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Abstract: We introduce the category NSet(H) consisting of neu-
trosophic H-sets and morphisms between them. And we study
NSet(H) in the sense of a topological universe and prove that it
is Cartesian closed over Set, where Set denotes the category con-

sisting of ordinary sets and ordinary mappings between them. Fur-
thermore, we investigate some relationships between two categories
ISet(H) and NSet(H).
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1 Introduction

In 1965, Zadeh [20] had introduced a concept of a fuzzy set as
the generalization of a crisp set. In 1986, Atanassov [1] proposed
the notion of intuitionistic fuzzy set as the generalization of fuzzy
sets considering the degree of membership and non-membership.
Moreover, in 1998, Smarandache [19] introduced the concept of
a neutrosophic set considering the degree of membership, the de-
gree of indeterminacy and the degree of non-membership.

After that time, many researchers [3, 4, 5, 6, 8, 9, 13, 15, 16,
17] have investigated fuzzy sets in the sense of category theory,
for instance, Set(H), Set¢(H), Setg(H), Fuz(H). Among
them, the category Set(H) is the most useful one as the “stan-
dard” category, because Set(H) is very suitable for describ-
ing fuzzy sets and mappings between them. In particular, Car-
rega [3], Dubuc [4], Eytan [5], Goguen [6], Pittes [15], Ponasse
[16, 17] had studied Set(H) in topos view-point. However Hur
et al. investigated Set(H) in topological view-point. Moreover,
Hur et al. [9] introduced the category ISet(H) consisting of intu-
itionistic H-fuzzy sets and morphisms between them, and studied
ISet(H) in the sense of topological universe. In particular, Lim
et al. [13] introduced the new category VSet(H) and investi-
gated it in the sense of topological universe. Recently, Lee et al.
[10] define the category composed of neutrosophic crisp sets and
morphisms between neutrosophic crisp sets and study its some
properties.

The concept of a topological universe was introduced by Nel
[14], which implies a Cartesian closed category and a concrete
quasitopos. Furthermore the concept has already been up to ef-

fective use for several areas of mathematics.

In this paper, we introduce the category NSet(H) consisting
of neutrosophic H-sets and morphisms between them. And we
study NSet(H) in the sense of a topological universe and prove
that it is Cartesian closed over Set, where Set denotes the cate-
gory consisting of ordinary sets and ordinary mappings between
them. Furthermore, we investigate some relationships between
two categories ISet(H) and NSet(H).

2 Preliminaries

In this section, we list some basic definitions and well-known
results from [7, 12, 14] which are needed in the next sections.

Definition 2.1 [12] Let A be a concrete category and ((Y;,&;)) s
a family of objects in A indexed by a class J. For any set X, let
(f; + X — Yj); be a source of mappings indexed by J. Then
an A-structure £ on X is said to be initial with respect to (in
short, w.rt.) (X, (f;),((Y;,&;))), if it satisfies the following
conditions:

() foreach j € J, f; : (X,€) — (Y;,&;) is an A-morphism,

(i) if (Z, p) is an A-objectand g : Z — X is a mapping such
that for each j € J, the mapping f; o g : (Z,p) — (Y},§;) is an
A-morphism, then g : (Z, p) — (X, €) is an A-morphism.

In this case, (f; : (X,&) — (Y;,§;))s is called an initial
source in A.

Dual notion: cotopological category.
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Result 2.2 ([12], Theorem 1.5) A concrete category A is topo-
logical if and only if it is cotopological.

Result 2.3 ([12], Theorem 1.6) Let A be a topological category
over Set, then it is complete and cocomplete.

Definition 2.4 [12] Let A be a concrete category.

(i) The A-fibre of a set X is the class of all A-structures on X.

(i) A is said to be properly fibred over Set if it satisfies the
followings:

(a) (Fibre-smallness) for each set X, the A-fibre of X is
a set,

(b) (Terminal separator property) for each singleton set X,
the A-fibre of X has precisely one element,

(c) if £ and n are A-structures on a set X such that id :
(X,8) — (X,n)and id : (X,n) — (X,§) are A-
morphisms, then & = 7.

Definition 2.5 [7] A category A is said to be Cartesian closed if
it satisfies the following conditions:

(i) for each A-object A and B, there exists a product A X B in
A-7

(i) exponential objects exist in A, i.e., for each A-object A, the
functor A x — : A — A has a right adjoint, i.e., for any A-
object B, there exist an A-object B and an A-morphism
eap: Ax BA — B (called the evaluation) such that for
any A-object C' and any A-morphism f : A x C — B,
there exists a unique A-morphism f : C' — B4 such that
eap o (ida x f) = f,i.e., the diagram commutes:

Ax BA €a.B ~ B

Jaxf f

AxC

Definition 2.6 [7] A category A is called a topological universe
over Set if it satisfies the following conditions:

(1) A is well-structured, i.e., (a) A is a concrete category; (b)
A satisfies the fibre-smallness condition; (¢) A has the ter-
minal separator property,

(ii) A is cotopological over Set,

(iii) final episinks in A are preserved by pullbacks, i.e., for any
episink (g; : X; — Y); and any A-morphism f : W — Y,
the family (e; : U; — W) ;, obtained by taking the pullback
f and g;, for each j € J, is again a final episink.

Definition 2.7 [2, 11] A lattice H is called a complete Heyting
algebra if it satisfies the following conditions:

(i) itis a complete lattice,

(ii) for any a,b € H, the set {x € H : z Aa < b} has
the greatest element denoted by a — b (called the relative
pseudo-complement of a and b), i.e., z A a < b if and only
ifx <(a—0D).

In particular, if H is a complete Heyting algebra with the
least element O then for each a € H, N(a) = a — 0 is
called negation or the paudo-complement of a.

Result 2.8 ([2], Ex. 6 in p. 46) Let H be a complete Heyting
algebraand a,b € H.

(1) If a < b, then N(b) < N(a), where N : H — H is an
involutive order reversing operation in (H, <).

(2) a < NN(a).
(3) N(a) = NNN(a).
(4) N(aVvb)=N(a)AN(b)and N(a Ab) = N(a)V N(b).

Throughout this paper, we will use H as a complete Heyting
algebra with the least element 0 and the greatest element 1.

Definition 2.9 [9] Let X be a set. Then A is called an intuition-
istic H-fuzzy set (in short, IHFS) in X if it satisfies the following
conditions:

(i) A is of the form A = (u,v), where p,v : X — H are
mappings,

(i) p < N(v),ie., p(z) < N(v)(z) foreachz € X.

In this case, the pair (X, A) is called an intuitionistic H-fuzzy
space (in short, IHFSp). We will denote the set of all IHFSs as
IHFS(X).

Definition 2.10 [9] The concrete category ISet(H) is defined as
follows:

(i) each object is an IHFSp (X, Ax), where Ax =
(Hay,vay) € IHFS(X),

(i) each morphism is a mapping f : (X, Ax) — (Y, Ay) such
that pa, < pa, o fandva, > va, o f,ie, pa,(x) <
tay o f(z)and va, (x) > va, o f(x), foreach x € X. In
this case, the morphism f : (X, Ax) — (Y, Ay) is called
an ISet(H)-mapping.
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3 Neutrosophic sets

In [18], Salama and Smarandache introduced the concept of a
neutrosophic crisp set in a set X and defined the inclusion be-
tween two neutrosophic crisp sets, the intersection [union] of
two neutrosophic crisp sets, the complement of a neutrosophic
crisp set, neutrosophic empty [resp., whole] set as more than two
types. And they studied some properties related to neutrosophic
set operations. However, by selecting only one type, we define
the inclusion, the intersection [union] and the neutrosophic empty
[resp., whole] set again and obtain some properties.

Definition 3.1 Let X be a non-empty set. Then A is called a
neutrosophic set (in short, NS) in X, if A has the form A =
(Ta,I4a,Fy), where

TA:X—>]7071 [ Iy X—)] 0,1+[ Fy X—)] 0,1+[.
Since there is no restriction on the sum of T4(x), I4(x) and
Fa(z), foreachxz € X,

0< TA(x) + IA({E) + FA(Z') < 3+,

Moreover, for each € X, T'a(z) [resp., Ia(z) and F4(x)] rep-
resent the degree of membership [resp., indeterminacy and non-
membership] of  to A.

The neutrosophic empty [resp., whole] set, denoted by Ox
[resp., 1] is an NS in X defined by Oy = (0,0,1) [resp.,
Iy = (1,1,0)], where 0,1 : X —]70,1%[ are defined by
0(z) = 0 and 1(z) = 1 respectively. We will denote the set
of all NSsin X as NS(X).

From Example 2.1.1 in [18], we can see that every IFS (intu-
tionistic fuzzy set) A in a non-empty set X is an NS in X having
the form

A= (TA,lf (TA+FA),FA),

where (1 — (T4 + Fa))(z) =1 — (Ta(x) + Fa(z)).
Definition 3.2 Let A = (TA7 14, FA), B = (TB7 I, FB) S
NS(X). Then
(i) A is said to be contained in B, denoted by A C B, if
TA(Z‘) S TB(I), [A(l‘) S IB(I) and FA(LE) 2 FB(I)
foreachx € X,
(i1) A is said to equal to B, denoted by A = B, if
ACBand B C A,
(iii) the complement of A, denoted by A€, is an NCS in X de-

fined as:

A° = (Fy,1

(iv) the intersection of A and B, denoted by A N B, is an NCS
in X defined as:

- IA7TA)7

ANB=(TaANTp,IaNIg,FaV Fp),

where (T4 A Tg)(x) = Ta(x) AN Tp(x), (Fa V Fp)
Fa(z)V Fg(z) foreach z € X,

(v) the union of A and B, denoted by A U B, is an NCS in X
defined as:

AUBZ(TA\/TB,IA\/IB7FA/\FB).

Let (Aj)jes C NS(X), where Aj = (Ta,,1a,,Fa;). Then

(vi) the intersection of (A;);ec.s, denoted by
(N A;), is an NS in X defined as:

mAj - (/\TA.77/\IA.7’\/FA_j)’

(vii) the union of (4;);e.s, denoted by UJGJ A; (simply, |J A4;),
is an NCS in X defined as:

U4 =(\/Ta,.\/ 1a,. \ Fa))-

The followings are the immediate results of Definition 3.2.

e Aj (simply,

Proposition 3.3 Let A, B,C € NS(X). Then
(H 0y C AC 1y,
Q)ifAC Band B C C, then A C C,
BANBCAand ANB C B,

4 ACAUBand BC AU B,
(5) AC Bifandonlyif AN B = A,
(6) AC Bifandonlyif AUB = B.

Also the followings are the immediate results of Definition 3.2.
Proposition 3.4 Let A, B,C € NS(X). Then

(1) (Idempotent laws): AUA =A, ANA=A4,
(2) (Commutative laws): AUB=BUA, ANB = BNA,

(3) (Associative laws): A UBUC)=(AuB)U C
NBNC)=(ANB)N
(4) (Distributive laws): A UuBnC)=(AUB)N (A uaQ),
NBUC)=(ANB)U(ANC),
(5) (Absorption laws): A UANB)=A AN(AUB)=A4,
(6) (De Morgan’s laws): (AU B)¢ = AN B¢,
(AN B)¢ = A°U B¢,

(7) (A%)° = A,
(8)Ba) AUONy = A, ANOx =O0p,
@) AUly =1n, AN1y = A4
(80) 1%7 = ON, O?V = lN,
(8d) in general, AU A° # 15, AN A€ #£ Op.

Proposition 3.5 Ler A € NS(X) and let (A;);c; C NS(X).

Then
(D (NAy)°=UAS5, (UAj)° =N45,
@) ANUA;j) =UANA4;), AU(N4;) =N(AUA;)).

Proof. (1) Let Aj = (TAJ.,IAJ.7FAJ.).
ThenﬂAj = (/\TA].,/\IAJ.7\/FA].).
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Thus

(ﬂAj)c = (\/FAjvl 7/\IA.77/\TA.7’)
= (\/FAja\/(l 7IAJ')’/\TAJ)
=U4

Similarly, the second part is proved.
2)Let A= (TA,IA,FA) and Aj = (TAJ7IAJ‘7FAJ)'
Then

AU(()A5) = (TaV (\Ta,;, 1aV (N 1a,), Far(\/ Fa,))
= (N\@TaVTa,), NIaV1a,),\/(FaAFa,)
=AU A4)).

Similarly, the first part is proved. O

Definition 3.6 Let f : X — Y be a mapping and let A C X,
B CY. Then

(i) the image of A under f, denoted by f(A), is an NS in Y
defined as:

f(A) = (F(Ta), f(1a), f(Fa)),

where foreachy € Y,

FTa(y) = { Vaes o Ta®) i0£70) 7

¢

if f~'(y) = ¢,

(ii) the preimage of B, denoted by f~!(B), is an NCS in X
defined as:

F7HB) = (fH(Tp), f Up), [ (FB)),
where f~1(Tg)(x) = Tr(f(x)) foreach x € X,
in fact, f~"(B) = (Tp o f,Igo f,Fgo f).

Proposition 3.7 Let f X —= Y be a mapping and let
A,B,C € NCS(X), (Aj)jes € NCS(X) and D,E,F €
NCS(Y), (Dr)kex C NCS(Y). Then the followings hold:
()if BC C, then f(B) C f(C) and
ifECF, then f~Y(E) C f~Y(F).
@) AcC f1f(A) and
if f is injective, then A = f=1f(A)),
3) (D)) € D and
if f is surjective, then f(f~1(D)) = D,
@ U Dk) =U 1 Dw), [N Dr) =N f (D),
®) f(UDk) =U f(Dr). f(NDr) €N f(Dr).
(6) f(A) = 0n ifand only if A = Oy and hence f(On) = Oy,
in particular if f is surjective, then f(1x n) = ly n,
D fAyn) =1x,n [ (0y,n) = 0x N.

4 Properties of NSet(H)

Definition 4.1 A is called a neutrosophic H-set (in short, NHS)
in a non-empty set X if it satisfies the following conditions:

(i) A has the form A = (Ta,Ia,Fa), where Ta, I, Fa) :
X — H are mappings,

(11) TA§N<FA) andIA ZN(FA)

In this case, the pair (X, A) is called a neutrosophic H-space
(in short, NHSp). We will denote the set of all the NHSs as
NHS(X).

Definition 4.2 Let (X, Ax), (Y, Ay ) be two NHSps and let f :
X — Y be amapping. Then f : (X, Ax) — (Y, Ay) is called a
morphism if Ax C f~!(Ay),ie.,
Tay <Tua,o0f, Ia, <Ia,ofand Fa, > Fa, o f.
In particular, f : (X, Ax) — (Y, Ay) is called an epimor-
phism [resp., a monomorphism and an isomorphism], if it is sur-
jective [resp., injective and bijective].

The following is the immediate result of Definition 4.2.

Proposition 4.3 For each NHSp (X, Ax), the identity mapping
id: (X, Ax) — (X, Ax) is a morphism.

Proposition 4.4 Let (X, Ax), (Y, Ay), (Z, Az) be NHSps and
let f: X >Y,g:Y — Z bemappings. If f : (X,Ax) —
(Y,Ay)and f : (Y, Ay) — (Z, Az) are morphisms, then go f :
(X, Ax) — (Z, Az) is a morphism.

Proof. Let Ax = (TAxaIAX7FAX)a Ay = (TAy,IAy,FAY)
and Az = (Ta,, Ia,, Fa,). Then by the hypotheses and Defi-
nition 4.2, Ax C f~(Ay) and AyC g~ }(Az), ie.,

Tay <Ta,of, Ia, <Ip,o0f, Fay, >Fa,o0f

and
Tay <Tazo09.lay <la,09,Fa, > Fa,0g.
Thus Tay < (TAZ Og) o f, Iay < (IAZ og)o f,
Fay = (FAZ og)o f.
So TAXSTAZO(gOf)’ IAXSIAZO(gO.f)7
Fay =2 Fazo(gof)
Hence g o f is a morphism. O

From Propositions 4.3 and 4.4, we can form the concrete cat-
egory NSet(H) consisting of NHSs and morphisms between
them. Every NSet(H)-morphism will be called an NSet(H)-

mapping.
Lemma 4.5 The category NSet is topological over Set.

Proof. Let X be any set and let ((X;, A;));ecs be any family
of NHSps indexed by a class J, where A; = (TAJ. , IAJ.,FAJ.).
Suppose (f; : X — (X, A;) is a source of ordinary mappings.
We define mappings T'a,,lay,Fa, : X — H as follows: for
eachx € X,

Tay(@) = ATa, o )(@), Lay(@) = Aa, o f;)@).
Fax () = V(Fa; o f;)(@).
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Letje Jandzx € X.
Since A; = (Ta,, Ia,, Fa,) € NHS(X),
TAj < N(F4,)and IA]. > N(F4, ). Then
N(Fax(z)) = N(V(Fa, o f;)(z))
= A N(Fa,(f;(2)))
> NTa,(fj(w))
= /\TAJ- o fj(z)
= TAX (Ll?)

N(Fax(z)) = AN(Fa, (f;()))
< A la,(f5(x))
= Ala; o fi(z)
=1lay (l‘)
Thus TAX S N(FAX) and IAX 2 N(FAX).
So Ax = ﬂfj_l(Aj) € NHS(X) and thus (X, Ax) is an
NHSp. Moreover, by the definition of Ax,
Tax <Ta; o fjlay <1a;0fj, Fayx > Fa; o fj.
Hence Ax C fjfl(Aj).
Therefore each f; : (X,Ax) —
mapping.
Now let (Y, Ay ) be any NHSp and suppose g : ¥ — X is an
ordinary mapping for which f; o g : (Y, Ay) — (X, 4;) is an

and

(X;,A;) is an NSet(H)-

NSet(H)-mapping for each j € J. Then
Ay C (fjo9) " (A;) =g~ (f;7'(4;)) foreach j € J.
Thus
Ay g (V1 £7(49) = g7 (Ax).
Sog: (Y,Ay) — (X, Ax) is an NSet(H)-mapping. Hence
(f; + (X, Ax) — (X,,A;))s is an initial source in NSet (H).
This completes the proof. ]

Example 4.6 (1) Let X be a set, let (Y, Ay) be an NHSp and
let f : X — Y be an ordinary mapping. Then clearly, there
exists a unique NHS Ay € NHS(X) for which f: (X, Ax) —
(Y, Ay) is an NSet(H)-mapping. In fact, Ax = f~1(Ay).

In this case, A x is called the inverse image under f of the NHS
structure Ay .

(2) Let ((X;,A;))jes be any family of NHSps and let X =
;e X;. Foreach j € J,letpr; : X — X, be the ordinary
projection. Then there exists a unique NHS Ax € NHS(X) for
which pr; : (X, Ax) — (X, A;) is an NSet(H)-mapping for
each j € J.

In this case, Ax is called the product of (A,) s, denoted by

Ax =jegAj = (e Ta,, Ujesla, e Fa;)

and (X, Ax) is called the product NHSp of ((X;, 4;)),.
In fact, Ax = e 0 (A)
and
HjGJTAj = /\TAj opry,
HjeJFAj = \/FAj opry.

In particular, if J = {1, 2}, then

Hjesla, = Nla; oprj,

Hje Ta, = Ta, x Ta, = (Ta, 0 pri) A (Ta, o pra),

Hjesla; = Ia, X Ia, = (Ia, opri) A (Ia, o pra),

HjesFa; = Fa, x Fa, = (Fa, opr1) V (Fa, o pra).

The following is the immediate result of Lemma 4.5 and Result

2.3.

Corollary 4.7 The category NSet(H) is complete and cocom-
plete.

The following is obvious from Result 2.2. But we show
directly it.

Corollary 4.8 The category NCSet is cotopological over Set.

Proof. Let X be any set and let ((X;, A;)); be any family of
NHSps indexed by a class J. Suppose (f; : X; — X)) is a sink
of ordinary mappings. We define mappings T4, ,la,,Fa, :
X — H as follows: foreach xz € X,

Tay(z) = Vi Vayer=w Tay (@) if f57(2) # ¢ forall j

" 0 if fj_l(x) = ¢ for some j,
T, (z) = \/J vfﬂyEffl(r) IAJ (9:]) if fj_l(l’) % ¢ for all j

- 0 if f;7! = ¢ for some j,
Fa,(x) = /\J Nojes o Fa, () i £ # ¢ forall j

h if ;1 = ¢ for some j.

Since ((Xj, A;))s is a family of NHSps, T, < N(Fa;) and
I4; > N(Fa,) for each j € J. We may assume that fj_1 # ¢
without loss of generality. Let z € X. Then

N(Fay(2)) = N(A, /\;pjef.—l(z) Fa,(x;))
=V Vaerr )N(FA,-(xj))
>V, \/mjefj 1) Ta, (25).
= TAX(IE).

and

N(Fax(z)=V;V,. €5 Ly N (Fa, (7))
<V, \/Ljef]. () IAJ (x5)-
= IAX(J?).

Thus Ta, < N(Fa,)and I, > N(Fa,).
So (X, Ax) is an NHSp. Moreover, for each j € J,

U HA) = A)) D A

Hence each f; : (X, A;) — (X, Ax) is an NSet(H)-mapping.
Now for each NHSp (Y, Ay ), let g : X — Y be an ordinary
mapping for which each g o f; : (X;,A4;) — (Y, Ay) is an
NSet(H)-mapping. Then clearly for each j € J,
Aj C(gof) 7 (Ay),ie, A; C f; (g H(Ay)).
Thus U A; < U £ (97 (Ay)).
So f{(UA4;) C fi(Uf; (g~ (A

the definition of A,

£(UJ45)

fjfl(AX) =

y))). By Proposition 3.7 and

= Ufj(AJ) =
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and

LUK A)) =W o £ HAy) = g7 (Ay).
Hence Ax C g '(Ay). Therefore g : (X, Ax) — (Y, Ay) is
an NSet(H)-mapping. This completes the proof. O

Example 4.9 (1) Let (X, Ax) € NSet(H), let R be an ordi-
nary equivalence relation on X and let ¢ : X — X/R be the
canonical mapping. Then there exists the final NHS structure
Ax/r in X/R for which ¢ : (X, Ax) — (X/R, Ax/g) is an
NSet(H)-mapping, where Ax/r = (Tay,ps Lax,n> Fay ) =
(P(Tax ), p(ax), p(Fay))-

In this case, Ax/ g is called the neutrosophic H-quotient set
structure of X by R.

(2) Let (X4, Aa))aer be a family of NHSs, let X be the sum
of (Xo)aer,ie., X = J(Xa x {a}) and let j, : X, — X the
canonical (injective) mapping for each o € I'. Then there exists
the final NHS Ax in X. Infact, Ax = (Tay,lay,Fa,), where
for each (z, ) € X,

TAX (l’, Oz) = \/F TAa (:E),
Fay(z,a) = Ap Fa, (2).
In this case, Ax is called the sum of ((X4, An))acr-

= Vr 1, (2),

IAX (1‘, Ot)

Lemma 4.10 Final episinks in NSet(H) are prserved by pull-
backs.

Proof. Let (g; : (X;,4,) — (Y, Ay)) be any final episink in
NSet(H) and let f : (W, Aw) — (Y, Ay) be any NSet(H)-
mapping. For each j € J, let

Uj={(w,z;) € W x X; : f(w) = gj(z;)}

For each j € J, we define mappings Ta,, , [y, Fay,
H as follows: for each (w, z;) € Uj,

ZUj—>

Tay, (w,z5) = Tay (w) ANTa, (z;),

Tay, (w, ;) = Tay, (w) A La, (),
= Fay (U}) v FAj (333)

Then clearly, Ay, = (Tay,,lay; Fay,) = (Aw x 4;). €
NHS(Uj). Thus (Uj, Ay,) is an NHSp, where (A x Aj).
denotes the restriction of Ay x A; under Uj.

Fay, (w,2;)

Let e; and p; be ordinary projections of U;. Let j € J. Then
clearly,
AUj C ej_l(Ay) and AUj C pj_l(Aj).
Thus €; - (Uj,AUj) — (I/V, Aw) and P - (Uj,AUj) —
(X;,A;) are NSet(H)-mappings. Moreover, g o p, = foe;
for each j € J, i.e., the diagram is a pullback square in NCSet:

(Uj7AUj) b . (vaAJ)
e gj
(W, Aw) - (Y, Ay).
f

Now in order to prove that (e;) is an episink in NSet(H),
i.e., each e; is surjective, let w € W. Since (g;)s is an episink,
there exists j € J such that g;(z;) = f(w) for some z; € X;.
Thus (w, z;) € U; and w = e;(w, ;). So (e;) is an episink in
NSet(H).

Finally, let us show that (e; ) is final in NSet(H). Let Aj;,
be the final structure in W w.r.t. (e;); and let w € W. Then

TAW (w) = TAW (w) A TAW (w)
< Ty (w) A f (T (w))
[since f: (W, Aw) — (Y, Ay))s) isan
NSet(H)-mapping]
=Tay (w) NTa, (f(w))
= Tay (W) AV, vmjeg;l(f(w)) Ta, (x5))
[since (g;) is final in NSet(H)]

=V, \/wJEg (f(w)) Taw (W) ANTa, (25))
- VJ\/ (w,zj) e]._ (w)(TUj (U),.’Ej))
= Ta;, (w).

Thus Ty, < TAév' Similarly, we can see that 4, < I Az, and
Fay > Fa:,. So Aw C Ajy. On the other hand, since ¢e; :
Uy, Ay;) — (W, Ayy) is final, idw = (W, Ay,) — (W, Aw)
is an NSet(H)-mapping. So Aj;, C Aw. Hence Ay = Aj;,.
This completes the proof. (]

For any singleton set {a}, since the NHS structure Ay, on
{a} is not unique, the category NSet(H) is not properly fibred
over Set. Then by Lemmas 4.5,4.9 and Definition 2.6, we obtain
the following result.

Theorem 4.11 The category NSet(H) satisfies all the condi-
tions of a topological universe over Set except the terminal sep-
arator property.

Theorem 4.12 The category NSet(H) is Cartesian closed over
Set.

Proof. From Lemma 4.5, it is clear that NSet(H) has products.
So it is sufficient to prove that NSet(H) has exponential objects.
Forany NHSs X = (X, Ax)andY = (Y, Ay ), let Y be the
set of all ordinary mappings from X to Y. We define mappings
Ta,x:Ia,x:Fa,y : Y™ — H asfollows: for each f € Y,

yX? yX?

TAyX (f)

=\/{h € H:Ta,(x) Nh < Ta, (f(z)),

foreach x € X},

IAyX (f) = \/{h € H: IAX (l’) Ah < IAY (f(x))a
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foreach z € X},

Fa o (f)=N\{h€H:Fac(x)Vh=Fa, (f(z)),

foreach z € X'}.
Then clearly, Ayx = (Ta_y,la, y,Fa ) € NHS(YX)and
thus (YX, Ay x) is an NHSp. Let YX* = (YX, Ay x) and let
f € YX, 2 € X. Then by the definition of Ay x,

TAX (I) A TAYx (f) < TAY (f(.’E)),

IAX ((E) A IAyX (f) < IAY (f(.’t)),
FAX(SU) \4 FAyX (f) > FAY(f<x))

We define a mapping exy : X x YX — Y as follows: for
each (z, f) € X x YX,

exy(x, ) = f(z).

Then clearly, Ax x Ayx € NHS(X x YX), where Ax =
(TAxleX’FAx)
and for each (z, f) € X x YX,
Tax XAy x (Lﬂ, f) =Tay (1') A TAyX (f)’
IAX XAy x (LC, f) = IAX (SIJ) A IAyX (f)’
FAXXAYx(:E7f) :FAX('T)VFAYX(f)'

Let us show that Ax x Ayx C 6;(’1Y(Ay). Let (z, f) €
X x YX. Then
exy(Ay)(z, f) = Ay (exy (z, f)) = Ay (f(2)).
Thus

=Ty (f(2))
> TAX (:L') A TAYX (f)

=Tax XAy x (z, f),

Te;(}Y(Ay)(x’f)

Ie;()ly(Ay)(xaf) = IAY (f(.’IJ))
> IAX (QC) A IAYX (f)

=1y XAy x (z, f),

= FAY (f(.]?))
< FAX(:E) \/FAyX
= FAXXAYX (!I?,f)

Fo (@ 6)
(f)

So Ax x Ayx C 6;(71Y(Ay). Henceexy : X x YX =Y

is an NSet(H)-mapping, where
X xYX = (XXYX AX xAyx)andY (Y,Ay).
Forany Z = (Z, Az) € NSet(H),leth : X x Z — Y be an

NSet(H)-mapping where X x Z = (X x Z,Ax x Az). We

define a mapping h : Z — Y X as follows:

(h(2))(z) =

foreach z € Z and each « € X. Let (x,2) € X x Z. Then

h(z, 2),

=Tay (.%‘) NTa, (z>

<Ta,(h(z,2)) [sinceh: X xZ —>Y
is an NSet(H)-mapping]

— Ty (h(2)) (@),

Thus by the definition of Ay x,

TAX XAz (.’I},Z)

Tay () < T, (b)) = -

So Ty, < ﬁ_l(TAYX). Similarly, we can see that I4, <
h~'(Ia, ) and Fa, > h™*(F4 ). Hence h : Z — YX
is an N'Set(H)-mapping, where Y* = (Y X Ay x). Further-
more, we can prove that h is a unique NSet(H)-mapping such
thatex y o (idX X h) = h. O

HTay 5 )(2).

5 The relation between NSet(H) and
ISet(H)

Lemma 5.1 Define G1,G2 : NSet(H) — ISet(H

) by:

Gl(Xv (TaIaF)) = (Xa (T’F))v

G2(X7 (T’ I’ F)) = (X’ (T>N(T)))

and

Gi(f)=Ga(f) =T
Then G1 and G2 are functors.

Proof. 1t is clear that G1(X, (T,I,F)) =
ISet(H) for each (X, (T, I, F) € NSet(H).

Let (X, (Tx,Ix, Fx)),(Y,(Ty, Iy, Fy)) € NSet(H
let f (X,(Tx,lx,Fx)) —
NSet(H)-mapping. Then

TX §TyofandFX ZFyOf.
Thus G (f) = f is an ISet(H)-mapping. So G; : NSet(H) —
ISet(H) is a functor.

Now let (X, (T, I, F')) € NSet(H) and consider
(X, (T, N(T'))). Then by Result 2.8, T'< NN(T'). Thus G5(X
(T, I, F)) = (X, (T, N(T))) € NSet(H).

Let (X, (Tx, Ix, Fx)), (Y—7 (Ty, Iy, Fy)) € NSet(H) and
let f (X (Tx,Ix,Fx)) — (Y (Ty,[y,Fy)) be an
NSet(H)-mapping. Then Tx < Ty o f. Thus N(Tx) >

N(Ty)o f.

So Ga(f) = [+ (X, (Tx,N(Tx)) = (Y,(Ty, N(Ty)) is an
ISet(H )mapplng Hence G : NSet(H) — ISet(H) is a
functor. O

(X, (T, F)) €

) and
(Y,(Ty,Iy,Fy)) be an
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Lemma 5.2 Define F : ISet(H) — NSet(H) by:

Fl(Xv (Nal’)) = ( ,(IU,,N(I/),I/)) andFl(f) =f
Then F is a functor.

Proof. Let (X, (1, v)) € ISet(H). Then
p < N(v)and N(v) < N(v).
Thus F1 (X, (u,v)) = (X, (4, N(v),v)) € NSet(H).
Let (X, (px,vx)), (Y, (uy,vy)) € ISet(H) and let
f (X, (px,vx)) = (Y, (uy, vy)) be an ISet(H)-mapping.
Consider the mapping

Fi(f) = f: (X, (px,vx)) = Fu(Y, (py,vy)),

where

Fi(X, (ux,vx)) = (X, (px, N(vx),vx))

and
Fi(Y, (py,vy)) = (Y, (uy, N(vy ), vy)).

Since f : (X, (px,vx)) — (Y, (uy,vy)) is an ISet(H)-
mapping, pux < py o f and vx > vy o f. Thus N(vx) <
N(vy)o f. So Fi(f) = [+ (X,(ux,N(vx),vx)) —
(Y, (uy, N(vy),vy)) is an NSet(H)-mapping. Hence F; is a
functor. O

Lemma 5.3 Define F» : ISet(H) — NSet(H) by:

By (X, (n,v)) = (X, (u, N(v), N(n)) and F5(f) = f.

Then Fy is a functor.

Proof. Let (X, (p, v)) € ISet(H). Then p < N(v) and p <
NN(u), by Result 2.8. Also by Result 2.8, NN(u) < NNN(v) =
N(v). Thus p < NN(u) < N(v). So Fo(X, (u, v)) = (X, (u,
N(v), N(u))) € NSet(H).
Let (X, (px,vx)), (Y, (py,vy)) € ISet(H) and f
(X, (ux,vx)) = (Y, (uy,vy)) be an ISet(H )-mapping. Then
X S,uyonandl/X > Vyon.

Thus N(vx) < N(wy) o f%.  So L(f) = f
(X, (nx, N(vx),N(px))) = (Y, (py, N(vy), N(uy))) is an
NSet(H)-mapping. Hence F5 is a functor. O

Theorem 5.4 The functor Fy : ISet(H) — NSet(H) is a left
adjoint of the functor G1 : NSet(H) — ISet(H).

Proof. For each (X, (u,v)) € ISet(H), 1x : (X, (p,v)) —
G1Fi (X, (p,v)) = (X, (p,v)) is an ISet(H)-mapping. Let
(Y, (Ty,Iy,Fy)) € NSet(H) and let f : (X, (u,v)) —
G1(Y,(Ty,Iy, Fy)) = (Y, (Ty, Fy)) be an ISet (H)-mapping.
We will show that f : Fy (X, (u,v)) = (X, (u, N(v),v)) —
(Y, (Ty,Iy,Fy)) is an NSet(H)-mapping. Since f
(X, (u,v)) = (Y, (Ty, Fy)) is an ISet(H)-mapping,
/J,STyOfandl/szof.
Then N(v) < N(Fy) o f. Since (Y,(Ty,Iy,Fy)) €
NSet(H), Iy > N(Fy)). Thus N(v) < Iy o f. So f :
Fi(X, (p, V)) = (X, (u; N(v),v)) = (Y= (TYvIYvFY)) is an

NSet(H)-mapping. Hence 1x is a G;-universal mapping for
(X, (p,v)) € ISet(H). This completes the proof. O

For each (X, (u,v)) € ISet(H), Fi(X,(p,v)) =
(X, (u, N(v),v)) is called a neutrosophic H-space induced by
(X, (u,v)). Let us denote the category of all induced neutro-
sophic H-spaces and NSet(H)-mappings as NSet*(H). Then
NSet*(H) is a full subcategory of NSet(H).

Theorem 5.5 Two categories ISet(H) and NSet*(H) are iso-
morphic.

Proof. From Lemma 5.2, it is clear that Fy : ISet(H) —
NSet*(H) is a functor. Consider the restriction G : NSet*(H)
— ISet(H) of the functor G; in Lemma 5.1. Let (X, (u, v)) €
ISet(H). Then by Lemma 5.2, Fi(X, (i, v)) = (X, (i, N(v),
V)) Thus GlFl(Xv (,LLv V)) = Gl(Xv (,LL, N(V)’ V)) = (X’ ( )
I/)) So G1 o F1 = 1ISet(H)-

Now let (X, (Tx, Ix, Fx)) € NSet*(H). Then by definition
of NSet*(H), there exists (X, (u, N(v),v)) such that

Fl(X7 (/‘7”)) = (X7 (M?N(V)’V)) = (Xa (TXaIX>FX))'
Thus by Lemma 5.1,

G1(X,(Tx,Ix,Fx)) =G (X, (4, N(v),v))
= (X’ (,u,y)).

So

FGi(X,(Tx,Ix,Fx)) = Fi(X,(u,v))
=(X,(Tx,Ix,Fx)).

Hence F| o Gi = lINset~(a). Therefore Fy : ISet(H) —
NSet*(H) is an isomorphism. This completes the proof. (]

6 Conclusions

In the future, we will form a category NCRel composed of
neutrosophic crisp relations and morphisms between them [resp.,
NRel(H) composed of neutrosophic relations and morphisms
between them, NCTop composed of neutrosophic crisp topo-
logical spaces and morphisms between them and NTop com-
posed of neutrosophic topological spaces and morphisms be-
tween them] and investigate each category in view points of topo-
logical universe. Moreover, we will form some subcategories of
each category and study their properties.
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