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Abstract

We solve a Berkeley problem in several ways.

1 A Berkeley problem

Problem 3.4.9 (Sp91) Let 7(t) be a nonirivial solution to the system

dr

—-— = Az,

et
where

16 1

A= -4 4 11 |.

-3 -9 8

Prove that |z(t)|| is an increasing function of L. (Here, || - || denotes the

Euclidean norm.)

N.B. For some reason, problem number is 3.4.6 in [1].
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http://archive.is/usqEO
http://archive.is/Ac1u8

2 Answers

2.1 Not-so-explicit version

First, by not-so-explicit, we mean that we don’t try to obtain x(¢) = (x1(f), x2(?),
x@) " = eg., (t, Vi,sin50) ", (41,12, 3) ", and so forth. Next, we differentiate
llx(0)]| to get

m N 2 2 29/
KO = [VixOP + 0P + (a0 | = el 0]
v ] 2V O+ P+ (1)

2 (O O+ (O O+5,(0x3 (0} 1102 O+ (0,0 +x3(); (1)

2V{x (P +a () P+x3 () VX (02+{xa @R +axs ()
Using REDUCK and wxMaxima 13.04.2, we verify the above as follows: %> 9 8

$ reduce

0.00+0.07 secs reduce

File Edit Font Break Load Package Switch

Reduce (Free CSL version), 04-Aug-11 .

1: df ((x1l(t)n2+x2(E)A2+x3(L)n2)A(1/2),t);
Declare x1 operator ? (Y or N)

Y

Declare x2 operator ? (Y or N)

Y

Declare x3 operator ? (Y or N)

Y
oz (f)

Bz,(f) Bx,(t)

\/wl(t)z + 2, (1) + ,(t)?

' stands tor differentiation with respect to 7 .
2
We have used chamule .
3Throughout this paper, we employ Debian GNU/Linux 8.8 (jessie). Central processing units

are the same as those indicated in footnote 3 of [2].

4“When we verify our computations, we use two kinds of softwares.

>We sometimes edit verbatim outputs of softwares to make them look neat. For instance, the
font size of the Function A(a) in Fig. 1 has been slightly enlarged by using GIMP ver. 2.8.14.
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$ wxmaxima

(%i1) ratsimp(diff((x1(t)A2+x2(t)A2+x3(t)A2)A(1/2),1));

K30 (£x3(0)+x2(0) (£x2()) +x1(0) (& x1 (1))

\/x3 ()% +x2(1)* +x1 (1)

(%01)

Having verified differentiation, we rewrite the numerators of these outputs as
shown in the following.

x1(2)

x2(1)

x3(1)

am )Xo x1(0)

xX1(0)x} (1) + X2(0) x5 (1) + x3(D) x5 () = { x| = | x50 xa(1)
x3() x4 (0) x3(1)

[ x1(0) J ! [ x1(8) + 6x2(1) + x3(1)

x2(1) —4x1(2) +4x2(t) + 11x3(2)
x3(1) =3x1() = 9x2(%) + 8x3(¥)
= x1(D{x1(1) + 6x2(1) + x3(D)} + x2(D{=4x1 (1) + 4x2 (1) + 11x3(1)}
+x3(1){=3x1(t) — 9x2(2) + 8x3(1)}.

To make notations a bit simpler, we replace x1(¢), x2(¢), and x3(¢) by X, Y, and Z,
respectively. Then, we get

X(X+6Y+Z)+Y(—4X+4Y+112)+Z(-3X-9Y+87) _ X242XY-2ZX+4Y2+2YZ+87Z>

x|’ =
ol V42 VX142
_ XPH2(Y-2)X+AY?42YZ4+87Z%  (X+(Y-Z)) —(Y-Z)*+4Y*+2YZ+8Z
VX2+Y2+72 VX2+Y2+272
_ (X+Y-Z)2-Y?42YZ-Z2+4Y?>+2YZ+87% _ (X+Y-2)’+3Y>+4YZ+77>
VX2+Y2+Z2 VX2+Y2+2Z2
_ (X+Y-2)+3(Y+ %) -3-(3)+12* (X+Y—Z)2+3(Y+%Z)2+%
Bl VX24Y24+ 22 Bl VX2+Y2+ 22
> 8,

Hence, ||x(?)|| is an increasing function of ¢.

If (X, Y, Z) = (0, 0, 0), then (x1 (1), x2(2), x3(¢)) I amounts to 0,0,0) ! , which is trivial. So
we have taken it for granted that (X, Y, Z) # (0, 0, 0), and thus both (X + Y — Z)? +3(Y + %)’

2
+1Z and VX2 + Y2 + Z? are greater than 0.


http://math.wikia.com/wiki/Transpose_of_a_matrix
http://math.wikia.com/wiki/Transpose_of_a_matrix
https://en.wikipedia.org/wiki/Dot_product#Algebraic_definition
https://en.wikipedia.org/wiki/Dot_product#Algebraic_definition
https://en.wikipedia.org/wiki/Dot_product#Algebraic_definition
http://math.wikia.com/wiki/Transpose_of_a_matrix
http://math.wikia.com/wiki/Transpose_of_a_matrix
http://math.wikia.com/wiki/Transpose_of_a_matrix

2.2 Rather intuitive version

In this subsection, we would like to emphasize the role of our intuition in problem-
solving and perform slightly explicit computations. We write out the system we
have been considering as follows:

x1(1) 1 6 1 x1(1)
% 0@ =] -4 4 11 x) |. (1)
x3(1) -3 -9 8 x3(1)

at
Drawing a (very) intuitive parallel between 4 = Ax and dst =ae™, wherea € R,

dt
we immediately get
(x1(2), x2(0), x3(0) V' = (A1e™, Aze™, Aze™) L, 2)

where A; € R, i=1, 2, 3 [3]. Substituting (2) into ach side of (1), we obtain

A 1 e‘” 1 6 1 A 1 e‘”
dit A | = -4 4 11 Are®
Aze® -3 -9 8 Aze®

Performing the differentiation in the lett-hand side (LHS) of the above yields

Ajae® 1 6 1 Ae”
Asae | =| -4 4 11 Are®
Azae® -3 -9 8 Aze?

Then, we divide ach side of the above by e®. ? After some rearrangements, we

have
1 6 1 Al Aq
-4 4 11 Ay | =al Ap 3
-3 -9 § Aj Az

TThis is possible, because e?* # 0, with a, x € R . See Appendix.
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Interpreting (A1, A, A3) " as an gigenvector with eigenvalue a, we would like

to say that (2) satisfies (1). ¥ In order to know the value of a, we perform an
expansion about the third column of the matrix

l-a 6 1
—4 4-q 11
-3 -9 8-ga

and get the characteristic polynomial A(a) =1-{-4-(-9)- (4 —-a) - (-3)}
“11{(1=a)(=9)=6-(=3)}+B-a){(1—-a)-(4—a)—6 -(=4)} = 1 - (48 = 3a)
~119a+9)+ (8 —a)(a*—5a+28) =48 —3a—99a—99 — &> + 13a% — 68a + 224 =

—a>+13a*-170a+173. (4)

Now we check this expansion using OpenAxiom and wxMaxima 13.04.2 as
follows.

$ open-axiom
OpenAxiom: The Open Scientific Computation Platform
Version: OpenAxiom 1.5.0-2013-06-21
Built on Sunday December 15, 2013 at 18:59:05
Issue )copyright to view copyright notices.
Issue )summary for a summary of useful system commands.
Issue )quit to leave OpenAxiom and return to shell.
Re-reading interp.daase
Re-reading operation.daase
Re-reading category.daase
Re-reading browse.daase

8 I |
We assume that (A1, Ay, A3)  #(0,0,0). Otherwise we get the trivial solution (x(?),

x2(1), x3(t)) . 0,0,0) ! . See footnote 6 and (2).
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(1) -> A_a:=characteristicPolynomial([[1,6,1],[-4,4,11],
[—3,—9,8]],3.)

3 2
(1) -a + 13a - 170a + 173

Type: Polynomial Integer

$ wxmaxima

(%i1) expand(charpoly(A:matrix([1,6,1],[-4,4,11]1,[-3,-9,8]),
a));
(%01) —a*+ 13a*-170a + 173

In this way, we have checked (4). Since all polynomial functions are continuous ,

A(a) = —a® + 13a> — 170a + 173 is continuous. ¥ A(1)-A(2) being 15-(-123) <0,
the equation

A(a)=0 (&)
has at least one root in || 1, 21 . ™ Differentiating A(a), we get

dA
@ _ 324264 170. (6)
da

Completing the square for the right-hand side (RHS) of (6) yields —3(a — 13—3)2

_341
3

Taken together, (5) has just one root @ in [ 1, 2 || . Using Scilah and wxMaxima

, which is less than O for all a € R . So A(a) decreases monotonously in R |

13.04.2, we visualize A(a) as shown below.

9 Strictly speaking, we need to turn to the - & mefhod .

10_ . . )
This is due to the infermediafe vaine fheorem . See also here .
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$ scilab

scilab-5.5.1

[1:0.1:2]7;

-->a
-->A

[-aAr3+13*ar2-170%a+173];
-->plot(a,A);xgrid(l);xtitle(’A(a)

-ar3+13*%ar2-170%a+173’);

a”3+13*a”2-170%a+173

A(a)=-
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Fig. 1. A(a) visualized by Scilah

$ wxmaxima

plot2d(-a*3+13*%a*2-170*%a+173,[a,1,2]);

(%i1)

(%01)


http://web.archive.org/web/20170602214238/http://www.scilab.org/

[ ] Gnuplot + _ 0 X
20

—a"3HLIR =170 a1 TS

-120

=140

Fig. 2. A(a) visualized by wxMaxima

These figures help us narrow down the range of @ to (1.0, 1.2)) . So a solution
satisfying (1) is (A1e¥, Aye™, Aze®) " , with 1.0 < @ < 1.2. || -|| denoting the
Euclidean norm , we obtain [|x(£)|| = +/{x1()}2 + {x2())2 + {x3(1)}? =

i}
VA1) +(Are®)2 + (A3 = \JAT+AZ+A2 | e | = A2+ A2+ AT e,

|lx(1)|l is thus an exponentially increasing function of #, since /AT +A3 +A3 is

1w . .
greater than 0. Indeed, ||x(¢)|| increases monotonously, since ||x(?)||" =

3
@ JA +A2+A2 > Oforallt € R.

1y et | = ¢ because e > 0 (a, t € R). See Appendix.
12
See footnote 8.

B3Ditto.
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2.3 A bit meticulous version

Although we have expressed the components of an gigenvector of A simply by
A;, we would like to be a bit meticulous in this subsection. Let vi = (vi1,Vv21,V31) "

be an gigenvector of A with gigenvalue @ € R . Then, we have

ra
1 6 1 Vi1 Vi1
-4 4 11 wi | =al vo1 |,
-3 -9 8 V31 V31
which we rewrite as
(I=a)vi1 +6v21 +v31 =0, (7
—4V11+(4—CL’)V21+11V31 :O, (8)
=3v11 =9vo1 + (8 —a’)V31 =0. (9)

Since (7) x 11 —(8) gives (15— 11a)vi; + (62 + @)vy; = 0, we get the ratio vy :
vy1 = a+62: 11a—15. Therefore, (vi1, v21) = (B(a+62), B(11a —15)), where B
is a nonzero constant. B Substituting v11 and vp1 into (9), after some rearrange-

_ 3B@+62)+9B(11a=15) _ B(102a+51) 18

ments we get v3; S T Replacing the numerator

by B(—a® + 130 — 68+ 224), we obtain B0 H13¢°-68a+224) _ BG-a)e’-50428) _

B(a? - 5a+28). ™ Hence, vi = (B(a+62), B(11a—15), B(a* —5a +28)) "
We thus have

1 6 1 B(a+62) B(a +62)
-4 4 11 B(1la—15) B(1la—15) (10)
-3 -9 8 B(a? - 5a+28) B(a? —5a +28)
Multiplying hoth sides of the above by e%', we get
1 6 1 B(a +62)e™ B(a +62)e™
-4 4 11 B(1la—-15)¢” | =« B(11a —15)e™
-3 -9 8 B(a? - 50+ 28)e B(a? - 5a +28)e

14See also (3).

SIf B=0, (v11, v21) = (0, 0), which we substitute into (7) to get v3; = 0. Then, v; becomes
trivial.

16We can make the division by 8 —a, since 1.0 < @ < 1.2. See Figs. 1 and 2.

7Since « is a root of (5), —a° + 1302 — 170a'+ 173 = 0. Adding 102a + 51 to eachside of
this equation yields the relation —a?> + 1302 — 68a + 224 = 102+ 51.
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Rewriting the above as

B(a+62)eY 1 6 1 B(a+62)eY
4 B(lla—-15e™ | =| -4 4 11 B(11la —15)e™
B(a? - 5a +28)e™ -3 -9 8 B(a? - 5a +28)e™

makes us notice that (B(a + 62)e®, B(11a — 15)e®, B(a? - 5a +28)e¢®) ¥ satis-
fies (1). In a sense, this solution is the same as the RHS of (2), since both (A,

A, Aj) ! and (B(e +62), B(11a—15), B(a? -5 +28)) " can be regarded as
eigenvectors of A. T

So we can view this version as equivalent to subsection 2.2, if we wish.

Acknowledgment. We would like to thank the developers of the free
softwares used herein for their indirect help which enabled us to verify some of
our computations.
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3 Appendix

We “forget zeros’ such as limy_; 4o eix =0, limy—,_o ¢>* =0, and so on, and explain
why e“* > 0 (a, x € R). We consider cases 3.1, 3.2, and 3.3.

31 a>0

In this case, we further consider the following two subcases.

311 x>0

It is well-known that e* =1 +x+ ’;—f + ){—j, +../. Substituting ax for x, we get

(ax)* (ax)’

2 3
By the way, ax > 0, since a > 0 and x > 0. So the RHS of the above is greater than
or equal to 1, as is its LHS . Hence, ¢** > 0 for x > 0.

e =1+ax+

312 x<0

In this case, we replace x by —y, where y € R.(, to consider e™® = e—}ly Reading
the variable x in 3.1.1 as y, we have ¢ > 0 for y > 0. So e%y =e % >0 for
y > 0. Substituting ax and —x for —ay and y, respectively, gives e** > 0 for —x > 0.
Hence, ¢** > 0 for x < 0.

32 a=0

In this case, ¥ =% =1> 0.

33 a<0

Like 3.1, we consider two subcases.

331 x>0

Substituting —b, where b € R.q , for a, we consider e = e% Reading the

constant @ in 3.1.1 as b, we have ¢?* > 0 for x > 0. So e% =e P> 0 for x>
0. Replacing —bx by ax, we have e** > 0 for x > 0. Incidentally, since ax < 0,

11


https://en.wikipedia.org/wiki/Real_number#/media/File:Latex_real_numbers.svg
https://en.wikipedia.org/wiki/E_(mathematical_constant)#Complex_numbers
http://www.thefullwiki.org/Sides_of_an_equation#wikipedia
http://www.thefullwiki.org/Sides_of_an_equation#wikipedia
https://en.wikipedia.org/wiki/Positive_real_numbers
https://en.wikipedia.org/wiki/Positive_real_numbers

arguments we have made in this subsubsection are essentially the same as those
in 3.1.2.

332 x<0

In this case, ax > 0, since a < 0 and x < 0. So it follows from 3.1.1 that ¢** > 0.

N.B. Cases 3.1 — 3.3 and their subcases exhaust classification which depends on
the values of a, x € R..
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