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1 - Introduction

This article is a better version of [1], which in turn was motived by my
works on Lagrangian and Eulerian descriptions in Euler(?] and Navier-Stokes![3!
equations, where I used for velocity’s components the relation
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I now realize that it is possible, or better said, it is necessary for a more
appropriate modeling of fluids in motion, the simultaneous use of both velocities,
in the Lagrangian and Eulerian descriptions, in the same equation (Euler equations
or Navier-Stokes equations), what we will see in section 4. For while, we think in
each description or formulation separate of the other, i.e., used exclusively, in an
equation.
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dx;
The equations (1.3), writing synthetically as d_tl =u;, withx; =x, x, =y,
X3 = z, show us that the velocity’s component u; is dependent only of coordinate

x;, regardless of the values of others x;, j # i, justifying the use of (1.1).

Following this idea, the original system for n = 3 spatial dimension and
volumetric mass density p = 1,
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can be transformed in
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thus (1.4) and (1.5) are equivalent systems, according validity of (1.2) and (1.3),
since that the partial derivatives of the pressure and velocities were correctly
transformed to the variable time, using dx = u,0t, dy = u,0t, 0z = uz0dt. The
nabla and Laplacian operators are considered calculated in Lagrangian

Du
formulation, i.e., in the variable time. Likewise for the calculation of o following

(1.2), and external force f, using x = x(t),y = y(t),z = z(t). The integration of
the system (1.5) shows that anyone of its equations can be used for solve it, and
the results must be equals each other, except for a constant of integration. Then
this is a condition to the occurrence of solutions, if the velocity u and external force
f are given and the pressure p must be calculated.

We use the following transformations (omitting the use of |;, the
calculation at time t of the position (x, y, z) of the moving particle):
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and
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and thus the system (1.5) can be integrated, finding the pressure p on the particle
in motion.

From equations (1.5) to (1.7) it is possible to construct the Euler and
Navier-Stokes equations in a new Lagrangian description from the respective
Eulerian description. Although in the Eulerian description a position (x,y,Zz)
refers to any position, generally adopted as fixed in time, when we want it to refer
to a particle motion we arrive at this new Lagrangian description aforementioned.

Next, in section 2 we will deduce the equations of Euler, in section 3 we will
deduce the equations of Navier-Stokes, the section 4 will show a new expression
for the equations of Euler and Navier-Stokes, with the simultaneous use of the
Eulerian and Lagrangian formulations (or a correction of the Eulerian
formulation), and in the section 5 we will give examples of the need to use the new
equations here deduced, rather than the traditional equations known.

The section 6 deals with the issue of breakdown solutions, section 7 on non-
uniqueness of solutions, and section 8, finally, will be our conclusion.

Except for sections 2 and 3 we use mass density p = 1, otherwise if it is
necessary replace the pressure p by p/p and the viscosity coefficient v by v/p. |
believe that the new equations presented here really need to be accepted, and we
will have exact solutions found faster for the various applications.

2 - Deduction of Euler equations

Many deductions of the Euler (and Navier-Stokes) equations start from the
assumption that the pressure is a scalar magnitude, equal in all directions at the
same point. Particularly I do not think this needs to be this way, or rather, I believe
that the pressure can be a vector entity, rather than a scalar, so there is a vector
pressure such that p = (p;, p2, p3), which would make it extraordinarily simple
to solve the Euler and Navier-Stokes equations. Instead of using the gradient of p,

dp dp 0 d d d
the vector Vp = (ﬁ, %, a—p) we should use the vector ( ap1 az;z 6p3) and then
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(2.1) pi=f;?i —("’“l+2]1,a >+ﬁ]dx +6;(t),

for i = 1,2, 3, solves the Euler equations, i.e., calculate the components of pressure
given the velocity and an external force, conservative or not, and an “arbitrary”
(well behaved, smooth, physically reasonable) function of time 6(t). This will be a
pressure with independence of path, depending only of the initial and final points,
(x?, x9, x9) and (x;, x,, x3) respectively. Without wanting to deepen this subject
now, we will continue using scalar pressure, at least in general.

We will follow the deduction of Landau & Lifshitz[*l and as they we will use
v to indicate velocity and bold characters for vectors. They emphasize that
v(x,y,z,t) is the velocity of the fluid at a given point (x,y,z) in space and at a
given timet, i.e, it refers to fixed points in space and not to specific particles of the
fluid; in the course of time, the latter move about in space. The same remarks apply
top andp.

Let us considerer some volume in the fluid. The total force acting on this
volume is equal to the integral (the minus signal indicates a compressive force)

~$par

of the pressure, taken over the surface bounding the volume. Transforming it to a
volume integral, we have

(2.2) —¢pdf =—[gradpadv.

Hence we see that the fluid surrounding any volume element dV exerts on that

element a force -dV grad p. In other words, we can say that a force —grad p
acts on unit volume of the fluid.

See that an equality similar to Gauss's law was used with the previous
acceptance of scalar pressure. The same equality, with equal reason, could be
rewritten, using a vector pressure p = (p;, P2, P3), as

23) —$paf =—J (3252, °2)av,

i.e,, without assuming that p; = p, = p; = p and with the convention that p is a
resultant vector of pressures applied on a volume element dV = dx dy dz centered
at point (x, y, z) and time t.

Continuing Landau & Lifshitz, we can now write the equation of motion of a
volume element in the fluid by equating the force - grad p to the produt of the
mass per unit volume (p) and the acceleration dv/dt:



(2.4) pdv/dt = —grad p.

The derivative dv/dt which appears here denotes not the rate of change of
the fluid velocity at a fixed point in space, but the rate of change of the velocity of a
given fluid particle as it moves about in space. This derivative has to be expressed
in terms of quantities referring to points fixed in space. To do so, we notice that the
change dv in the velocity of the given fluid particle during the time dt is composed
of two parts, namely the change during dt in the velocity at a point fixed in space,
and the difference between the velocities (at the same instant) at two points dr
apart, where dr is the distance moved by the given fluid particle during the time
dt. The first part is (0v/0t)dt, where the derivative 0v/dt is taken for constant
X,V,Z, Le, at the given point in space. The second part is

ov ov ov _ ]
(2.5) dx——+ dya tdz_-= (dr - grad)v.
Thus
(2.6) dv = (dv/dt)dt + (dr - grad)v,

or, dividing both sides by dt,

(2.7) = % + (v grad)v.

dt

Substituting this in (2.4), we find
ov 1
(2.8) P (v-grad)v = — ;grad p;

it was first obtained by L. Euler in 1755.

If the fluid is in a gravitational field, an additional force pg, where g is the
acceleration due to gravity, acts on any unit volume. This force must be added to
the right-side of equation (2.4), so the equation (2.8) takes the form

gradp

(2.9) Z—: + (v grad)v = +9

Using the vector pressure, the correspondent to equation (2.9), with a
generic density of external force f (not only gravitational), is

av : _ _1(9p1 9p2 %)
(2.10) at+(v grad)v = p(ax’ay’az + f,

therefore a new kind of Euler’s equation, and whose integration does not involve
major difficulties.

It is interesting observe that Batchelor[] wrote (chap. 3.3) “The simple
notion of a pressure acting equally in all directions is lost in most cases of a fluid in
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motion’, thus shown that the imposition or acceptation of a pressure equal in the
three rectangular coordinates is, in fact, something fragile, possibly not true in the
nature, for fluids in motion.

3 — Deduction of Navier-Stokes equations

Among several deductions of the equations of Navier-Stokes, we will choose
the one described in Richardsonl®l(1950), for its brevity, simplicity and
understanding.

Richardson firstly makes his deduction of the Euler equations (Acad. Berlin,
1755),

(UL ULy U 10p
! 6t+U6x+V6y+Waz p 0x
av ov ov o _ ., 10dp
(3.1) at+Uax+Vay+WaZ— 9y
ow ow ow ow _ ., 1dp
l6t+Uax+V6y+Waz_Z p 0z

where the velocity of fluid is (U,V,W), the external force (on unit mass) is
(X,Y,Z), the pressure is p and the volumetric density of mass is p.

The equations are constructed from the statement of Newton’s Second Law
of Motion, i.e, that the total force acting on a particle is the product of its mass and
acceleration.

If x,y,z are the rectilinear co-ordinates of a small cube of the material
(density p) of volume 6v, X,y,Z the components of its acceleration and X,Y,Zof
forces on unit mass, let X o Yoo Zp be the components of the external forces acting
normally on the three surfaces of area 8S due to the differences of pressure (Fig.

).

Fig. 1. Foroes on fluid sleeest.

Fig. 1 - Force on fluid element.



Setting aside the frictional forces for the moment (which resulting in Navier-Stokes
equations), we have these conditions of equilibrium:

pXév = Xpbév + X,,6S
(3.2) pyév =Ypbv +Y,6S
pZév = Zpbv + Z,,6S

In place of X,, Y, Z, we shall insert the pressure gradients in the
corresponding directions, I.e.
(X,-65=22-6v
0x

ap .
(3.3) 4Y 8 == 6v

.sc 9P,
Zy 55—62 ov

For (3.3), in an ideal fluid, the pressure acts equally in all directions in the interior
and at right angles to any surface presented to it. Then X,,, Y, Z,, are each derived
from p, the mean hydrostatic pressure at the point in the fluid circumscribed by
the cube.

Substituting in (3.2) we get

(p% = px =22

|px pX 0x

. _ap

(3.4) {py =pY p
\p% = _o%

p p 0z

These equations are not suited to direct application since the quantities
Xx,y,z appear in them at once as dependent and independent variables. There are
two ways of adapting them to suit experimental observation. We can ask ourselves,
“At a given point, what fluid occupies the element of space subsequently?” or,
“Where does a given particle find itself as times goes on?” The first attitude
corresponds to that of a fixed observer, the second to that of an observer who
moves with the general velocity of the medium.

Mathematically, the first question can be put thus: “What function of x,y,z
and t are the velocity components U(=x), V(=y), W(= 2)?” We proceed to
retain x,y,z as independent variables but eliminate their dependent aspects to
obtain

d’x _ dU _ U dx  dU dy  0U dz
3.5 —_— == —_— —_— ——, et
(3:5) dt? dt + dx dt t dy dt t oz dt’

which with (3.4) resolve into the Eulerian equations (3.1).



Answering to the first question, Richardson says that the second form of our
question (“Where does a given particle find itself as times goes on?”) can be
translated thus: “What functions of time and place are those co-ordinates - let
them be a,b,c - which characterize a given particle?” To answer this, we get rid of
X,Y,z as independent variables but retain them where dependent and arrive at the
Lagrangian (Mem. Acad. (Berlin), 1781) form of the equations of motion:

(G- 05+ GE-1)a+Ga-2n+in=0

ot2 ot2 da ot2 p da
9%x a2y dy | (9%z 19p
(36) < (atz X) (atz Y) ob t (atz Z) t p db =0

0%x ox 0%y 0%z 9z  10p _
k(ﬁ X)EJ’(F Y) (ﬁ Z)a““;a—o

As we known, the form due to Euler is, however, more generally used.

Now let us introduce the frictional forces. We define the coefficient of
viscosity, ), as the force per unit area of two parallel laminae of fluid unit distance
apart, measured across the direction of flow. Thus, if U andU + 8U (Fig. 2) are the
velocities (in the direction of x) at two planes 6y apart, the force per unit area on
the fluid in either plane is n - 0U /0y, i.e, the product of the coefficient of viscosity
and the velocity gradient perpendicular to the direction of flow. If A,B and C are
such laminae, each of area S, A exerts a force on B equal to —n - dU /0y - S, C exerts
aforce onB equalto n - (0U/dy + 02U /dy? - 8y) - S, so that the net force on B is

9%u o%u

0y S = 6m-ﬁ=n-6v-—

(3.7) n 377

6y

where dm is the mass of fluid between A and B and v is the respective volume.
The factor n/p, written v, which we shall often require, is called the kinematic
(coefficient of) viscosity. (It should be noted that it is here assumed that n is
constant for a given fluid, invariable with dU /0y, but a more general proof also is
made posteriorly in [6], here omitted.)

b b
€t U+8U
BOY.- .
A ¥ V
o
ST/ eI L
} : \ + of fluld {riotion.

Fig. 2 - Action of fluid friction.

In the general case, the total viscous force on an element of mass m due to
the component U will be
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written shortly vimV2U. This force must be added to those on the right-hand side
of the equations we have already derived (Euler equations), resulting in the
equations ascribed to Navier (Mem. Acad. Sci. (Paris), 1822) and Stokes (Camb.

Trans., 1845),

(U Ly U 1
Jat+Uax+Vay+WaZ X pax+vVU
L T N UV ¥ S
(3.8) T Usi Vo, tWo, =Y ==t vy
W W W W 10
Lat+Uax+Vay+WaZ—Z paz+vVW

with v = n/p the (kinematic) viscosity coefficient.

Confirming the difficulty of the Lagrangian description of the Euler and
Navier-stokes equations, based on [7], the Navier-Stokes equations without
external force and with volumetric mass density p = 1 are, describing the velocity
as (uy, u,, u3) and the spatial coordinates as (xy, x,, x3),

92X; 3 04 0p
3.9.1 — == Yimia o
(39.1) at2 J=1 9x; da;

2 2
3 3 3 0%24; ou; aAj 04; 0°u;
tv Z:J=1 Lie=1 2i=1 (6xkaxk da;  Oxy Oxy dajoar)’

0A; d

—J=_"_Y.
(3.9.2) % = o X (n ) e, =X, (ams|t)?

where a,, is the label given to the fluid particle at time s. Its position and velocity
at time t are, respectively, X,,(a,,, s|t) and u,(a,,, s|t). The respective deduction of
these equations we will omit, but the reader can consult [7] for more details.

4 - A new form of Euler and Navier-Stokes equations

The Eulerian (equations (3.1) and (3.8)) and Lagrangian (equations (3.6)
and (3.9)) forms are not the unique possible equations for description of fluids.
Other equation for modeling of fluids is possible, based on them, with the great
advantage of linearity. It is what we will show in this section.

The system (1.3), for the sake of mathematical rigor, needs to be replaced
by



dx

= w(t)
(4.1) Y=u,(0)
f; uz(t)

emphasizing that the velocity components that appear as the time derivative of the
coordinate (x,y,z) are legitimate functions of time, i.e., can be considered as
representative of the Lagrangian description, u;(t), unlike the derivatives of u; in

ou; ou;
atl 7%, — V * U and Vzui, that are in the Eulerian description, function of (x,y, z, t).

Representing the Eulerian velocity and respective components with the
letter E indicated as upper index, and the corresponding Lagrangian components
with the letter L, the system (1.4) is rewritten as

(4.2)
ap . @ 2 ouf ouf
( p_l_ﬂ_l_ L u1 +u%ﬂ+uéi=vvzuf+1VV1(V'UE)+f1
ox dy 0z 3
ap @ 2 ouf ouf
<_p+ﬂ_|_ L u2 +u%£+u§£=vvzu§-I—EVVZ(V'UE)‘I‘fz
ay 6 0z 3
9 9 9 out
+ ”3 uk u3+ L u3+u§—u3 =vV2u§+§VV3(V'UE)+f3

0z

being the pressure p and external force f implicitly defined in the Eulerian
description. A more concise notation for (4.2) is simply, fori = 1,2, 3,

ou; 6ul ou; ou

(4.3) —+—+ + oo, 4 gy 2= Y2y, + VYV ) +
0x; dy 0z 3

where p, f;, u and u; are in Eulerian description and «@; = a;(t) in Lagrangian

L . dx; : .
description, i.e., Q; =d—tl, with the radius vector r = (x1,x,,%x3) = (x,Y,2)

function of time and indicating a motion of a specific particle of fluid starting from

position (x2,x2,x3) = (x0, Vo, 2)-

The equations (4.2) and (4.3) shows us that the nonlinear form disappear,
facilitating the obtaining of its solutions, transforming when V- u = 0 into a linear
and second-order partial differential equation of elliptic type, already well-
studied8l. If v = 0 (Euler equations) we have equations of first order, obviously,
which is also widely studied[®]. We realize that for each possible value of «; it is
possible to obtain different values of u;, and reciprocally, i.e., there is not an one-
one correspondence between «; and u;, thus it is convenient choose more easy
time functions for the «;(t), provided that compatible with the physical problem to
be studied.
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Nevertheless, even though it is very interesting to study other mathematical
solutions for the original system (1.4) or the new system (4.2), [ understand that
the final conclusion made in [2] and [3] remains valid: it is possible to exist
velocities in the Eulerian formulation that do not correspond to a real movement of
particles of a fluid, according to the Lagrangian formulation. When I wrote this the
first time I did not have the equations (4.2) and (4.3), deduced later in [1], but if it
is true (as it is) that we should have (1.3) and (4.1) for a motion of fluid particle,
then x; and its respective velocity u; are closely related, and the initial use of (1.1)
in section 1 is valid. This is an excellent question to be examined with examples,
which we will see in the next section.

But even when the relationship (1.1) is not required, a general solution for
the new Euler equations (v = 0)

ap aui aui aui aui
(4.4) axi+6t+16x+26y+3az fi
or

dp Du;
4. — T — =
a5 =i

in the case which the pressure p and external force f = (f;, f2, f3) are given and
the velocity u = (u4, u,, uz) is calculated, is

— 1,0 t op
(4.6) up =u) + J; (fi - a—xl) dt,
using
Du _Dui _ o Op
(4.7) pt Dt fi ax;’

u is the component i of the initial velocity.

So here we conclude that the new Euler equations always have solution
when the pressure and external force are given (or chosen) and the integration in
(4.6) is possible, for i = 1, 2, 3. Boundaries conditions must be in accordance with
the solution (4.6).

3}
In special, when f; — % is a function without temporal dependence the
i

solution (4.6) is

ap
(4.8) w; = u + (fi - E) t,

1

which is an exact solution and it is relatively fast and easy to simulate
computationally.
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5 - Numerical verification of physically reasonable solutions

Of a point of view purely mathematical, it is not necessary to have the
adoption of (1.1). It is possible forgotten that the Euler and Navier-Stokes
equations have something relation with motion of fluids, liquids or gases, and
accept that they are just equations of high level and difficulty of Pure Mathematics,
but in this section we want to keep the bond or link between theses equations and
the motion of fluids, and thus the use of (1.1) is born and can be used, as we will
see.

If a particle (or some volume) of fluid has the movement governed
according to the position vector r = (x,y,z), with a temporal dependency
x =x(t), y=y(t), z=z(t), then the respective velocity of this particle (or
volume) of fluid is u = ar = (d—x, d—y, E), also, a priori, dependent of time

dt dat’ dt  dt
(except if all three derivatives are equal to constant).

The first equation of (1.1),

6ui _ . .
(5.1) a—xj—O, L+ ],

is valid when we intend to follow the movement of a particle (or group of particles

in a small volume) because in a mechanical movement we have by definition

_ dx
(5.2) w ==

i.e, the component i of velocity is dependent only of component i of position,

ou;
which is obvious, then we have a—xl = 0 ifi # j, according we saw in section 1.
j

From equation (5.2) we conclude that dx; = u;dt, or
(5.3) axi = uiat,
the second equation of (1.1).

Thus we emphasize that if it is not necessary to have some particle or group
of particles in the elementary volume dV = dx dy dz in position (x,y, z) at time ¢t
then the use of (1.1), or (5.1) and (5.3), can be ignored, and we will have a problem
purely mathematical.

Even if there is some bond or link between the coordinates, as x? + y2 +
z> =R? and xx+yy+2zz=0 in a circular motion of constant radius R, the
relation (5.2) is still true, by definition, and we do not need despise (5.1), a
calculation facilitator, except if the external force is intrinsically dependent of the
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more than one spatial coordinate in at least one of the three orthogonal directions
and we have Vp # f.

We will check now the use of the relations (4.1),

d
Z=uy(t)

(5.4) Y =u, (1)
kE = u3(t)

origin of the fundamental difference between the traditional equations and the
new equations presented here. In fact, when we use and distinguish in a same
equation the Eulerian uf and Lagrangian u® velocities the use of (1.1) is of
secondary importance.

§1
Be the example 1
( dx L Duf
X =t, =1l=u;, —=0
| dt Dt
dy L Du’z“
5.5 =2t, —=2=u;, — =20
(5:5) y ot 2’ pt
dz puk
z=3t ==3=uk == =0
dt Dt
pul  pul Dpuk
in fact a movement of real acceleration equal to zero, Dtl = th = D: = 0.

Suppose that the introduction of external force, internal frictional forces
and internal pressure generated a solution for velocity, in the Eulerian formulation,
such that, for example,

B puf  px bt
ul = x, = — =
Dt Dt Dt
puf Dy D(2t)
5.6 uE = 2 -2 = =2
(56) 2 =Y Ty Dt Dt
E _ puf pz DBt
U3 =2, —=—=——=
Dt Dt Dt

The acceleration as used in the Euler and Navier-Stokes equations is

_ 6u}iD E aul 6u1 E 6u1 _ _
(D t—F+u1 ax+u +u3 5, = % xH)=t#1

Du ‘25_ aug EauZ 6u2 Eauz _ _
(5.7) Dt——+u1 ax+u +u3 e A y(t) =2t %2
Dus _ 25 Ea”3+uEa”3+uEa”3—z, 2(t) = 3t £ 3

Dt
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i.e., the use of the expression according to the traditional Euler and Navier-Stokes
. i pufE
equations generates a wrong value for the value of the acceleration e

By other side, using the correct form of the new Euler and Navier-Stokes
equations, according (4.2), we have

puf _ auf L ouf L 6u1 Louf
W——+ulax+u +u3——
(5.8) 4Dt = +u1 6x+u2 +u3 ~ —2

D_ugzau3 + Lau3 +uL6u3 _|_ Lau3 — 3
Dt 3 0z

E
therefore the correct and expected result conform (5.6) for the acceleration Duit'

but with the dlsagreement — ;t DDit
§2
Be now the example 2
x=x0+u0t+ff, %=u0+ft=uf, DD—uf=f
(5.9 ¥ = Yo + Vot + g5, %=vo+gt=u5,%=g
(z—z0+w0t+h— %=W0+ht=u§,DD_ut%_

for constants xg, Vg, Zg, Ug, Vo, Wo, f,9g,h, @ movement of constant acceleration
(f, 9. 0.

Suppose again that the introduction of external force, internal frictional
forces and internal pressure generated a solution for velocity, in the Eulerian
formulation, such that, for example,

DE
uf =ug+ft, —L=f

puf

(5.10) ug =7 + gt, D_t =g

puf
uf =w,+ht, —==nh
3 0 Dt

without dependence of spatial position and with uf = u’.

The acceleration as used in the Euler and Navier-Stokes equations is
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Duf out 6u out out out
Si==l+ui=L+u;= 1+uE—1——1=f

Dt 379z ~ ot
Duz 6u2 E 6u2 E 6u2 E ok auf _
G11) 4 Dt tUiS, tl 5, TUs 5 =5 =
Du§_6u3 Eau3 E@u3 pouf _ouf _
Do TG, Ty, tusg =5 =h

i.e., this time the use of the expression according to the traditional Euler and
. . i puf
Navier-Stokes equations generates a correct value for the acceleration r because

there is no dependence of position.

Besides this, using the correct form of the new Euler and Navier-Stokes
equations, according (4.2), we have

(Du}ip _ 6u1 L 6u1 L au1 Louf _ adf

Dt o +u +u +u3 aZ_W_f
Du§ _ auz L auz L auz L aug _ouf _

(5.12) D +u + U3 +u 3%, ot g
Duf _ 6u3 L 6u3 L 6u3 Lo o
Do o TUIG TUaG, Y =5 =h

. Dpuf
therefore the correct and expected result conform (5.10) for the acceleration Dit,

E L
this time with the agreement DDLt =

Dt’
§3
We will next use the solution (4.6) of (4.5),
.0 t dp
(5.13) u =u + (fl- — E) dt,
a

solution of the new Euler equations, for the special and easier case that f; = 6_5’
l

i.e, the external force is conservative, a gradient field, being the pressure its
respective potential, and

E E
_ o E 0 Dul _ ou _
(5.14) U =up =, 5 -=5°= 0,
and with
dx Duk
— -t — -t _ ,,L 1 t
X = Xpe€ ,E——xoe —ul,D—t—er
—_¢+ dy _ Duk -
— t — t — ,,L 2 __ t
(5.15) Y =Yoe ', [ = ~Yo€  =Uz —-=Yoe
dz Dpuk
— -t — -t _ ,,L 3 _ -t
kz—zoe , E——zoe = Us, E—Zoe
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for constants x,, y,, Zy, @a movement of contraction from (x, ¥, zo) to (0,0, 0), with
D'U.L —t

DL (X0, Y0, Zo)e

The acceleration as used in the traditional Euler and Navier-Stokes
equations is

(5.16)

(Dulf _ au]f E 6u1 E aul E aulf _ 0 au(l) 0 au(l) 0 6u(1)
o =\ tWig twe 5, tuso )| = (w5t tus5) |,
puf _ (ouf E 6u2 E 6u2 E 6u2 _ (. 00ud 0 0ud 0 0ud

<W—(W+u +u +u |t_ ula+uzw+u3g |t
puf _ (ouf g ouf E 6u3 E 6u3 _ (.. 00u3 0 9ud 0 0ud

\W‘(W"’ Ui, TUz g, U )' _(u16x+u y+u35> l;

E
which shows us the possibility of being vali = 0.
. . . Duf auf .
Being necessary in this case that Dt = Y =0, fori=1,2,3, we have
( 0
uj —1 +u + —1 =0
| 3 9z
(5.17) { ul + + ‘3’6— 0
| u
\u? + + 26—3 0

which is valid, for example, for initial velocities such that

(5.18) ul = k;¢;(ax + by + cz),
with
(519) k1¢1a + k2¢2b + k3¢3C = O,

k;,a,b,c real numbers, ¢;: R - R differentiable functions, for i = 1,2,3. If the
condition of incompressibility V- u = V- u° = 0 is required in the resolution of a
given problem then it is also necessary that

(520) qu,')ia + kzd)éb + k3¢éc = O,
always satisfied when (5.19) is true.

With the correct form of the new Euler and Navier-Stokes equations we
have, using (5.14),
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(Dulf _ au]f Lau1 Lau1 L6u1 _ Lau(l) Lau(l) Lau({ _
e\ tug T, tus o)l = (wig tuig tus5) ) =0

puf _ (ouf L oub L 6u2 L 6u2 (. oud L oud L 0ud _
<_Dt ( +u1 6x+u +U3 £ |t_ ula‘kuzw‘kugg |t_0

Du’:,;3 _ 6u}35 L6u3 L6u3 L 0ug _ Laug Laug Laug _
G = (G ud S s G+ s 5 |, = (w52 + b Gl 4w 5) 1, = 0

which also has by solution, for example,
(5.22) u) = k;¢;(ax + by + cz),

supposing ¢;: R — R differentiable functions and k;, a,b,c real numbers, for
i =1, 2,3, but this time with

(5.23) auk() +bus(t) + cul(t) =0,

or equivalently

(5.241)  uk(t) =-— % (b uk(t) + cub(t)), a#0,
(5242)  uk(t) =— % (aub(t) +cuk(t)), b#0,
(5243)  uk(t) = - % (aub(®) + b uk(®), c £ 0,

for all t > 0, or all ¢;" are constants. For that V- u = V- u® = 0 it is necessary also
be valid (5.20) or all ¢; need be constant.

According to the solution (5.22) and for the chosen movement given by
(5.15), the condition (5.23) imposes that

(5251)  xg=—=(byy+cz),
(5.25.2) Yo = —%(a Xo + € 2y),

(5.253)  zg = —%(a Xo + b ¥o),

respectively if a # 0, b # 0, ¢ # 0, therefore each initial position of a specific
particle or group of particles need to obey the previous condition, in this case:
initial positions on a plane for each family of coefficients (a, b, ¢).

Note that the Lagrangian solution is what governs the movement of fluids,
or rather, explains what happens in the fluid, with respect to velocity. We can
choose many different ¢ functions for Eulerian solution of u£, but the individual
motion of the particles or group of particles is the same with each prefixed choice
of ul. Thus, it is unnecessary to choose complicated initial velocities in the Eulerian

17



formulation when the movement in the Lagrangian formulation is simpler, at least
when the external force is a conservative field.

§4

In this present case we will analyze the same Lagrangian solution in (5.15),

with Vp = f and 7 = 0, the Lagrangian solution is

L
(. — -t dx _ -t _ . L Dur _ —t
X = XxXpe = —xpe " =uy, — = xpe
| 0~ at 0 L' pt 0
_¢+ dy _ Dub —
_ t _ t _ L Z _ t
(5.26) y=Yyoe -, ===y ' =UuUz, — =Yyye
dt Dt
dz pul
—t —t L 3 —t
Z = Zye = —zpe ' =uz, — = z,ye
0% 7 gt 0 3" pt 0

for constants x,, y,, Z,, a movement of contraction from (x,, y,, z,) to (0,0, 0), with
DuL —t

Y (X0, Yo, Zo)e

We have in this case for Eulerian representation in the traditional meaning

fDul ouf E 6u1 E Gul E 6u}ip _
o ( + uj + u; +uz =+ ;=0

Du2 ouf E Guz E Guz E aug _
(5.27) o ( +ui =2+ u5 +u3 az ;=0
LDt_( +ulax+u +u3 e , =0

Choosing for respective solution
(5.28) uf = k;¢;(ax + by + cz + dt),

with ¢;: R = R differentiable functions and k;, a, b, c real numbers, for i = 1,2, 3,
we have

(529) k1¢1a + k2¢2b + k3¢3C + d = O,

otherwise all ¢; are constants. If the condition of incompressibility V-u = V- u° =
0 is required in the resolution of a given problem then it is also necessary that

always satisfied when (5.29) is true.

With the correct form of the new Euler and Navier-Stokes equations we
have
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(5.31) .

(Dul
Dt
Du2

Du3
\ Dt

E E
= L 0uf 1 Loui\ | _
—( +u ax+ 1+ aZ>|t_0
E E
ouy 2 Louz\| _
( +u ax+ y+u362)|t_0
duf duf uf pouf), _
= (E+u R+ u G+ %)) = 0

which also has by solution, for example,

(5.32) = k;¢;(ax + by + cz + dt),

for ¢;: R — R differentiable functions, k;, a, b, ¢ real numbers, i = 1,2, 3, but this
time with

(5.33) aut@®)+bus(t)+cui(t)+d =0,

or equivalently

(5.34.1)
(5.34.2)

(5.34.3)

ub(t) = == (bub(t) + cub(t) + d), a %0,
uk(t) = —%(a ub(®) + cuk(t) +d), b #0,
ub () = —=(aub@® +bu() +d), c #0,

for all t > 0, or all ¢;" are constants. For that V-u = V- u® = 0 it is necessary also
be valid (5.30) or all ¢; need be constant.

According to the solution (5.32) and for the chosen movement given by
(5.26), the condition (5.33) imposes that

(5.351) X,

(5352) Yo

(535.3)  z,

—%(by0+czo—d),

—%(ax0+czo—d),

——%(ax0+by0—d),

respectively if a # 0, b # 0, ¢ # 0, therefore each initial position of a specific

particle or group of particles needs to obey the previous condition, in this case:
initial positions on a plane for each family of coefficients (a, b, ¢, d).

Note that a solution in the Lagrangian description may correspond to two
(or even more) solutions in the Eulerian description, for example, a steady-state
solution as well as a non steady-state solution, so it is convenient to look for, or

pre-define, simpler formats for Eulerian solutions.
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§5

Lastly, we will see the new Navier-Stokes equations. As the Lagrangian
description governs the movement of particles or group of particles, while the
Eulerian description is a kind of complicating of the real (or approximate, say)
behavior of fluids, at least when the external force is conservative and the pressure
is its potential (Vp = f), we will try an Eulerian solution for velocity using (1.1),
ie, givenul = (uf, uk, ut) we will use the form

(5.36) uf =ui (x;,t) = ¢;(x) @i (t)

in the equation

puf 1 d
5.37 —L =y V2uf 2y —(V-ub),
( ) Dt i + 3 c’)xi( )
with
puf _ ouf 1, ouf 1, ouf L ouf
(5.38) ot ot + uy 3 + uj 3 + U3 oz

and V - uf without specific value, thus

(5.39) ¢ ()i (8) + ui (P (x) i (t) = %V ¢i"' (x) i (1),

an ordinary differential equation, for i = 1,2,3, supposing ¢; and ¢; differentiable
and continuous functions how much is needed.

By the superposition principle we can also add solutions,
E _ ,,E _ E —
(5.40) u =y (g, t) = Xjag w0, £) = X551 i () @i (2),

and then
(5.41) b (x)ei;(t) + u{’(t)%{j(xi)fpij(t) = %V bi;" (x) @i (D),

but the better use of (1.1) is when we give completely the Lagrangian and Eulerian
solutions for velocity (i.e., a choose obeying the required initial and boundary
conditions as well as the compressibility condition) and the external force is
conservative, such that,

_ _buf 2,E 4 1 . E .
(5.42) p—fL ( —+vViu +3vV(V u)+f) dl
uiEZuf(xirt)

for i =1,2,3, i.e, the pressure is the unique function which we do not have a
priori and need be calculated, while the choose components of velocities have the

20



necessity to be logically consistent with the problem in question. In section 6 we
will see again this solution.

We now will make the Eulerian solution even easier than (5.36) by
removing the dependence of time,

E _ . E _
(5.43) w; =u; () = ¢i(x;),
with
Duf‘7 _ Lauf Lauf Lauf _ 2 E 1 d E
(5.44) o= Ul — =t ay+u3 az—vVui+3vaxi(V u”),

V - uf with free value, and so

(545)  uf(O)i(x) = v ;" (x)

or

14
L 4 @i (xi)
5.46 u; (t) =-v=>2—"==yg;,
a spatial solution which obviously cannot varies in time and for this reason it is
necessary that the function u’(t) is a real constant c;. The solution is exponential

in relation to coordinate x;:
(547) up = ¢i(x;) = kgedcixi/®,
which in fact solves (5.44) for k;, c;, v > 0 real constants.

Note that although (5.47) is an unlimited spatially function if ¢; > 0, the
respective Lagrangian solution u’(t) = ¢;, a motion of constant velocity, is well
behaved, smooth and limited, for all position and all ¢ > 0. Then this is another
case (as in § 1) in that we have a regular motion in the time in Lagrangian
description but with possibility of an unlimited solution in Eulerian description. By
other side, if ¢; < 0 the respective component uf decreases with position, which
also is not compatible with the respective motion of those particles or group of
particles, but nevertheless it is a possible solution in Eulerian description.

Also note that in each of the examples in this section, in general we have
ul(t) # uf(x,y,z1t), except if t=0 and x =xy, y =Yy, z=2, is the initial
position, or some specific set of positions (x,y,z) and (xq,yo, Z,) at time t (in
special, x = x(t,xy), ¥y = y(t,yo), Z = z(t, zy) according defined in the respective
Lagrangian description) or if uf is not dependent of position (as in § 2), so by the
chain rule the correct form of the total acceleration % in a particle of fluid (or

elementary volume dV or group of particles) is
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DufE oufk L 6u L auE L oufk
(5.48) r = o + uy + U + Uz ——
because we have in general
oufk oufk ouk oufk ouf oufk
5.49 ub—+ u’“ + uL * uE —+ ufb — + uf —.
1 5x dy 3 9z

We are using implicitly the initial position (x4, yo, Zzo) in the Lagrangian
description ul(t) as constant, although it has the same meaning as in

uL(t; X0, Y0s Zo)-

6 - The question of the breakdown solutions

Without passing through the Lagrangian formulation, given a velocity
u(x,y, z,t) at least two times differentiable with respect to spatial coordinates and
one respect to time and an integrable external force f(x,y, z, t), perhaps the better
expression for the solution of the equation (1.4) is

(6.1) p(x,y,zt)=[ S-dl+6(t) = ?zlf;:(}sidxi + 6(0),
S= (51' S, 53)
ou;
S; = —( . +Z] 1u]a )+V(V2 )+ = V(V (V- u))+ﬁ,

supposing possible the integrations and that the vector S = — [% + (u- V)u] +

vW2u + %vV(V u) + f is a gradient function, where it is necessary that

as; _ 9sj

(6.2) a—x] = on

This is the development of the solution of (1.4) for the specific path L going
parallely (or perpendicularly) to axes X,Y and Z from (x2,x9,x3) = (xq, V0, 2,) to
(%1,%2,x3) = (x,y,2), since that the solution (6.1) is valid for any piecewise
smooth path L. We can choose P{ = (xq, Vo, Z0), PY = (x,¥0,20), PY = (x,y,2) for
the origin points and P; = (x,¥0,20), P, = (x,y,25), P3 = (x,y,z) for the
destination points. 8(t) is a generic time function, physically and mathematically
reasonable, for example with 6(0) = 0 or adjustable for some given condition.
Again we have seen that the system of Navier-Stokes equations has no unique
solution, only given initial conditions, supposing that there is some solution. We
can choose different velocities that have the same initial velocity and also result, in
general, in different pressures.
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The remark given for the system (1.5), when used in (1.4), leads us to the
following conclusion: the integration of the system (1.4), confronting with (1.5),
shows that, except for a constant or free term of integration, respectively
A(y,zt), B(x,zt) and C(x,y,t), anyone of its equations can be used for solve it,
and the results must be equals each other, if the velocity u and external force f are
given and the pressure p must be calculated. Then again this is a condition to the
occurrence of solutions, otherwise there is not any solution, which shows to us the
possibility of existence of “breakdown” solutions, as defined in [10].

0
By other side, using the first condition (1.1), % =0 if i #J, due to

]

d .
Lagrangian formulation, where u; = d_tl’ the original system (1.4) is simplified as

6u1 ouq 4
— u —_— -

( + T O0x 3 ox

ap auz auz 4 62u2

: —+—tu,—=-v
(6:3) 4ay+ e T2, =3 6y2+f2

6u3 6u3 4 62U3

L +_+ UsS, =3Von T

where u; is a function only of the respective x; and ¢, but not x; if j # i. When it is

%+aa—1;2+%)=0, then the

required the incompressibility condition, V-u = (ax

4
constant 3 in (6.3) should be replaced by 1.

If the external force has potential, f = VV, then the system (6.3) has
solution

4 aul

(6.4) lfpo[ (S2+ lax)+—

=V + 33 1f"‘[—("’“l — )+3 aul]dxl+0(t)

+ ﬁ] dx; + 0(t)

V= fL f - dl, which although similar to (6.1) has the solubility guaranteed by

the special functional dependence of the components of the vector u, i.e,

ou;

u; = u;(x;, t), with a—xl = 0 if i # j, supposing u, its derivatives and f integrable
j

vectors. In this case the vector S described in (6.1) is always a gradient function,

i.e., the relation (6.2) is satisfied. Note that if f is not an irrotational or gradient
vector, i.e,, if it does not have a potential, then the system (6.3), with u; = u;(x;, t),
it has no solution, the case of “breakdown” solution in [10].

When the incompressibility condition is imposed (V - u = 0) we have, using
(1.1), a small variety of possible solutions for velocity, of the form
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(6.5) w;(x;, t) = A;()x; + B;(¢),
Ai!Bi € C°°([0, OOD, with
(6.6) A (t) + Ax(t) + A3() =0,

if the coordinates x;, x,, x3 are independent of each other. In this case it is valid
Viu =0, ie, the system of equations has a solution for velocity independent of
viscosity coefficient, equal to Euler equations, and except when u = 0 (for some or

all t > 0) we have always fR3 |u|? dxdydz — oo, the occurrence of unbounded

or unlimited energy, which is not difficult to see.

Another class of solutions S for velocity gives more possibility for the
construction of the components of velocity u;, but maintains a bond between
X1, X2, X3 and t such that

(6.7) S ={(uy,up,u3); u; € CL(R X RY), (xq,%5,%3,t) € R3XRE, V-u =0},

where R¢ = [0, o[, and there is a scalar function @5 with x5 = @3(xq, x5, t) or
similarly x; = ¢1(x3,x3,t) or x, = @,(x1,x3,t). The dependence between
X1, X5, X3 and t is necessary for that V-u = 0 in these points (x;, x,, x3) at each
time ¢, forming a surface or manifold which is the domain of the solutions and
which varies in time.

Being correct that (1.1) and (4.1) can be used, which we saw in section 5,
the solution (6.4) for pressure must therefore be replaced by

(6.8) lfpo[ (52 +ags) +5ve % fl]dxl+0(t)
=V +33 1fx‘[—(a“l ai%)+§ Zx]dxl+9(t)

=V + 3 [pi(x ) — pi(x2, )] + 0(0),

where a; = a;(t) is the component i of the velocity in Lagrangian description of a
particle of fluid in motion, u; = u;(x;, t) is the component i of the velocity in

a ou; 4
Eulerian description, p; (x;,t) = f [ = -+ ﬂ) +3 . and the

l
axi
other meanings already given prev1ously in thls article. As we have already seen,

4
when it is required the incompressibility condition then the constant 3 in (6.8)

should be replaced by 1 and the general solution (6.5) for velocity with the
condition (6.6) remains valid, if the coordinates x;, x,, x3 are independent of each
other, as well as (6.7) with possible dependence between x;, x,, x; and t.
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7 - The non-uniqueness of solutions

The new equations presented here have clearly non-unique solutions (when
there is at least one solution) in the following sense:

1) For the same initial Eulerian velocity, indicated as u°, we can propose different
velocities in the Lagrangian description, u*, to compose the new equations, also
with possibility of collisions between the particles belonging to the different
movements described by each u’. This can result in a rather chaotic Eulerian
solution for velocity, in fact many velocities for a same point, and consequently
also for the pressure, if it has not previously been chosen.

2) When we analyze the uniqueness of solutions (u£,p) bearing in mind that the
Lagrangian velocity u® is predetermined, if only the initial velocity u° is given we
have the non uniqueness of the pair (uf,p) because we can construct many
possible and different velocities u, as uf = @(t)u® + 7(t), 9(0) = 1,7(0) = 0, and

the pressure will be given by (6.8), where we are supposing the use of (1.1), i.e,
oufE

uf = uf (x;,t), with % = 0 if i # j. Note that in this case we have V x uf = 0 and
]

the equation has solution, again with many possible pressures.

3) If is given a boundary condition of type uf|;s = u? (Dirichlet condition), with
u® € C*(R3 x [0,0)) and u?(x,y,z,t = 0) = u®, then we can use the solution for
velocity as uf = u? and also we have the non uniqueness of the pair (uf,p),
because for the pressure to be unique it needs to be known the values of
p1(xo, 1), P2 (¥o,t), P3(2o,t), ie, the pressure is dependent of the values of
X0, Vo, Zo, and moreover 6(t), according (6.8). Naturally, the velocities u® and u°
must, themselves, obey to the new equations of Euler and Navier-Stokes, u® for
t >0andu® fort = 0.

8 — Conclusion

In fact we saw two problems in Euler and Navier-Stokes equations, not only
one:

1) the pressure is (or may be) a vector, which was viewed briefly in sections 2 and
3 during the deductions of these equations;

2) the nonlinear characteristic of these equations is not correct for modeling of

Du ou ou dx Jud
motion of fluids, because the use of chain rule in —=—4+——+ 2 +
Dt Jat dx dt dy dt

oudz . ) dx dy dz
5y implies that u; = U= and uz = T

spatial dependence, which we viewed in section 4.

are time functions only, without
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We propose a new form for the Euler and Navier-Stokes equations, where
there is a simultaneous use of Euler and Lagrangian descriptions in a same
equation, i.e, fori = 1,2, 3,

aui
at

6ui 6ui

9 ou oui 0w _ vy 41 2 (v. .
(8.1) axi+ +alax+azay+a3 aZ—vV ul+3vaxi(V u) + fi,

where p, f;, u and u; are in Eulerian description and «@; = a;(t) in Lagrangian
dx;
description, i.e.,, &; = d_tl’ according equation (4.3). Of this manner the nonlinear

form of these equations disappear, replacing it by linear equations, a second-order
equation of elliptic type if v > 0 or first order equation if v = 0.

Obviously, using the vector nature of pressure the equation (8.1) needs to
be modified to

Op  u L Bw o dw o dw_ o ca 100 oo
(8.2) ax+at+alax+crzay+crgaz—vV ul+3vaxi(V u) + f;.

In (8.1) it is still necessary to have a resultant conservative field, a gradient vector,
specifically for the integrable vector § = (S, S,, S3), with

(WP + Ly (v (g B g B
(83) S; = (vV ul+3vaxi V-uw +fl.) (at tai5; taz 3 + a3 az)'
whereas in equation (8.2) this is no longer necessary.

In section 4 we conclude that the new Euler equations always have solution
when the pressure and external force are given (or chosen) and the integration in
(4.6), which is the mentioned solution,

0
(8.4) =l + [ (fi - a_i) dt,

is possible, for i = 1, 2, 3. Boundaries conditions must be in accordance with this
solution.
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