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Abstract

In this article, starting from geometrical considerations, he was born with the
idea of 3D matrices, which have developed in this article. A problem here was
the definition of multiplication, which we have given in analogy with the usual
2D matrices. The goal here is 3D matrices to be a generalization of 2D ma-
trices. Work initially we started with 3x3x3 matrix, and then we extended
to mxnx p matrices. In this article, we give the meaning of 3D matrices.
We also defined two actions in this set. As a result, in this article, we have
reached to present 3-dimensional unitary ring matrices with elements from a
field F.
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1. Introduction

Based on the meaning of the addition and the multiplication of 2D matrices
[1]-[6], this article stretches this sense, the idea, the addition and the multiplica-
tion of 3D matrices. Starting from geometrical considerations, concretely taking
into account the cube, he was born with the idea of 3D matrices, which have de-
veloped in this article. A problem here was the definition of multiplication, for
which we have acted pages, analogously acted as the columns, which we have
given in analogy with the usual 2D matrices [6] [9]. The goal here is 3D matrices
to be a generalization of 2D matrices. We proved that this set of two actions to-
gether in forming the “unitary ring” [7] [8] [10] [11]. In literature and in various
mathematical forums, we noticed an interest in the 3D matrices, but on the
other hand are missing results associated with them; this was a sufficient reason

to explore. We introduced the meaning of the scalar multiplication, and finally
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we have shown that we have an F-module connected to this ring 3D matrices or
vector spaces [8] [10]. As indications for this paper were simply geometric im-

aginations. Everything presented in this article are my results.

2. Addition of 3 x 3 x 3, 3-D Matrices over Field F, and the
Addition Abelian Group of Their 3-D Matrices

Imagining a parallelepiped, with born idea of 3D matrices, which are define as
follows

Definition 2.1 3-dimensional 3 x 3 x 3 matrice will call, a matrix which has:
three horizontal layers (analogous to three rows), three vertical page (analogue
with three columns in the usual matrices) and three vertical layers two of which
are hidden.

The set of these matrices the write how:
Mo (F)={(ay )8y eFandi=123j=12,3k=123]

The appearance of these matrices will be as in Figure 1.
Definition 2.2 The addition of two matrices Ay, Bygs € Mg (F) we

will call the matrix:
Cosa = {(Cijk ) | Cij =y + bijk Vi, ke {11 2'3}}

The appearance of the addition of 3 x 3 x 3, 3D matrices, will be as in Figure 2,

where matrices A and B have the following appearance,

Asas =1{(ay )3y e F fori=12,3j=12,3k=123]

By =1{(by )| by € F fori=12,3j=123k=123|

Figure 1. 3-D Matrice.
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Figure 2. The addition of 3 x 3 x 3, 3D matrices.

Definition 2.3 Zero matrix 3 x 3, 3D we will called the matrix that has all its

elements zero.

Oy ={(0r ), 11=12,3j=12,3k =1,2,3]
Definition 2.4. The opposite matric of anmatrice
Ao ={(ay )11 =123 =123k =123
will, called matrix
~Ayas={(-2y)11=123j=123k=123|

(where —a;, is a opposite element of element a; e F, so & +(—aijk): (o
and (F,+,-) isfield [8] [10] [11]), which satisfies the condition

]
A3><3><3+ ><3><3 {(auk — i )||—123 1=12,3k= 123}
(0

={(0),1i=12,3,j=123k=123} =0y,

Theorem 2.1 (A, (F),+) isa beliangrup.
Proof: Truly from the definition 2.2, of addition the 3-Dmatrices, we see that

addition is the sustainable in A4, ; ;(F ), because
a, €F,b, e F=c =a, +b; €F, Vi jke{l23}
1) Associative property,
VA=(ay ),B=(by).C=(cy )€ M5 (F)=(A+B)+C=A+(B+C)
truly
(A+B)+C= |:(aijk)+(bijk )J +(cijk): (auk Uk ( i+ Dy +cuk)

=(aijk+bijk+cijk) ( ik + uk Cijk ) + By uk) A+(B+C)
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2) VA=(ay )e M, (F),30=(0;)/ A+0=0+A=A
truly, VA=(ay )e M, (F),30=(0;)/A+0=0+A=A

A+0 = +(0), 11=1.23j=123k=123|

{(ay)
{auk+0 |i=1,2,3;j=1,2,3;k:1,2,3}
={(ay)1i=123j=12,3k=123=A
3) VA=(ay)e M, (F),3-A=(-ay ) e M (F)/ A+(-A)=0.
truly, from Definition 2.4, we have
A+(—A):{(aijk+( 8, ))|i=12.3 j=123k= 123}
={(0),1i=123 ] =123k =123}=0

4) Addition is commutative.
VA=(ay ),B=(by)e A ,5(F),A+B=B+A

truly

(R,+) is abelian

A+B :(aijk)+(bijk):(aijk +bijk) = (bijk +aijk):(bijk)+( Uk) B+A
3. Addition of mxnx p, 3-D Matrices over Any Field F and
the Addition Abelian Group of Their 3-D Matrices
Definition 3.1 3-dimensionalmxnxp matrix will call, a matrix which has: m-
horizontal layers (analogous to m-rows), n-vertical page (analogue with n-col-

umns in the usualmatrices) and p-vertical layers (p — 1 of which are hidden).

The set of these matrixes the write how:
Mo (F)={(ay ) |y, e Ffieldand i =1m; j =Tk =1 p}
Definition 3.2 The addition of two matrices A,Be A4, (F) we will call

the matrix:
Conep = {(Cijk)lcijk = &y, +ly, Vi =Lm; j=1nk :L_p}

The appearance of the addition of mxnxp, 3D matrices will be as in Figure 3,

where matrices A and B have the following appearance,
A’nxnxp = {(aijk)| i =1:_m; j =1,_n;k =1,_p}
Bmxnxp = {(b”k)l i :]-,_m, J :ﬁ, k :]_,_p}

Definition 3.3 3-D, Zero matrix mxnx p, we will called the matrix that has

all its elements zero.
0=0p ={(0)i,-k li=Im j=Lmk=1, }

Definition 3.4 The opposite matric of anmatrice

Amxnxp :{(aijk)“:li ; jzl,n;k :]ﬂ_p}eMnxnxp(F)

will, called matrix

OALib Journal

4/11



5= (5, )
k=Lp

Figure 3. The addition of mxnxp, 3D matrices.

_Amxnxp :{(_aijk)“ :l,_m, J :ﬁvk :]'l_p} eMnxnxp(F)

(where —a;, is a opposite element of element ay e F, so & +(—aijk): Or
and (F,+,-) isfield), which satisfies the condition

Am><n><p + (_A'nxnxp ) = {(a‘ijk + (_aijk )) I i :L_m' J :H' k=1, p}
={(0),, li=1m j=Lnk=1p}=0
Theorem 3.1 (Mxnxp (F),+) is abeliangrup.

Proof Truly from the definition 3.2, of additions the 3-D matrices, we see that
addition is the sustainable in A4, (F), because

ay eF.by eF=cy =ay +by, eF,vi=1m; j=Lnk=1p
1) Associative property,
vA=(ay),B=(by).C=(cy )€ My, (F)=(A+B)+C=A+(B+C)
truly
(A+B)+C= [(aijk)+(bIjk )J +(cye ) = (@ +ly ) + (i) = ((aijk + bijk)+cijk)
= (aijk +by, +cijk) = (aijk +(bijk +cijk)) :(aijk)+(bijk +cijk)= A+(B+C)
(

2) VA= (aijk ) € M (F),30= (Oijk) € M

truly,

VA= (aijk ) e Mo

F)/A+O=0+A=A
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3) VA=(ay )eM,,,(F),3-A=(-ay)e M, (F)/ A+(-A)=0.

truly, from Definition 2.4, we have
A+(—A)={(aijk +(—aijk))|i=1,_; ji=1n; :1,_}
:{(OF)ijk li=1m; j=1nk=1
4) Addition is commutative.

VA=(ay),B=(by)e M, (F)/A+B=B+A

truly

(F,+) is abelian

A+B :(aijk)+(bijk):(aijk +bijk) = (bijk +aijk):(bijk)+(aijk): B+A

4. The “Common” Multiplication of 3x3x3, 3-D Matrices

with Elements Froman Field F

Definition 4.1: The multiplication of two matrices A,B e M, (F) we will

call the matrix C=A®B e M, ,(F) calculated as follows:

€ My ( F)

b123

b223

b323

b133

b233
b333

a113 a123 a133 b113 b123 b133
3-vertical layer| a,,; 8,, a,,; | 3-vertical layer| b,;; D, Dy
a313 a323 a‘333 b313 b323 b333
auz a122 a132 b112 h122 b132
V|2-vertical layer| &,,, @,, @a,, | 2-vertical layer| b,,, b, by,
a312 a322 a332 b312 b322 b332
a’.lll a’.121 a131 blll blZl b13l
1-vertical layer| a,,, @a,, @, | 1-vertical layer| b,, b,, by,
a311 a’321 a331 b311 b321 b33l
The appearance of the multiplication of 3 x 3 x 3, 3D matrices will be as in
Figure 4.

C113 C123 C133 a113 a123 a133 b113

(3'Vertica| Iayer) CZlB CZZ3 CZ33 a213 a'223 a233 b213

C313 C323 C333 a313 a323 a333 b313

C112 C122 C132 a112 a’.122 a132 b112

C =(2-vertical layer)| C,;, Cpp Cpsp |=| By, @y gz |®| by,
C312 C322 C332 a312 a322 a332 b312

Clll C121 C131 a111 afl.21 a131 blll
(1_Vertlca| Iayer) Cle C221 C231 ale a'221 a'231 ble

C311 C321 C331 aSll a321 a331 b311

where, the first vertical pageis:

b122
l:,222

b322

b121

b221

b321

b132
b232

b332

b131

b23l

b33 1
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Figure 4. The multiplication of 3 x 3 x 3, 3D matrices.

Cp =y 'b111 + - b211 +ay3 - b311;
Ciip =y ‘b112 + ‘b211 + a3, ‘b312;
Ciiz = ygg *Dyjg + gy Dyyy + 8y55 - 3555
Corr = 11 Byg +8pp1 ~ Doy + 8y Dy
Corp = By *Dupy 8y 0,15 + 85 -1y
Co13 = A3 'b113 + 853 'b213 + Q33 'b313;
Capy = Agq *Diyg + gy~ Doy + gy 0y
Carp = gy *Duyy + g0 " Dy; + gy <055
Carg = g1 Byyg + 8gpy * Doy + Bgzy - Dy
the second vertical pageis:
Cior = Qg *Dipy + 811 Doy + g3y - Dy
Cip =y, 'bizz + 8y, 'bzzz +a3 'bszz;
Cios = Qg3 * Diog + @pg + Doyy + 8155 - Dy
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Coo1 =83
Cozo = 851
Co3 = 8513
Caz = 8311
Capp =831,
Ca23 = 8313

and third vertical pageis:

Ciay = &y
Cizo = 857
Cizs = 833
Coz = 853
Cozp = Qypp
Co33 = 8y13
Ca3p = 8311
Ca3 = 831
C333 = 8313

“Biyy + g1 Doy + 83y - Dy
'blzz + 85 'b222 + &3 'bszz;
’ b123 + 83 'bzzs + 83 b323;
'b121 85 b221 + 843 'b321;
'b122 + 8 'b222 + 843 'bszz;
“Big + Bgpg - Doy + Byzy <Dy

'b131 + a8y, - b231 + 83 'b331;
'b132 + 8 'b232 + a3 'b332;
“Digy + 8y Dy + B35 - Dy
By + g1 By + gy Dy
'b122 + 85, 'b222 + 8y 'bszz;
' b123 + 853 'b223 + 8y b323;
'b121 +8g, - b221 + 853 'bszl;
'b122 + g, 'bzzz + g3, 'b322;
P T oS O o

It is reduce the above notes through matrix blocks

Cs

A (B,

A;x B,

C,|=|A [®]B,|=| A,xB,

C, A B, A xB,
where
Ay Sy Ay Ao QA Q3 Q3 Qg
Ai =1 @ By Qg s Az = @y Ay Ay ;As =| Qyz Az Ay |
A gy Ay 1y Gy Ay 833 A3 8y
blll b121 b131 buz b122 b132 b113 b123 b133
Bl = b211 b221 b23l ; Bz = b212 bzzz bzaz ; B3 = b213 b223 b233 ;
b311 b321 b331 b312 b322 b332 b313 b323 b333
C, A B, A; x B,
C,|=|A |® B, |=| A xB,
C A B, A xB,
and
Ciiy Co Gy G G Gy Gz Gz G
C1 =1 Cu1 Gy Gy ;Cz =1Cup Cop Gy ;Cs =|Cus Cypz  Cug
Cai Ca Cay Cio Cap Gy Caz  Cyz Cagg

C,=AxB;;C,=A,xB,;C, =A;xB,

Remark 4.1 Two dimensional matrices can think like matrix with size

mxnx1

Easy seen from the definition 1, above it that, if &,

b, =0,b, =0, Vi, j €(1,2,3)

=0 and

we get, the usual 3 x 3-matrix multiplication,

=0,a;,

then will take only the first vertical layer is (or, in the language of matrix blocks
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would say that. A, =0; A;=0; B,=0; B,=0):

T b111 + a8 b211 + g b311 Q1 b121 + b221 +a 'b321 a1 b131 + a5 'b231 + b331
VIR PPIR - POV OSPIR oc VIR PSR- WP < PV - WV OTI a PRTIC s SURE PR o DV o VIR ST PO ooy
A319 'b111 + 85, b211 + 855 'b311 A3y b121 + 8, - b221 + 'b321 A3 b121 + 85 'b221 + 855 - b321

Definition 4.2. The3-D,unit matrix, associated with the “common” multipli-
cation, must be:

0
010 third vertical layer
0 1
1 0
l,ss=/0 1 0/ thesecond vertical layer
0
100
0 1 0] the firstvertical layer
0 01

or, in the language of matrix blocks:

|3><3
|3><3><3 = |3><3

3x3

Easy distinguish that, VAe A4, (F)/ A® Iy, =A

Theorem 4.1 (A4, (F),®) is a unitary semi-Group with regard to this
ordinary multiplication

Proof: 1) associative property. VA,B,C e A1, ;. (F)

A, B, C, A, x B, C, (Astg)sz
A |®|B,||® C,|=| AxB, |®|C, |=|(AxB,)xC,
A B, C, A x B, C, (A1><Bl)XC1

A1><(Bl><C1) A B,
2) g, Estxs(F)/VAEstxs(F):> Axlyz,=A

Ay lsa Ay xlyq (Mha(F)x) is a unitary semigroup Ay

A |B] g |=| A xlsg = A,

Ai |3><3 Al X I3><3 Ai
Theorem 4.2 (A4, ,,(F),+ ®) isa unitary Ring.

Proof 1) From Theorem 2.1. (A, (F),+) is abeliangrup.
2) From Theorem 4.1. (A4, (F),®) is a unitary semi-Group, and conse-

(A,(F)x) is a semigroup Aﬁa x ( BS X C3) A3 B3 C3
- A2><(BZ><C2) =| A, [®||B,|®|C, ||
C

quently also, (./Véx3X3 (F). ®) is a unitary semi-Group

3) VA B,CeAt  (F),
) A®(B+C)=A®B+A®C. b)(A+B)®C=A®C+B®C.

OALIb Journal 9/11
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truly
A B, C, A B, +C, A3><(53+C3)
A®(B+C)=| A, |®|| B, |[+|C, ||=| A, |®| B,+C, |=| A,x(B,+C,)
A B, C, A B, +C, Aix(Bl+C1)

(/1/13x3(F),+,><) is a unitary Ring A3 x B3 + A3 x C3 A3 x B3 A3 x C3

= A xB,+ A, xC, |=| A, xB, |+]| A xC,

A xB, +AxC, A x B, A xC,;
A B, A (G

-||A |®|B,||+|| A |®|C,||-A®B+A®C.
A B A C,

In a similar manner proved the point (b).

5. Multiplication of a 3-D, 3x3x3-Matrix by a Scalar
Definition 5.1 The multiplication of matrix Ae M, ,(F) with scalar
AeF,ismatrix C=A10cAe M, ,(F):

833 Az By A-dyg A A-dg

Q3 Ay Ay "853

Q313 Ay Ay ﬂ"a313 ﬂ'a’szs /1'3333

~
~
o
&3
NS
@
N
8

A, Ay /1'3112 /1-6\122 l'aisz
C=10 By, By By (S| Ay, A-dy

A3, Ay gy ﬂ*'aslz l'aszz

N
&
N N

~
)
N
=
~
)
N
~
)
P
=

ale a221 a231

A7 gy gy ﬂ"aSIl }“'3321 ’1’3331

So

O:FX-A/tsxsxs(F)ﬁ ><3><3(F)
(Z,A)HAOA

Theorem 5.1 (./1/4X3X3 (F),+o¢ ) is a vector space

Proof is evident because, (/Véx3 (F),-I—, °F) it is the vector space, see [6] [8]
[9] [10].

Definition 5.2 The multiplication of matrix Ae A, (F) with scalar
AeF,ismatrix C=21cAe M, (F):
wherein each element of the matrix is multiplied (by multiplication of the field

F) with the element A € F . Well, so we have

o:F ><‘/1/411><n><p(F)_>‘A/4n><n><p(l:)
(A, A) > Ao A

Theorem 5.2 (Mxnxp (F)i+oe ) is a vector space
Proof Is evident because, (./l/(11xn (F).+ oF) it is the vector space, see [6] [8]
[9] [10]
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6. Conclusion

In this article, based on geometric considerations, and mostly considering the
cube, we managed to develop the idea of the 3D matrix doing so a generalization
of the 2D matrices, step by step. Furthermore, we gave a unitary ring with the
elements of a field F. Initially we gave the ring 3x3x3, 3D matrices and then
generalized this concept for mxnx p, 3D matrices. At the end of this article,
we present the scalar multiplication with the 3D matrices and we show that the

set of 3x3x3, 3D matrix, forms a vector space over the field £
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