants.

(83) and (84) can be abbreviated as

u=fi (7)1) + fo (Uz) + vs, (85)
UZZ (f1, (v1,) + fa; (v2,) +v3,), (86)
=1

where v1 = x\/—k:% - k:% + k1y + koz + k3, vg = —x\/—krz — kg + kqy + ksz + ke,v3 = krx + kgy +
koz + klo;”li = T4/ —ki_ — k%z + kliy + k'Ql-Z + kgl. W9, = —Ty/ —ki — k?)l + k4iy + ]{751.2’ + kgi,and
VU3, = k7ix -+ kgiy -+ kgiz —+ kl[)z-'

Assuming Eq. (82) satisfies the following boundary conditions

w(0,y,2) = > _ @i (kiyy + kinz + kiy) e (0,9, 2) = > i (kiyy + kipz + ki) - (87)
i=1 i=1
According to (43) and (44), the exact solution of Eq. (82) on the conditions of (87) is

s

1
u=s Z(%( VR = R+ Ry Ry o+ k) (/K2 — K2+ Ry o+ ks + i)
/ J—kfl —k2 +k11y+k12z+k13

T fk2 —k2 +k11y+k122+ki3

Y(&i)d&;)

(88)

Solutions of some PDEs have special transformation laws, that is, if we know a solution,

we can get another solution by the transformational rule. For example, solutions of Laplace
equation have two important laws [10]:

Suppose u(z,y,z) is a solution of the Laplace equation. Then the functions
A /2 y =z
Uy U<T2’T2’T‘2>7r V L +y +z ( )

A (m—arQ y—ar’ z—ar
u

VvVER\ R ' R ' R

where A, a,b and ¢ are arbitrary constants, are also solutions of this equation.

2
Uy = >,R—1—2(am+by+cz)+(a2+b2+02)7“2 (90)
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According to these laws, the basic general solution (83) of the Laplace equation will be
transformed into

A r [ 5 kiy | koz T 2 5 kay k52
’U,:?(fl(ﬁ —kl—k2+7’72+7‘72+k3)+f2(_7‘72 —k4—k5+TT+TT+k6)

k?7£C k?gy kig

z
+7+T‘T ﬁﬁ‘klO)a

_|_
A x — ar? k k
u:\/ﬁ(ﬁ( 7 \/—k‘%—k%—i-]%(y—ar2)+R2(z—ar2)+k‘3>
—z + ar? k k
w i (CE R S e B ) ) (92
(

k k
x —ar?®) + Eg (y —ar?) + Eg (z — ar?) + ki)

(91)

where f1 and fs are arbitrary second differentiable functions, k1 — k1o are absolutely arbitrary
constants. According to (91) and (92), we can see that the structure of the general solution of
the Laplace equation has become

w=vg (f1(v1) + fa (v2) + v3), (93)

which is different from Eq. (85), so there is an important new question, whether or not are
Eq. (83), (91) and (92) independent of each other? If they do not dependent on each other,
according to the superposition principle, the number of arbitrary functions in the general solution
of Laplace equation will be greater than 2.

The problem is not over here. Eq. (91) and (92) can deduce infinite new solutions by (89)
and (90), so the structure of the general solution of the Laplace equation has evolved into

u:ZUoi (flz (Uli)+f2i (U2i)+v3i)7(1 SSSOO) (94)
=1

where fi, and fo, are arbitrary second differentiable functions, and

vo, = L,v1, = a:\/—k:% — k% + k1y + koz + ks,
vy, = —x\) k3 — kZ + kay + ksz + ke, v3, = krx + kgy + koz + kio.

When ¢ > 2, by (89) and (90) we can see vj;, has two choice, (0 < j < 3), so the general
solution of the Laplace equation is an infinite function series which contains infinite number
of arbitrary constants. In order to classify these general solutions, we call (91) and (92) the
transformational general solution , and (94) a generalized series general solution.

The transformation laws of the solution of Laplacian equation may be more than (89) and
(90), so the concrete form of transformational general solution and generalized series general
solution may be enriched.

(95)

2.2. Poisson equation

In R3,consider the following Poisson equation
Au=A(x,y,z). (96)

where A is the Laplace operator and A(z,y, z) is any known function.
Eq. (96) is a special case of Eq. (59), that is

a1:a2:a3:1,
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according to (74), (75) and (78-81), its basic general solution is

u-ﬁ(mﬁ%ﬁ—%+kw+bz+m>+ﬁ<—mﬁ%ﬁ—%+h@+%z+%>

(97)
A(p,y, z)dpd
+ krw + ksy + koz + f{ (b sz) L p2 7
alklo + a2k11 + a3k12
where
p = kiox + k11y + k22, (98)

f1 and fy are arbitrary second differentiable functions, k1 — kg are absolute arbitrary constants,
and k19 — k1o are relative arbitrary constants which are not equal to zero.
The series general solution of Eq. (96) is

-y (Fir (/K2 = B+ by + by by ) + fiy (o /—R2, = K2, + by + b+ i ))

=1
[ A(p,y,z)dpdp

+ 7z + ksy + Koz + :
7 84 ) alkfo + agk‘%l + agk%2

(99)
where f;, and f;, are arbitrary second differentiable functions, k;, — k;, are arbitrary determined
constants,

Currently, using numerical methods to analyse Poisson equation is a hot research area [11].
Assuming Eq. (96) satisfies the following boundary conditions

w(0,y,2) = q(y, 2 +§:¢zzw+%@2+h9 (100)
i=1

Uy (073/7 Z) =dx (y, 2’)+Z¢z (ki1y+ki2z+ki3)a (101)
=1

where @;,1; and ¢ are known functions, and

[ A(p,y,2)dpdp

q(z,y,2) = krz + ksy + koz + (102)

k7 — k1o are known constants.
By (99), set ki, = ki,, ki, = kiy and k;; = k;,, similar to the calculation of (43) we get
fir (kiyy + kigz + kig) + fiy (kiyy + kiyz + kig) = @i (kiyy + kiyz + ki),
fiy (k 11y+k12z+k13 — fiy (kiyy + kiyz + ki)

i Ytkigztkig
/ Vi(&i)d&i + fiy (kiyyo + kiyzo + ki)
2 — k’2 11y0+k1220+k13

- fzz( i1 Y0 + kiy 20 + ki3)'
By the further calculation, the exact solution of Eq. (106) on the conditions of (100-102) is

u(z,y, 2)
S

1
—_ E / 2 2

=1

+<pi(—x\/—ki21 — k2 + ki y + kiyz + ki) (103)

z, /—kf1 —k? kg ytkiy 2tk
Vi(&i)dE:)

—k2 _ k2 —k;2 —k? +k21y+ki22+ki3
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2.3. 2D wave equation

In R3, the form of 2D wave equation in Cartesian coordinate system is
2 2 _
Up — A Uy — 0 Uyy = 0. (104)

Eq. (104) is an especial case of Eq. (38), by (39) its basic general solution can be obtained

u=fi (kla: + koy + at\/k? + k3 + k3>

+fo (kax + ksy — at\/k3 + k2 + k6> + krx + ksy + kot + k1o

_ kix kay
AN NCEE Hat+ go>

kax ksy _
h (\/ki+k§ t e at + h0> + krw + ksy + kot + k1o
=g (zcosf+ysinb + at + go)

+h (x cos p + ysin g — at + ho) + krx + ksy + kot + k1o,

(105)

where fi, fo, g and h are arbitrary unary second differentiable functions, k1 — k19,6, ¢, go and
hgy are arbitrary constants. g(xcosf + ysin6 + at + go) is a parallel wave with the speed a, the
angle between x axis and spread direction of g is  which is arbitrary.

The series general solution of Eq. (104) is

u(z,y,t) = (gi(xcosb; + ysinb; + at + gio)+
i (106)
hi(x cos p; + ysiny; — at + hy)) + krz + ksy + kot + k1o,
where g; and h; are arbitrary unary second differentiable functions, 6;, @;, g;o and h;g are arbitrary
determined constants.

A research hotspot is using numerical methods to study the 2D wave equation [12]. Consider
the following initial value problem of Eq. (104)

w(@,y,0) = > @i (ki + kiyy + ki),

(107)
g (2,9,0) = > i (ki + kiyy + ki)

2

Similar to the solving method of (43), the exact solution of Eq. (104) on the conditions of (107)

can be got
1
u =5 Z(%’(k‘il?ﬁ + kiyy — aty k3 4+ k2 + Kiy)

(2

+ @ik @ + kigy + atyJ k7, + k3, + ki) (108)
1 kilm—&-kigy—&-at kz'21 +ki22 +ki3
/k V Vi (€) de).

ay/ kizl + ki22 iy vthigy—at, [k7 k7 ki

Solutions of homogeneous 2D wave equation have two transformational laws as follows [10]:

_|_
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Suppose u(x,y, z) is a solution of the 2D wave equation. Then the functions

A x y t
U] = U 109
' V|r? — a?t?| (Tz—a2t2"r’2—azt2’r2—a2t2) ’ (109)

A + By (a®t* —r?) y+ By (a®t* —r?) at+ Bz (a®t* —r?
vy — T 1(a r)’y g(a r)’a 3(a r) ’ (110)
VR R R aR
r=+a2+y? R=1-2(Biz+ By —aBst) + (B} + B3 — B3) (r* — a*t?) (111)
where A,v, B1, By and B3 are arbitrary constants, are also solutions of this equation.
According to (109, 110), the transformational general solutions of Eq. (104) are
"y A Uwhx+by+mdﬁ%%€+k)+f(Mx+%y—m %+%§+k)
/= a2t ' r? — a?t? ’ 2 r?2 — a?t? 6
krx + ksy + kot
+ 2 o2 + k10)
(112)
u =
A ki(z + By(a®t? —r?))  ko(y + Bo(a®t? —r?))  at + Bs(a*t? —r?)
— VEZ K2+
\/E(fl( R + R + aR 1 + 2 + 3)
ky(z + By(a®t? —r?))  ks(y + Ba(a®t?> —r?))  at + Bz(a?t? —r?)
— k2 + k2 +k
+ fal I + R uR \/ ki + k5 + ko)
k7(x + Byi(a?t? — 12 ks(y + Ba(a*t? — r? ko(at + Bs(a?t? — 12
| fale 1;? ) | ksly 25; 7)) | kola Z(Jg %)) ko)

(113)
Eq. (112, 113) can deduce infinite new solutions by (109, 110), according to the principle of
superposition, the generalized series general solution of 2D wave equation can also be written as

s

UZZUO«L (flz (vli)+f2i (U2i)+v3i)v(1 < s < 00) (94)
i=1

In R3, The form of the nonhomogeneous 2D wave equation in Cartesian coordinate system
is
Uy — Uy — @Puyy = A(t,2,7), (114)
(114) is a special case of Eq. (59), namely

2

t==z,a1 =ay=—a",a3 =1 (115)

According to (74), (75) and (78-81), its basic general solution is

u:ﬁ(mmww+mwﬁ+@+@>+ﬁ(mmmw—mwﬁ+@+%>

(116)
[ A(p,y,t) dpdp
+ krx + ksy + kot + k10 + )
7 8Y o 10 (hk%l + agk%Z + agk%g
where
p = kunx + kioy + kigt,  (ki1, ki2, ki3 #0) (117)

f1 and fy are arbitrary second differentiable functions, k1 —k1g are absolutely arbitrary constants,
and ki1 — k13 are relatively arbitrary constants.
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The series general solution of Eq. (114) is
S

u(z,y,z) = Z (fi, (kiyx + kiyy + aty /]<;2 + k2 + kig) + fiy(kiyz + kiyy — aty /ki24 + ]‘7125 + ki)

i=1
[] A(p,y.t) dpdp
a1k?) + agky + azkiy

+ krx + ksy + kot + k1o + ,(1§S<OO),

(118)
where f1, and fs, are arbitrary second differentiable functions, k;, —k;, are arbitrary determined
constants.

Consider the following initial value problem of Eq. (114)

w(0,2,y) = q(z,y) + > @i (ki + kiyy + kiy) | (119)
i=1

Ut (O,x,y) = qt (%W"’ZU% (ki1x+ki2y+ki3)a (120)
i=1

where @;,1; and ¢ are known functions, and

[ A(p,y,t)dpdp
alkn + a2k12 + (13]{13’

q(z,y,t) = krx + ksy + kot + k1o + (121)

k7 — k13 are known constants.
Similar to the solving method of (103), the exact solution of Eq. (114) on the conditions of
(119-121) is
u(z,y,z)

s

1
=q(@,y.t) +5 > (pilat\ /B2 + k2 + ki + kiyy + Kiy)

i=1

+(Pi<—at\/ki21 + k7 + kx4 kipy + kig) (122)
at kfl+k2 +kiy kg y+kig
/ V b (6) d&y)
k2 + k2

at k2 +k2 +kiy T+kiy y+kig

The general solution and the exact solution of the problem of definite solution of the non-
homogeneous 1D wave equation can be obtained similarly, which is in Appendix C.

2.4. Acoustic wave equation

In R* The form of acoustic wave equation is
pu—cgAp=0 (123)

where p is the sound pressure and c¢g is the sound speed. Eq. (123) is a special case of Eq. (38),
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according to (39) its basic general solution in Cartesian coordinate system is

p=fi <k1x + koy + ksz + cot\/ k3 + k3 + k3 + k4>

+ fo <k5£ﬂ + key + k7z — coty/ k‘g + k‘g + kﬁ% + k‘g) + kgx + k10y + k112 + k1ot + k13

- AR R R S—
Nkl VEikiR Jeikik Rk

]{751' k6y k72 k8
+h - - — oot + —————
VE+R+k  VE+RR+kE R+ R+ k2 VkE+ kG + k2
+ kg.l‘ + k‘loy + k‘uz + klgt + k13
= g(xsinf cos p + ysinfsin p + z cos O + cot + go)
+ h(ﬂj‘ sin ¢ cos ) + ysin ¢ siny + z cos ¢ — cot + ho) + kgx + k10y + k112 + k1ot + k13,
(124)
where f1, f2,9 and h are arbitrary second differentiable functions, k1 — ki, 0, ¢, go and hg are
arbitrary constants. g(zsin 6 cos ¢ + ysinfsin g + z cos + cot + go) is a parallel wave with the
speed cg, 6 is the angle between z axis and spread direction of g, ¢ is the angle between x axis
and the projection in xy plane of spread direction of g.
The series general solution of Eq. (123) is

p= Z (gi(x sin @; cos @; + ysin b; sin p; + z cos 0; + cot + gio)
i
+ h;(xsin ¢; cos 1; + ysin ¢; siny; + z cos ¢; — cot + hip))
+ kg + k1oy + k112 + k1ot + ka3,

(125)

where g; and h; are arbitrary second differentiable functions, 6;, y;, gio,and h;y are arbitrary
determined constants.

The solutions of Eq. (123) have transformational laws which similar to (109, 110), and a
similar discussion can be made.

Consider the following initial value problem of Eq. (123)

P(@,y,2,0) =Y @i (ki@ + kiyy + iz + ki) (126)

pr(2,y,2,0) = > i (kiyw + kiyy + kiyz + ki) - (127)

Similar to the solving method of (43), the exact solution of Eq. (123) on the conditions of (126)
and (127) is

1
p=3 > (pilkiyx + kiyy + kigz + coty /K2 + k2, + k2 + ki)

%

+ QOi(khx + kizy + ki:sz —col \/ kizl + ki22 + ki23 + ki‘l) (128)
1 kiy ztkiyy+kigztcoty /kizl +k222 +kl~23 +kiy
/k $i(€)de)

con/ k7 + kD 4 k7

In R* consider the following nonhomogeneous acoustic wave equation

+

i .’L‘+l€i2 y+kl‘3 z—cot k?l +k'£22 +ki23 +k7;4

pit— ¢ Ap = Alx,y, 2,1) (129)



23

where A(z,y,z,t) is any known function. According to Z; Transformation, set p(z,y, z,t) =
p(X,Y,Z,T), A(z,y, 2,t) = A(X,Y, Z,T), and

T = kit + kox + ksy + kqz (130)
X = kst + kgx + kry + kgz (131)
Y = kot + kipx + k11y + k122 (132)
Z = k‘lgt + ]{214$ + k15y + ]{?162’ (133)

where ki — k16 are undetermined constants, and set

O(X,Y,2,T)
d(x,y,z,1t)
= kakrkiok1s — kskskiokis — kakek11k13 + kokski1k1s + kskeki2k13 — kokrki2kis
— kykrkok1s + kskskokis + kakski1k14 — k1kski1k14 — kskski2kia + k1krki2k14
+ kakekokis — kakskokis — kakskiokis + k1kskiokis + kekski2kis — k1keki2kis
— kskekokie + kaokrkokie + kskskiokie — k1krkiokie — kakski1kie + ki1keki1ki6 # 0
Then
B D F G
TTTeY T TR TR E
B = ((—kaks + k1ks)(—kakg + k1k11) — (—ksks + k1k7)(—kakg + k1k12))((—Fkaks + k1ks)
(=Zk1 + Thki3) — (= Xk + Ths)(—kak1s + k1kis)) — ((—kaks + k1ks) (=Y k1 + Tko)
— (= Xk1 + Tks)(—kakg + k1k12))((—kaks + k1ks)(—k3kiz + k1k1s) — (—ksks + k1k7)
(—kak13 + kikie))
C = ((—kaks + k1ks)(—ksko + k1k11) — (—ksks + k1kr)(—kako + k1k12))((—kaks + kiks)
(—kokis + ki1k14) — (—kaks + kike)(—kakis + kikie)) — ((—kaks + k1ks)(—kako + k1k10)
— (—koks + kike)(—kako + k1k12))((—kaks + ki1ks)(—ksk13 + ki1kis) — (—ksks + kikr)
(—kak13 + k1kig))
D = —Zkykgkg + Zkokskg + Zkakskio — Zk1kskio — Zkokskia + Zk1kek12 + Y kakekis
— Ykokgkis — Xkakiokis + Tkgkiokis + Xkakiokis — Theki2kis — Y kakskia + Y ki1kskia
+ Xkykok1s — Thgkok14 — Xki1k1ok14 + Tksk12k14 + Y kokskie — Y k1kek1s — Xkokokie
+ Tkgkokig + Xk1kiokis — Tkskiokis
F = —Zhskko + Zkokrko + Zkskskio — Zkikekio — Zhokskiy + Zkikekin + Y kakkns
— Ykokrkis — Xkskiok1s + Tkrkiok1s + Xkok11k1s — Thek11k13 — Ykskskis + Yki1krkia
+ Xkskok1sa — Thrkok14 — Xkik11k14 + Thski1k1a + Y kokskis — Ykikekis — Xkokok1s
+ Tkekok1s + Xkikiok1s — Tkskiokis
G = Zhakrko — Zkskskio — Zhkakokn + Zkokskiy + Zkskokie — Zkokkis — Ykakrkia
+ Ykskgkia + Xkaki1kia — Thgkiikia — Xkgkiokia + Tkrki2kia + Y kakekis — Y kokskis
— Xkakiokis + Tkskiok1s + Xkoki2k1s — Theki2kis — Ykskekie + Y kok7kis + Xkskiokie
— Tkrkiok16 — Xkak11k16 + Thek11k16
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Uy — a*Au = (76% — a’k3 — a’k3 — a2ki) urr + (k?) — a’kg — a’ki - a2k§) Uxx

+ (k:g — a2k%0 — azkfl — a2k‘%2) uyy + (k%s — ani — a2k:%5 — a2k%6) Uz

+ 2 (kiks — a*koke — a®kskr — a®kaks) urx

+ 2 (k1kg — a’kak1o — a*kskyy — a2k4k12) ury

+ 2 (k1k13 — a®kokiq — a®kskis — a®kakie) urz

+ 2 (ksko — a’kgkio — a®krkyy — a’kski2) uxy
+2 (kskiz — a®kek14 — a’krkis — a’kskie) uxz
+2 (kok1z — a*kiokia — a®kirks — a’kizkis) uy z
=AX,Y,Z,T).

Similar to the solving method of (74), the particular solution of Eq. (129) is

[[ A(z,y,2,T)dTdT
p= B(x,y, Zat> = kf% _ C(Z)If% — c%k% — Cgkz’

where
T = kit + kox + ksy + kaz, (k1, k2, k3, ks #0).

It can be verified that we only obtain excrescent general solutions of Eq.

p= f1 <k1x+k:2y+k:3,z+cot\/k‘%+k§+k§+k4)
+ fo <k‘5x+k‘6y+k7zcot\/k§ +k§+k$+k8)

[[ A(z,y,2,T)dTdT
k’%:s - C%ki - C%k%5 - C?)k%es’

+ kox + k1oy + k112 + k1ot +

24

(134)

(135)

(129) by (134).
According to (124) and (135), the basic general solution of Eq. (129) may be written as

(136)

where k; — k12 are absolutely arbitrary constants, k13 — k1g are relatively arbitrary constants,

and T = kqst + k1ax + k15y + k162.
The series general solution of Eq. (129) is

p=Y_ (fis(kiyo + kiyy + kiyz + cot\/ k2 + k2 + k2 + ki)

=1

+ fiy(Kis® + kigy + kiyz — cot\/ k2 + K2 + k2 + Kig))

[[ A(z,y,2,T)dTdT
k%:’, - C%kﬁ - C(z)k% - C(z)k%(s’

+ kgx + k1oy + k112 + k1ot +

Consider the following initial value problem of Eq. (129)

s
U (O,SL‘, Y, Z) =4q (ZL‘, Y, Z) + Z‘pl (k‘“l‘ + kizy + kigz + ki4) 5
i=1

Ut (vaa Y, Z) =dqt (.T, y,Z) + sz (k“a; + klzy + kigz + kl4) 5

=1

(137)

(138)

(139)
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where @;,1; and ¢ are known functions, and

[ A(z,y,2,T)dTdT
k‘%g - c%k:ﬂ - C(%k%&s - C(Q)k%ﬁ’

q(z,y,2,t) = kox + kioy + k112 + k1ot + (140)

k9 — k16 are known constants.
According to (109), set ki, = ki,, ki, = ki, kiy = kiq, similar to the solving method of (103),
the exact solution of Eq. (129) on the conditions of (138-140) is

1
u(z,y,2,t) =q(z,y,2,t) + 3 Z(%‘(’%% + kiyy + kiyz + coty /K2 + k2 + k2 + ki)

(2

+ ng(k‘ZISL‘ + kizy + k‘i3Z — coty/ k7/21 + k222 + ]{3223 + k‘u) (141)

1 kiy 2t kigy+higztcoty [k +k7 +kZ +kiy
i (€) dE).
k

coN/ kD + KD 4+ K2

3. New principles and methods II

+

i1 T+kiy y+kig z—cot ki21 +k?2 +k§3 +kiy

In Z; Transformation, y;(x1,---x,) and f are both undetermined (i = 1,2,---1). To solve
some PDEs we may be required to set f pending and y;(x1,- - zy,) known, so put forward Z,
Transformation.

Zy Transformation. In the domain D, (D C R™), any established mth-order PDE with n
space variables F(x1, -« Tp, Uy Ugy, -+ Ug, s Ugizg, -+ ) = 0, set y; = yi(x1, - xpn) known and
u= f(y1,- -y undetermined (u,y; € C™(D),i € {1,2,---1},1 <1< n), y1,y2, -y are inde-
pendent of each other, then substitute u = f(y1,---y;) and its partial derivatives into F =0

1. In case of working out f(y1,---yi), then u= f(y1,...y1) is the solution of F =0,

2. In case of diwiding out w = f(y1,...y;) and its partial derivative, also getting 0 = 0, then
u= f(y1,---y1) is the solution of F =0, and f is an arbitrary mth-differentiable function,

3. In case of dividing out v = f(y1,---y;) and its partial derivative, also getting k = 0, but
in fact k # 0, then u = f(y1,---y;) is not the solution of F = 0, and f is an arbitrary mth-
differentiable function.

We will research the application of Zy Transformation later in this paper. Through the
comparison, we can find that the traveling wave method and the solitary wave method are the
concrete applications of Z; and Zy Transformation.

Now we study an important compound law of multivariate functions. In R™ space (n > 2),
assuming u, g, h and y; are smooth functions, and set

U:9(1'1,9327-~-iﬂn)h(yl»?/%---yl)a(l S l Sn),
where y; = y;(x1, 22, - xy), and y1,y2, - - - y; are independent of each other, then

du = ug, dxy + ug,dre + .. . + Ug, dx,, = hdg + gdh

l l
= <hg:,;1 + gz hyiyim) dxy + (hgm + gz hyiyim) dzo + ...

i=1 =1

l
+ (hgxn +9) hyiyixn> dz,.

=1
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So
l

Ua; = hge; + 9 Iy Ui, (142)
=1

According to (142), we can get

l l l l !
Ug sy, = NGajay + gz hyiyixjxk, + ngz ey, Yiz,, + gwkz hyiyiocj + QZ Z hyiysyi:cj Ysxy, (143)
i=1 i=1 i=1 i=1 s=1

and
l l l l
uacjxj - hg:(:j:cj + gz hyiyia:jxj + 2QIJZ hyiyixj + gz Z hyiysyizijxj (144)
=1 =1 i=1 s=1

Higher order law may be deduced analogously.
According to the above laws we present Z3 Transformation.

Zs Transformation. In the domain D, (D C R"), any established mth-order PDE with n
space variables F (X1, Ty, Uy Ugy, -+ Uy, , Ugy 2y, -+ ) = 0, setting g(x1, - xn), h(y1, - y1) and
yi = yi(z1, - xp) are all undetermined function, yi,ye,---y; are independent of each other,
(g,h,yi € C™(D),1 € {1,2,---1},1 <1 < n), then substitute u = gh(yi,---y;) and its partial
derivatives into FF =0,

1. In case of working out h,g and y;, then w = gh(yi,---y;) is the solution of FF =0,

2. In case of dividing out h and its partial derivative, also working out g and y;, then u =
gh(y1,---y) is the solution of F =0, and h is an arbitrary mth-differentiable function,

3. In case of getting k = 0, but in fact k # 0, then uw = gh(y1,---y;) is not the solution of F = 0.

In Zs Transformation y;(z1,---x,) and g(x1,---2,) may be unknown completely or have
definite forms with unknown constants, the solution of h,y; and ¢ may not be single. If h is an
arbitrary mth-differentiable function, then y1,ys - - - y; and g must be independent of each other,
otherwise u = gh(y1, - y1) = h(y1, - ).

To solve some PDEs we may be required to set h,y;(x1, - 2,) undetermined and g known
or set g, h undetermined and y;(z1, - - - €,,) known and so on. The forms of these laws are similar
to Z3 Transformation, we will not present here.

4. Solutions of Mathematical Physics Equations I1
4.1. Helmholtz equation

Before research Helmholtz equation, we first consider a PDE as follows
A1 Ugg + A2Uyy + A3Uz5 + A4Uzy + A5Uy> + A6Uzz = a7, (145)
where a; = a;(z,y, z,u), (i =1,2,---7), according to Z; Transformation, set
u(z,y,z) = f )= f(kix+ kay + ksz + ka) , (146)
where k1 — k4 are constants to be determined, f is an undetermined unary function, then

A Ugy + A2Uyy + A3Uzz + A4Uzy + A5Uyx + AUy

= karf, + k3aof, + k2asf, + kikeasf, + koksasf, + kiksasf,

= ar.



27

Namely
f// _ ay (147)
v k‘%al + ]{3%(12 + k%ag + k1koay + koksas + k1ksag '
If k%al+k§a2+k§a3+k%2a4+k2k3a5+klkwﬁ can be converted into g(v) or h(f), it can be further com-
puted, set
a; (z,y,z,u) =a; (v),(1=1,2,...7), (148)
So the particular solution of Eq. (145) on the condition of (148) is
ardvdv
u(x,y,z) = + Civ + Oy, 149
( 4 ) // k%al + k§a2 + k%ag + k1koay + koksas + k1ksag ! 2 ( )

where C1 and C5 are arbitrary constant, k1 — k4 are determinate constants. For instance

Uz + (k12 + koy + k3z + ka) " uyy + (k12 + koy + ksz + ka)"w.. = sin (kix + koy + k3z + ka) .

(150)
According to (149) its particular solution is
sinvdvdv
= C C
’LL(J,‘,y,Z) // k%+k§vm+k§v"+ 1v + Co,
where v(x,y, 2) = k1x + koy + k3z + kyq. Set
a; (x,y,z,u) =a; (u),(i=1,2,...7). (151)

From (146)-(147) we have

"o ar
fv - k%al + k%GQ + k§a3 + k1koayg + koksas + k1ksag

ardf B
! / ( 2 k%al + k%CLQ + k§a3 + ki1koayg + koksas + k‘lkgaﬁ) !

where k1 — k4, C1 and Cy are arbitrary constant. Namely

N[

a1 (u) Ugz + a2 (U) Uyy + a3 (u) Uzz + a4 (U) Uzy + a5 (W) Uy + a6 (©) Uz = a7 (u). (152)

The particular solution of Eq. (152) is

_1

ardu 2
=Gt |t du. (153
! ! / < 2t / k%al + k%ag + k%ag + ki1koas + koksas + k1k3a6> u (153)

The solving method of Eq. (145) can be extended to any similar PDEs with n space variables.
Emden-Fowler equation [13, 14], Klein-Gordon equation [15, 16] and sine-Gordon equation [17]
are special cases of Eq. (145), which are the hotspots of current research.

Consider the following PDE

1 Ugy + A2Uyy + A3U, + kKu=0 (154)
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It’s a special case of Eq. (152), according to (153)

_1

k2udu 2

=C) £ Cy—2 d
! ! /( 2 /k%a1+k%a2+k§a3> B

Vkfay + k3as + k2azarcsin (Csu)
k

= u= isin th(v—C)
Cs \/k‘%al + k‘%&g + k‘%ag
Cs+k (k‘ll' + koy + k‘gz)
\/k%al + k‘%ag + k§a3 '

=C1+

== :|:C'4sin <

Since Cy is an arbitrary constant, so the particular solution of Eq. (154) can be written as

Cs+k(k k k
u(x,y,z) = Cysin [ =2 -k (kaw + hoy + k) , (155)
\/k:%al + k‘%ag + k‘%ag
where k1 — k3, Cy and C5 are arbitrary constant.
We use Z3 Transformation to obtain the general solution of Eq. (154), set
u (l’, Y, Z) =g (CL’, Y, Z) h (’U)) =g (I’, Y, Z) h (llaj + lZy + l3Z + l4) ) (156)

where w(z,y,z) = 1z + loy + 32 + l4, [ — l4 are undetermined parameters, h(w) and g(z,y, 2)
are undetermined second differentiable functions, so

Uz + A2Uyy + a3t + ku
= a1hgas + 2011192l + arligh., + aghgy, + 2aalagyh,,
+ agl3gh,, + ashg.. + 2aslzg.hy, + asligh,, + k>gh.

Namely
(a113 + aal3 + asl3) ghy +2 (a1l gz + azlagy + aslzg:) hy + (a192s + a2gyy + asg.. + k*g) h = 0.
(157)
Set h(w) an arbitrary unary second differentiable function, according to (157) we obtain
_ l2 _ l2
all% + aglg + CLgl% =0= ll ==+ M, (158)
a
ail1gz + aslagy + aslzg. = 0, (159)
19z + A20yy + A3G22 + kQQ =0. (160)
By (155) the particular solution of Eq. (160) is
Cs+Ek(k k k
g (2,1, 2) = Cysin | 2L (k1o + Koy + ks2) ) (161)
\/k%al + k%GQ + k§a3

Substituting from (161) into (159) we get

a1l gz + azlagy + aslzg.
- a1l1Cskk1 + agloCukks + azlsCyrkks cos (05 + k (k1a: + koy + k‘gZ)) _0

\/k%al + k%G/Q -+ k%ag \/k%al + k%ag + k%ag
= a1l1Cskk1 + agloCukks + aslsCykks = 0.



29

Namely

—a2k212 — agkglg

ky = (162)

a1l1
Then

u(r,y,2) = g(x,y,2)h(w)
_ sin Cs + k (k1z + kay + k3z)
\/k‘%al + k%ag + k%ag

) h (lllL' + l2y + I3z + l4)

1 —k kol ksl kaqly (k k
_sin Csaily (agkals + azksls) x + kaily (koy + k32) h (1w + Iy + sz + 1a)

\/(a2k212 + azksls)® + (agk2 + azh?) o212

So the general solution of Eq. (154) is

u = gr1h (w1) + g2h (w2)

ls — k (agkely + asksls) x + k\/—a1a2l% - a1a3l§ (koy + k32)
\/(CLQ]{?QZQ + CL3]€3Z3)2 —ai (CLQk% + agk‘%) (azl% + aglg)

—asl? — asl?
h1 me—i—lzy%-lgz%-h
a1 (163)

lis — k (agkialia + askishis) © — ky/—a1a2l3y — araslls (k12y + k132)
\/(agklzlm + a3k13[13)2 —a (agk%Q + agk%) (CLQZ%Z + agl%3)

+ sin

ha z+ly+lhsz+ha |,

ai

where hy and hy are arbitrary second differentiable functions, ks,ks,k19,k13,l2 — I5 and 112 — 15
are arbitrary constants.
It is important to emphasize that (154) might have other special solutions that can satisfy the

— 212
above calculations. If these special solutions are independent of (155), 1/ Mw+l2y—|—l3z+l4

al

— 2 12
and —1/ %x + l1o2y + l132 + l14, by the superposition principle, the general solution of

7(12[%70,31:2,’

(154) will be more complicated. If a new special solution is independent with m T+
_ 2 _ 2
loy + 132 + 14 and —\/@x + l12y + li3z + l14, but not independent with (155), then can

we use the superposition principle? We will analyze these issues in a follow-up paper.
Consider the following 3D Helmholtz equation
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According to (163) we can get the general solution of Eq. (164) is

ls — k (kol ksl k\/—153 — 12 (k k
u=sin [ > halz + ksly) « + 2 — I (hay + Fs2) h1<\/—l§_l§$+l2y+l3z+l4>

V eala + ksl — (3 + K3) (53 +13)

lis — k (kialia + kisliz) @ — ky/—13y — 135 (k12y + K132)
\/(k;”ll2 +kisliz)® — (K, + kfs) (1 +135)

ha (—\/ —12, — Bz + lioy + L3z + 514> ;

Consider the following 2D Helmholtz equation

+ sin

(165)

Uz + Uyy + kPu = 0. (166)

By (163) the general solution of Eq. (166) could be got

Cs —k (a2k2l2 + a3k3l3) x + k\/—a1a2l% — a1a3l§ (ka + k‘gz)
V(@zkslo)? — (a2h3) (a13)

—aol?
hy %2 2x+l2y+l4
V' @

Cs — k (agki2liz + agkizliz) & — ky/—a1a2l3y — arasliy (ki2y + ki32)
\/(a2k12l12)2 — (a2k?,) (aaliy)

u = sin

+ sin

2 2

ho T+ lioy + lizz + 114

ai

The denominator of the above equation is equal to zero, so we can preliminarily judge that Eq.
(166) has no general solution.

For the 1D Helmholtz equation g, + k*u = 0, according to (163) we can get that the de-
nominator is equal to zero, so it can be judged preliminarily that 1D Helmholtz equation has
no general solution.

Currently analysing the Helmholtz equation is mainly used numerical methods [18-21]. Here
we consider the following boundary value problem of Eq. (164)

u (0,y,2) = sin (\/ik: (y + 22)) ely+=2), (167)

uz (0,y,2) = v/—2sin (\/§k: (y + 22)) ¢ (x +y) + 3kicos <\@k (y + 22)) p(r+y), (168)
where ¢, ¢ are known function, comparing (165) with (167) we obtain
ke =kio=1lo=Il3=lo=lh3=1k3=kiz=2,l4 =114=Cs =Cs = 0.

Namely
u =sin <3kim +V2k (y + 2z)> h (V=2z +y+ 2)

(169)
+ sin (3kim —V2k (y + 2z)) ha (—\/—7233 +y+ z) .



31

Then
u (0,y, z) =sin (\/ﬁk (y + 22)) hi(y + z) — sin (\/ik‘ (y + 22)) he (y + 2)

:sin(x/ik(y+2z)>s0(y+z)zh1(y+2)—h2(y+z)=¢(y+z),

ug (0,y,2) = v/ —2sin (\@k (y+ 2z)) (h/l (y+2)+hy (y + z))
+ 3kicos (\/ikr (y + 22)) (hi (y+2)+ ha (y + 2))
= \/—2sin (\/ﬁk‘ (y + 22)) ¢ (z +y) + 3kicos (\/ﬁk (y + 2z)) é(x+y)

= hi(y+2)+ha(y+z2)=90(@+y).

Namely
hi(y+2) —ha(y+2) =9y +2) (170)

hi(y+2)+ha(y+2)=0¢(x+vy) (171)
Then )
hi(y+z2)=5 (p(y+2)+ey+2)

2
—h (V-2z+y+2)== (6(V-2z+y+2)+o(V-2r+y+2)),

DN

1
ha(y+2) =5 (¢(y+2) —wly+2))
1
= hy (—\/—21‘—|—y+z) =3 (gf) (—\/—2:17—|—y—|—z) — @ (—\/—Qx—l—y—l—z)) .
So the exact solution of Eq. (164) on the conditions of (167) and (168) can be get

u :%sin (3]4:1'3; +V2k (y + 2z)> (0 (V=2z+y+2)+o(V-20+y+2))
(172)

+%sin<3kiw—\/§k(y+22)> (p(V-2z+y—+2)—p(V-_2e+y+2)).

In R3, we use Z3 Transformation to get the general solution of the nonhomogeneous Helmholtz

equation.
Ugg + Uyy + Uzz + Ku=A (z,y,2), (173)

where A(z,y, z) is any known function. According to Z3 Transformation, set

u(z,y,2) =g (2,y,2) h(p,q,7) (174)
p=kix + koy + k3z,q = kax + ksy + kez, 7 = krx + kgy + koz, (46)
and

—kskskt + kakgkr + kskaks — k1keks — kakako + k1ksko # 0. (47)
o __ —Thsks + rkoke + qksks — pkeks — qkak + phsky (48)

ksksky — kokekr — kakaks + k1keks + kokakg — k1ksko’
Y= — rksks — rkike — qksky + pkgkr + qk1kg — pkako (49)

kskskr — kokekr — kskaks + kikeks + kakako — k1ksko’

rkoky — rkiks — qkokr + pkskr + qk1ks — pkyks

P (50)

B kskskr — kokekr — kskaks + k1keks + kokako — k1ksko



So
A1 Ugy + A2Uyy + A3Uz + G4
= (Gua + Gyy + 9oz + k°9) b+ 2 (k1gs + kagy + k3g:) by + 2 (kage + ksgy + k6g2) by
+2 (krgs + ksgy + kogz) hr + (K + K3 + k3) ghyp + (k3 + k3 + k§) ghg
+ (K2 + k3 + k3) gher + 2 (kika + koks + kske) ghpg + 2 (kikr + koks + ksko) ghypy
+ 2 (kakr + ksks + keko) ghgr = A (p, q,7) .
Set
Gaw + Gyy + 922 + K29 =0,
K19z + kagy + k3g. = 0,
k1ge + ksgy + kegz = 0,
k7gz + ksgy + kog. = 0.
By (155), the particular solution of Eq. (176) is

Vet a4+ a3

where ¢; — ¢5 are arbitrary constants. Substituting from (180) into (177-179) we get

k
g(w,y,2) = cysin <C5 +k(az+cy+ C3z)> ,

k19: + kogy + k3g. =

\/c%al + c%ag + cgag \/c%al + c%ag + cgag

= ai1kicakcr + askocskeo + askscakes = 0.
Namely

—/{7262 — k‘363
k1 )

Cl —

ar1kicaker + askocykes + askscakes cos <C5 + k (cwc + coy + ¢32)

k1gz + ksgy + keg- =
’ Y : \/c%al + C%CZQ + C%(Ig \/c%al + C%CLQ + cgag
= a1 kygcsker + askscgkes + agkgeqkes = 0.

So
—ksco — kgcs
= —""7

k4

arkgcaket + askscakes + askgeakes cos <C5 +k(c1z + coy + ¢32)

krgs + ksgy + kog. =

\/c%al + cgag + cgag \/c%al + c%ag + cgag
= a1 kregkey + askgegkes + agkgegkes = 0.

Thus
_ —ksgea — kocs

Cl1 =
k7

So Eq. (175) is simplified as

Ugz + Uy + Uz + kP

= (K? + k3 + k3) ghpp + (k3 + k2 + k3) ghgq + (K2 + k3 + k3) ghyr
+ 2 (krky + koks + kske) ghpg + 2 (k1ky + kaoks + ksko) gl

+ 2 (kak7 + ksks + keko) ghgr = A(p,q,7) .

arkreqker + askgegkes + askgcgkes cos <C5 + k (01:16 + coy + 32)

32

(175)

(183)

(184)
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Namely

(kT 4+ k3 + k3) hypp + (K] + k2 + Kk§) hag + (K5 + k3 + k3) hor + 2 (kika + kaks + kske) hyg
A(p.q,r)

+2 (k‘lk’7 + koks + ]{73]439) hpr +2 (k‘4k)7 + ksks + k‘6k‘9) hqr = g

(185)
Eq. (185) is completely similar to Eq. (60), using similar calculations we can obtain its excrescent
general solutions and special solution which is

JJ et dpdp
R+ k3R

(186)

So the special solution of Eq. (173) is

g [ 4] dpdp
k? + k3 + k3

u=gh= (187)

Combining (165), we can get the basic general solution of Eq. (173).

For 2D nonhomogeneous Helmholtz equation
Ugz + Uyy + Ku=A (z,y).
By similar method we can get its particular solution.

2. Heat equation and diffusion equation

In R*,consider the following PDE
apUt + A1 Ugy + A2lyy + aszt,, =0, (189)
where a; are known constants. For solving its particular solution, by Z; Transformation we set
u(t,z,y,2) = f(v) = f(kot + kix + koy + ksz + k), (190)

where v(t, z,y, 2) = kot + ki1x + kay + ksz + k4, ko — k4 are constants to be determined, f is an
undetermined second differentiable function. So

apUt + A1 Ugy + G2Uyy + A3Uz, = aOkOfv =+ (alk% + G'Qk% + a’3k§) fv = 0.
Set w = f,, then

aokof; + (alk% + azk% + agkg) f;, =0
— (alk% + agk% + agkg) w; = —agkow

—agkgv
S W = k76a1k%+u2k%+a3k§

—agkgv
arkf + askd + a3k T

= f(v) = k7

aoko
So the particular solution of Eq. (189) is

—agkg (kgt+kiz+koy+kaz)

u(t,z,y,2) = kse a1kf+agkl+agky + kg, (191)
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where kg — kg are arbitrary constants.
In order to obtain the general solution of Eq. (189), according to Z3 Transformation, we set

u(t,z,y,2) =gh(w) =g (t,z,y,2)h(lot + lhix + loy + 32 + 1g), (192)

where w(t, z,y, z) = lot + l1x + lay + I3z + 14, lo — l4 are constants to be determined, h and g are
undetermined second differentiable functions. Then

agut + A1 Ugy + G2Uyy + A3U,,
= (all% + GQZ% + a3l§) gh; + (aolog + 2a1l19, + 2a2l29y + 2a3lggz) h;u (192)
+ (aog: + a19ax + a2gyy + a3g..) h = 0.

Set h(w) an arbitrary second differentiable function, according to (193) we get

—agl% - a3l§

all% + aglg + a3l§ =0=0 == T, (194)
aolog + 2a1l1g: + 2a2lagy + 2a3l3g. = 0, (195)
a09t + 19wz + a2Gyy + 32 = 0. (196)

By (191) the particular solution of Eq. (196) is

—aoko(k0t+k1x+k‘2y+kgz)

g(t,x,y,2) = kge ~ aMteakitasky 4 ko (197)

Set k¢ = 0, and substituting from (197) into (195), then

aplog + 2a1l1gx + 2az2l2gy + 2a3l3g.

—agkq(kgt+kiz+koy+k —agkg (kot+kiz+koy+k
agkq(kott+kiztkoy+tksz) agkq(kott+kyjztkoy+kzz) alllkl + a212k2 + a313k3

k2 k2 k2 k2 k2 k2
= aplpkse  “Fiteakateshs — 2apkokse  “rFiteakaTesks 12 2 2 0.
ajki + azky + asks

We have
arlikr + aslaks + aslzks

lg = 2k
0 0 alk% + agk% + ag,k%

(198)

Therefore
—agkqg(kgt+kizt+koy+ksz)
w(z,y, z,t) =g, y,z,t) h(w) = kse  “1Fitekdtasts  p(lot + Ly + lyy + I3z + 1y)
*“0’;°1<:§:’;§jﬁ§g’“sz> 5 ((2ko (arliky + agloks + aslsks) t
alk% + agk% + agk%

=e +l1$+l2y+l3z+l4>.

So the general solution of Eq. (189) is
u = gih (w1) + g2h (w2)

—agkq (k0t+k11+k2 y+k3z)
ay k2 +a2 k2 +a3 k2

2k k:1 —ay (a2l3 + asl3) + aglaks + a3l3k:3> t —agl3 — asl?
+ ... .

T+ loy + 132+ 1
a1k% + G/Qk% + a3k§ al 2Y 3 4

—agkio(kiott+ki1z+kioy+ki32)
0 flkllfﬂ;fmﬂfkm 1 hy (2k10 (—k11+/—a1(aal3y + asl?s) + asliokiz + aslizkis)t
alkll "I_ a2k12 + a3k713

—ayl?
=4/ azliy — as! 1393 + ligy + lizz + lia),

(199)
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where h; and ho are arbitrary unary second differentiable functions, kg — k3, kig — k13, lo — Iy
and l1o — l14 are arbitrary constants.
The form of 3D heat equation and diffusion equation is

up — a (tgy + Uyy + Uzz) = 0. (200)

According to (199) we can get the general solution of Eq. (200) is

u =€

ko (kot+kqat+koy+ksz) _J2 _j2
0 (ok%+;5+k§)a2 3 N 2ko (\/Tl?’kl + loko + lgkg) . fl% Bt byl 1s

k? + k3 + k3

k1g(k1gttkirz+kioytkizz)
2 12 12 )2
+e (k11+k12+k13)a

2k10 <—\/ —12y — 33k11 + ligk1a + l13k13>
ho t—/—13y — Bsx + ligy + li3z + 14

k2 + ki + ki

(201)
The form of 2D heat equation and diffusion equation is
U — a? (Ugg + Uyy) = 0. (202)
By (199) the general solution of Eq. (202) could be got
ko(kgot+kiz+koy) .
T 2ane2 2ko (iloky + ok
u =e (K443 )2 h1 ( 0 (i ; L +2 2 2)15 + tlox + loy + l4>
ki + k35 (203)

k1g(k1gtt+k11z+ki2y)

() p (leo (—iliok11 + lLigk12)
k3 + ki

+e

t —iliox + Loy + l14> .

The solutions of Egs. (200, 202) have transformational laws which similar to (109, 110), and
a similar discussion can be made.
The form of 1D heat equation and diffusion equation is

g — a*ugy = 0. (204)
According to (199) we have
ko(kot+kyz)
u=Ce i . (205)

Therefore, it can be preliminarily determined that Eq. (204) has no general solution.

Nonlinear problem [22-25] and numerical methods [26-28] are the research hotspots of the
heat equation, here we consider the following initial value problem of Eq. (200)

z+y+z
w(z,y,2,0) =€ o2 (o1 (V=22 +y+2)+ o (—V—20+y+2)). (206)
Comparing (201) with (206) we get
k4 k14

k1=k2=k3=§,k‘11:k‘12=k13=?,122132112251321715=l15=0-

So

z+y+2+43t
u(r,y,zt)=e o

(b1 (V=22 +y+ 2+ (44+2V=2) 1) + ha (—V=22 +y + 2+ (4 — 2V/=2) 1)) (207)
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Then

u(z,y,2,0)

e7E (o1 (V2r +y+2) 4 o2 (V2w +y + 2))

e 7ET (h (V2w +y+2) + by (—V 22 +y + 2))

=1 (V22 +y+2)+o2 (—V-20+y+2)=h (V22 +y+2)+h(—V-22+y+2)
= (V2o +y+z+ @d+2vV=2)t) =h (V22 +y+z+ (4+2V=-2)1)

o2 (—V-2z4+y+z+(4—-2V-2)t) =hy (—V22+y+2+ (4—2V/-2)1).

Namely

hm(V=2z+y+z+(@A+2vV=-2)t) =1 (V22 +y+2+ (4+2V-2)1),
ho (V=2 +y+2z+ (4—2V=2)t) =2 (—V-"22+y+2+ (4 —2V-2)1).
So the exact solution of Eq. (200) on the conditions of (206) can be get

w(x,y,z,t)

=T (o (Ve by ek (A4 2V72) 1) 4o (—V2r by 2+ (4-2V72) 1))
(208)

In R*, we use Z3 Transformation to get the general solution of the nonhomogeneous heat
equation.
wp — a® (Ugy + Uy + uzy) = A(x,y, 2, 1), (209)

where A(z,y, z,t) is any known function. According to Z3 Transformation, set

u(x7 y? Z7 t) = g(x7 y? Z7 t)h(X7 Y7 Z7 T) ) <210)
where
T = k:lt—|—k2z—|—k:3y—|—k4z, (211)
X = kst + kgx + kry + ksz, (212)
Y = kot + k1ox + k11y + k122, (213)
Z = ki3t + k1ax + k1sy + k162, (214)
k1 — k1¢ are undetermined constants, and set
0(X,Y,Z2,T)
0 (x,y,2,1)
= kakrkiok13 — kakskiok13 — kakek11k13 + kokski1k13 + kskeki2k13 — kakrki2ki3 (215)
— kykrkgkia + k3kskokia + kakski1kia — kikgk11k14 — k3kskiok1a + k1krki12k14
+ kakekokis — kokgkgkis — kakskiokis + k1kskiokis + kakski2kis — ki1keki12k1s
— kakekokie + kokrkokie + k3kskiokie — k1krkiokie — kakski1kie + ki1kek11k16 7 O.
So B D F G
__ b _ D _F _G 21
iy C Y E ) R E ) t E’ < 6)
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B = ((—kaks + k1ks)(—kskg + k1k11) — (—ksks + ki1k7)(—kako + k1k12))((—kaks + k1ks)
(—Zk1 + Tki3) — (—Xk1 + Tks)(—kak13 + ki1ki6)) — ((—kaks + ki1ks)(—Y k1 + Tky)
— (= Xky + Tks)(—kako + k1k12))((—kaks + k1kg)(—k3kiz + k1kis) — (—ksks + ki1k7)
(—kakis + k1ki16)),

C = ((—kaks + k1ks)(—ksko + k1k11) — (—ksks + ki1kr)(—kako + k1k12))((—kaks + kiks)
(—k‘Qk‘lg + k‘1k‘14) — (—/{2]% + k‘1k‘6)(—k4/€13 + k‘lk‘lﬁ)) — ((—k‘4/€5 + k‘lk‘g)(—k‘zk‘g + k‘lklo)
— (—koks + kike)(—kako + k1k12))((—kaks + k1ks)(—ksk13 + kikis) — (—ksks + kikr)
(—ksk13 + k1ki6)),
D = —Zkykgkg + Zkokskg + Zkskskig — Zk1kskio — Zkokskio + Zk1kek1o + Y kakekis
— Ykokgk13 — Xkakiok1s + Thkskiok13 + Xkoki2k13 — Tkek12k13 — Y kaksk14 + Y k1kgki4
+ Xkykok1g — Thgkok14 — Xkikiok14 + Thski2k14 + Y kokskie — Y k1kek1s — Xkokokie
+ Tkekok1s + Xk1kiokie — Tkskiokis,
F = — Zkskko + Zkokrko + Zkskskio — Zkikrkio — Zkakskiy + Zkikgkiy + Ykskekis
— Ykokrkis — Xkskiok1s + Thrkiokis + Xkoki1k1s — Thek11k13 — Ykskskia + Ykikrkiy
+ Xkskokia — Thrkok1a — Xkiki1kia + Tkskiikia + Ykokskis — Ykikek1s — Xkokokis
+ Tkekoki1s + Xkikiokis — Tkskiokis,
H = Zkykrk1g — Zkskskig — Zkskek11 + Zkokgk11 + Zkskek1a — Zkokrkio — Ykakrkiy
+ Ykskskis + Xkak11k1a — Thgki1kig — Xkskiok14 + Thrkiok1a + Y kakek1s — Y kokgkis
— Xkakiok1s + Thskiokis + Xkokiok1s — Tkeki2k1s — Y kskekie + Y kokrkie
+ Xkskiokie — Tkrkiokie — Xkak11kie + Theki1k16-
Then

up — a’ (Uga + Uyy + Uszz)

= (gt — aguw — a%gyy — a%gz.) h + (k1g — 20%kag, — 2a%k3gy — 2a°kags) hr

+ (ksg — 2a”kegs — 2akrgy — 2a*ksg.) hx + (kog — 2a°k109: — 2a*k11gy — 2a%k12g.) hy
+ (k139 — 2a°k1490 — 20°k159y — 20°k16g:) hy — a® (k3 + k3 + k) ghrr

—a® (k§ + k3 + k3) ghxx — a® (ki + ki1 + kis) ghyy — ® (K3, + k35 + kig) ghzz

— 2a® (kok + kskr + kaks) ghrx — 2a® (kakio + kski1 + kaki2) ghry

— 20 (kokis + kskis + kakie) ghrz — 2a* (kekio + krki1 + kski2) ghxy
—2a® (kek1s + krkis + kskie) ghxz — 2a* (kiok1a + k11kis + kiokie) ghyz = A(X,Y, Z,T) .
(217)
According to Eq. (217), set
Gt — 0% gae — °gyy — a*gz. =0, (218)
kig — 2a%kogy — 2a2kggy —2a%kyg, = 0, (219)
ksg — 2a%keg. — 2a2k7gy —2a%kgg, = 0, (220)
kog — 2a%k10gs — 2a2kngy —2a%k12g, = 0, (221)
k:lgg — 2&2]614936 — 2a2k:15gy — 2a2klﬁgz = 0 (222)
By (191), the particular solution of Eq. (218) is
cg(egtteiztegytesz)
2 2 2
g(tx,y,2) = cze (drdred) 4 g (223)
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where ¢; — ¢g are arbitrary constants. Setting cg = 0 and substituting Eq. (223) into (219-222)
respectively, we get

apk1g + 2a1kag, + 2a2k3gy + 2a3ksg-
—agcqg(cot+eyztcoytcgz) —agcg(cottcg z+egytcsz)
= apkicse  “1Tteatass _2ggegese “1eTTeacitascs

arkocy + agksco + azkacs
alc% + agc% + agcg

=0.

Namely
koct + kgco + kycs

kl = 200
A+ +a3

(224)

apksg + 2a1kege + 2a2krgy + 2a3ksg.
—agcg(cgttcyz+ceaytezz) —agcg(cgttcyztegytezz)
— a0k5c5e alc%+a2c§+a3«c§ _ 2aococ5€ alc%+a2c%+a3c§

ar1kgcy + askrco + asksgcs
alc% + G,QC% + agcg

= 0.
That is

kec1 + krco + kges

k‘g, :260
c% + c% + cg

(225)

aokog + 2a1k109s + 2a2k119y + 2a3k129.

—ageqg(cgtter z+coytcegz) —agcg(cgtter z+coytegz)
arkipc1 + azkiico + agkiac
= CLOkQCSe alc%+a2cg+a3c§ — 2@000056 a16%+a203+a3c§ 11071 5 +2 112 i 32 1263
aicy a2Cy a303
=0.
Namely

kioc1 + k11c2 + k1acs
A4+

/ﬁg = 200 (226)
aok13g + 2a1k149: + 2a2k159y + 2a3k169-

—agcq(cgt+eyztegytcezz) —ageg(cgttegztegytcegz)
— a0k13656 alc%+azc%+a3c§ _ 2@060656 alc%+a262+a3c3

arkiacr + agkisce + azkiges
alc% + (120% + a3c§

=0.

So
k1ac1 + k152 + kigces

A4+

/6‘13 = 260 (227)

So (217) is simplified as

up — a® (Uze + Uyy + Us2)

= —a® (k3 + k3 + ki) ghrr — o® (k§ + k2 + k3) ghxx — a® (kg + kiy + kio) ghyy
—a? (kiy + kis + kis) ghzz — 2a° (kake + kskr + kaks) ghrx

— 20 (kok1o + kski1 + kak12) ghry — 2a® (kokiy + kskis + kakie) ghrz

— 2a? (kkio + krki1 + kski2) ghxy — 20 (keki4 + krkis + kskig) ghx z

— 2a* (kiok1a + k11k1s + ki2kis) ghyz = A(X,Y, Z,T) .

(228)

Set
k2 4+ k2 4+ k2 =K+ k3 4+ K2y = k2, + k3 + k3 = 0. (229)

ke = £/ —k2 — k2, ko = £/ —k2, — k2, kg = £/ — k2 — k2 . (230)

We have
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Further set
arkoke + agkskr + azksks = arkakio + askskir + askskia = arkakiy + a2kskis + azkikis
= ar1kekio + askrki1 + askgkia = arkek14 + a2k7k1s + azkskis
= ar1ki0k14 + agki1k15 + aski2kie = 0.

(231)
Similar to the solving method of (63), we obtain
krk1g = kgki1, krkis = kskis, k11k16 = k12k1s, (232)
and
up — a® (Ugg + Uyy + Uzz) = —a® (kg + k% + ki) ghrr = A(X,Y,Z,T). (233)

The special solution of Eq. (233) is

h:—// A<X7Y’Z’T) dTdrT.
a? (k:% + k% + k‘i) g

Similar to Eq. (67), it can be verified that the excrescent general solutions of Eq. (223) is

A(X,Y,Z,T)

dTdT.
(k3 +k2+Kk3)yg

h—hl(X,Y,Z)JrThg(X,Y,Z)—// .
a

We do not carry out specific analysis.
So the special solution of Eq. (209) is

AX)Y Z T
u=—g // (2 — 2) dTdT. (234)
a? (k3 +k3+k3)g

Combining (201), we can have the basic general solution of Eq. (209).

For the 2D nonhomogeneous heat equation
wp — @ (Ugg + uyy) = A (2,9,1).

By the similar method we can get its particular solution and general solution.
4.3. Schrodinger Equation

Linear [29-31] and nonlinear [32, 33] stationary state Schrodinger equation are the focus of
current research. Consider the following linear equation

%Au - (V(z,y,2) — E)u=0, (235)

where m is the mass of the described particle and # is the reduced Plank constant, by Zs
Transformation, set

u(z,y,z) = f (v) = f(k1x + koy + k3z + ka) , (236)

V(z,y,2) —E=a(v) =a(kiz+ kay + ksz + kq) , (237)

where v(z,y, z) = k1z + koy + ksz + kq, k1 — k4 are known parameters, V(z,y,z) — E = a(v) is
a known function, f is an undetermined second differentiable function, then

2 h? "

—Au— (V(z,y,2) — B)u= o (ki + k3 + k3) f,

2m 2m —a@) f=0.
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Namely
fr4b() f=0. (238)

where
—2m (V (l‘, Y, Z) - E)

b(v) =
W= R R

(239)

If b(v) is some special function [34], Eq. (238) has a particular solution and its general solution
may be obtained by the law of second-order linear ODEs (LODESs), such as

b(v) =—c (0112” + nv”_l) , (240)
h? (k2 + k3 + k3
V(z,y,2) =a(v) + E = i’ ( 1; 3+ 1) (ch” +m}”_1) + E, (241)
m

where ¢ is an arbitrary constant, the particular solution of Eq. (238) under the condition of
(241) is

n+1 k k k k n+1
f(v):exp<cv ):exp<c( 17+ koy + k3z + ky) .

n+1 n+1

So the particular solution of Eq. (235) under the condition of (241) is

(242)

c(kix + kay + ksz + k4)n+1
u(r,y,z) = exp 1 :

For getting the general solution of Eq. (235) under the condition of (241), according to Z3
Transformation, we set

U (l‘, Y, Z) =g (‘T’yv Z) h (w) =g (1"’ Y, Z) h (llx + l2?/ + ZSZ + l4) ) (243)

where w(zx,y, z) = lhx+loy+132+14, 11 — 4 are parameters to be determined, h(w) and g(z,y, 2)
are undetermined second differentiable function, so

Uze = hgea + 201 92hey, + B ghs,, (244)
Uyy = hgyy + 2l29yh;u + 3gh,, (245)
U, = hg.. + 2l3g.h,, + 3gh.,. (246)
Then
hQ
%AU - V((.’L’,y, 2) - E)U
RNV ’
= 7m (ll + 12 + l3) ghw + E (llgx + lggy + l3gz) hw (247)
h2 2 h2
o Jrx a - Yzz V » Y, - E h = 0
+ (ng + o gyy + 5 922+ (V (2,9, 2) )g)

Set h(w) an arbitrary second differentiable function, by (247) we get

BHB+B=0=1 =+/-13 13, (248)

llgw + lQQy + l3gz = 07 (249)
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ﬁ2 h2 h2
%g:m + %gyy + %gzz + (V(2,y,2) — E)g = 0. (250)

By (242), the particular solution of Eq. (250) on the condition of (241) is

(251)

(k1 + kay + kaz + kg)" !
g (x,y,2) = exp :

n—+1

Substituting from (251) into (249) we get

k k k k n+1
llckl(kjlx + kzy + k3z + k4)nexp (C( 1T + Koy + K3z + 4) )

n—+1

k k k ky)" Tt
+ locka (k1 + koy + k3z + kq)"exp 12+ hoy + ka2 + ka) )

S
n+1
[

ke 4 oy + kg2 + k4)”+1> 0

+ Igcks(k1x + koy + k3z + kq)"exp ]

_ —haly — k3ly /B

Namely

| —kikaly + /—KTE — K2KZE — KK

l
2 k2 + k2

(252)
Then

c(kix + kay + ksz + k4)nJrl
n+1

U(l’,y,Z) :g(l',y,Z)h('UJ) :exp< )h(l1$+l2y+l3z+l4)

So the general solution of Eq. (235) on the condition of (241) is

u=g(h(w)+ h(ws2))

c(k:lx + koy + k3z + k4)n+1
P n+1

(hl (\/ —13—Bx+ly+l3z+ l4> + ho (\/ —12, — Bz + 1oy + L1z + l14>> ,

where hy and he are arbitrary second differentiable unary function, k1 — k4 and ¢ are determinate

—k1kalizEliz/—ki —k3k—k3k3

k3 +k3

(253)

parameters, I3, l4, 13 and [14 are arbitrary constants, l1o =

Time dependent Schrodinger equation is always the focus of research [35-40], in addition,
the related nonlinear equation [41, 42] and the time fractional Schrédinger equations (TFSEs)
[43, 44] are the deeply researched field. Consider the following linear equation

‘ h?
zhut+%Au—V(m,y,z,t)u:0. (254)

According to Zs Transformation, set

u (x,y,z,t) = f (U) = f (klx + k?y + k3z + k4t + k5) ) (255)



42

V(z,y,z,t) =a(w) =a(kiz + koy + k3z + kgt + k5) , (256)

where v = kjx + koy + k3z + kqt + ks, k1 — ks are known parameters, V(z,y, z,t) = a(v) is a
known function, f is an undetermined second differentiable function, then

, h? A "
zhut—l—% Au—V(m,y,z,t)u:zhk4fv+% (k:%—l—k‘%—{—kzg) fo —a(v)f=0.
Namely
fv +kfv+b(v>f:07 (257)
where ok 2ma (v)
i2mky —2ma (v
k= b(v) = . 258
R R Ty e (258)
If b(v) is some special function [34], Eq. (257) has a particular solution, such as
b(v) =c(—cv™ + kv" +no" ).
The particular solution of Eq. (257) is
C,Un—H
f (0) = exp (—nﬂ) .
Namely
_ hQ k2 ]432 k2
Viz,y,2,t) =a(v) = sl 12+ 2 + k3) (—cv®™ + ko™ + o). (259)
m
The particular solution of Eq. (254) on the condition of (259) is
k1x + koy + kaz + kat + ks)" !
(g 2.1) = exp (—c( Lot e R ) (260)
By
1o+ @) +h @) fo+ (90) h(v) +g,) f =0. (261)

The particular solution of Eq. (261) is

f(v) =exp <— /g(v) dv) . (262)

Set h(v) = —g(v) + k, where g(v) is an arbitrary unary first differentiable function, then

b(v) = —g% (v) + kg (v) + g, (263)
Namely
2 2 2 2
V@) —a(o) = —EEEIE) () o)) (264

The particular solution of Eq. (254) on the condition of (264) is

u(z,y,z,t) = f(v) =exp (— /g (v) dv) . (265)

For getting the general solution of Eq. (254) on the condition of (259), according to Z3
Transformation, we set
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where w = lyx+loy+I32+14t+15, 1 —I5 are constants to be determined, h and g are undetermined
second differentiable functions, by (266), we have

2
ihut—f—h—Au—V(az,y,z,t)u
2m

2 " h h h /
= — (P+12+13)gh,+h(i gy + —1 —l3g, | h
2m(1+2+3)9w+ (149+m19 +m29y+m39> w (267)
B2 h2 h2
ih o Yxz P a5 Yzz — h = 0.
+ (z g: + ng + 2mgyy+ ng Vg> 0

Set h(w) an arbitrary second differentiable function, by (267) we get

B+B+E=0= 11 = +/-13-13, (268)

h h h
ilag + —l1gz + —lagy + —l3g9. =0, (269)
m m m
) 2 h2 h2
thgs + %g:m + %gyy + %gzz —Vg=0. (270)

By (260) the particular solution of Eq. (270) on the condition of (259) is

(271)

c(kix + koy + ksz + kat + k5)n+1
n+1 ’

9(37ay727t) = €xp <_

Substituting from (271) into (269) we get

. (ki + koy + kaz + kat + ks)" !
ilyexp ]

h
— —lycky(k1z + koy + ksz + kat + k5)"exp
m n+1

h
- EZQCkQ(kll’ + k:Qy + k‘gZ + k‘4t + k?5 exp

c(kiz + koy + kgz + kat + ks)"
n+1

h
— flgckig(kill‘ + k‘gy + kgz + k‘4t + :IC5 exp
m n+1

( (k1 + koy + ksz + kat + ks )”+1>

(k1 + koy + sz + kat + ks )”“) 0

Namely
h
Iy = _EC (Iky + laks + I3ks) (k12 + kay + kaz + kat + ks)™. (272)

Since l4 is a constant and is not a function of z,y, z and ¢, if (271) is the particular solution of
Eq. (270), by (272) n must equal 0, then

_ 2 2 2 2
V= ch (kl + k:Q + ]€3) (—C’U2n + ko™ + nvn—l) _
2m

— ch® (ki + k3 + k3)

2m

(—c+k). (273)

Since k1 — ks,k and ¢ are determinate constants, so V' (z,y, z,t) is an determinate constants too,
namely

h
Iy = _ne (llkl + loko + lgkg) (274)
Then
c(krz + koy + ksz + kat + ks)"
n+1

uzghzexp<— )h(l1x+l2y+l3z+l4t+l5).



44

So the general solution of Eq. (254) on the condition of (273) is

u=g(h(wi)+h(ws))

— e—c(k1x+k2y+kgz+k4t+k5)
<h1 <\/ —13—Bx+ly+lsz+ it + l5> + ho (—\/ —12, — Bz + ligy + lisz + liat + l15>> ,
(275)
where hy and ho are arbitrary second differentiable functions, l14 = —% (l11k1 + lLigka + lisks),

lo,l3, 15,112,113 and l15 are arbitrary constants.

According to Z3 Transformation, if set
u(x7y7z7t) — g(x’y7z7t)h(X7Y7Z7T)’
where
T = kjlt + kgx + kgy + k?4Z,
X = k5t + kﬁx + k:7y + kgz,
Y = kgt + k10$ + klly + ]{3122’,
Z = kist + kuzx + kisy + kg2,
0(X,Y,Z,T)
6 (:C7 y? z? t)
= kykrkiok13 — k3kskiok1s — kakek11k13 + kokgk11k13 + kskeki12k13 — kokrki2k13
— kakrkok1a + kskgkok1a + kakski1k1a — k1ksk11k1a — kskski2k1a + k1krk12k14
+ kakekokis — kokgkokis — kakskiokis + k1kskiokis + kokskiokis — k1keki12k1s
— kakekokie + kakrkgkie + kskskiokie — k1krkiokie — kakski1kie + k1kek11k16 # 0.

It can be verified that we only obtain excrescent general solutions of Eq. (254) on the condition
of (273), which is similar to Eq. (235), and do not carry out specific analysis.

Consider the following initial value problem of Eq. (254) on the condition of (273)

u(z,y,2,0) = e TVt? ((pl (Mw +y+ z) + 2 (—\/ij +y+ z)) , (276)
ut (z,y, 2,0)
= et tytz (gol (Mz‘ + 9+ z) + 2 (—\/TQJU +y 4+ z)) (277)

h / ’
e (24 V) 0 (VR 4y +2) + (2= V) ¢ (VR +y +2) ).
Comparing (275) with (276) we have

1

By further calculation which is in Appendix D, the exact solutions of the initial value problem
is
h
u =TV (o) (V2r -y + 2+ —(2 4+ V=2)t)
5 m (278)
+ o=V =2ty + 2zt (2 V=2)).

When V(z,y, z,t) is a constant, Eq. (254) is also an important case of the diffusion equa-
tion with a source [45], its general solution and the exact solutions of the Cauchy problem are
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applicable to the diffusion equation.
5. Conclusions

In this paper, we propose a verification axiom and a conjecture that the general solution of
PDEs is related to the spatial dimension, and put forward a concept and the relevant law of the
equivalent function.

In order to effectively solve the linear and nonlinear PDEs, we propose three kinds of Z
transformations. According to the actual case, we find that the arbitrary constants in solutions of
PDEs have two types which are absolutely arbitrary constants and relatively arbitrary constants.
We find the limitation of the characteristic equation method to solve some first order PDEs.

Since mathematical physics equations (MPEs) are very important in PDEs, their progress
is always been noticed especially [46]. In this paper, we have obtained the general solutions and
exact solutions of the problems of definite solutions of various typical MPEs, and found that in
the more universal case PDEs have basic general solution, series general solution, transforma-
tional general solution, generalized series general solution and so on.

Appendix A

In (37) it can be proved that if k1,{; # 0 and k1,11 - 0, c;v can be described by f; and fo,
set

Then
f1 = f1 (kl’l +Coxo + ...+ C’nxn + Cn+1) s
fo = fa(=kxy + Coxa + ...+ Cpay + Cpy1),
where )
b — _(12022 + agC§ + ...+ anC’?l + an+10203 2
al '
Set
Acy(kxy + Coxa + ... + Cray + Cpg1) + Bey(—kxy + Coxa + ... + Chay
A-B
+Cn+1) = (A+ Ber(Cran + Cazz + .. + Gty + Cpn) = Cr = n k-

If A= B #0, then 4= = 0. If B= —A + 1, then

A+B
A-B . . A-B :
AN A T AR PAT Y e i g T A U e

Namely ﬁ;—g € (—00,00), if k # 0 and k - 0, selecting A, B felicitously, C; may equal to
arbitrary real number, so c;v can be described by f1, f2, and

c1v = (C’lxl + Coxo + ...+ Cprxy + Cn+1)

A
= A —EIB (k$1 + 02392 +...+ Cnxn + CnJrl)
B
+ A le (_kxl + 021'2 +...+ Cnmn + Cn—‘,—l) )

where Cy = 42k
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Appendix B

The calculation of (43) as follows.
In (40), set c1 = 0,k;; =1;;,(i=1,2,---5,j=2,3,---n+1)

(S

kh = (* (agk‘,?2 +...4+ ankfn + an+1ki2ki3) /al) . (44)
According to (40)-(42)
U (0,]12, . .’L‘n) = Z(flz (ki2$2 +...+ kznxn + kin+1) + fQi(kigl'Q +...+ kznxn + kin+1))
=1
= Zgoi(kizl’g + ...tk a0+ kin+1)7
i=1
Ugy (0, X9, . .. xn) = Z(kllfil(klz'%? + ...+ kinacn + kinJrl) — kil féi(kh.%‘g +...+ kinl'n + kin+1))
=1

= sz(kzsz 4+ ...+ klnxn + kin-o—l)'
=1

We have
f1, (kigwa + .+ Kiywn + ki) + fo, (g2 + o+ kiyan + ki) (279)
= ©; (kin'Q + ...+ kznxn + kin+1) ,
klllelz (k;iQIZ +...+ kznfﬁn + kin+1) - kil féz (kz'zx? +...+ kinxn + kin+1) (280)

According to (280) we get

fl,-(ki21'2 4+ ...+ kinl'n + kin+1) — fgi(kmxg 4+ ...+ kinxn + kin+1)
1 [Rigmat ki mntki,

= /{:7 ¢(€Z)d§l + fli(kizx% +.ot kinxno + kin+1) (281)
11 Jkigxog+oAkiy Tngtki, |

- f2¢(ki2$20 +. 4+ kinxno + kin+1)'
Combining (279) and (281), then
fli (kiQCL'Q +...+ k‘znl'n + kin+1)

= 3¢i (kiywa + ... + ki T + ki yy) + 57

1 k¢2x2+...kinxn+kin+1
i1 /

Y (&) d&;
kigzoyt...+kip, .’En0+k¢n+1
+5f1 (Ko + oo+ KiyTng + ki yy ) — 5 fo, (KigTog + -+ ki Tng + ki)
= f1, (kiyx1 + kigmo + ...+ ki, @y + iy )

= %g&i (k:ilxl +ki,xo+ ...+ ki, xn + kin+1) + ﬁ (0 (5@) d&;
L kigwagtkizrsy+...tkip Tngthi, |

—i—%fli (k‘iQI'QO + ...+ kinxno + kin+1) — %fgl (]{37;2.%'20 + ...+ kinxno =+ kin+1) ,

/k'il z1tkiywot. ki ntki,

fgi (k’izxg + ...+ kin:cn + kin+1)

= %(pi (kiQxQ + ...tk an+ kin“) — 2k1¢1

/kiQ ot Ak, Tntki,

¥ (&) déi—
kioz2y+...tki, Tng +kin+1
sf1 (Ripwag + o+ Kiy g + Kiy ) + 52, (Rigog + -+ Kiy g + Ky
— f2i (—kill’l + kiQ.TQ +...+ kinxn + kin+1)

1
i

) —kiy x1+kig ot tkipontki,
= 50i (—kyx1 4+ kiyzo + ..+ ki@ + ki) — 52 /

Y (&) dé;
VS ki may +higwagt . AKip Tng ki,

_%fli (]431'21}20 + ...+ k’inl‘no + k‘inJrl) + %le (k‘i21'20 + ...+ kinl'no + kin+1) .



In the conditions of (41) and (42), the exact solution of Eq. (38) is

S

1

u :5 ;((pi(k‘ilxl =+ k:l'2$2 + ...+ k‘lnl‘n + k‘in+1)
1=

+ pi(=kiyx1 + kiyeo + .+ ki, + Ry )
1 kijx1tkigzot. Akin Tnthi,
+— Y(&i)d&).

ki, —kiy x1tkiy 2t Ak Tntki,

Appendix C

In R™, using Z; Transformation to get the general solution of

AUz 3y + AUz, = A (T1, T2, ... Tp),

where a; and ay are arbitrary known constants, A(xy,z2,- - xy) is any known function.

According to Z; Transformation, set
y1 = k11 + kox2,y2 = k3wy + kawa,
where k1 — k4 are undetermined constants, and set

8 (ylu Y2,T3, T4, ... .Tn)

= kiks — kok 0.
8(]:1,%2,%37334,...:17”) e 2 37&

By Eq. (283), we get

. kayr — koyo —k3y1 + k1yo
YT erka — koks’ T Thaks — koks
Then
AUz + O2Ugszs
= (alk% + a2k§) Uyryy + (alkg + a2ki) Uypys + 2 (a1k1ks + agkoks) uy,y,
= A(x1,x9,...2p).
Set
2 2 2 2 a2 a2
arky + agk; = a1k3 +agk; =0=k; = =+, /—akg,kg ==+, /—ak4.
And set
a a
ki = ,/—ikmk:% = —\/—*27% (ko, ks #0).
ay ay
So
ag
kiky — kokg = 2, /—a—ka:4 £ 0.
1
Thus

AUz T O2Ugoxs = 2 alklkg + a2k2k4) Uy yo

=2 <—a11 /—fkm ,_7]{;4 + a2k2k4> Uy yo

= 4a2k2k‘4uy1y2 =A (561, To, ... )

So the general solution of Eq. (282) is

ffA T1,T2, ... Ty) dy1dys
4a2k2k4 ’

U= fl (y17$37$4,---$n)+f2 (y2,$3,$4,...

47

(282)

(283)

(284)

(285)

(286)

(287)

(288)

(289)
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where

as a2
Y1 =) ———kom1 + koo, yo = — [ ——kax1 + ko,
al ay

f1 and fo are arbitrary second differentiable functions, ko and k4 are relatively arbitrary con-
stants which cannot equal to zero.
If set
ko =kq4 = 1.
Then
kayi — koy2  y1 — 2 oy —k3y1r + k1y2 Y1+ 2
kika—koks o [_az 0 kiks—koks 2

ai

Tr1 =

The general solution of Eq. (282) may be written as

a a
u=f <1 /fﬁz1 +$2,$3,$4,---$n> + fo (u;m +$2,$3,$4,--.$n>
1
// S y1+y2x T Ty | dyrd
4@2 9 5 2 sy L3y L4y .. dn yi1ay2,

y1 = \/—%1‘1 + @2, (291)
a

Y2 = —\/—%1‘1 + z2. (292)
aj

In R? the form of the nonhomogeneous 1D wave equation in Cartesian coordinate system is

(290)

where

Ugt — 0P Ugy = A (z,1). (293)

According to (290-292), its basic general solution is

w=fi(z+at)+ fo (z — at) // (yl 2 h ;”) dy1dys, (294)

where
y1 =z +at,y2 = — at. (295)

Consider the following initial value problem of Eq. (293)

u(0,2) =¢ (), (296)
ug (0,) =9 (x) . (297)

Set
B(t,x) = —47112 //A <y12_ay2, u1 ;W> dyr dy. (298)

Then

u(0,2) = f1(z) + f2 (z) + B(0,z) = ¢ (), (299)
up (0,2) = af) (x) — afy (z) + By (0,2) = ¢ (z). (300)

So

fi (@) + fa(z) = ¢ (x) = B(0,2),

of| (@) — afy () = ¥ (@) — By (0,2) = fi (2) — fo(x) = - / W) — By (0,6)) de.

a Jy,
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i) =1 <so<m>—B<o,w>+1/; (0(6) - B (0.8) e

a

z+at
— hlata) =3 (ploran-BOwra) L [0 0© - B0.0)d).

faw) =2 (wx)—B(o,x)—l/z: (0(6) = B (0.€)) e

— hla-a)=3 (ple-a)-Bos-a) -1 [ w©-B0.)E).
Thus
u=fi(z+at)+ fo(x —at) + B(t,x)

z+at
(ple+ar-Bowra+: [ w© - B0.0) k)

+

N o) =

<<p(a;—at) BOw—a) -y [ w(f)—Bt(o,s))df) L B(ta).

So the exact solution of Eq. (293) on the conditions of (296) and (297) is

x+at
uzl<<p(x+at)+g0(m—at)—B(O,m—I—at)—B(O,x—at)+1/ (w(g)—Bt(O,f))cK)

2 a —at
+ B (t,z).
(301)
Appendix D
Consider the following initial value problem of Eq. (254) on the condition of (273)
u(z,y, 2,0) = e*H¥H= (901 (\/—21‘ +y+ z) + 9 (—\/—21; +y+ z)) , (276)
Ut (JT, Y, z, 0)
=" (o1 (V=2 y+2) + oo (V20 +y + 2) (277)

h / /
+ et ((2+ V=2) o (V=22 +y+2) + (2-V-2) ¢y (—v—2x+y+2)) :
Comparing (275) with (276) we have
1

e w(x,y, 2, t) =e*TYT2ckat (h (V222 4+ y 4+ 2 + %(2 +v/=2)t)
+ha(—V=2z+y+2+ %(2 —V=2)1)),
(1,9, 2,1) = — chae™ ¥Ry (VB 4y 42 (24 VD))
Fha(—VBr by 424 (2 - VD))
ertreehit (Lo R (VB by 424 (24 VD)
+ o RV Iy 42t (2 V).
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Therefore

u(z,y, 2,0) = e* V> (gol (ﬁx—i—y—kz) + 9 (—Mx+y+z))
="V (b (V=22 +y+2) +he (—V -2z +y+2))
— h (Mm—ky—kz) = 1 (\/33:—#3/—1-2)

h h
= I (x/—2x+y+z+m(2+\/—2)t> =1 <\/—2x—|—y+z—|—m(2+\/—2)t>.
Namely

h1 (Mm+y+z+:l(2+¢f2)t> =1 <ﬁw+y+z+$(2+\@)t), (302)

Ry (—Mm+y+z+i(2—¢?2)t> = 9 <—¢f2x+y+z+2(2—¢?2)t>. (303)
Thus
ug (2,y,2,0) = "V (o1 (V=22 +y+2) + o2 (—V 224y +2))
+%e$+y+z ((2+\@) o1 (V=22 +y+2) + (2-vV=2) ¢, (—Mm+y+z))
= —ckye™ VT (b (V=22 +y + 2) + ha (—V =22+ y + 2))
et <Z (24 VI By (Vo 2) 4 (2 V) ) (ﬁx+y+z)>
1

:>]{?4:—*.
C

So the exact solutions of the initial value problem is

h
u=e" TV (o) (V2 by + 2+ — (24 V-2)1)
m (278)

+po(—vV 2z +y+z+ %(2 —V=2)t)).
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