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Lesson 9: Navier-Stokes Equations Solved Simply

"5% of the people think; 10% of the people think that they think; and the other 85% would rather die than think."----Thomas Edison

"The simplest solution is usually the best solution"---Albert Einstein

Abstract

Coincidences. The US Supreme Court consists of nine members, one of whom is the Chief Justice of
the Court. So also, a one-direction Navier-Stokes equation consists of nine members, one of which is
the indispensable gravity term, without which there would be no incompressible fluid flow as shown
by the solutions of the N-S equations (viXra:1512.0334). Another coincidence is that
numerologically, the number, 9, is equivalent to the 1800's (1 + 8 + 0 + 0 = 9) time period during
which the number of the members of the Supreme Court became fixed at 9, while the formulation of
the nine-term N-S equations was completed. Also, another coincidence is that the solutions of the
N-S equations were completed (viXra:1512.0334) by the author in the year, 2016 (2 + 0 +1+ 6 =9).
Using a new introductory approach, this paper covers the author's previous solutions of the N-S
equations (viXra:1512.0334). In particular, the N-S solutions have been compared to the equations
of motion and liquid pressure of elementary physics. The N-S solutions are (except for the constants
involved) very similar or identical to the equations of motion and liquid pressure of elementary
physics. The results of the comparative analysis show that the N--S equations have been properly
solved. It could be stated that the solutions of the N-S equations have existed since the time the
equations of motion and liquid pressure of elementary physics were derived. A one-direction Navier-
Stokes equation has also been derived from the equations of motion and liquid pressure of
elementary physics. Insights into the solutions include how the polynomial parabolas, the radical
parabolas, and the hyperbolas interact to produce turbulent flow. It is argued that the solutions and
methods of solving the N-S equations are unique, and that only the approach by the author will ever
produce solutions to the N-S equations. By a solution, the equation must be properly integrated and
the integration results must be tested in the original equation for identity before the integration
results are claimed as solutions.
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Introduction

The following examples are to convince the reader that the approach used in splitting the N-S
equation and pairing the terms is valid. This approach works for partial differential equations if the
single term on the right side of the equation is a constant. One can view this splitting and paring as
dividing the constant term on the right side of the equation (using ratios) by the terms on the left side
of the equation. It is to be understood that, to claim a solution to a partial differential equation, the
integration results must be checked for identity in the original partial differential equation.

As suggested by Albert Einstein, one will think like a child at the beginning of the solution of the
N-S equation. Actually, one will think like a ninth grader.

Suppose one performs the following operation:

Example 1: Addition of only two numbers

20 +25=45 (1)
20=45x22=45x3 (2

25=45x2=45x3 (3)
Equations (2), and (3), can be written as follows:
20 = 45a 4)
25 =45b (5)
Above, a and b are called ratio terms
a=%,b=3 (a+b=1,4+3=5=1)
Adding equations (4) and (5),
20 +25=45(a +b)

One can conclude that the sum of the ratio terms is always 1.
The next example is a preparation towards the "main dish".

Example 2: There is only a single Navier-Stokes term on the left side of the equation.

dp
find P(x)

Solution

d d Extra 2

P _ ps, (1) Extra1: d—’y’ = pg, D | ap

dp = pg.dx ap=re

p = pgx dp = pgydy dp = pgdh
P(x) = [ pg,dx _ P(y) = [ pg,dy P(h)=pgh+C (2)
P(x)=pg,x+C (2)  (Integrating) P(y) = pg.y+C (2) | Note::
y

Check solution for identity in (A), In elementary physics,

From (2) dp Checking: the liquid pressure at
s Ix = P8« ap _ Substitutin the bottom of a liquid of
o . P8y g
Substituting for the left side of (A), dy _ depth £ units is given
9 for the left side of (1) by P = ook
P8, =pg,  Yes ? yreps
pgy = pgy Yes
Example 2 and its results hint at how to solve the Navier-Stokes equations.

d . -
What was done for the d_ll; term to produce a correct equation for the liquid pressure must be

repeated for each of the terms on the left side of the N-S equation, with the gravity term as the
subject of the equation.
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Example 3: There are two Navier-Stokes terms on the left side of the equation.

it Prpiope.  (A)

find P(x) and V, ()
Solution
Step 1: Assume that the terms on the left side of the equation are dividing the term on the

right side of the equation in the ratio d : f .That is, the ratio terms for P and p=—= an are d and f

ox
respectively.
Step 2: For % Step 3: For P ‘Wx
V. .
_p =dpg, (disaratio term) P (%x Jpgx (f is a ratio term)
d - dpg OWX = fg, (Dividing out the p)
dx X
(One drops the partials symbol, since a de = fa,
single independent variable is involved) . .
dp = doe dx (Qne drops the partials symbol, since a
P = ap8x single independent variable is involved)
P(x) =fdpgxdx dVx = fg dt
P(x)=dpg.x+ C (integratin
Vi(t) = fg,t + C (integrating)

Therefore, P(x) =dpg,x+C  (B); and Vx(r)= fg,t+C (D)

To check for identity:
From (B), @ = dpgx and from (D), dc};" = fg,
Substituting for I P and ‘Wx from (B) and (D) respectively on the left side of (A), above.
?
dpg, + JP8x = P8x
?
pPg.(d + f)=pg,
?

pgx(1)=pgx Yes (d + f = 1)
Since an identity is obtained , P(x) = dpg,x + C, Vx(t) = fg,t + C
Again, the results are similar to the equations of motion and liquid pressure of elementary physics.



Example 4: There are now three Navier-Stokes terms on the left side of the equation.

92v. a Vx _
F-uZ i+ Lapoope, A
find V»x and P(x).
2
Solution: Let the ratio terms for — 07 ‘;x ,31; .0 0’2? be a, d and frespectively.

(That is, the terms on the left side of the equation divide the term on the right in the ratio a:d: f)

2
Step 1: For —u i?xvzx Step 2: For % Step 3: For p 2 Wx
92V, _ . From Step 2 of Example 3 , | From Step 3 Of Example 3
~H7ge2 = apsy (a s aratio term) For g_p P ng fog, (fis aratio term)
d?V, X
M2 =P8y P _ dpg. (d is a ratio term) 070‘7;" = g, (Dividing out the p)
(One drops the partials symbol) ox * de
d2V: _ _ apg; P _ 4 = J&x
= — dx gx .
dx?2 u ) (One drops the partials symbol
qV apg x (One drops the partials symbol) | since a single independent variable
; X _ _ *" 4+ C (integrating) dp = dpg,.dx is involved)
X u P(x) = [dpg.d dVx = fg dt
apg x2 (x) P8 ax
Vo=t 4 Cx+ G P(x) = dpg,x + C Vi=[f,dt
(integrating again) (integrating.) Vi = fg.t+C (integrating)

Since there are two Vi's, one adds the results from Step 1, and Step 3.

apg x>
V. =- 2; +Cix+ fg,t+C; (B);and P(x)=dpg.x+C (D)
To check for identity:
From (B) an (D) respectively, one obtains the following:
vV, _apg,x
o U 07Vx dp
azvx . apgx ’ fgx b dx dpgx
2 U
o A2V, avi dp : :
Substituting for 2 o and I from (B) and (D) respectively on the left side of (A) above,
(7
a .
—u(—%) +dpgy + Pf8 = P8
?
apg, +dpg, + I8 =P8y
?
pgx(a +d+ f)=pgx
?
pg,(D=pg,  Yes (a+d+f=1)
apg x?
Since an identity is obtained,,V, = - 2;; +Cx+ fg t+Cy; P(x)=dpg.x+C

Again, the results are similar to the equations of motion and liquid pressure of elementary physics.



Example 5: There are now five Navier-Stokes terms, including two non-linear terms on the left
side of the equation.

av V. 3, ap Ve
&y Au 0x2 p ot _pgx (A)

find Vi and P(x).
Solution

. A v, g dp :
Let the ratio terms for Vy y -u I 2 , P I , and o be h, n, a, fand d respectively.

(That is, the terms on the left side of the equation divide the term on the right in the ratio
h:n:a:d:f)

av. v, a%v.
; Step 2: For pV, vy Step 3: For —u axZX
av, J2V, . :
dv, PV, " “H— 5 = apgy (a 1s aratio term)
p =
* dx dv a2V,
dvx LR L= _Au“ = apg
e = hg, (divide out p) Y dy dx? T
B VdV. =ne.d (One drops the partials symbol,
VidV, = hg,dx y@ Ve = N8EY since a single independent variable
V2 ViVe=ng,y +y,(V)) is involved)
2 ng,y ¥yl | _d*V, _ apg,
V. ==+.2hg x +C, Vi = v, + |4 (integrate) | ~ jy2 u
: dv, apg x : .
(integrating) where Y y‘(/‘/y) s an o= Mx +C (integrating)
y 2
arbitrary function __aps X
Note that this is an Vi=- 2u_ *t Gix+ G
implicit solution, (integrating again)
since the solution
contains V),
Step 4: For p= = c?Vx Step 5: For Z_i
From Step 3 of Example 3 From Step 2 of Example 3,
Py =P8, (fisaratio term) % =dpg, (dis aratio term)
IV -
é,tx =g, (Dividing out the p) % = dpg, (One drops the partials symbol)
de fgx dp = dpgxdx
((One drops the partials symbol P(x) = [dpg .dx
since a single independent variable = ) )
is involved) [P(x) = dpg,x +C| (integrating)
dVx = fg dt
Vx(l) =ffgxdt
Vi(t) = fg,t + C| (integrating)

Since there are four Vy's, one adds the results from Steps 1,2, 3 and 4.



Ybo + apng2 ngyy I.Uy(vy) .
Vi =%.2hg.x - X +Cix+ fg t+ v, + v, +C5; B)
and P(x) =dpg,x +C (D)
To check for identity
From (B) an (D) respectively,

2
apg x \%
v, -2 fy +Cx+ fo 4=\ 2hg x + 2T 4 wy‘(, 2N C,.,P(x) = dpg,x + C , one obtains the
y y

following derivatives. However, one takes the derivative for the linear terms separately and for the
non-linear terms separately.

Test derivatives for the linear part (From Example 4)) | Test derivatives for the non-linear part

2
P2V, a v, g V. =2hgx = 8y
2x - — pgx X _ fgx _p = dpgx Vx V
T ox & V., _ngx
We P8 yowo) BV
X x &Vx _ ng,
a»y W

o 2V, gV p V. IV, . : :
Substituting for 53 o ar o Wfrom above table, respectively in the left side of (A),

av. v, v, dp IV

Vit vV gy M Tax TP TP
h n a i
PV, S+ pV, T — (= P85y + dpg. + pfe. = ps.
x y
()

phg, + png, +apg, +dpg, + pfg. = P8y
9

pg (h+n+a+d+f)=pg,

?
pg, (=pg, Yes (h+n+a+d+f=1)
2
apg x e V
Since an identity is obtained, V, = - pég; +C\x + fg t +2hg x + n(%r/xy + Wy‘(/ 2 +C;y;
y y

P(x)=dpg.x+C
Again,, except for the fifth term, the results are similar to the equations of motion and liquid
pressure of elementary physics.. Note that after solving the N-S equations for the y and z-directions,

the system of equations will be solved to express (ng,y/V,)in terms of motion equations of

elementary physics .

From above, if there were 100 terms on the left side of the equation, one could repeat the above
procedure for each term. Therefore, using the ratio method, the N-S equations can be solved in any
number of dimensions.

After having solved for a viscosity term, two convective acceleration terms, a variable acceleration
term, and the pressure gradient term, one is ready to solve a complete Navier-Stokes equation.

In fact , one is ready to solve a 100-term Navier-Stokes equation.

If the reader likes the approach used so far, see epsilon-delta proofs in Calculus 1 & 2 by A. A.
Frempong, published by Yellowtextbooks.com

Back to Options
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Solutions of 3-D Navier-Stokes Equations
By imitating the previous examples, one will now solve the x—direction Navier-Stokes equation.
_ 9%V, (92V _ 92V, o'?p N &V HV AV, Vv,
Moo M2 T2 T TPy vy TPVTg T
The subject of the above equation is the gravity term, because when each term of the linearized N-S

equation was used as the subject of the equation, only the equation with the gravity term as the
subject produced a solution (see viXra:1512.0334).

(A)

Step 1: The first step here, is to split-up the equation into eight sub-equations using the ratio
method. The ratio terms for the terms on the left side of the equation are

a,b,c,d, f,h,n, q,respectively. (a+b+c+d+f+h+ n+qg=1)

92V, 92V, 32V, g
L-u—st=apgi| |2.-u 57 =bpgi| [3.--u— 5 =cpg 4.(9—1;=dpgx;
av v, aV
=8, =hg| 7.V, gy - 8 =q8x

Step 2: Solve the differential equations in Step 1.
Note that after splitting the equations, the equations can be solved using techniques of ordinary
differential equations, since there would be a single independent variable in each equation. One

can also view each of the ratio terms a, b, c, d, f, h, n, g as a fraction (areal number) of
contributed by each expression on the left-hand side of equation (A) above.

Solutions of the eight sub-equations

J2V, 92V, J2V,
L —u—5-=apg; 2. —u—5=bps; 3.-u &2" =cpg; 4. ax = dpg,;
. 19
d?v, _aps, d?v,  bpg, ddz‘;x __EPs, Ea_i = dg,
dv,  apg 4 dV bpg dv, _ ¢P8,; ox ¥
i " X + C, (integr. dyx =y x+C dz u p=dpg.x+C;
apg b __P8 s = J&x
Vi=- o x>+ Cix +C, Vo =- pgxy2+C1y+C2 Vi = 2u © +Csz+ Cg /8
2u Via = st
V. . V. . V Note:
6. V= =hgy; gy T Y, (V). (V)
dv, h dv, dV are arbitrary
xgdx =8 d)} Z dz functions,
V.dV, = hg dx V,dV, = ng,d V. dV, = qg.dz; (integration
2 =184y Vsz =qg.z +y, (V) constants)
5 =hgx ‘/yvx =ng.y +Wy(‘/}) v 48,2 wz(‘/z) ‘/y =0
Vis = £42hg x + G, Vx6=”§';fy+wy‘(,vy) A AR 74 V=0
y y




Step 3: One combines the above solutions
Vix.y,2.) = Vg + Vo + Vig + Vg + Vis + Vig + Vg

ag, _bg, , _cg, e e gy gz v, (V) oy (V)
2% X +Cx %Y + Gy 2% C +Csz+ fg, t +2hg x + v, + V. + v, + 2

relation for linear terms relation for non - linear terms

ng.y , 98z V() v (V) + G,

Vy VZ Vy VZ

_%(aﬁ +by? +¢z2) + Cix + Gy + Csz + fgyt = 2hg x+

arbitrary functions

P(x)=dpg.x; (a+b+c+d+f+h+n+qg=1) Vy¢0, v, =0

Step 4: Find the test derivatives

Test derivatives for the linear part Test derivatives for the non-linear part
Oﬂvx — azvx — azvx — é’_p = % = sz =2hg x IV, = ng. | Vi = 98y
(9)(,'2 B &yz B 07Z2 h ox ot - AV o"Vx — 2hg &y ‘/y 9z ‘/Z
_ apg, bpgx cpg, dpgx fgx * axh *
u B B VvV, hg
u u = Vxx WV, =0

Step 5: Substitute the derivatives from Step 4 in equation (A) for the checking.
%V, J2V, J2V, dp v, AV, V., AV,
—u O’IXZ -—u é;yz -—u 07Z2 +g+p ot I é;y +p‘/z (?Z _pgx (A)
apg, bpg, cpg, hg, ng q8x
T T T T )t dpg g+ p(VeE) + pVy( Vyx)+sz( V) =P8y

Z

+ pV, +pV,

—u(
)

apgy +bpgy +cpg, +dpg, + fog, + hpg, + npg, + 4pg, - Pg
?
apg, +bpg, +cpg, +dpg, + fpg, + hpg, + npg, +4qpg, =ps;
?
pg.(a+b+c+d+ f+h+n+q)=pg,
,

pg.(D=pg, Yes (a+b+c+d+f+htn+q=1)

Step 6: The linear part of the relation satisfies the linear part of the equation; and the non-linear
part of the relation satisfies the non-linear part of the equation.(

Analogy for the Identity Checking Method: If one goes shopping with American dollars and
Japanese yens (without any currency conversion) and after shopping, if one wants to check the cost
of the items purchased, one would check the cost of the items purchased with dollars against the
receipts for the dollars; and one would also check the cost of the items purchased with yens against
the receipts for the yens purchase. However, if one converts one currency to the other, one would
only have to check the receipts for only a single currency, dollars or yens. This conversion case is
similar to the linearized equations (see viXra:1512.0334), where there was no partitioning in
identity checking. Note that for the Euler equations ( viXra:1512.0332), there was no partitioning in
taking derivatives for identity checking.
. ngy q,8:< .

Note: After expressing TX and eV in terms of x, y, z, and ¢, there would be no

y Z

partitioning in identfty checking.




Summary of solutions for V, , V,, V, ( P(x)=dpg,x; P(y)=A,08,y , P(z)=p,08.2)

V,
V, = —%(ax2+ by?+ cz? )+ Cyx+ Cyy + Csz+fg t + \[2hg x+ n(%'/xy+ q€x1+wy‘£ y)+ v ‘(/V )+ Co

y < y z

P(x)=dpg x; (a+b+c+d+h+n+q=1) Vy¢0, v, =0

08 Y8, % M8 (V) . (V.)
V,= _Z—My()»lx2+)»2y2+ Iz y+ Cox+ Cpyy+ Cpoz+ Asg 1+, 22,8 y+ 6ny + 8Vy + A P

Z X Z

P8. v P (v) ¥, (V)
pg (/31x + By + Bsz?) + Ciyxs Cisy+ Crozt P8t £2 8.2+ /56& ﬁ7\§y+w vt yv :
y x y

The above solutions are unique, because from the experience in Option 1 ( viXra:1512.0334)., only
the equations with the gravity terms as the subjects of the equations produced the solutions.

[ 3 ng.y . 8.2 . ¥yW) p (V)
Vx=—%(ax2+ by?+ cz? W Cyx+ Cyy + Csz+fg t + [2hg, x+ V;C + Vz + yVyy + ZVZZ
pg A8 X M8VZ (V) . (V,
W==5 (Alx + Ay y?+ A322 HCox+ Cp y+ Cppz+ Asg, t+\/2)L7g y+ (’Vx) + SVZy +1’U Vx" ﬂ’z‘(/zz)
P8 Y P (v) ¥y(V)
= pg ([g’lx + Boy?+ Biz?) + Cpyx+ Crsy+ Crozt Bsg.t 2 Bsg. Tﬁﬁgz Tﬁ7§ y+1PV 2t yV >
y X y

One will next solve the above system of solutions for V, , Vy, V, in order to express

Z
n%y and qe{/g'x in terms of x, y, z, and # The author used the help of the Maples software
y Z

for the simultaneous algebraic solutions for V, , Vy, V, . The basic expressions are of the forms

pgx 2 pgx 2 _ P8«

20 ax 2 by~ ,- 2
terms of the equations of motion under gravity and liquid pressure of elementary physics. Note that
the explicit solutions will be the results of the basic operations (addition, subtraction, multiplication,
division, power finding and root extraction) on the expressions in Step 1 below.

cz?, fg.t, v 2hg.x ,and dpg x; These expressions are similar to the

Solving for v, . v, v, "8, unq %5
14 V.
y Z

Let V, =x, Vy =yand V, =z. (x,y and z are being used for simplicity. They will be changed
back to V., Vy, and V, later, and they do not represent the variables x, y and z in the solutions.

Step 1 From the above system of solutions, let Step 2 Then the solutions

P8 2 1.2 o e to the N-S system of
A= —W(ax +by“+ cz7)+ Cix+ C3y + Csz+fg,t = /2hg, x equations become

08 (ignoring the arbitrary functions)
B = —2—!;(7%2“‘ Moy + daz? )+ Crox+ Ciy + Coz + Asg,t £, 2,8,y y=A+DLE

z

C= —%(ﬁ13€2+ Boy*+ Byz?) + Ciyx+ Cisy+ Cioz+ Bsgt #2682 | y=B +§+g M
D=qg.z: E=ng.y, F=2gx Z=C+%+L
G =7Agyz; J=Psg.x; L=pq8.y Y

10



Step 3 Step 4

xyz = Ayz + Dy + Ez (1) 0=Ayz+ Dy + Ez— Bxz - Fz-Gx “4)
xyz =Bxz + Fz+Gx 2\ N 0=Ayz+ Dy+ Ez-Cxy-Jy-Lx &)
xyz =Cxy+Jy+ Lx 3)) 0=Bxz+Fz+Gx-Cxy-Jy+-Lx (6)

Maples software was used to solve system P to obtain

Step 5a Note:
L(FCD - FCJ - JLA + JCE) None of the popular academic programs
C(-BLD + BLJ + GLA - GCE) could solve the system in M.

L(FCD - FCJ — JLA + JCE) Maples solved system P (step 4 above) for

Ve = C(-BLD + BLJ + GLA - GCE) (backto V) | y,and z interms of A,B,C,D.E.F,G.
_ L. J. and L.
y=Tc Note also that x, y and z are not the same as
Vi, =- % (changing back to V}, as agreed to) the x, y and z in the system of equations..
L(D-1J) They were used for convenience and
=~TA-CE’ simplicity .
L(D-J)

=

=~ TA_CE (changingbacktoV; asagrred to)

Step Sb : Apply the following and substitute for A,B,C,D.E.F,G.,J. and L in steps 6-7 below
A= -&(ax% by*+ cz2)+ Cyx+ Cyy + Csz fg,t + [2hg x

Pg P8,

B = ()L]x + )Lzy + )\/3Z )+ C10x+ C] 1y + C]zZ + )\’Sgyt + ’2)\’7gyy

C= _%(ﬁl’x + ﬁzy + /3)3Z2) + Cpyx+ C15y+ Cipz+ ﬁsgzt *y 2/38&Z
D=qg,z; E=ng,y; F=2Agx
G =gz, J=Peg.x; L=pr8,y

Step 6
= _L = — (/37&)’)
Yy=-c= pg
R2E (ﬂlx + /32y + ﬁ3Z )+ Cix+ Cyy+ Csz+ Big t = Zﬁggzz
n
{g/xy =gy + P8 2 2 2 P / )
y (——Z(ﬁlx + B,y + Byz7) + Cix+ Cy+ Csz+ Bsg .t +26:8.2
ng.y (ngxy)[(— sz (ﬁ1x + ﬁzy + 35z 2) + Cyx+ Gyy+ Csz+ ﬁsgzt *y Zﬁsgz )]
Vy o /5782)7 ,
ngy (8IS (Bxte Byt Bi2?) + Cros Coye Cszr Bt =26,8.2)
;= ; (cancel "y")
Vy ﬂ7gz

11




L(D-J) _JL-DL)

Step7: V. =~TA-CE ~ LA-CE
982 _ (10 (/57gzy)[—%c(ax2+ by*+ cz2)+ Cyx+ Cyy + Csz+fg,t + [ 2hg x| -
= Z [
v, =48 (B78:9)Bsg.x — q8,2]

(ngxy)[—%(ﬁlszr Boy*+ Byz?) + Ciyx+ Cysy+ Croz+ Bsg.t 4 258.2]
(B78 P68 x — q8.7]
(Br8)[- gg;f (ax?+ by*+ cz? W Cx+ Cyy + Csz+fg, t = \2hg x]-

482 _ .
v (982) (B8 Beg.x — q8,2]

(ng )=z B+ By Biz?) + Craxs syt Croar figt = 2821

(B78)Beg.x — 98,71

Summary for the fractional terms of the x—direction solution

n(‘g/j:y and q%z in terms of x, y,zand ¢
ng.y ~(ng,)(~ gg,j (Bx2+ By*+ B,22) + Crae Cyy+ Csz+ Big.t +4248.2) »
v, ~ 8. ; (cancel "y")
qig;xz —(g2.0)* (B78)[- g(g;f (ax?+ by*+ cz? 1+ Cix+ Cy + Csz+fg,t + \[2hg x] -
2 (B78: P68 X — 487l
(ng,)l- g‘fj (Bx2+ o2+ Biz2) + Craxs Cisy+ Croz+ Bsg.t £2,8.2]

(ﬂ7gz)[ﬁ6gzx - quZ]

( CE = -(ng,y)(- g% (Bx*+ By*+ Bsz?) + Ciaxs Cisy+ izt B8 t £ Zﬁsgzz)

d+f+h+n+q=1; A +A+A+A +A =1, B, +Bs+Ps+P7+Pg=1
OR Compactly, x-direction solution of N-S Equation (in explicit solutions)
V,.(x,y,2,0)=A+B+F Expanded V,

A= —%(ax% by*+ ez Cix+ Gy + Csz+fg,1 = \2hg x+ Cy

~(ng,)(~ ’z’g!; (Bix>+ Boy*+ Biz?) + G Cayr Cszt B2t #2B,8.2) 4 (1)

B - 2
/37gz Vy
(Brg )= L85 (x4 by?+ cz22)+ Cixt Gy + Cszt fg t + [ 2hg x|
Fo( ) 787 2u y < 1 3Y + C52H]8 L [ 2Ngy
= Z o
8+ (B78: P68 x — 48.7]
(ng)l- giz (ﬁ1x2+ ﬁ2y2+ ﬁ322) + Cpyx+ Cisy+ Gzt ﬁsgzt i\/zﬁsgzz] lpz(vz)

(B18)[Bs&.x — q8.7] V.

P(x)=dpg x; (a+b+c+d+h+n+q=1) B,+B,+PB;+Ps+Ps+P7+Pg=1
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Comparison of Navier-Stokes Solutions and Equations of
Motion and Liquid Pressure of Elementary Physics;

Solutions of the Navier-Stokes Equations (Original) : x-direction

ng.y, 48,2, ¥V y (V)

v, V. V. V.

AVx= _%(ax2+ by*+ cz? )+ ot Csy + CszHfg,t + [ 2hg x+
y Z y <

Gy
P(x)=dpg.x; (a+b+c+d+h+n+q=1) V,=0,V, =0

Summary for the fractional terms of the x—directionin terms of x,y,z and ¢.

—(ng, (- PE: (ﬁ1x2+ ﬁzyz"' ﬁ3Z2) + Crx+ Gyy+ Cszt+ ﬁsgzt *y 2ﬂ3gZZ)

ng.y _ 2u
Y B8
4g.z —(quz){[(ﬁ7gzy)(—%(ax2+ by?+ ¢z )+ Cix+ Csy + Csz+fg,t = \[2hg x1-[CE]}
£ (78:Y)(98.z = Bo8.X)
(CE = —(ng,y)(- 252 (B x2+ B,y2+ B,2%) + Crax+ Cysy+ Croz+ Bsg.t +1[26,2.2)

2u
Motion equations of elementary physics:

B ®): Vi=Vy+gr (O: VP =VZ+2gx; (D): V=12gx; (B): x= Vot+%gt2
The liquid pressure, P at the bottom of a liquid of depth 4 units is given by P = pgh

Similarity 1. The solutions are (except for the constants involved)
very similar to the equations of motion and liquid pressure of elementary physics.
Observe the following about the Navier-Stokes Solutions Box A
1. The first three terms are parabolic in x, y, and z; the minus sign shows the usual
inverted parabola when a projectile is fired upwards at an acute angle to the horizontal; also note
the " gt"in V = gt of (B) of the motion equations and the fg ¢ in the Navier-Stokes solution.

2. The pressure, P = pgh of the liquid pressure and the P(x) = dpg,x of the Navier-Stokes solution.
Note that, only the approach in this paper could yield P(x) = dpg x by integrating dp/dx = dpg,
3. Observe the "2gx "in V = 2gx of (D)and the /2hg x in the Navier-Stokes solution.

In fact, the N-S solution term ,/2hg x could have been obtained from sz = Vi +2gx (C),of

the equation of motion by letting V;, = 0 (for the convective term) ignoring the ratio term "h" of
the N-S radicand. There are eight main terms (ignoring the arbitrary functions) in the N-S solution.

apg, o bpg, , P8 » /
ZMXX , = 2‘ux , = 2sz , fe.t, \/2hg,x and

dpg x are similar (except for the constants involved ) to the terms in the equations of motion and

liquid pressure. This similarity means that the approach used in solving the Navier-Stokes equation
is sound. One should also note that to obtain these six terms simultaneously on integration, only the
equation with the gravity term as the subject of the equation will yield these six terms. The author
suggests that this form of the equation with the gravity term as the subject of the equation be called
the standard form of the Navier-Stokes equation, since in this form, one can immediately split-up
the equations using ratios, and integrate.

Of these eight terms, six terms, namely, —

13




4. With regards to the variables x, y, and z, the parabolicity of the first three terms and the
parabolicity of the eighth, ninth and tenth terms hint at inverse relations.. For examples,

V, = x> and V, = =+/x are inverse relations of each other, V, = y? and V, = =]y are inverse

relations of each other, V, = z2 and V, = ++/z are inverse relations of each other. The implications of

knowing these relationships is that if one knows the steps, rules or formulas for designing for
laminar flow, one can deduce the steps, rules or formulas for designing for turbulent flow by
reversing the steps and using opposite operations in each step of the corresponding laminar flow
design. Thus for every method, or formula for laminar flow, there is a corresponding method,
formula for turbulent flow design (see also

Motion equations of elementary physics N-S Terms
Vi=W+sgt 185t
VF = Vg +2gx \2hg x
x=VOt+%gt2 —%xz,
V=y2gx \J’ngx
P = pgh (pressure equation) P(x) = dpg,x

Similarity 2. Sound approach used in pairing the terms of the equation
The approach used in splitting and pairing the terms of the equation is sound, especially by the

results for the pressure . To obtain P(x) = dpg,x by integrating dp/dx = dpg,, only
the equation with the gravity term as the subject of the equation will produce a solution. Therefore, if
dp/dx is set to a constant multiplied by the gravity term (which is the subject of the

N-S equation)) then each of the other terms must also be set equal to a constant multiplied by pg,

This
——
J%V, %V, 2V, dp V., V., V., AV,
—-u axz -—u 07_)/2 -—u 0';Z2 + g +p0 ot +pvx N +p‘/y 07}/ +p‘/z oz = P8y
From Pp =dpg, P(x)=dpg,x,where d is aratio term. Since ratio terms (constants)) were used to

ox
mathematically split-up the nine-term equation into eight sub-equations, all the terms of the
equation remain "uncontaminated" and any results of the integration should differ from any other
results only by constants.
When each term of the linearized Navier-Stokes equation was made subject of the N-S equation,

only the equation with the gravity term as the subject of the equation produced a solution.
(viXra:1512.0334).

Similarity 3: Insight of the N-S solutions and equations of motion and fluid
pessure of elementary physics

ng.y, 482, ¥y ¢ (V) -

V. V. V. V. ?

v, = =285 (24 by24 224 Cxt Cyy + Csz+fg,t =/2hg x+
ZM y z y z

P(x)=dpg x; (a+b+c+d+h+n+q=1) vy =0,V, =0
One observes above that the most important insight of the above solution is the indispensability of
the gravity term in incompressible fluid flow. Observe that if gravity, g, were zero, the first three

terms, the seventh, the eighth, the ninth, the tenth terms of the velocity solution and P(x) would all
be zero. For equations of motion and liquid pressure of elementary physics, each equation contains
an indispensable gravity term.See above table.
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Velocity profile; Laminar flow and Turbulent Flow

For communication purposes, each of the terms containing the even powers x2, y2 and zZ will be
called a polynomial parabola, and each of the terms containing the square roots

+x, +,/y and ++/z will be called a radical parabola. Also, each of the terms containing variables
in the denominator will be called a hyperbola. The terms, polynomial parabola, radical parabola and
hyperbola will be used interchangeably with what produces these profiles.

The fluid flow in the Navier-Stokes solution may be characterized as follows. The x—direction
solution consists of linear, parabolic, and hyperbolic terms. The first three terms characterize
polynomial parabolas. The characteristic curve for the integral of the x—nonlinearterm is a radical
parabola. The integral of the y—nonlinear term is similar parabolically to that of the x—nonlinear

term. The integral of the z—nonlinear term is a combination of two radical parabolas and a
hyperbola.
Turbulence occurrence
In the N-S solution, during fluid flow, the polynomial parabolas, the radical parabolas, and the
hyperbolas are present at any speed. The polynomial parabolas are prominent and dominate flow
while the radical parabolas are dormant at low speeds, and consequently, the flow is laminar. Ata
low speed, a radical parabola (or a polynomial parabola susceptible to radicalization) is not active,
since the radicand of the parabola is small and consequently, the square root is small. When the
speed becomes large, the "x" in /2hg,x becomes large and therefore the radical parabola becomes
active. Note that the radical parabola will be moving at right angles to the direction of fluid flow,
the direction of which is also that of the axis of symmetry of the dominating polynomial parabola.
In the figure below, assume that flow is in the positive x—direction . Then while the axis of
symmetry of the polynomial parabola (P) is in the x-direction, the axis of symmetry of the radical
parabola (R) would be in the direction of the negative y-axis (that is, at right angles to fluid flow
direction). Also, note the branches of the hyperbola (H) in the second and third quadrants. For each
branch of the hyperbola, one end becomes asymptotic to the axis of symmetry of the polynomial
parabola, while the other end becomes asymptotic to the axis of symmetry of the radical parabola,
and thereby "interlocking" the polynomial parabola and the radial parabola together.

y-axis

¢ Direction of radical parabola downwards
U

= X -axis

Fluid flow direction to the right}=

F

H direction of polynomial parabola : to the right }=

P--Polynomial parabola; R--Radical parabola; H--Hyperbola;

Therefore, the polynomial parabola, the radical parabola and the branches of the hyperbola become
connected together to form a system such that any changes in one of them affect the behavior of the

others. Any action that increases the velocity and consequently the " x" in \/2hg,x increases the

effect of the radical parabola which is in direction at right angles to the fluid flow direction. The
radical parabolas would be moving, from various positions, to the left or to the right, at right angles
to the direction of fluid flow, noting that the direction of fluid flow is the direction of the
polynomial parabola, and at the same time, the hyperbolas will be moving asymptotically to fluid
flow direction and asymptotically to direction of the radical parabola as in the figure.

15



Thus, while the dominating polynomial parabolas are moving in the positive x—direction, and the
radical parabolas are moving at right angles to direction of flow, the hyperbolas would be moving
asymptotically to the axes of symmetry of the polynomial and radical parabolas, resulting in
deviation from laminar flow and producing flows such as vortex flow, swirling flow, and turbulent
flow. Imagine the polynomial parabolas pulling to the right, while the radical parabolas are pushing
downwards with the hyperbola halves pressing against the axes of the parabolas and the resulting
deviation from laminar flow to turbulence and chaos.
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Derivation of the Navier-Stokes equations from equations of motion
under gravity and liquid pressure of elementary physics

Motion equations of elementary physics | N-S Terms
Vi=VW+gt 18,1,
VF = Vi +2gx \2hg x
= 1 2 apgx
x=Vy+ ~ 8t - 2M 2,
V=.2gx \2hg x
P = pgh (liquid pressure equation) P(x) =dpg,x
1-2. From P = pgh, one obtains the N-S terms I and pg,

3. From V = gt, one obtains the N-S term cil_‘t/ (note : cil_‘t/ =g)

4. From V = \,frgvc, one obtains the N-S term Vx dVx

dx
(Va2 =2gx; <2V C;V’“ 2g <> Vi ‘ZZ" =g)
5. Adding the derivative with respect to y, one obtains the N-S term  Vy dc};f
. o . . dv,
6. Adding the derivative with respect to z, one obtains the N-S term V- e
From 1 to 6, one obtains the terms
dp av dv dV, dv,
dx P g Ve Y Ve
J%V, o"zV %V, .
Adding the viscous terms —u o 2 , - &yz , — ,uaz—z one obtains
dp av dv dV, dv, d%V, %V, J2V,
o P g Ve g Vydy Vzd Tl TH (9),2’—!1(922
Introducing p and putting the terms into an equation, one obtains the x-direction Navier-Stokes
Equation
%V, &ZV J2V, é‘p o7V &Vx AV,
- - + p =
dx2 é‘y2 o7z2 (9t Y dy t oz

The above equation is the nine-member supreme equation of incompressible fluid flow.
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Overall Conclusion

The Navier-Stokes (N-S) equations in 3-D have been solved analytically. It was also shown that
without gravity forces on earth, there would be no incompressible fluid flow on earth as is known.
Note that so far as the general solutions of the N-S equations are concerned, one needs not find the
specific values of the ratio terms involved. The N-S solutions were compared to the equations of
motion under gravity and liquid pressure of elementary physics, and it was found out that, except
for the constants involved, the N-S solutions are very similar or identical to the equations of motion
and liquid pressure of elementary physics. Such agreement shows that the N--S equations were
properly solved. It could be stated that the solutions of the N-S equations have existed since the
time the equations of motion and liquid pressure of elementary physics were derived. Insights into
the solutions include how the polynomial parabolas, the radical parabolas, and the hyperbolas
interact to produce turbulent flow. Also, the x-direction N-S equation was derived from the
equations of motion under gravity and liquid pressure of elementary physics. Finally, for any fluid
flow design, one should always maximize the role of gravity for cost-effectiveness, durability, and
dependability. Perhaps, Newton's law for fluid flow should read "Sum of everything else equals
pg" ; and this would imply that the other terms of the N-S equation divide the gravity term in a
definite ratio, and each term utilizes gravity to function.

Uniqueness of the solution of the Navier-Stokes equation on

When each term of the linearized Navier-Stokes equation (see viXra:1512.0334) was made subject
of the N-S equation, only the equation with the gravity term as the subject of the equation produced
a solution. Similarly, the solution of the Navier-Stokes equation solution is unique.

About the solutions of the N-S Equations

1. In the CMI requirements paper, it is suggested that one can assume that gravity is zero. From
the author's solutions of the N-S papers (See viXra:1512.0334), gravity cannot be zero, otherwise,
there would be no fluid flow.. If one assumes that gravity, g, is zero, then one should also assume
that % =0 in the N-S equation, since in elementary physics P = pgh. If one is designing oil or
water pipelines or water channels, one cannot assume zero gravity, since there would be no fluid
flow without gravity.

2. A number of papers sometimes mention periodic solutions of N-S. equations. There are no
periodic solutions, but periodic relations, because the integration results do not satisfy the N-S
equations completely. Note that on integrating the N-S equations, and obtaining sines and cosines in
the integration results, one should not mention "periodic" solutions until one has successfully
checked the results for identity in the original equation. In any case, N-S equations have no
periodic but perhaps, quasiperiodic solutions. . See viXra:1512.0334

After comparison with the equations of motion and liquid pressure of elementary physics, the
author believes that tthe Navier-Stokes equations have finally been solved analytically.
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Spin-off:  CMI Millennium Prize Problem Requirements

Proof
For the Navier-Stokes equations (Original Equations)

Proof of the existence of solutions of the Navier-Stokes equations
From page 10, if y=0,z=0in

Solution to Linear part
e s V.
Vi(x,y,z,0=— pgx (ax +by?+cz?) + Cx+Cy+Cz+ fg t *\2hg.x né"y q%z ¥, ‘(/ ) 1/’ ‘(/V)
y z y z
contlnuedl
solution of Euler equation
P(x) =dpg x

one obtains

Vo (x,t)=— p(g;j ax? + Cyx + fgt = 2hg x + Cy;  P(x) = dpg x;

V. (x,0)=V2(x) = - pg‘l; ax? + Cyx = 2hgxx +Cy: P(x)=dpg.x;

Vo(x,t)=- p(g;; ax®> + Cjx + fg,t = \2hgx + Cy: P(x) = dpg,x; are solutions of

92V, (9 07V

Mgt pGE az

Therefore, smooth solutlons to the above differential equation exist, and the proof is complete.
Finding P(x,t):

= pg, (deleting the y-and z — terms of (A)), p.8,

1. V.(x,0)= ,O(g;f ax? + C\x + fg.t = \2hg x + Co;: P(x)=dpg.x; 2. % = dpg;

dp _dp dx

dt ~ dx dt

dp _ dp dx _

dr = dx Car =)

P _ gog (-85 (ax?) 4 Cix = [2hg x + fg 1 +C P _ apg,)
dt P8x 2u 1+ = 8x 8x 9 dx P8

P8 «

P(x,t) =fdpgx( (ax?) + Cixx.2hg x + fg t+ Cg) dt

(_apg, fa,1’ )
P(x,t)=dpng—2—Mxx t+Cxtxt\/2hg x +#+C9IJ +Cyo

References: For paper edition of the above paper, see Appendix 9 ((p,245) of the book entitled
"Power of Ratios" , Second Edition, by A. A. Frempong, published by Yellowtextbooks.com.
Without using ratios or proportion, the author would never be able to split-up the Navier-Stokes
equations into sub-equations which were readily integrable. The impediment to solving the Navier-
Stokes equations for over 150 years (whether linearized or non-linearized ) has been due to finding
a way to split-up the equations. Since ratios were the key to splitting the Navier-Stokes equations,
and solving them, the solutions have also been published in the " Power of Ratios" book which
covers definition of ratio and applications of ratio in mathematics, science, engineering, economics
and business fields.
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