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ABSTRACT 
To understand the relation between temperature and black body radiation which is 

continuous photon radiation, we are using the Planck’s Law and Stefan-Boltzmann Law, to 
model the heat transfer. Moreover to find the total energy of the free vacuum we are using 
the radiation constant which is only dependent to the temperature and the volume. 
However in this project to understand the mechanism behind the vacuum energy, our aim is 
to find the total radiated light from the black body until it lost all the energy. By deriving this 
function we will be able to speak about the total radiation potential of non-zero 
temperature free space. 

We will start with analyzing Planck’s Law and its temperature dependency then we 
will write our function as a time dependent integral. Afterwards, we will try to solve it with 
numeric analysis and series solution to find the function we need. 
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INFORMATION 
The first important equation of the quantum mechanics is the Planck Law which 

gives the intensity or energy per frequency with respect to the temperature only. By using 
the law we can calculate how much energy produces a hot object at any frequency and how 
heat flows as light form hot to cold. Then by integrating the Planck law at every wavelength 
and in every direction there is Stefan-Boltzmann law which gives the total radiation power 
of a surface area A at temperature T. Afterwards multiplying the Stefan-Boltzmann law by 
4/c there is radiation constant which gives the total radiation energy or internal energy of a 
constant volume even if there is no particle except light inside the volume. 

In thermodynamics, these laws result a new topic which is photon gas. In photon gas 
theory, all the radiation inside the box or volume modeled as a light which carries energy 
and momentum, no mass and goes with speed of light. We 
know all the information about the photon gas because it is 
modeled as a simple ideal gas. First thing we have to know 
about photon gas, it is a collection of photons inside a box 
and we assume that box has no chemical potential energy, 
moreover, it has no chemical interaction and for this reason 
we are assuming the box as a finite vacuumed volume. As we 
said before, we know that radiation constant gives us the 
total radiation energy or internal energy inside the constant 
volume at constant temperature and we can say that this 
internal energy is the amount of heat. So, in our question we 
should calculate everything only with respect to temperature 
and volume but the problem is, we have a non-equilibrium 
thermodynamic system and we can’t calculate everything 
exactly because only in constant temperature systems it is 
possible. Because we are changing the temperature with time we need to find all the 
radiation with respect to time which results decreasing the power. The result should be 
again the distributed light which has continuous property means it includes all wavelength 
photons.  

For photon gas theory we have instant photon distribution which is dependent to the 
internal energy which is dependent to the absolute temperature of the box. But in our 
question to find a relation between the temperature and the total radiated light we should 
decrease the internal energy with time and we add or sum up all the radiation with time. 
So, decrease in internal energy result decrease in power and distribution and we should 
calculate it until there is no internal energy left. 

The important thing for us is to see how the energies or intensities of photons change 
in Planck’s law at every wavelength with respect to the temperature. The solution comes as 
in a constant temperature, in black body distribution every photons energies proportional to 
the temperature and the number of the photon is proportional to the T3. Because total 
energy comes as a T4 and with respect to the temperature every photon changes its energy 
in constant volume. With a known temperature known photons become other photons 
because distribution is always constant and 
it doesn’t change. So, blackbody 
distribution and its shape which gives the 
spectra is always conserves itself. And it is 
simply comes as 𝒙𝟑/(𝒆𝒙 − 𝟏). 
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As you can see both the total energy is proportional with T4 and the power is 
proportional with T4, and from this proportionality if we assume that if box is not supplied 
with heat we can say that with a constant surface area, radiation power and the internal 
energy changes exponentially with time because both of them dependent to the each other 
with T4. If the total energy of the box changes exponentially with time than we can say that 
temperature’s fourth power changes exponentially which means temperature is still 
changing exponentially, as you know, fourth power of exponential decrease dependency is 
still an exponential function. Another important thing in the Planck law is it always conserves 
its shape in every condition which is only dependent to the temperature. If you compare the 
spectra of the two temperatures with respect to the intensity and frequency of light you can 
see number of photons increase with T3 and average photon energy increase with T which 
says simply every photon become another photon with changing temperature inside the 
box. 

 
If we examine the Planck’s law 

which gives the power of the light  
radiation coming from the constant 
surface area A, at temperature T, at every 
frequency, its shape is constant as we 
discusses before and if we look the Wien’s 
law we can understand how number of 
photons changes with respect to the 
temperature, our graphs peak point goes 
with T3 but the area under the curve 
which is the integral of Planck law or 
simply Stefan-Boltzmann law radiation power is proportional to T4 and total energy is 
proportional to T 4 so, if we ask how energy decreases with time, answer is simply 
exponential decay function.(𝑼(𝒕) =  𝑼𝟎𝒆−𝒙 𝒕    (t is time))  

 
𝒅

𝒅𝒕
(𝑼) = 𝑷𝒐𝒘𝒆𝒓 = 𝝈𝑻𝟒 = (−𝑨 

𝝅𝟐 𝒌𝑩
𝟒𝑻𝟒

𝟔𝟎 ħ𝟑𝒄𝟐
)=

𝒅

𝒅𝒕
(

𝝅𝟐 𝒌𝑩
𝟒 𝑻𝟒

𝟏𝟓 ħ𝟑 𝒄𝟑 𝑽) From this relation we can 

understand that temperature must decrease exponentially because its fourth power is 
proportional to energy. So we should write temperatures time dependency; 

 
𝒅𝑻

𝒅𝒕
= −

𝑨 𝝈 𝑻

𝟒 𝑽 𝒂
= −

𝑨 𝝈 𝑻

𝟒 𝑽 𝝈
𝟒

𝒄

=−
𝑨 𝒄 𝑻

𝑽 𝟏𝟔
  so, temperature function becomes 𝑻 = 𝑻𝟎 𝒆−

𝒄 𝑨 𝒕

𝟏𝟔 𝑽 

Than what will we do is simply use temperature in the Planck’s law because we need 
total radiated light until our box temperature becomes 0. 

V=volume (=𝒎𝟑) a=
𝝅𝟐  𝒌𝑩

𝟒

𝟏𝟓 ħ𝟑𝒄𝟑
=

𝟖𝝅𝟓  𝒌𝑩
𝟒

𝟏𝟓 𝒉𝟑 𝒄𝟑  

A=area (=𝒎𝟐) σ=
𝝅𝟐  𝒌𝑩

𝟒

𝟔𝟎 ħ𝟑 𝒄𝟐
=

𝟐𝝅𝟓  𝒌𝑩
𝟒

𝟏𝟓 𝒉𝟑 𝒄𝟐
 

Planck’s law 
=  

ħ 𝝎𝟑

𝟒𝝅𝟑 𝒄𝟐
 

𝟏

(𝒆
ħ 𝝎

𝒌𝑩 𝑻 − 𝟏)

 =  
𝟐 𝒉 𝒗𝟑

𝒄𝟐 
 

𝟏

(𝒆
𝒉 𝒗

𝒌𝑩 𝑻 − 𝟏)

 

Stefan-Boltzmann law 
=  

𝝅𝟐  𝒌𝑩
𝟒 𝑻𝟒

𝟔𝟎 ħ𝟑 𝒄𝟐
𝑨 =  

𝟐𝝅𝟓  𝒌𝑩
𝟒 𝑻𝟒

𝟏𝟓 𝒉𝟑 𝒄𝟐
𝑨 

Radiation constant 
𝑼 =  

𝝅𝟐  𝒌𝑩
𝟒 𝑻𝟒

𝟏𝟓 ħ𝟑 𝒄𝟑
𝑽 𝑼 =  

𝟖𝝅𝟓  𝒌𝑩
𝟒 𝑻𝟒

𝟏𝟓 𝒉𝟑 𝒄𝟑
𝑽 
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The function of the total radiated intensity per frequency of the cooled black body 
box; 

∫ 𝐴
ħ 𝝎𝟑

𝟒 𝝅𝟐 𝒄𝟐

∞

0

𝒅𝒕

𝒆
(
ħ 𝝎 𝒆

(
𝒄 𝑨 𝒕
𝟏𝟔 𝑽)

(𝒌𝑩 𝑻𝟎 )
)

− 𝟏

 

 
If we separate from the constants  

𝐴
ħ 𝝎𝟑

𝟒 𝝅𝟐 𝒄𝟐
     ∫

𝒅𝒕

𝒆
(
ħ 𝝎 𝒆

(
𝒄 𝑨 𝒕
𝟏𝟔 𝑽)

(𝒌𝑩 𝑻𝟎 )
)

− 𝟏

∞

0

 

 
As we can see integral is only time dependent and we have lots of constant that are 

not dependent so, we can write it easily like ∫
𝑑𝑥

(𝑒(𝛽∗𝑒𝛾∗𝑥))−1

∞

0
 but if we want to write in 

integral in most simple form it becomes ∫
𝑑𝑥

(𝑒𝑒𝑥
)−1

∞

0
 .  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 



6 
 

NUMERICAL ANALYSIS 
This integral has no exact solution at 

least it is not known yet, (I have tried to 
solve it but I couldn’t find a way and after 
lots of useless conversation I decided to solve 
it numerically, however I changed the way I 
go and I calculated everything from the 
energy not from the time). In the end it is 
convergent, and we can solve it by 
numerical analysis but, we should start from 
the energy calculation because it is too 

simple for us to understand. To start, we can take initial energy as 1 joule in 1 𝒎𝟑 with 
temperature of about 6029 kelvin and we should have decreased it exponentially with four 

percent at every second (about every 
17seconds energy becomes half gone), 
than we can found the temperature of 
the every second and we should 
calculate the time about 1000 seconds 
when almost there is no energy. In this 
calculation our area is very small 
because as we can understand that 
cooling rate is dependent to the 
surface area and our area is smaller 
than needle, about 5.33*𝟏𝟎−𝟏𝟎𝒎𝟐. 

After finding the intensity of every second at every frequency we have total radiation. In the 
graph we can see the first 20 second radiation and it 
exponentially decreases. What will we do is to sum up 
all the data which is the logic of integration. After 
1000 seconds we can say that there is almost no 
energy left. 

After we sum all the 1000 second data we can 
see a line in the upper part which shows the total 
radiated light in every angular frequency, and in the 
lower part of the graph we can see first 20 seconds 
radiation again (It is not clearly seen because of 20 
tight lines). We can see the total radiations peak point 
is in the lower frequency range than the Wien’s peak 
point of 6029 kelvin temperature because with the time passes temperature decreases and 

peak points of every seconds moves to lower 
frequency or higher wavelength range. For 
comparison we can look at the graph in equal 
intensity which means thermodynamically two cases 
have same energy, but frequencies of the photons are 
different. In current theory all the heat is light as red 
line inside the box, but for us heat becomes the light 
after there is no heat inside the box as blue line. 
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But we have calculated everything only for one temperature which is 6029 kelvin so, 
we should change the temperature and we should try to understand how this graph changes 
with respect to the temperature.  Good thing is graph’s temperature proportionality is 

exactly the same with the Planck’s law, 
most probably the constant coming from 
the integral have no effect on the Planck’s 
distribution. The number of photon 
increases with T3 and energy of every 
photon increases with T (or we can say 
average energy of photons increases with T) 
and absolutely the area under this graph 
gives us T4 which gives the total internal 
energy that is heat. If we want to give an 
example; if we double the temperature 
again, height of the graph increases 8 times 
and width of the graph increases 2 times. 

We should be interested when we see the result because it was good to see an 
integral of exponential of exponential function becomes same type of increase in the graph 
with respect to the temperature and the good thing is we can easily understand that the 
solution must be proportional with the Planck’s Law then we can easily say there must be a 
function to multiply the Planck’s Law and it becomes our solution. 

𝑨 
ħ 𝝎𝟑

𝟒𝝅𝟑 𝒄𝟐
 ∫

𝒅𝒕

𝒆
(
ħ 𝝎 𝒆

(
𝒄 𝑨 𝒕
𝟏𝟔 𝑽

)

(𝒌𝑩 𝑻𝟎 )
)

− 𝟏

∞

𝟎

 

But, we have Area A in the function however, our function must be independent 
from the A moreover, it must be dependent to the Volume V because it will give the height 
of the graph and it is a linear multiplier for our function. If we think that we need a function 
will give the total radiated light per wavelength it must be like  

𝒇  𝑽 
ħ 𝝎𝟑

𝟒𝝅𝟑 𝒄𝟑
 

𝟏

(𝒆
ħ 𝝎

𝒌𝑩 𝑻 − 𝟏)

 

Because, it has same type of increase and integral is independent from 𝝎. 
So, we should be annihilate the A in the integral and to write an energy function we 

need to multiply it with ‘’V/c’’ because we need an energy function for a volume. 
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SERIES SOLUTION 

 Our integral is in the form of  𝐼 = ∫
𝑑𝑥

(𝑒(𝛽 𝑒𝛾 𝑥))−1

∞

0
  

and we will assume 𝑢 = 𝛽 ∗ 𝑒𝛾∗𝑥  
so, we have 𝑑𝑢 = 𝛾 𝛽 𝑒𝛾∗𝑥 𝑑𝑥    and it is equal to    𝑑𝑢 = 𝛾 𝑢 𝑑𝑥 

now we have the form of     𝐼 = ∫
 

1

𝛾 𝑢
 𝑑𝑢

𝑒𝑢−1

∞

𝛽
   →   𝛾𝐼 = ∫

 
1

 𝑢
 𝑑𝑢

𝑒𝑢−1

∞

𝛽
    

   

→  𝛾𝐼 = ∫
 1 

𝑒𝑢−1

∞

𝛽

𝑑𝑢

𝑢
     →      𝛾𝐼 = ∫

 𝑒−𝑢 

1− 𝑒−𝑢
  

∞

𝛽

𝑑𝑢

𝑢
 

Note that                                                          
1

1−𝑥
 =   ∑ 𝑥𝑘∞

𝑘=0 ,                         𝑎𝑛𝑑                     
𝑥

1−𝑥
 =   

𝑒−𝑢

1−𝑒−𝑢 ,                               
  

1 − 𝑥𝑛

1 − 𝑥
=  ∑ 𝑥𝑘

n−1

𝑘=0

,           𝑎𝑛𝑑 𝑖𝑓 𝑛 → 𝑛 + 1                  
1 − 𝑥𝑛+1

1 − 𝑥
 =  ∑ 𝑥𝑘

n

𝑘=0

             

 

1

1 − 𝑥
−  

𝑥𝑛+1

1 − 𝑥
=   1 + ∑ 𝑥𝑘

n

𝑘=1

    𝑎𝑛𝑑           
1

1 − 𝑥
−  1 =  

𝑥𝑛+1

1 − 𝑥
+  ∑ 𝑥𝑘

n

𝑘=1

           

 

1 − (1 − 𝑥)

1 − 𝑥
=

𝑥

1 − 𝑥
=

𝑥𝑛+1

1 − 𝑥
+ ∑ 𝑥𝑘

n

𝑘=1

→
 𝑒−𝑢 

1 −  𝑒−𝑢
=  

𝑒−(𝑛+1)𝑢

1 − 𝑒−𝑢
 +  ∑ 𝑒−𝑘𝑢

n

𝑘=1

     

 

𝛾𝐼 = ∫
 𝑒−𝑢 

1 −  𝑒−𝑢

∞

𝛽

𝑑𝑢

𝑢
=   ∑ ∫

 𝑒−𝑘𝑢 

𝑢
𝑑𝑢

∞

𝛽

n

𝑘=1

+  ∫
 𝑒−(𝑛+1)𝑢 

𝑢(1 − 𝑒−𝑢)
𝑑𝑢

∞

𝛽

     

 
This integral is in the form of an Exponential series integral + Residue  
Totally we have a form of 

𝛾𝐼 = ∫
 𝑒−𝑢 

1 −  𝑒−𝑢

∞

𝛽

𝑑𝑢

𝑢
=   ∑ 𝐸𝑖(𝑘𝜑)

n

𝑘=1

+  𝑅𝑛 

 
 

Because of it is infinite series and it is not possible to convert it any kind of function 
or even empirical function we can’t use it as a function, only thing we can do is we can use 
its table value in the book of ‘’Handbook of Mathematical Functions’’ (Abramowitz&Stegun) 
and we can calculate it until the nth and we can calculate its error function which gives the 
limit of the sum of until the nth. So, if we want to convert it at least an empirical formula we 
can’t use the series solution. 
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DISCUSSIONS ABOUT SOLUTION 
As we discussed before we have same type of increase in the graph with respect to 

the temperature and we can easily understand that the solution must be proportional with 
the Planck’s Law then we can easily say that there must be a function to multiply the 
Planck’s Law and it becomes our solution. 

 
But, we have Area A in the function however, our function must be independent 

from the A moreover, it must be dependent to the Volume V because it will give the height 
of the graph and it is a linear multiplier for our function and these constants comes from the 
𝛾 inside the series solution. We should be annihilate the A in the integral and to write an 
energy function we need to multiply it with ‘’V/c’’ because we need an energy function for a 
volume. So, our final function must be increase with the same type proportionality of 
Planck’s Law which is 𝒙𝟑/(𝒆𝒙 − 𝟏). For this reason we can make an assumption with the 
Radiation Constant and the Planck Law to find an empirical formula to show the real 
function because even if it is not fits with the real results their dependencies with respect to 
Temperature is same and we can use it as an empirical function. 

 So, our function becomes like 

                            
 
And when we divide this function to the numerical values we can see an almost linear 

graph and we can write an empirical formula. 

And it is comes as  𝒇𝟏 =
𝟏

𝟏+ 
ħ 𝝎

𝒌𝑩𝑻

  so in the end our empirical function becomes like  

 
We have to know that the function we found has no proof that it is the exact solution 

of the integral. However, it exactly fits for all the temperatures with the numerical values, so 
we can use it as an empirical formula at least. (The error in the graph comes from the 
numeric part and it decreases with the increasing significant digits.) 
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