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INTRODUCTION

Theory of Fuzzy sets [17], Theory of
Intuitionistic fuzzy sets [2], Theory of Neutrosophic
sets [9] and the theory of Interval Neutrosophic sets
[11] can be considered as tools for dealing with
uncertainities. However, all of these theories have
their own difficulties which are pointed out in [9]. In
1965, Zadeh [17] introduced fuzzy set theory as a
mathematical tool for dealing with uncertainities
where each element had a degree of membership. The
Intuitionistic fuzzy set was introduced by Atanassov
[2] in 1983 as a generalization of fuzzy set, where
besides the degree of membership and the degree of
non-membership of each element. The neutrosophic
set was introduced by Smarandache [9] and
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explained, neutrosophic set is a generalization of
Intuitionistic fuzzy set. In 2012, Salama, Alblowi
[15], introduced the concept of Neutrosophic
topological spaces. They introduced neutrosophic
topological space as a generalization of Intuitionistic
fuzzy topological space and a Neutrosophic set
besides the degree of membership, the degree of
indeterminacy and the degree of non-membership of
each element.

This paper consists of six sections. The
section | consists of the basic definitions and some
properties which are used in the later sections. The
section Il, we define product related neutrosophic
topological space and proved some theorem related to
this definition. The section Il deals with the
definition of neutrosophic semi-open set in
neutrosophic topological spaces and its various
properties. The section IV deals with the definition of
neutrosophic  semi-closed set in neutrosophic
topological spaces and its various properties. The
section V and VI are dealt with the concepts of
neutrosophic semi-interior and neutrosophic semi-
closure operators.

I. PRELIMINARIES

In this section, we give the basic definitions
for neutrosophic sets and its operations.

Definition 1.1 [15] Let X be a non-empty fixed set.
A neutrosophic set [ NS for short ] A is an object
having the form A = {( X, pa(X), oa(X), va(X)) : x € X}
where pa(X), oa(X) and ya(x) which represents the
degree of membership function, the degree
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indeterminacy and the degree of non-membership

function respectively of each element x e X to the
set A.

Remark 1.2 [15] A neutrosophic set A = { { X, pa(X),
oa(X), 7a(X) ) : x € X } can be identified to an ordered
triple ( pa, o, ya ) in] 70,1 [on X.

Remark 1.3 [15] For the sake of simplicity, we shall
use the symbol A = ( X, ua, oa 7va ) for the
neutrosophic set A = { { X, ua(X), oa(X), ya(X) ) : X €
X}

Example 1.4 [15] Every IFS A is a non-empty set in
X is obviously on NS having the form

A={{X pa®), 1- (ua®) + va(x)), va(x) ) 1 x € X }.
Since our main purpose is to construct the tools for
developing neutrosophic set and neutrosophic
topology, we must introduce the NS Oy and 1y in X
as follows:

On may be defined as :

(01) ON:{<X,0,0,1>:X€X}
0) ON={(Xx,0,1,1):xe X}
(03) ON:{<X,0,1,0>:X€X}
(04) ON:{<X,0,0,0>:X€X}

1y may be defined as :

(1) In={(x%1,0,0):xe X}
(1) In={(%1,0,1):xe X}
(1) In={(x%1,1,0):xe X}
(1) Ln={(x1,1,1):xe X}

Definition 1.5 [15] Let A = ua, oa, Ya ) be @ NS on
X, then the complement of the set A [ C (A) for short]
may be defined as three kinds of complements :
(C) C(A)={(X 1-pa(X),1-0aX),1-yax)):

xe X}
(C2) C(A) ={{X 1a(X), oa(X), pa (X)) 1 x € X }
(C3) C(A)={ (X 7a(X),1-0a(X), ua (X)) :x € X}

One can define several relations and
operations between NSs follows :

Definition 1.6 [15] Let x be a non-empty set, and
neutrosophic sets A and B in the form A = { ( x,
HA(X)v GA(X)v YA(X) > ixe X } and B = { < X, HB(X),
os(X), y8(X) ) : x € X }. Then we may consider two
possible definitions for subsets (A< B).
A < B may be defined as :
(1) AcB < pa(X) < ps(x), oa(X) < op(x) and

7a(X) 2 y8(X) V x € X
(2) AcB < pa(X) < ps(X), oa(X) = op(x) and

7a(X) 2 y8(X) V x € X
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Proposition 1.7 [15] For any neutrosophic set A,

then the following conditions are holds :

(1) Onc A, Oy Oy

(2 Acly, Inc Iy

Definition 1.8 [15] Let X be a non-empty set, and A

= < X, MA(X)! GA(X)I YA(X) > ’ B= < X, “B(X)! GB(X)I YB(X»

are NSs. Then

(1) A n B may be defined as :

(I) AnB=(X pa(X) A pa(x), oa(x) A o(x) and
Ya(¥) V ve(X) )

(12) AnB=(X, pa(X) A pa(x), oa(x) V og(x) and
Ya(¥) V ve(X) )

(2) AU B may be defined as :

(U) AUB=(X, pa(X) V pa(x), oa(x) V op(x) and
7a(X) A ve(X) )

(Uz) AUB=(X, pa(X) V pa(x), oa(x) A og(x) and
7a(X) A ve(X) )

We can easily generalize the operations of
intersection and union in Definition 1.8 to arbitrary
family of NSs as follows :

Definition 1.9 [15] Let { A;:j € J } be a arbitrary
family of NSs in X, then
(1) nA; may be defined as :

(I) N Aj = < X, /\je] ﬂAj(X), /\jE] O-Aj(x)v Vje] }/Aj(x) >
(D) A = (X Ajey g (00 Vjeg 0a; (), Ve 7, ()

(2) v A; may be defined as :
H UA=(XV,V,A)
(i) VA=(Xx,V,A,\)

Proposition 1.10 [15] For all A and B are two
neutrosophic sets then the following conditions are
true :

(1) C(AnB)=C(A)uC(B)

(2) C(AuB)=C(A)nC(B).

Here we extend the concepts of fuzzy
topological space [5] and Intuitionistic fuzzy
topological space [6,7] to the case of neutrosophic
sets.

Definition 1.11 [15] A neutrosophic topology [ NT
for short ] is a non-empty set X is a family t of
neutrosophic subsets in X satisfying the following
axioms :

(NTy) On, Inet,

(NT,) GinGy,etforany Gy, G, e 1,

(NT3) UGjertforevery{G;:iel}crt
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In this case the pair ( X, t ) is called a
neutrosophic topological space [ NTS for short ]. The
elements of t are called neutrosophic open sets [ NOS
for short ]. A neutrosophic set F is closed if and only
if C (F) is neutrosophic open.

Example 1.12 [15] Any fuzzy topological space

( X, 1) in the sense of Chang is obviously a NTS in
the form t = { A : ua € 1o } wherever we identify a
fuzzy set in X whose membership function is p, with
its counterpart.

Remark 1.13 [15] Neutrosophic topological spaces
are very natural generalizations of fuzzy topological
spaces allow more general functions to be members
of fuzzy topology.

Example 1.14 [15] Let X={x }and
A={(x050504):xeX }
B={(x,04,06,08):xe X }
D={(x05/06,04):xe X }
C={(x,04,0508):xe X }

Then the family t = { Oy, A, B, C, D, 1y } of NSs in X
is neutrosophic topology on X.

Definition 1.15 [15] The complement of A [ C (A)
for short ] of NOS is called a neutrosophic closed set
[ NCS for short ] in X..

Now, we define neutrosophic closure and
neutrosophic interior operations in neutrosophic
topological spaces :

Definition 1.16 [15] Let ( X, t)be NTSand A =(X,
pa(X), oa(X), va(x) ) be a NS in X. Then the
neutrosophic closure and neutrosophic interior of A
are defined by
NCI(A)=n{K:KisaNCSinXandAc K}
NInt(A)=u {G:GisaNOSinXandGc A}

It can be also shown that NCI (A) is NCS and Nint (A)
isaNOS in X.

a) AisNOS ifandonlyif A= Nint (A).

b) Ais NCS if and only if A= NCI (A).

Proposition 1.17 [15] For any neutrosophic set A in
(X, t) we have

(@ NCI (C (A)) = C (NInt (A)),

(b) NiInt (C (A)) = C (NCI (A)).

Proposition 1.18 [15] Let (X, t)beaNTSand A, B
be two neutrosophic sets in X. Then the following
properties are holds :

(@) Nint (A) c A,

(b) A= NCI (A),
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(c) A< B = NInt (A) = NInt (B),

(d) A< B = NCI (A) < NCI (B),

(e) Nint ( NInt (A)) = Nint (A),

(f) NCI ( NCI (A)) = NCI (A),

(9) NInt (A N B)) = Nint (A) n NInt (B),
(h) NCI (A U B) = NCI (A) U NCI (B),
(i) NInt (On ) = Oy,

() Nint (1n ) = 1y,

(k) NCI (On ) = Oy,

(DNCI(In) =1n,
(mAcB=C(B)c<C(A),

(n) NCI (A N B) = NCI (A) n NCI (B),
(o) NInt (A U B) o Nint (A) U Nint (B).

Il. PRODUCT RELATED NEUTROSOPHIC
TOPOLOGICAL SPACES

In this section, we define some basic and
important results which are very useful in later
sections. In order topology, the product of the closure
is equal to the closure of the product and product of
the interior is equal to the interior of the product. But
this result is not true in neutrosophic topological
space. For this reason, we define the product related
neutrosophic topological space. Using this definition,
we prove the above mentioned result.

Definition 2.1 A subfamily  of NTS (X, t) is called
a base for t if each NS of t is a union of some
members of B.

Definition 2.2 Let X, Y be nonempty neutrosophic
sets and A = ( X, pa(x), oa(x), va(X) ), B =y, ua(y),
os(Y), ve(y) ) NSs of X and Y respectively. Then

A x BisaNS of X x Y is defined by

(P) (AxB)(xy)=((xy), min (pax), pa(y) ),
min ((oa(x), os(y) ), max (ya(x), va(y) ) )

(P2) (AxB)(xy)=((xy), min (pax), us(y) ),
max (Ga(x), oe(y) ), max (va(x), ve(y) ) )

Notice that

(CP1) C((AxB)(xYy))=((xYy), max (pax),
us(y)), max ( oa(x), oa(y)), min (ya(x), ys(y)) )

(CP2) C((AxB)(xY))=((xYy), max (ua(x),
ps(y)), min ((oa(x), os(y)), min (va(x), vs(y)) )

Lemma 2.3 If Ais the NS of X and B is the NS of
Y, then

(i) (AxLy)n(lyxB)=AxB,

(i) (Ax1ly)u(lyxB)=C(CA)xC(B)),
(i) C(AxB)=(C(A)x1y) v (1lyxC(B).
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Proof : Let A = { X, pa(X), oa(x), ya(x) ), B = (v,
us(y), oe(y), va(y) )-

(l) Since A x lN = < X, min (]J,A, 1N ), min (CA, 1N ),
max (va, On ) ) = (X, pa(X), oa(x), ya(x) ) = A and
similarly 1y x B = (y, min (1n, pg ), min (1y, og ),
max ( Oy, vg) ) =B, we have (Ax 1y) N (1yxB) =
A (X) N B (Y) = (X Y), ma(x) A pa(y), oax) A ce(y),
Ya(X) V va(y) ) = A x B.

(if) Similarly to (i).

(iif) Obvious by putting A, B instead of C (A), C (B)
in (ii).

Definition 2.4 Let X and Y be two nonempty
neutrosophic sets and f : X — Y be a neutrosophic
function. (i) If B = {(y, ua(y), os(y), va(y) ) :y € Y }
is a NS in Y , then the pre image of B under f is
denoted and defined by f (B) = { ( x, f *(ug)(X),
f o) (¥), f (re)(X)): x e X}.
(i) If A= { (X, aa(X), da(X), Aa(X) ) : x € X }isa NS
in X , then the image of A under f is denoted and
defined by f (A) = {(y, f (a)(¥), f(Ba)(Y). f_(Aa)(Y))
:y e Y }wheref_(As) =C (f(C (A))).
In (i), (ii), since ug, Og, Y8, Oa, Op, Aa are neutrosophic
sets, we explain that f (ug)(X) = pg ( f (X)),
and f(o)(y) = {sup aa(x) if xef1(y) .

0 Otherwise

Definition 2.5 Let (X, 1) and (Y, o) be NTSs. The
neutrosophic product topological space [ NPTS for
short ] of (X, 1) and (Y, o) is the cartesian product X
x Y of NSs X and Y together with the NT &of X x Y
which is generated by the family {P, ™ (A), P, * (B;)
A € 1, Bj € o and Py, P, are projections of X x Y
onto X and Y respectively} (i.e. the family {P; * (A),
P, (B : A € 1, B; € G } is a subbase for NT & of
XxY).

Remark 2.6 In the above definition, since P; *(A;)
A x 1yand P, '(B)) = 1y x Bjand A; x 1y N 1y x By
Ai x B, the family p = { AixBj: Aie1,Bjec}
forms a base for NPTS £ of X x Y .

Definition 2.7 Let f;: X; = Y;and f, : X, = Y, be
the two neutrosophic functions. Then the
neutrosophic product f; x f, 1 X3 x X5 > Y1 x Y, is
defined by ( f; x f5) (X1, X2) = ( fi(xq), fa(xo) ) for all
(Xl, X2) € Xl X Xz.

Definition 2.8 Let A, A; (i € J) be NSs in X and B,
Bj (j € K)beNSsinYandf:X — Y be the
neutrosophic function. Then

() f(UBy) =uUf(B),

(i) f(nB)=nf?(B)),

(iii) (1) = 1y, F7(0N) = On,
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(iv) f'(C(B))=C(f"(B)),
W) f (U A) =T (A)

Definition 2.9 Let f: X — Y be the neutrosophic
function. Then the neutrosophic graphg: X - X x Y
of f is defined by g(x) = (x, f(x)) forall x € X.

Lemma 2.10 Let fi: X;j > Y; (i =1, 2) be the
neutrosophic functions and A, B be NSs of Y, Y,
respectively. Then (f, x f,)™ = f, (A) x f, }(B).
Proof : Let A = ( X, pa(X1), oa(X1), Ya(X1) ) B = ( Xz,
us(X2), oa(X2), Y8(X2) ). For each (xy, X;) € Xy x Xy, we
have(flez)’l(A, B)(xu,X%X)=(AxB)(fixf)
(X1, %) = (Ax B) (f1(x1), f2 (x2)) = ((F1 (x1), f2 (x2) ),
min (pa (f1 (X2), us (2 (x2)) ), min (oa (1 (x1)),

og (2 (x2)) ), max (ya (1 (x1)), v (f2 (x2)) ) ) = (X,
Xz), min ( fy(ua) (x0), f2 '(ue) (2) ), min ( fi (o)
(x2), f2 (o) (X2) ), max (fy *(va) (1), f2 (y8) (x2))) =
(fi ' (A) x f1(B) ) (X4, Xo).

Lemma 2.11 Letg: X — X x Y be the neutrosophic
graph of the neutrosophic function f : X > Y . IfA
is the NS of X and B is the NS of Y, then

g (AxB) () =(Anf(B)) X,

Proof: Let A = (X pa(X), oa(X), ya(¥) ), B = (X,
ug(X), os(X), ye(x) ). For each x € X, we have

g (AxB)()=(AxB)g(x)=(AxB)(xf()
= (% F(x)), min (pa (%), ps (f(x)) ), min (o4 (),
og (f (X)), max (ya (x), vs (f(x)))=((x f(x)),
min ( pa(x), f *(ue) () ), min (oa(x), f *(o8) (x)),
max (7a(x), f '(y8) (x)) ) = (AN f(B)) (¥).

Lemma 2.12 Let A, B, C and D be NSs in X. Then
AcB,CcD=AxCcBxD.

Proof : Let A = { X, pa(X), oa(X), ya(X) ), B = ( x,
“B(X)! GB(X)! YB(X) >| C= < X, H-C(X)l GC(X)’ YC(X) > and
D = { X, up(X), op(X), yp(x) ) be NSs. Since Ac B =
pa<pg,on<op,ya>yg andalsoCc D = puc<pp
,6c<0p, Yc > Yo, we have min ( pa, pc) < min ( pg,
Hp ), Min (o4, 6c) <Min (og, op) and max (ya, vc)
>max (vg, Yp )- Hence the result.

Lemma 2.13 Let (X, 1) and (Y, o) be any two NTSs
such that X is neutrosophic product relative to Y. Let
A and B be NCSs in NTSs X and Y respectively. Then
A x B isthe NCS in the NPTS of X x Y.

Proof : Let A = (X, pa(X), oa(X), ya(x) ), B =y,
He(y), os(y), ve(y) ). From Lemma 2.3,C (A x B )(x.y)
=(CA) x 1)U (1yxC(B)) (x,y).Since C (A) x
1y and 1y x C (B) are NOSs in X and Y respectively.
Hence C (A) x 1y u 1y x C (B) is NOS of X x V.
Hence C ( A x B ) is a NOS of X x Y and
consequently A x B isthe NCS of X x Y .
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Theorem 2.14 If A and B are NSs of NTSs X and Y
respectively, then

(i) NCI (A) x NCI (B) o NCI (A x B) ,

(i) NInt (A) x NiInt (B) < Nint (A x B) .

Proof : (i) Since A < NCI (A) and B < NCI (B),
hence A x B < NCI (A) x NCI (B). This implies that
NCI (A x B) < NCI (NCI (A) x NCI (B)) and from
Lemma 2.13, NCI (A x B) = NCI (A) x NCI (B).

(i) follows from (i) and the fact that Nint (C (A)) =

C (NCI (A)).

Definition 2.15 Let (X, 1), (Y, o) be NTSs and Aer,
B € o. We say that (X, 1) is neutrosophic product
related to (Y, o) if for any NSs C of X and D of Y,
whenever C(A) 2Cand C(B) 2D = C (A) x 1y v
1y x C (B) 2 C x D, there exist A; € 1, B; € o such
that C (A7) o CorC (B;))2Dand C (Ay) x 1y U 1y x
C(By)=C(A)x1yulyxC(B).

Lemma 2.16 For NSs A’s and B;’s of NTSs X and Y

respectively, we have

) ~{A,B}=min(NA,NB);
u{Ai,Bj}:maX(uAi,qu).

(i) n{A, In}=(nA)x1y;
U{Ai,lN}:(UAi)XlN.

(ii)) N {Inx B }=1yx (N B);
U{].NXBJ'}:].NX(UBJ‘).

Proof : Obvious.

Theorem 2.17 Let (X, 1) and (Y, o) be NTSs such
that X is neutrosophic product related to Y. Then for
NSs A of X and B of Y , we have

(i) NCI (A x B) =NCI (A) x NCI (B) ,

(ii) NInt (A x B) = NInt (A) x Nint (B).

Proof : (i) Since NCI (A x B) < NCI (A) x NCI (B)
(By Theorem 2.14) it is sufficient to show that

NCI (A x B) = NCI (A) x NCI (B). Let A; € Tand
Bjeo.ThenNCI (AxB)=((x,y), nC({A xB})
:CH{A*XB )oAxB, U{AxB;j}: {AxBj}c
AXB>:<(le)1m(C(Ai)XlNUlNXC(Bj)):
CA)xInulyxC(B)2AxB, U(Ax1Iynlyx
Bj):AixIyn1lyxBcAxB)=((xYy),n(C(A)
XlNUlNXC(BJ))C(A,)QAOI’C(BDQB,U(A,
xInN 1y xBj):AicAand Bjc B) =((x,y), min (
N{CA)x1yulyxC(B):CA)A}{C (A)
xIyulyxC(B):C(B)2B}) max (L {Ax1y
ﬁlNXBj:AigA},U{AinNﬁlNXBj:ngB})
y . Since ( (X, y), " { C (A) x Iy U 1y x C (B)) :C (A)
DAL N{CA)xIyulyxC(B):C(B)>B})
2((xy), "{C(A)x1y:C(A)2AL {1y x C(B)
:C(B)=2B})=(kxy), n{C(A):C(A) 2 A} x 1y
Inx N { C(B):C(B)2B})=((xy)NCI (A) x
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In, Inx NCI(B) yand ( (x, y) , W { Ai x Iy N 1y x B;
tAICA, U{AIXInNIyxBj:BicB}) = ((xY),
U{A x Iyt Aic A}, {1y xBj:Bjc B})=((x ),
U{Ai:AigA}XlN,lNXU{Bj:ngB}>:<(X,
y), Nint (A) x 1y, 1y x Nint (B) ), we have NCI (A x
B) o ( (x,y), min ( NCI (A) x 1y, 1y x NCI (B)), max
(NInt (A) x 1y, Iy x NInt (B)) ) = ( (X, y), min ( NCI
(A), NCI (B)), max ( NiInt (A), NInt (B)) ) = NCI (A) x
NCI (B).

(i) follows from (i).

I1l. NEUTROSOPHIC SEMI-OPEN SETS IN
NEUTROSOPHIC TOPOLOGICAL SPACES

In this section, the concepts of the
neutrosophic semi-open set is introduced and also
discussed their characterizations.

Definition 3.1 Let A be NS of a NTS X. Then A'is
said to be neutrosophic semi-open [ written NSO ] set
of X if there exists a neutrosophic open set NO such
that NO < A < NCI (NO).

The following theorem is the
characterization of NSO set in NTS.

Theorem 3.2 A subset A in a NTS X is NSO set if
and only if A < NCI (NInt (A)).

Proof : Sufficiency: Let A < NCI (Nint (A)). Then
for NO = Nint (A), we have NO < A < NCI (NO).
Necessity: Let A be NSO set in X. Then NO c A ¢
NCI (NO) for some neutrosophic open set NO. But
NO < Nint (A) and thus NCI (NO) < NCI (NInt (A)).
Hence A — NCI (NO) < NCI (NiInt (A)).

Theorem 3.3 Let (X, t) be a NTS. Then union of
two NSO sets is a NSO set in the NTS X,

Proof : Let A and B are NSO sets in X. Then A
NCI (NInt (A)) and B < NCI (NInt (B)). Therefore

A U B < NCI (NInt (A)) v NCI (NInt (B)) = NCI
(NInt (A) w Nint (B)) < NCI (NInt (A U B)) [ By
Proposition 1.18 (0) ]. Hence A U B is NSO set in X.

Theorem 3.4 Let (X, 1) be a NTS. If {A}uca is a
collection of NSO sets in a NTS X. Then U,.44, is
NSO set in X.

Proof : For each a.eA, we have a neutrosophic open
set NO, such that NO, < A, < NCI (NO,). Then
UgeaNO, € Ugendy € UgeaNCL(NO,) < NCI
(UgeaNO,). Hence letNO = U ,4NO,, .
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Remark 3.5 The intersection of any two NSO sets
need not be a NSO set in X as shown by the
following example.

Example 3.6 LetX={a,b}and
A=((03,05,04)(0.6,0205))
B=((0.2,06,0.7),(05/03,01))
C=((0.3,0.6,0.4),(0.6,03,01))
D=((0.2,05,0.7),(05,0.2,05) ).

Then 1= { O\, A, B, C, D, 1y } is NTS on X. Now,
we define the two NSO sets as follows:
A;=((0.4,0.6,04),(0.8,0.3,0.4) yand
A;=((1,09,0.2),(0.5,0.7,0) ). Here NInt (A;) =
A, NCI (NInt (A;)) = 1y and Nint (A;) = B,

NCI (NInt (A2)) = 1y. ButA;n A, =((0.4,0.6,0.4),
(0.5,0.3,0.4) ) isnota NSO set in X.

Theorem 3.7 Let A be NSO set in the NTS X and
suppose A < B < NCI (A). Then B is NSO set in X.
Proof : There exists a neutrosophic open set NO
such that NO < A < NCI (NO). Then NO c B. But
NCI (A) = NCI (NO) and thus B < NCI (NO). Hence
NO < B < NCI (NO) and B is NSO set in X.

Theorem 3.8  Every neutrosophic open set in the
NTS X is NSO set in X.

Proof : Let A be neutrosophic open set in NTS X.
Then A = Nint (A). Also NiInt (A) < NCI (NiInt (A)).
This implies that A < NCI (NInt (A)). Hence by
Theorem 3.2, A is NSO set in X.

Remark 3.9 The converse of the above theorem
need not be true as shown by the following example.

Example 3.10 LetX={a,b,c}witht={0\ A,
B, 1y }. Some of the NSO sets are
A=¢((04,05,0.2),(0.3,0.20.1),(0.9,0.6,0.8))
B=¢((0.2,04,05),(0.1,0.1,0.2),(0.6,0.5,0.8))
C=¢((0.5,06,0.1),(0.4,0.3,0.1),(0.9,0.8,0.5))
D=((0.3,0.5,04),(0.1,0.6,0.2),(0.7,0.5,0.8))
E=¢((05,06,0.1),(04,06,0.1),(090.8,05))
F=¢((0.3,05,04),(0.1,03,0.2),(0.7,05,0.8))
G=((04,05,0.2),(0.3,0.6,0.1),(0.9,0.6,0.8))
H=((0.3,0.5,04),(0.1,0.2,0.2),(0.7,05,0.8))
1=((04,05,0.2),(0.3,0.3,0.1),(0.9,0.6,0.8))
J=((0.3,0.5,04),(0.1,0.2,0.2),(0.7,0.5,0.8)).
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Here C, D, E, F, G, H, | and J are NSO sets but are
not neutrosophic open sets.

Proposition 3.11 If X and Y are NTS such that X is
neutrosophic product related to Y. Then the
neutrosophic product A x B of a neutrosophic semi-
open set A of X and a neutrosophic semi-open set B
of Y is a neutrosophic semi-open set of the
neutrosophic product topological space X x Y.

Proof : Let O, < A < NCI (0;) and O, < B < NCI
(O,) where O; and O, are neutrosophic open sets in X
and Y respectively. Then,0; x O, < A x B < NCI
(01) x NCI (0Oy). By Theorem 2.17 (i) , NCI (Oy) x
NCI (O,) = NCI (O; x O,). Therefore O; x O, < A x
B < NCI (O; x Oy). Hence by Theorem 3.1, A x B is
neutrosophic semi-open setin X x Y.

1IV. NEUTROSOPHIC SEMI-CLOSED SETS IN
NEUTROSOPHIC TOPOLOGICAL SPACES

In this section, the neutrosophic semi-closed
set is introduced and studied their properties.

Definition 4.1 Let A be NS of a NTS X. Then A'is
said to be neutrosophic semi-closed [ written NSC ]
set of X if there exists a neutrosophic closed set NC
such that NInt (NC) < A < NC.

Theorem 4.2 A subset A in a NTS X is NCS set if
and only if NInt (NCI (A)) c A.

Proof : Sufficiency: Let NInt (NCI (A)) < A. Then
for NC = NCI (A), we have Nint (NC) < A < NC.
Necessity: Let A be NSC set in X. Then NInt (NC) c
A < NC for some neutrosophic closed set NC. But
NCI (A) = NC and thus Nint (NCI (A)) < Nint (NC)).
Hence NInt (NCI (A)) < NInt (NC) < A.

Proposition 4.3 Let (X, t) be a NTS and A be a
neutrosophic subset of X. Then A is NSC set if and
only if C (A) is NSO set in X.

Proof : Let A be a neutrosophic semi-closed subset
of X. Then by Theorem 4.2 , Nint (NCI (A)) < A.
Taking complement on both sides, C (A) < C (NInt
(NCI (A))) = NCI (C (NCI (A))). By using Proposition
1.17 (b), C (A) < NCI (NInt (C (A))). By Theorem
3.2, C (A) is neutrosophic semi-open. Conversely let
C (A) is neutrosophic semi-open. By Theorem 3.2,
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C (A) < NCI (Nint (C (A))). Taking complement on
both sides, A o C (NCI (NInt (C (A))) = NiInt (C (NInt
(C (A))). By using Proposition 1.17 (b), A = Nint
(NCI (A)). By Theorem 4.2, A is neutrosophic semi-
closed set.

Theorem 4.4 Let (X, t) be a NTS. Then intersection
of two NSC sets is a NSC set in the NTS X.

Proof : Let A and B are NSC sets in X. Then Nint
(NCI (A)) < A and Nint (NCI (B)) < B. Therefore

A N B o Nint (NCI (A)) ~ Nint (NCI (B)) = Nint
(NCI (A) n NCI (B)) = NiInt (NCI (A n B)) [By
Proposition 1.18 (n) ]. Hence A m B is NSC set in X.

Theorem 4.5 Let {A,}.ca be a collection of NSC
setsina NTS X. Then Ngca 4, 1S NSC set in X.

Proof : For each aeA, we have a neutrosophic
closed set NC, such that NInt (NC,) < A, < NC,.
Then NInt (NyeaNC,) < NgeaNInt (NC,) <

NoeaAe S Nger NC,Hence let NC = Nycp NC,,-

Remark 4.6 The union of any two NSC sets need
not be a NSC set in X as shown by the following
example.

Example 4.7 LetX={al}and

A=((1,0507))

B=((0,0.9,02))

C=((1,090.2))

D=((0,0507)).

Then t = { Oy, A, B, C, D, 1y } is NTS on X. Now,
we define the two NSC sets as follows :
A;=((04,05,1))and
A,=((0.2,0,0.8)).HereNCI (A} =((0.7,05,1
) ), NInt (NCI (Ay)) =0y and NCI (Ay) =((0.2,0.1,0
) ) NiInt (NCI (Ay)) =0y . But Ay U A, =( (0.4, 0.5,
0.8) ) is not a NSC set in X.

Theorem 4.8 Let A be NSC set in the NTS X and
suppose Nint (A) = B < A. Then B is NSC set in X.
Proof : There exists a neutrosophic closed set NC
such that NInt (NC) < A < NC. Then B < NC. But
NInt (NC) < Nint (A) and thus NiInt (NC) < B. Hence
NInt (NC) c B < NCand B is NSC set in X.

Theorem 4.9 Every neutrosophic closed set in the
NTS X is NSC set in X.
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Proof : Let A be neutrosophic closed set in NTS X.
Then A = NCI (A). Also Nint ( NCI (A)) = NCI (A).
This implies that NInt (NCI (A)) < A. Hence by
Theorem 4.2, A is NSC set in X.

Remark 4.10 The converse of the above theorem
need not be true as shown by the following example.

Example 411 LetX={a,b,c}witht={0\ A,
B, 1y }and C (1) = { 1, C, D, Oy } where
A=((05,06,0.3)(0.1,0.7,09),(1,06,0.4) )
B=((0,04,0.7),(0.1,06,09),(0.5,05,0.8) )
C=((0.3,04,05),(09,03,0.1),(04,04,1))
D=((0.7,0.6,0),(0.9,0.4,0.1),(0.8,05,0.5) ).
E=((020409)(0,0209)(03,02,1)).
Here the NSC sets are C, D and E.

Also E is NSC set but is not neutrosophic closed set.

Proposition 4.12 If X and Y are neutrosophic
spaces such that X is neutrosophic product related to
Y. Then the neutrosophic product A x B of a
neutrosophic semi-closed set A of X and a
neutrosophic semi-closed set B of Y is a neutrosophic
semi-closed set of the neutrosophic product
topological space X x Y.

Proof : Let Nint (C;) c A< C; and NInt (C,) € B ¢
C, where C; and C, are neutrosophic closed sets in X
and Y respectively. Then Nint (C;) x Nint (C,) < A x
B < C; x C,. By Theorem 2.17 (ii) , NInt (C;) x Nint
(C,) = Nint (C; x Cy,). Therefore Nint (C; x C,) < A x
B < C; x C, Hence by Theorem 4.1, A x B is
neutrosophic semi-closed set in X x Y.

V. NEUTROSOPHIC SEMI-INTERIOR IN
NEUTROSOPHIC TOPOLOGICAL SPACES

In this section, we introduce the
neutrosophic  semi-interior operator and their
properties in neutrosophic topological space.

Definition 5.1 Let (X, t) be a NTS. Then for a
neutrosophic subset A of X, the neutrosophic semi-
interior of A [ NS Int (A) for short ] is the union of all
neutrosophic semi-open sets of X contained in A.
That is, NS Int (A) =u { G : G isa NSO set in X and
GcAl}
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Proposition 5.2 Let (X, t) be a NTS. Then for any
neutrosophic subsets A and B of a NTS X we have

(i) NS Int (A) c A

(if) AisNSO set in X < NS Int (A) = A

(i) NS Int ( NS Int (A)) = NS Int (A)

(iv) If A < B then NS Int (A) < NS Int (B)

Proof : (i) follows from Definition 5.1.

Let A be NSO set in X. Then A < NS Int (A). By
using (i) we get A = NS Int (A). Conversely assume
that A = NS Int (A). By using Definition 5.1, A is NSO
set in X. Thus (ii) is proved.

By using (ii), NS Int (NS Int (A)) = NS Int (A). This
proves (iii).

Since A < B, by using (i), NS Int (A) < A < B. That
is NS Int (A) < B. By (iii), NS Int (NS Int (A)) <

NS Int (B). Thus NS Int (A) < NS Int (B). This proves
(iv).

Theorem 5.3 Let (X, 1) be a NTS. Then for any
neutrosophic subset A and B of a NTS, we have
(i) NS Int (A N B) =NS Int (A) n NS Int (B)
(ii) NS Int (A U B) o NS Int (A) U NS Int (B).
Proof : Since An B c Aand A B < B, by using
Proposition 5.2 (iv), NS Int (A n B) < NS Int (A) and
NS Int (A n B) < NS Int (B). This implies that NS Int
(A n B) < NS Int (A) n NS Int (B) ----- (2). By using
Proposition 5.2 (i), NS Int (A) < A and NS Int (B) <
B. This implies that NS Int (A) n NS Int (B) c A " B.
Now applying Proposition 5.2 (iv), NS Int ((NS Int
(A) m NS Int (B)) = NS Int (A n B). By (1), NS Int
(NS Int (A)) n NS Int (NS Int (B)) < NS Int (A N B).
By Proposition 5.2 (iii), NS Int (A) n NS Int (B) = NS
Int (A N B) ----- (2). From (1) and (2), NS Int (A " B)
= NS Int (A) n NS Int (B). This implies (i).
Since Ac A u Band B c A u B, by using
Proposition 5.2 (iv), NS Int (A) < NS Int (A U B) and
NS Int (B) < NS Int (A w B). This implies that NS Int
(A) U NS Int (B) < NS Int (A U B). Hence (ii).

The following example shows that the
equality need not be hold in Theorem 5.3 (ii).

Example 5.4 Let X={a,b,c}and t={ 0\ A, B,
C, D, 1\ } where
A=¢(0.4,0.7,0.1),(05,0.6,0.2),(0.9,0.7,0.3)),
B=¢((04,06,01),(0.7,0.7,0.2),(0.9,0.5,0.1)),
C=((04,0.7,0.1),(0.7,0.7,0.2),(0.9,0.7,0.1)),
D=¢(0.4,0.6,0.1),(0.5,0.6,0.2),(0.9,0.5,0.3)).
Then (X, ) is a NTS. Consider the NSs are
E=(0706,01)(0.7,06,01), (0.9 05 0))
and F=((0.4,06,0.1),(05,0.7,0.2),(1,0.7,01
)). Then NS Int (E) = D and NS Int (F) = D. This
implies that NS Int (E) U NS Int (F) = D. Now,
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EUF=¢(0706,01),(070701), (1070
)), it follows that NS Int (E U F) = B. Then NS Int
(E UF) & NS Int (E) U NS Int (F).

VI.NEUTROSOPHIC SEMI-CLOSURE IN
NEUTROSOPHIC TOPOLOGICAL SPACES

In this section, we introduce the concept of
neutrosophic semi-closure operators in a NTS.

Definition 6.1 Let (X, t) be a NTS. Then for a
neutrosophic subset A of X, the neutrosophic semi-
closure of A [ NS CI (A) for short ] is the intersection
of all neutrosophic semi-closed sets of X contained in
A. Thatis, NSCI (A) =n { K: KisaNSC setin X
andKo A}

Proposition 6.2 Let (X, 1) be a NTS. Then for any
neutrosophic subsets A of X,

(i) C (NS Int (A)) = NS CI (C (A)),

(if) C (NS CI (A)) = NS Int (C (A)).

Proof : By using Definition 5.1, NS Int (A) =u { G :
Gisa NSO setin X and G ¢ A }. Taking complement
on both sides, C(NSInt (A)) =C(u{G:Gisa
NSOsetinXandGcA}D=n{C((G):C(G)isa
NSC set in X and C (A) < C (G) }. Replacing C (G)
by K, we get C (NS Int (A)) = { K: Kisa NSC set
in X and K o C (A) }. By Definition 6.1, C (NS Int
(A)) = NS CI (C (A)). This proves (i).

By using (i), C (NS Int (C (A))) = NS CI (C (C (A))) =
NS CI (A). Taking complement on both sides, we get
NS Int (C (A)) = C (NS CI (A)). Hence proved (ii).

Proposition 6.3 Let (X, t) be a NTS. Then for any
neutrosophic subsets A and B of a NTS X we have

(i) AcNSCI (A)

(i) AisNSCsetin X < NSCI (A)=A

(iii) NS CI (NS CI (A)) =NS CI (A)

(iv) If A < B then NS CI (A) = NS CI (B)

Proof : (i) follows from Definition 6.1.

Let A be NSC set in X. By using Proposition 4.3,

C (A) is NSO set in X. By Proposition 6.2 (ii),

NS Int (C (A)) =C(A) < C(NSCI(A) =C (A)
NS CI (A) = A. Thus proved (ii).

By using (ii), NS CI (NS CI (A)) = NS CI (A) . This
proves (iii).

Since A ¢ B, C (B) < C (A). By using Proposition 5.2
(iv), NS Int (C (B)) = NS Int (C (A)). Taking
complement on both sides, C (NS Int (C (B))) 2

C (NS Int (C (A))). By Proposition 6.2 (ii), NS ClI (A)
< NS CI (B). This proves (iv).
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Proposition 6.4 Let A be a neutrosophic set in a NTS
X. Then Nint (A) < NS Int (A) c A = NS Cl (A) <
NCI (A).

Proof : It follows from the definitions of
corresponding operators.

Proposition 6.5 Let (X, 1) be a NTS. Then for a

neutrosophic subset A and B of a NTS X, we have

(i) NSCI (AwB)=NS Cl (A) U NS CI (B) and

(if) NS CI (A n B) = NS CI (A) n NS CI (B).

Proof : Since NS CI (A wB)=NSCI (C (C(Auv

B))) , by using Proposition 6.2 (i), NS CI (AU B) =

C (NS Int (C (AU B))) =C (NS Int (C (A) n C (B))).

Again using Proposition 5.3 (i), NS Cl (AU B) =

C (NS Int (C (A)) " NS Int (C (B))) = C (NS Int

(C (A))) U C (NS Int (C (B))). By using Proposition

6.2 (i), NSCI (AuUB)=NSCI(C(C(A)) v NSCI

(C (C (B))) =NS CI (A) U NS CI (B). Thus proved (i).

Since An B c Aand A n B < B, by using

Proposition 6.3 (iv), NS Cl (A n B) < NS CI (A) and

NS ClI (A n B) < NS CI (B). This implies that NS ClI

(A N B) < NS CI (A) n NS CI (B). This proves(ii).
The following example shows that the

equality need not be hold in Proposition 6.5 (ii).

Example 6.6 Let X ={a,b,c}witht={0\ A
B,C,D,1y}and C (1) ={ 1n, E, F, G, H, Oy } where
A={((05,06,01),(0.6,0.7,0.1),(0.9,05,0.2))
B=¢((04,05,02),(08,0.6,0.3),(09,0.7,0.3))
C=¢((0.4,05,0.2),(0.6,0.6,0.3),(0.9,05,0.3))
D=¢((05,06,0.1),(0.8,0.7,0.1),(0.9,0.7,0.2 ))
E=((0.1,0.4,05),(0.1,0.3,0.6),(0.2,0.5,0.9)),
F=((0.2,05,04),(0.3,0.4,0.8),(0.3,0.3,0.9)),
G=¢(0.2,05,04),(0.3,04,0.6),(0.3,05,0.9)),
H=¢(0.1,04,05),(0.1,0.3,0.8),(0.2,0.3,0.9)).
Then (X, ) is a NTS. Consider the NSs are
1=¢0.1,0205)(0203,07)(03,03,1))
and J =¢(0.2,04,08),(0.1,0.2,0.8), (0.2, 0.5,
0.9)). Then NS CI (I) = G and NS CI (J) = G.

This implies that NS CI (1) n NS CI (J) = G. Now,
InJ=¢0.1,0208),(0.10208)(0.203,1
)), it follows that NS CI (I nJ) =H. Then NS CI (1)
NSCI(J) €NSCI (1 nJ).

Theorem 6.7 If A and B are NSs of NTSs X and Y
respectively, then

(i) NSCI(A) x NSCI (B) o> NS CI (A xB),

(if) NS Int (A) x NS Int (B) = NS Int (A x B) .

Proof : (i) Since A < NS CI (A) and B < NS CI (B),
hence A x B < NS CI (A) x NS CI (B). This implies
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that NS CI (A x B) = NS CI (NS CI (A) x NS CI (B))
and From Proposition 4.12, NS Cl (A x B)

NS CI (A) x NS CI (B).

(i) follows from (i) and the fact that NS Int (C (A)) =
C (NS CI (A)).

Lemma 6.8 For NSs Ai’s and Bj’s of NTSs X and Y

respectively, we have

(I) m{Ai,Bj}:min(mAi,mBj);
u{Ai,Bj}:max(uAi,qu).

(i) n{A, In}=(nA)x1y;
U{Ai,lN}:(UAi)XlN.

(iii) n{InxBj}=1yx (M By);
U{lNXBj}:lNX(UBj).

Proof : Obvious.

Theorem 6.9 Let (X, 1) and (Y, o) be NTSs such
that X is neutrosophic product related to Y. Then for
NSs A of X and B of Y, we have

(i) NSCI (A xB)=NSCI (A) x NS Cl (B),

(if) NS Int (A x B) = NS Int (A) x NS Int (B).

Proof : (i) Since NS Cl (A xB) = NS CI (A) x NS CI
(B) ( By Theorem 6.7 (i) ) it is sufficient to show that
NS Cl (A xB) 2 NS CIl (A) x NSCI (B). Let Ajet
and Bje o. ThenNSCI (AxB)=((x,y), nC ({A
xB}):C{AxB})2AxB U{AXB}:{A
xBi}cAxB)=((x,y),n(C (A) x Iy U 1y x
C@B):CA)x1yulyxC(B)2AxB,uU (A x
INmInxBy) tAixInn Iy xBjc AxB ) =((xY),
ﬁ(C(A|)><1NU1N><C(BJ))C(A|)QA0rC(BJ)
OB, U(AixIlynlyxBj):AicAandB;cB) =
(% y), min (" {C(A)xIyulyxC(B):C(A)2
AYLn{CA)xIyulyxC@B):C(B)=2B}
max (U{AxIynlyxBj:AicA} u{Ax]ly
N1y xBj:Bjc B})). Since ( (x,y), n{C (A) x 1y
UlyxC@B):CA)2A} n{CA)xIyulyx
C(B):C(B)2B})2((xy), n{CA)x1y:
C(A)2AL N {1yxC(B):C(B)2B})=((xy),
N{CA):CA)2A}x1y,Inxn{C(B):C (B
2B} )={((X,¥),NSCI (A) x 1y, 1y x NS CI (B) ) and
((X,y),U{Aix1Nﬂ1NxBjZAigA,U{AiX1N
NIyxBj:BicB})c((xy), v{Aix1y:Aic A},
U{lnxBj:BjcB}) =((x V), W {AtAic A} x 1y
A x U {Bj:BicB})=((X,y), NSInt(A)x1y,
1y x NS Int (B) ) , we have NS CI (A x B) o ( (X, Y),
min (NS CI (A) x 1y, 1y x NS CI (B)), max ( NS Int
(A) x 1y, Iy x NS Int (B)) ) = ( (X, y), min ( NS CI
(A), NS CI (B)), max ( NS Int (A), NS Int (B)) ) =

NS CI (A) x NS CI (B).

(ii) follows from (i).

Theorem 6.10 Let (X, t) be a NTS. Then for a
neutrosophic subset A and B of X we have,
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(i) NS CI (A) o A U NS CI (NS Int (A)),

(i) NS Int (A) = A A NS Int (NS CI (A)),

(iiii) NInt (NS CI (A)) < NInt (NCI (A)),

(iv) NInt (NS CI (A)) = Nint (NS CI (NS Int (A))).

Proof : By Proposition 6.3 (i), A < NS CI (A) -----
(1). Again using Proposition 5.2 (i), NS Int (A) < A.
Then NS CI (NS Int (A)) = NS CI (A) ----- (2). By (1)
& (2) we have, A U NS CI (NS Int (A)) = NS CI (A).
This proves (i).

By Proposition 5.2 (i), NS Int (A) € A ----- (1). Again
using proposition 6.3 (i), A< NS CI (A). Then

NS Int (A) < NS Int (NS CI (A)) ----- (2). From (1) &
(2), we have NS Int (A) < A n NS Int (NS CI (A)).
This proves(ii).

By Proposition 6.4, NS CI (A) < NCI (A). We get
NInt (NS CI (A)) < NInt (NCI (A)). Hence (iii).

By (i), NS CI (A) o AU NS CI (NS Int (A)). We have
Nint (NS CI (A) = Nint (A U NS CI (NS Int (A)) ).
Since Nint (A U B) o Nint (A) w Nint (B), NiInt (NS
ClI (A) = Nint (A) U NInt (NS CI (NS Int (A))) =

Nint (NS CI (NS Int (A))). Hence (iv).
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