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Abstract In this study, using the neutrosophic soft definitions, we define some new concept
such as the neutrosophic soft lattice, neutrosophic soft sublattice, complete neutrosophic soft
lattice, modular neutrosophic soft lattice, distributive neutrosophic soft lattice, neutrosophic
soft chain then we study the relationship and observe some common properties.
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1 Introduction

Most of the problems in engineering, medical science, economics and social science etc. have
vagueness and various uncertainties. To overcome these uncertainties, some kinds of theories
were given which we can use as mathematical tools for dealing with uncertainties. However,
these theories have their own difficulties. In 1999, Molodtsov [1] initiated a novel concept of
soft set theory, which is a completely new approach for modeling vagueness and uncertainty.
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From then on, works on the soft set theory are progressing rapidly. After Molodtsov’s work,
same different applications of soft sets were studied in [2,3]. Furthermore Maji, Biswas
and Roy worked on soft set theory in [4,5]. Roy et al. presented some applications of this
notion to decision making problems in [6]. The algebraic structures of soft sets have been
studied by some authors [7—14]. Birkhoff’s work in 1930 started the general development
of lattice theory [15]. The lattice theory has been applied to many kinds of fields. Recently,
the work introducing the soft set theory to the lattice theory and the fuzzy set theory have
been initiated. Fu [16] and Cagman et al. [17] presented the nation of the soft lattice and
derived the properties of the soft lattice and discussed the relationship between the soft
lattices. Karaaslan et al. [18] introduced the fuzzy soft lattice theory, some related properties
on it. Florentine Smarandache for the first time introduced the concept of neutrosophy in
1995 [19,20]. Maji [21] had combined the neutrosophic set with soft sets and introduced
a new mathematical model neutrosophic soft set. Later Broumi and Smarandache defined
the concepts interval-valued neutrosophic soft sets and intuitionistic neutrosophic soft sets in
[22,23]. Different algebraic structures and their applications were studied in the neutrosophic
soft set context [24-31].

In this paper, we apply the notion of neutrosophic soft sets introduced by [21] to the lattice
theory and present the notion of neutrosophic soft lattice, which is different from the one
presented by [16—18]. The organization of this paper is as follows: in Sect. 2, some basic
concepts and some related properties are introduced. In Sect. 3, the notion of neutrosophic
soft lattice is presented and some related properties are defined, then the neutrosophic soft
sublattice, complete neutrosophic soft lattice, distributive neutrosophic soft lattice, modular
neutrosophic soft lattice, neutrosophic soft chain are presented and their related properties
are studied. Section 4 concludes the paper.

2 Preliminaries

Definition 2.1 [19] Let U be a space of points (objects), with a generic element in U denoted
by u. A neutrosophic set (N-set) Ain U is characterized by a truth-membership function Ty,
an indeterminacy-membership function /4and a falsity-membership function Fa. T4 (u);
14(u) and F4(u) are real standard or nonstandard subsets of [0, 1]. It can be written as

A={<u, (Ta@), Ia(u), FAW)) >:u € U, Ta(u), Ia(w), Fa(u) € [0, 1]}.
There is no restriction on the sum of T4 (u); I4(u) and F4(u), so

0 <sup Ta(u) +sup I4(u) +sup Fa(u) <3.

Definition 2.2 [21] Let U be an initial universe set and E be a set of parameters. Consider
E.Let P(U) denote the set of all neutrosophic sets of U. The collection (F, A) is termed to
be the soft neutrosophic set over U, where F is a mapping givenby F : A — P(U).

Definition 2.3 [32] Let P be a non-empty ordered set.

(i) If x v yand x A y exist for all x, y € P, then P is called a lattice,
(ii) If v§ and AS exist for all S C P, then P is called a complete lattice.

Definition 2.4 [15] An algebra (L, A, V)is called a lattice if L is a nonempty set, A and Vv
are binary operations on L, both A and V are idempotent, commutative and associative, and
they satisfy the two absorption identities. That is, for all a, b, c € L

l.ana=a;aVa=a,
2.anb=bAra;avb=bVa,
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3. @anbyrc=anbAc);(avb)vc=aV (bVc),
4. an(avb)=a;aV (anb)=a.

Definition 2.5 [21] Let (F, A) and (G, B) be two neutrosophic soft sets over the common
universe U.(F, A) is said to be a neutrosophic soft subset of (G, B) if A C B, andTr(e)(x)
< Tc(e)(x), IF(e)(x) < Ig(e)(x), Fr(e)(x) > Fg(e)(x),Ve € A, x € U.We denote it by
(F,A) € (G, B).

Definition 2.6 [21] The complement of a neutrosophic soft set (F, A) denoted by (F, A)¢ =
(F¢,—A) where F¢ : =A — P (U) is a mapping given by F¢ (o) =neutrosophic soft
complement with Tre (x) = Fr (x), Ife (x) = I (x) andFFre (x) = TF (x).

Definition 2.7 [21] Let (H, A) and (G, B) be two NSSs over the common universe U.
Then the union of (H, A) and (G, B) is denoted by “(H, A)U (G, B)” and is defined
by(H, A)U (G, B) = (K, C), where C = AU B and the truth-membership, indeterminacy-
membership and falsity-membership of (K, C) are as follows:

TH(e)(m), if ee€ A— B,
Tx@ey(m) =1 Tge (m), if eeB—A,
max (Tr ) (m), T (m)), if e€ ANB.

Ine (m), if e€ A—B,
Ik () (m) = { LGy (m), if e€B—A,
Inwmlowm e, ¢ a g,

F[-](e)(m), if EEA—B,
Fgey(m) =1 FGe)(m), if e€ B—A,
min (Fge) (m), Fge) (m)), if e€ANB.

Definition 2.8 [21] Let (H, A) and (G, B) be two NSSs over the common universe U.
Then the intersection of (H, A) and (G, B) is denoted by “(H, A) N (G, B)” and is defined
by(H, A) a (G, B) = (K, C), where C = AN B and the truth-membership, indeterminacy-
membership and falsity-membership of (K, C) are as follows:

Tk (¢) (m) = min (T () (M), Tge) (M)
THey (m) + IG () (m)
2
Fi () (m) = max (Fr ) (m), Fge) (m)), if e€ ANB.

Ik (e) (m) =

3 Lattice structures of neutrosophic soft sets

In this section, the notion of neutrosophic soft lattice is defined and several related properties
are investigated.

Definition 3.1 Let N be a neutrosophic soft set over U, ¥ and A be two binary operation on
NE . If elements of N are equipped with two commutative and associative binary operations
¥ and A which are connected by the absorption law, then algebraic structure (N, ¥, A) is
called a neutrosophic soft lattice.
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Fig. 1 A neutrosophic soft
lattice structure

Fy

Fp

Example 3.2 Let U = {uy, u», u3, us} be a universe set and N = {Fy4, Fp, Fc, Fp} C
NSU).
Suppose that

uj us us Uq
Fy = €l, , { €2, s \e3 ~— 5 5
( 0.5,0.2, 0.7) ( 0.6,0.3,04 04,0.1, 0.7) ( 0.6,0.3, 0.8)]

uj u us
Fp = 1i\{e1, ) e 7> s
( 0.4,0.1,0.5 0.8,0.2,0.6) ( 0.5,0.2,0.3)]

ui 175 us us3
FC = ey, 5 » | €2, )
( 0.4,0.2,0.5 0.5,0.4,0.6) ( 0.5,04,0.6 0.4,0.1,0.7)’

uy uy
Fp = er, )
( 0.5,0.1,0.4 0.6,0.3, 0.2)]

Then,(N L0, ﬁ)is a neutrosophicsoft lattice. Here binary operations are neutrosophic
union and neutrosophic intersection. Hasse diagram of Nis shown in Fig. 1.

Theorem 3.3 (NL, ¥, A) be a neutrosophic soft lattice and Fa, Fg € NS(U). Then
FAAFp = Fq & FsVFp = Fp.
Proof
FAAFg = FoA (FaVFp)
= (FAAFa) A (FAAFg)
= FaVF,

Fa
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Conversely,
FuVFp = (FAAFp) VFp
= (FaVFg) A (FgVFg)
= FpAFp
= FB
m}

Theorem 3.4 (NL, ¥/, A) be a neutrosophic soft lattice and Fy, Fg € NS(U). Then the
relation < which is defined by

FAéFB = FA/~\FB = FA()VFA\?FB = Fp
is an ordering relation on NS(U).

Proof (1) YF4 € NI, Zisreflexive, FA<F4 < FaAF4 = Fa
(i) YF4, Fg € NL, < is antisymmetric. Let F4 <Fp and Fg<F4. Then

Fo = FAAFp
= FpAF,
= Fp.
(i) YFa, FgandFc € N¥, < is transitive. If Fy<Fp and Fg<Fc = Fo<Fc. Indeed
FyAFc = (FANFp) AFc
= (Fa) A (FBAFC)
= FAAFp
= Fy.

[m}

Theorem 3.5 (N, ¥, A) be aneutrosophic soft lattice and F 5, Fg € NS(U). Then Fo¥ Fg
and FaAFgare the least upper and the greatest lower bound of FaandFg, respectively.

Proof Suppose that Fq A Fp is not the greatest lower bound of Faand Fp. Then there exists
FC € NS(U) such that FAf\FgéFcéFAand FA/KFgéFcéFB. Hence FC;\FcéFARFB.
Thus Fc<FsAFp. Therefore Fc = F4AFp.But this is a contradiction. F4V Fp being the
least upper bound of F4andFp can be shown similarly. O

Lemma 3.6 Let NY € NS(U). Then neutrosophic soft lattice inclusion relation C that is
defined by

FoCFp & FAUFp = FgorFaNFg = Fy
is an ordering relation on N*.

Proof Forall Fu, FpandF¢ € NE,

(i) Fq € NE, Cisreflexive, FACF4 < FANF4 = Fy4
(ii) Fa, Fg € N&, C is antisymmetric. Let F4CFp and FpCFy < Fy = Fp.
(ili) Fa, FpandFc € N, C is transitive. If FAC Fp and FRCFe = FACFe.

[}
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Corollary 3.7 (N LO,nN Oisa neutrosophic soft lattice.

Definition 3.8 Let (N, ¥, A, <) be a neutrosophic soft lattice and let F4 € NL.If Fy<Fp
forall Fg € NL, then Fy is called the minimum element of NL. If Fg<F, forall Fz € NL,
then F4 is called the maximum element of NZ.

Definition 3.9 Let (N, ¥, A, <) be a neutrosophic soft lattice and let F4 € NL.If
Fp<FporFs<Fpgforall Fy, Fg € N, then N’ is called a neutrosophic soft chain.

Example 3.10 Consider the neutrosophic soft lattice in Example 3.2. A neutrosophic soft
subset NS = {F4, Fg, Fp)CNS(U) of NLisa neutrosophic soft chain. But (NL, O, N, é)
is not a neutrosophic soft chain since Fp and Fccan not be comparable.

Definition 3.11 Let (NL, ¥, A, <) be a neutrosophic soft lattice. If every subset of N L
have both a greatest lowers bound and a least upper bound, then N’ is called a complete
neutrosophic soft lattice.

Example 3.12 LetU = {u1, us, u3s, ug, us} be auniverse set and NL = {Fy, Fg, Fc, Fp}<
NSU).

u us
Fa = er, ,
( 0.5,0.2,0.7 0.8,0.3, 0.4) ]

uj U4 Us us3 U4
Fp =i|el, , , N ez, ,
0.4,0.1,0.5 0.8,0.2,0.6 0.5,0.2,0.3 0.5,0.2,0.7 0.8,0.3,04
uj o Ug us
Fc = 1\el, ) , , ,
0.4,0.2,0.5 0.5,04,0.6 0.7,0.2,0.3 0.6,0.1,0.4

ui uz uq
2 0.4,0.2,0.570.5,0.4,0.6" 0.7,0.2,0.3
Fp = Fy.
Then (NE, U, A, €) is a complete neutrosophic soft lattice

Definition 3.13 Let (N, ¥, A, <) be a neutrosophic soft lattice and NYCNL If N¥ is a

neutrosophic soft lattice with the operations of N, then NV is called a neutrosophic sublattice
L

of N*™.

Theorem 3.14 Let (NL, ¥, R, £) be a neutrosophic soft lattice and NMCNL. IfFAV Fp €
NM and FAAFg € NM forall Fy, Fp € NM then NM isa neutrosophic soft lattice.

Proof 1t is obvious from Definition 3.13. O

Example 3.15 Let U = {u1, ua, us, u4, us} be a universe set and NL = {F,, Fg, Fc, Fp}
CNS®).

uj us

Fp = ey, s
0.5,0.2,0.7 0.8,0.3,0.4

F ui ug us us3 Ug
= e
B 0.4,0.1,0.5° 0.8,0.2,0.6° 0.5,0.2,0.3)° 2 0.5,0.2,0.7° 0.8,0.3,0.4
Ui U Ug us
Fc=1|en , , ; ,
( 0.4,0.2,0.5 0.5,0.4,0.6 0.7,0.2,0.3 0.6,0.1, 0.4)

uj U Ug
e 9 9 b
2 0.4,0.2,0.5 0.5,04,0.6 0.7,0.2,0.3
Fp =Fy
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Then, if NM = {F4, Fg, Fp})CNS(U), then NMis a neutrosophic soft sublattice.

Definition 3.16 Let (N, ¥, A, <) be a neutrosophic soft lattice and Fy, FgandFc € NL.
If

(FAAFR) Y (FAAFc) SFaAR (FpVFc)
or

FuA (FBVFc) < (FAAFB) Vv (FAAFC)
then N is called a one-sided distributive neutrosophic soft lattice.

Theorem 3.17 Every neutrosophic soft lattice is a one-sided distributive neutrosophic soft
lattice.

Proof Let Fy, FpandFc € N-. o

Since FAAFg<F4 and FAAFp<Fp<FpVFc,
FA;‘\FBEFA and FA;\FBEFB/KFc.
Therefore,

FAAFp = (FAAFB) A (FAAFB) SFaA (FgVFc) (a)

And also we have FAAFc<F4 and FAAFc<Fc<FpVFc . Since FAAFc<F, and
FAf\FcéFBQFc,then

FANFc = (FAAFC) A (FARFC) SFAR (FgVFe) (D)
from (a)and(b), we get the desired result,
(FAAFB) Y (FAAFc) SFaA (FpVUFc) .

Definition 3.18 (N L7, A, <) be a neutrosophic soft lattice. If N L gatisfies the following
axioms, it is called a distributive neutrosophic soft lattice;

(i) FaVv (FB/:\FC) = (FA\:/FB) A (FA\:/FC)
(i) FaA (FpVFc) = (FaAFg) Y (FANFC)

forall Fs, FgandFc € NL.
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Fig. 2 A distributive
neutrosophic soft lattice E

Example 3.19 Let U = {u1, us, us, us, us} be a universe set and NL = {Fy, Fa, Fp, Fc,
Fp, FE}CNS(U). Then NEENS(U) is a neutrosophic soft lattice with the operations
UandN. Suppose that

Fo— us ui us
A7\ 05.02.07)°\?> 06,0207 05,0.1.06

us

e e 42 44
1 0.4,0‘1,0.5 03, 0} 556 950203 ) (€20 030503 050503 ) -

Fp =
€, 070403 0501 04)

el e uj u uy
0.4,0‘2,0.5 0.7, 0 2 0.3 0<6,0.l,0.4 2, 04,02,05° 0.5,04,06° 0.7,02,03 ) *

€3 0.7,0.4.0.3 05, 03 Toa

Fp =

(

(e

FCz g
up us u3

( 060104) ( 70.4,0.2,0.5°0.5,0.4,0.6° 0.7, 0203)

u3 ug
es, s
>0.7,0.4,0305,0.1,0.4

Fp = | |V 040205 050406° 070203 060.004 ) \"2 040205 050406° 07020
€3, 0.7.04‘4,0.3’ 0.5,0.1.044f 0.5,0.‘2,0.3

Fp=0

(NL,0,N, €) is a distributive neutrosophic soft lattice. The Hasse diagram of it is shown in
Fig. 2.

Definition 3.20 (N L3 A, <) be a neutrosophic soft lattice. Then N Lis called a neutro-
sophic soft modular lattice, if it is satisfies the following property:

Fc<Fj = FaA (FgVFc) = (FAAFp) VFc
forall Fy, FgandF¢ € NL.

Example 3.21 LetU = {u1, ua, us, ug, us, ug) beauniversesetand Nt = {Fy, Fu, Fg, Fc,
Fp} € NS(U).Then Nt € NS(U) is a neutrosophic soft lattice with the operations U and N.
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Fig. 3 A neutrosophic soft
modular lattice

Suppose that

Fa=1(es.
A 65050207)]

un Uq
Fp = er, [ e ——
( 040105 0.8,0.2, 06) ( 0.8,0.3,0.4)}

Fe = (es,
¢ 63070403)’

e uy u u3 e up Uy
1, 04,0.1,05° 0.8,02,0.6° 0.6,0.1,04 ) > \ 2> 05,04,06° 0.7,02,03 ) *

Fp =

u us uj us
€3> 07,0403 0.5,0.1,0.4) ; (65» 07,0403 0‘5,0.1,0.4)
Fy=10

(N L 0,n, g)is a neutrosophic soft modular lattice. The Hasse diagram of it is shown in
Fig. 3

4 Conclusion

In this paper, we defined the concept of neutrosophic soft lattice as an algebraic structure and
showed that these definitions are equivalent. We then investigated some related properties
and some characterization theorems. To extend this work one can study the properties of
neutrosophic soft set in other algebraic structures and fields. In addition, based on these
results, we can further probe the applications of neutrosophic soft lattice.
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the work.
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