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Abstract—A rough fuzzy set is the result of approximation of a
fuzzy set with respect to a crisp approximation space. It is a
mathematical tool for the knowledge discovery in the fuzzy
information systems. In this paper, we introduce the concepts of
rough standard neutrosophic sets, standard neutrosophic
information system and give some results of the knowledge
discovery on standard neutrosophic information system based on
rough standard neutrosophic sets.
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l. INTRODUCTION

Rough set theory was introduced by Z. Pawlak in 1980s
[1]. It becomes a usefully mathematical tool for data mining,
especially for redundant and uncertain data. At first, the
establishment of the rough set theory is based on equivalence
relation. The set of equivalence classes of the universal set,
obtained by an equivalence relation, is the basis for the
construction of upper and lower approximation of the subset of
universal set.

Fuzzy set theory was introduced by L. Zadeh since 1965
[2]. Immediately, it became a useful method to study in the
problems of imprecision and uncertainty. Since, a lot of new
theories treating imprecision and uncertainty have been
introduced. For instance, Intuitionistic fuzzy sets were
introduced in1986, by K. Atanassov [3], which is a
generalization of the notion of a fuzzy set. When fuzzy set give
the degree of membership of an element in a given set,
Intuitionistic fuzzy set give a degree of membership and a
degree of non-membership of an element in a given set. In
1999 [17], F. Smarandache gave the concept of neutrosophic
set which generalized fuzzy set and intuitionistic fuzzy set. It is
a set in which each proposition is estimated to have a degree of
truth (T), adegree of indeterminacy (I) and a degree of falsity
(F). Over time, many subclasses of neutrosophic sets were
proposed. They are also more advantageous in the practical

application. Wang et al. [18] proposed interval neutrosophic
sets and some operators of them. Smarandache [17] and Wang
et al. [19] proposed a single valued neutrosophic set as an
instance of the neutrosophic set accompanied with various set
theoretic operators and properties. Ye [20] defined the concept
of simplified neutrosophic sets. It is a set where each element
of the universe has a degree of truth, indeterminacy and falsity
respectively and which lies between [0, 1] and some
operational laws for simplified neutrosophic sets and to
propose two aggregation operators, including a simplified
neutrosophic weighted arithmetic average operator and a
simplified neutrosophic weighted geometric average operator.
In 2013, B.C. Cuong and V. Kreinovich introduced the concept
of picture fuzzy set [4,5], as a particular case of neutrosophic
set, in which a given element has three memberships: a degree
of positive membership, a degree of negative membership, and
a degree of neutral membership of an element in this set. After
that, L. H. Son has given the application of the picture fuzzy set
in the clustering problems [7,8]. We also regard picture fuzzy
sets as a particular case of the standard neutrosophic sets [6].

In addition, combining rough set and fuzzy set has also
many interesting results. The approximation of rough (or
fuzzy) sets in fuzzy approximation space give us the fuzzy
rough set [9,10,11]; and the approximation of fuzzy sets in
crisp approximation space give us the rough fuzzy set [9,10].
W.Z. Wu et al, [11] present a general framework for the study
of fuzzy rough sets in both constructive and axiomatic
approaches. By the same, W. Z. Wu and Y. H. Xu were
investigated the fuzzy topological structures on the rough fuzzy
sets [12], in which both constructive and axiomatic approaches
are used. In 2012, Y. H. Xu and W. Z. Wu were also
investigated the rough intuitionistic fuzzy set and the
intuitionistic fuzzy topologies in crisp approximation spaces
[13]. In 2013 B. Davvaz and M. Jafarzadeh study the rough
intuitionistic fuzzy information system [14]. In 2014, X.T.
Nguyen introduces the rough picture fuzzy sets.lt is the result
of approximation of a picture fuzzy set with respect to a crisp
approximation space [15].



Il.  BASIC NOTIONS OF STANDARD NEUTROSOPHIC SET AND
ROUGH SET

In this paper, we denote U be a nonempty set called the
universe of discourse. The class of all subsets of Uwill be
denoted by P(U) and the class of all fuzzy subsets of U will be
denoted by F(U).

Definition 1. [6]. A standard neutrosophic (PF) set A on the
universe U is an object of the form

A :{(X!“’A (X),HA (X), Ya (X)) |x e U}
where pa(x)(€ [0,1]) is called the “degree of positive

membership of x in A”, na(x)(€ [0,1]) is called the “degree
of neutral membership  of x in A’ and

YA (x)(e [O,l])Y,q(X)(E [0,1]) is called the “degree of
negative membership of x in A”, and where
Uy, Ma Ha Yaand Y, are  dependent  components

alltogether (see [24]) and therefore they na satisfy the
following condition:

uA(x)+nA(x)+ yA(x)Sl, (VxeX)

a(x) + ya®) +na(x) = L, (Vx €X).

The family of all standard neutrosophic set in U is denoted by
PFS(U). The complement of a picture fuzzy set A is

~A={(X, 7a(x), Na(x), 1a(x))| Vx € U}.
Obviously, any intuitionistic fuzzy set A = {(x, pa (%), va (%))}

may be identified with the standard neutrosophic set in the
form

A={(%11,(x).0, 7, (x)X) | x € U}
A= {(‘x'! IJ'A(X)J 'YA(X); 0) |K € U}

The operators on PFS(U): AcB , AnB AuBwere
introduced [4]:

Now we define some special PF sets: a constant PF set is
the PF set (a,B,0) = {(x,a, B, 6)|x € U}; the PF universe set
is U=1y =(1,0,0) ={(x,1,0,0)|x € U} and the PF empty
set is
{(x,0,0,1)|x € U}

{(x,0,1,0)|x € U}.

Forany X € U, standard neutrosophic set 1, and 1, .,

are, respectively, defined by: forall y € U

_Jrify=x _JOoif y=x
Hlx(y)_{Oif y#X nl*(y)_{Oif y#EX

0if y=x
mw:{ »

0if y=x
%{x}(y):{lif Y # X '
0if y=x

lif y=x
’71um(y)_{0 if y=x' }/]“**}(y)_{o if y=x

Definition 2. (Lattice (D%, =p-)). Let
D* = {(%4,%X3,%3) € [0,1]3:%; + %, + x5 = 1},

1if y#x

We define a relation =p= on D* as follows:
V(XIJ X21x3)! 6’1! er y3) € DH
then

(X0, %,%3) < (Y1, ¥20Ys) B1.%2,%3) <pr (¥1,¥2,¥3)

if only if (or(X, <y, Xs =V,) (& <yi,X3=y3) or
X1 =yuX3 > ) =x,y>y") or
X1 =y1.X%3 =V, X =y)(x=x,y=y,z=72)) and
(x1,%2,%3) =p* (V1,¥2,¥3) © (X1 = ¥1,X2 = ¥2,X3 = ¥3).
We have (D*,SD*) is a lattice. Denote Op: = (0,0,1),

1p- = (1,0,0) Now, we define some operators on D

Definition 3.

(i) Negative of x = (x1,%5,%3) € D" is X = (x3,%2,%41)

(i) Forall x = (x4,%x3,x3) € D* we have
XAY=(X A Y% A Yy X V Y3)

XVy:(le YiiXo A Yo Xg /\y3)
We have some properties of those operators.

Lemma 1.

(@) Forall x = (x1,x3,x3) € D" we have
(bl) XAY=XVYxAy=XVy
(b2) XVYy=XAYxVYy=XAYy
(b) For all x,y,u,v € D* and x <p- u,y =<p* v we
have
(c)xAy =p-uAv
(2)xVy =p-uVv
Proof.
(@ We have
XANY = (x3Vy oAy, x4 Ay ) =
(x3,%2,%1) V (Y3, y2,01) =X VY
Similary
XxVy= (X3 Ay3, X3 Ayz, X Vyy) =
(%3, %2, 1) V (¥3,y2.01) =X VY
(b) For a,bc,d€[01], if a=bc=d then
aA c=bAd and. From definition 2, definition 3 we have
the result to prove. o

Now, we mention the level sets of the standard neutrosophic
sets. Where (o, B, 8) € D", we define:

e (a,B,8) — level cut set of the standard neutrosophic set
A :{(X!“’A (X),HA (X), Ya (X)) |x e U}
A = {(x, pa(x), ya(x),m a(x))|x € Ulas follows:



Ag’B ={xe U|(uA (X),T]A (x), N (x)) > (0,, B, 9)}
= {x € Ul(na(x),n a(x), ya®)) = (o, B,6)}
of the

o strong (a,B,0)— level cut set standard

neutrosophic set A as follows:
AT ={x e Ul(pa (x).m4 (%), va(x)) > (o, B, 0);

e (a*,B,08) — level cut set of the standard neutrosophic
set A as
A; P ={xeUlp, (x)>a,7, (x)<6}
e (a,B,8%) — level cut set of the standard neutrosophic set
Aas

Ag;ﬁ ={xeUlu, (x) >0, Ya (X) <0}
When B =0 we denoted

& =Ag" = {xeU|(na®),nakx),vax)) = (. 0,0)}
. (a*,8%) — level cut set of the standard neutrosophic
set A as

AZ ={x e Ulp, (x)>a,ya(x)<6}

e a— level cut set of the degree of positive membership of
xinAas

A" ={x e U|u, (x) > o}
the strong o« — level cut set of the degree of positive
membership of x in A as

AY ={x e Ulu, (X) > o}

e 0O— level low cut set of the degree of negative
membership of x in A as

A, ={xeUly, (X) <0}

the strong © — level low cut set of the degree of negative
membership of x in A as

A, ={xeUly, (X)<9}.

Example 1.
Given the universe U = {u;,uz,uz}. Then

A=((4,0.8,0.05,0.1),(u,,0.7,0.1,0.2),(u,,0.5,0.01,0.4)) 1S &

standard neutrosophic set on U. Then Agﬂ’o'z = {ug,up}
07,01 _ 7,02 _

but AY7%t ={w} and A%2%={u} AT =1{u,

0.1%
0.7 _
Ao.1+ =0,
Agp+ = {ui}, Aoz = {upug}.

Definition 3.

A0.5+

A%S = {ug, uzus} = {u4, us},

Let U be a nonempty universe of discourse which many be
infinite. A subset R € P(Ux U) is referred to as a (crisp)
binary relation on U. The relation R is referred to as:

o Reflexive: if forall X e U, (X,x)eR.

e  Symmetric: if for all
xyeU, (x,y)eRxy €U (xy) €Rthen (y,x) €R.

e Transitive:

if for all

xyzeU, (x,y)eR,(y,z)eR

%y,2€ U (x,y) ER(y,z) €ERthen (x,z) ER

e Similarity: if R is reflexive and symmetric

e Preorder: if R is reflexive and transitive

e Equivalence: if R is reflexive and symmetric,
transitive.

A crisp approximation space is a pair (U,R). For an
arbitrary crisp relation R on U, we can define a set-valued
mapping R, : U — P(U) by:

Rs(x)z{ye Ul(x,y) e R}, x e U.

Then, Rg(x) is called the successor neighborhood of Xx
with respect to (w.r.t) R .

Definition 4. [9]

Let (U, R) be a crisp approximation space. For each crisp
set A € U, we define the upper and lower approximations of
A (w.r.t) (U,R) denoted by R(A) and R(A), respectively, are
defined as follows

RA) ={xeU:R,x)NA=0],

R(A)={xeU: R (x)c A}
R(A) = {x € U:R,(x) € A}

Remark 2.1.

Let (U, R) be a Pawlak approximation space, i.e. R is an
equivalence relation. Then Rs(x) = [x]z holds. For each crisp
set A< U, the upper and lower approximations of A (w.r.t)
(U, R) denoted by R(A) and R(A), respectively, are defined as
follows

R(A)

R(4)

xEU:[x]lzgNA =0}
{x € U:[x]z € AL

Definition 5 [16]

Let (U, R) be a crisp approximation space. For each fuzzy
set A € U, we define the upper and lower approximations of A
(w.r.t) (U, R) denoted by ﬁ(A) and R(A), respectively, are
defined as follows
RAA) ={x€eU:R;(x)NA=0},
R(A)={xeU: R, (x)c A}
where



gea) ) = max{u,(¥)|y € R (x)3,
Hra (X) = min{ﬂA (y) lyeR, (X)}

Remark 2.2.

Let (U,R) be a Pawlak approximation space, i.e. R is an
equivalence relation. Then Rg(x) = [x]x holds. For each fuzzy
set A € U, the upper and lower approximations of A (w.r.t)
(U, R) denoted by R(A) and R(A), respectively, are defined as
follows
RA)={xeU:[xlgn A= @1} R(A) = {x€eU:[x]g € A}
This is the rough fuzzy set in [6].

I1l.  ROUGH STANDARD NEUTROSOPHIC SET

A rough standard neutrosophic set is the approximation of
a standard neutrosophic set w. r. t a crisp approximation space.
Here, we consider the upper and lower approximations of a
standard neutrosophic set in the crisp approximation spaces
together with their membership functions, respectively.

Definition 5:

Let (U, R) be a crisp approximation space. For A € PFS(U),
the upper and lower approximations of A (w.rt) (U,R)
denoted by ﬁ(A)@(A) and RP(A), respectively, are

@‘ined as follows:
RP(A) = {(%, ugpra) (). Mz50a) (X)), YRBa) ) X € U}

RP(A) = (%, Hap(a) (%) Mgy (%) Vo) (x)) 1 X € U}
where

Hapn) (X) = ¥ Ha(¥),
NRe(a) (x)= Yt () A (¥),

RP(A) = {(x, HRP(A) (X):YE(A}(X)JT]E(A) @)x e U};
and

RP(A) = {(x, HRE(A) (X);YQ(A}(X);HE(A) (x))Ix € U},
o) (X) = A Ma(Y),

yeRy(x)
Yre(a) (x)= yer ) TA (v)-

We have RP(A) and RP(A) are two standard
neutrosophic sets in U. Indeed, for each x € U, for all € = 0,
itexists y, eU ¥o € U such that

ixpca) (%) — € = pa(yo) = pgpea) (),

N&Ba) X)) = 1400%),

Yasa) %) = v4(00)

so that Mﬁ(A) (X) et T]ﬁ(A) (X) + Yﬁ(A) (X)
< Ha (YO)'H]A (y0)+7A(y0)S1
Hip(a) ®) — € + Ngpa) X Hyasa) ) =

Hence HRB(A) (X) + ﬂﬁ(ﬁ)(}()‘lﬂfﬁ[ﬁ} (K) <1+ ¢ for all
€ > 0. It means, i.e, RP(A) is a standard neutrosophic set. By

the same way, we obtain RP(A) is a standard neutrosophic set.
Moreover, RP(A) c RP(A).

Thus the standard neutrosophic mappings RP,
RP:PFS(U) — PFS(U)are referred to as the upper and lower
PF approximatiorL operators, respectively, and the pair
PR(A) = (PR(A),RP(A)) RP(A) = (RP(A),RP(A)) is called
the rough standard neutrosophic set of A w.rt the
approximation space. The picture fuzzy set denoted by
~RP(A) and is defined by
~ PR(A) = (~ PR(A),~ RP(A))
~RP(A) = (~RP(A), ~RP(A)) where ~RP(A) and ~RP(A)
are the complements of the PF sets RP(A) and RP(A)
respectively.

Example 2.

We consider the universe set U = {u,u5,1u3,us,1us} and a
binary relation R on U in Table 1. Here, if u;Ru; then cell (i, j)
takes a value of 1, else cell (i, j) takes a value of 0 (i, j =1, 2,
3, 4, 5). A standard neutrosophic

A={(u,,0.7,0.1,0.2),(u,,0.6,0.2,0.1),(u,,0.6,0.2,0.05),

(u,,0.6,0.2,0.1),(u;,0.6,0.2,0.05)}

TABLE I.

Rlu, [ u, | ug|u, | ug
u | TJo[1]o]o

u, | O[T ]o 11

u, | Lo 1ot

MEAEEREERK

ug | 0 [0 T[T 1

Binary relation R on U

We have Rg(uy) = {ug,us}, Rs(uy) = {uy,uy,us},
Rs(u3) = {H1JH3JU5}, Rs(u4) = {uz,uy},
R, (ug) = {u;,u,,ug } Rs(us) = {ug,ug,us}.

So that, we obtain results
u@ﬁiﬂ(ul) - VVERc () HA(y)
Hep(a) (ul) =V yer, (1 1A (y) = max{p, (uy), s (us)}
=max{0.7,0.6} = 0.7,

Nre(a) (u,)= Avyer,(u,)1A (y) =min {’7A (U )77 (us )}
=max{0.7,0.6} = 0.7,

Vre(A) (u)= Ayer () A (y)=min {7A (U),7a (U )}
Yre(a)(U1) = Avercun Ya(y) = minfy,(uy),v4(us)} =
max{0.7,0.6} = 0.7min{0.2,0.05} = 0.05

Similar calculations for other elements of U, we have
upper approximations of A is



@(A) ={(v,,0.7,0.1,0.05), (u,,0.6,0.2,0.1),
(u;,0.7,0.1,0.05),(u,,0.6,0.2,0.1),(u5,0.6,0.2,0.05)}
and lower approximations of A is

RP(A)={(u,,0.6,0.1,0.2),(u,,0.4,0.2,0.2),
(u;,0.4,0.1,0.2),(u,,0.5,0.2,0.15),(u5,0.4,0.2,0.2)}.

Some bhasic properties of rough standard neutrosophic set
approximation operators represent in the following theorem:
Theorem 1.

Let (U, R) be a crisp approximation space, then the upper
and lower rough standard neutrosophic approximation
operators satisfy the following properties:
VA,B,A; € PFS(U),j € ],] is an index set,

(PL1) PR(~ A) =~ RP(A)

(PL2)

RP(AU(c.0)) = RP(A) U (ap.0)
(PL3) RP(U) = URP(D) = U

Nrea) %) = Ayer,cona ()

(PL5) RP(AUB) 2 RP(A)URP(B)

(PL6)AS B = RP(A) S RP(B)

(PU1) RP(~A) = ~RP(A)RP(~ A) =~ PR(A)
(PU2) PR(AN (a,B,8)) = PR(A) N («,B,8)
(PU3) PR(®) = 0

(PU4) RP(UjeA)) = Ujy RP(4))

(PU5) RP(A N B) < RP(A) N RP(B)

(PUB) A<= B = RP(A) € RP(B)

Proof.
(PLY).
RP(~A) ={(X’ Meo-a) (X):Mgo-a) (X)s Yepca) (X)) [xel)

In which,

Mao-n) (X) =V yer o on (Y) = Vim0 7a (V)=
Veogm (X):

Mo-n) (X) = A cr 07-a (V) = Ayp 14 (V) =
UEIN (x)

From that and lemma 1, we have PR(~ A) =~ RP(A).
(PL2) Because (a, B, 8) = {(x,a, B, 6)[x € U}, we have

’u@(Au(a,ﬁ,e)) (X) -V yeRs(X)’u@(Au(a,ﬁ,e)) (y)
Vyer @ Hrplauaam () = \V, yEF{S(X)miilx {,Ll@(A) ( )/) ) 0!}

= maX{V yeRs(x)’u@(A) ( y) VvV yeRs(X)a}

= max{Vyer.x) Hrpa) V), Vyer.co @ }

max{ Hp ) (X): ,U(aﬁe)) B o= Hep(A)(a,p.0) ( ).
By the same way, we have

n@(Au(u,B,e)) (x) = TrpA(a.p.0) 9

and

Vee(acian) (x)=7 rea(up) )

It means RP(A U (a, B,6)) = RP(A) U («,B,8).
(PL3) Since U =1y = (1,0,0) = {(x,1,0,0)|x € U}, then we
can obtain (PL3) RP(U) = U by using definition 5.

The results (PL4), (PL5), (PL6) were proved by using the
definition of lower and upper approximation spaces (definition
5)and lemmal. py__, — . (%)

Similarly, we have (PU1), (PU2), (PU3), (PUA4), (PU5), PU(6).
O

Theorem 2.
Let (U, R) be a crisp approximation space. Then

a) RP(U) =U= RP(U) and
RP(&) =& = RP(&)RP(0) = 0 = RP(D).

b) RP(A) C RP(A) forall A € PFS(U).o
Proof.

(@) Using (PL3), (PL6), (PU3), (PU6), we easy prove
RP(U) = U = RP(U) and RP(0) = @ = RP(0).
(b) Based on definition 5, we have

l’lE(A) (X) = /\yeRS(x)uA (y) < l’lﬁ(A) (X) = VyeRS(x)l’J'A (y) !
Tep(a) (X) = Ayer,pofta (Y) = Nasia) (%)

and
Y@(A) (X) = VngS(x)YA (y) 2 /\yeRs(x)]/A (y) = }/ﬁ(A) (X)
So that RP(A) € RP(A) forall A € PFS(U) .o

In the case of connections between special types of crisp
relation on U, and properties of rough standard neutrosophic
approximation operators, we have the following



Lemma 2.
If R is a symmetric crisp binary relation on U, then for all
A,B € PFS(U),

RP(A) c B < A RP(B)
Proof.

Let R be a symmetric crisp binary relation on U, i.e,
¥y € Ri(x) & x € Ri(y), Vx,¥ € U. We assume contradiction

that RP(A)cBbut A RP(B). For each x € U, we
consider all the cases:
+ 0f 4, (x)> Hep(s) (x)= Ayer oMt (y) then it exists

Yo € Rg(x)
such that

Ha (x) > Hg (yo) = Hep ) (yo) = VzeRs(y )/lA(Z) > g, (%)
(because yo € Rs(x) then x e R, (ly, )- This is not true.

+ the cases Y ()< 7@3)()() OF 77, (X) > 115, (X) is also not

true. o
Theorem 3.

Let (U, R) be a crisp approximation space, and RP, are the
upper and lower PF approximation operators. Then

(@ R is reflexive if and only if at least one of the
following conditions are satisfied
(al) (PLR) RP(A) € A VA € PFS(U)
(a2) (PUR) A € RP(A) VA € PFS(U)
(b) R is symmetric if and only if at least one of the
following conditions are satisfied
(b1) (PLR)RP(RP(A)) € A VA € PFS(U)
(b2) (PUR) A < RP (RP(A)) VA € PFS(U)
(c) R is transitive if and only if at least one of the
following conditions are satisfied
(c1) (PLT) RP(A) = RP(RP(A)) VA € PFS(U)
(c2) (PUT) RP(A) € RP (RP(A) ) VA € PFS(U)
Proof.
(a). We assume that R is reflexive, i.e.,

VA e PFS(U)
we have

Meea) (X) = Ayer oot (¥) SHa (),
W@(A)( )= Ayer,( )”A( )<ma(x).
and Y@(A)(X):VyeR A(Y)= 7a(%).

It means that @(A)QA, VA ePFS(U), ie

verified. Similarly, we consider upper approximation of:

X € Ry (x), so that

, (al) was

HRp(a) (x)= V yer, (x A (v) 2 ma(x).
N&p(a) (x)= Avyer,(xHA (v)=ma(x). and VrRp(a) (x)=

/\yeRs(x)]/A (y) < VA (X) )
It means A < ﬁ(A) VA e PFS(U), ie., (a2) is satisfied.
Now, assume that (al) @(A) c A, VA ePFS(U) we show

that R is reflexive. Indeed, We assume contradiction that R is
not reflexive, i.e., x ¢ Rs (x). We consider A= 1U—{x}’

_ 0if y=x

_[0if y=x _Jrify=x
mw}(Y)—{o if y#x' 71“‘*}(y)_{0 if y=x

Then  Yep(a) (X) =/ yer (Y (v)=0z 7. (x)=1.
This is not true. It implies R is reflexive.
Similarly, we assume that (a2) A < @(A), VA e PFS(U) wi

show that R is reflexive. Indeed, We assume contradiction
that R is not reflexive, i.e., x ¢ Rs (x)

lify= X

We  consider A=1, e,
b, (¥) = {0 if y#x

_JOoif y=x 0if y=x
nl*(y)_{Oify;tx’yl*(y) {1|fy¢x
Then “ﬁ(A)(X)zvyeRs(x)“A (¥)=0=p,(x)=1.

This is not true. It implies R is reflexive.

(b).
We verify case (bl).

We assume that R is symmetric, ie., if XeRg(y) then

yeRs(X). For all AePFS(U), because X € Rg(y) then

ZGR()“A( )<“A(X)’ zER()“A( )<HA(X)’
7a(2) =75 (X)forall yeR(X),wehave

VaeR,(y
Rapgean () = Vyem o (ucry i 1 (2)) S Ha (%),
Tepre(a)) (x)= Vyer,(x) ( Naery(y) A (z)) <na(x);and
ey ()= Ay Vo 72 (2D) 2 7 (%)

It means that RP(RP(A))c A VA e PFS(U).



Now, we assume contradiction that
@(E(A))QA VA e PFS(U) but R is not symmetric, i.e., if

XeRs(y) then yegR,(x) and if yeR;(x) then
XeRs(y). We  consider A=1; - Then
Hﬁ(lip(A)) (X) = Vyer.x) (N ocro(y) Ha (z) =1

> Ua (X =0. It is not true, because
Repmo(a) (x) S U (X),for all xeU. So that Ris
symmetric.

By the same way, it yields (b2).

(). R is transitive, i.e., if for all X,y,zeU:
zeRs(Y),yeRs(x)then zeR;(x). It means that

R (Y) < Rs(x), so that for all AePFSU) we

have /\zeRs(x) Ha (Z) < /\zeRs(y) Ha (Z) '

Hence /\yeRS(x) (/\zeRs(x) Ha (Z)) < /\yeRs(x) (/\zeRs(y) Ha (Z)) '

Because Hrony) (X) = A 0 (A e, Ha (2)) and

ﬂ@@(A»(X):’\yeRs(x)(/\zeRs(y)uA(Z)). So  that

Hepny (X) < Lhgp(rp(ay (X) , for all xeU, Ae PFS(U). It
mean that (c1) was varified. Now, we assume contradiction
that (c1): Rp(A)<RP(RP(A))vAcPFs(U), but R is not

transitive, ie, X,y,ZeU: zeR(y),YyeR;(x)then

z¢Ry(x). We  consider A=1, ., then

Heony (X) = A p gy ha (2) =1, but

Hroweay () = Ayr 0 (A (v Ha (2))=0. It is false.

By same way, we show that (c2) is true. Hence, (c) was

verified.O

Now, according to Theorem 1, Lemma 1 and Theorem 3, we
obtain the following results:

Theorem 4.

Let R be a similarity crisp binary relation on U and RP,
RP:PFS(U) — PFS(U) are the wupper and lower PF
approximation operators. Then, for all A € PFS(U)

A=RP(A)- RP(A)=A
~ ~A=RP(~A)oRP(-A)=—A

IV. THE STANDARD NEUTROSOPHIC INFORMATION SYSTEMS

In this section, we introduce a new concept: standard
neutrosophic information system.
Let (U, 4, F) be a classical information system. Here U is

the (nonempty) set of objects, ie., U = {uy,u,,...,uuk,
A ={a,,a,,...,a,} is the attribute set, and F is the relation
setof Uand 4, ie, F ={f;: U —>V,j=12,..,m}where V

is the domain of the attribute @, j=12,...,m.

We call (U, A,F,D, G) an information system or decision
table, where U, A, F) is the classical information system, A is
the condition attribute set and D is the decision attribute set,
ie, D ={dyd,, .., dp} and G is the relation set of U and D,
ie, G={g;:U~—V/j=12 .,p} where V} is the domain

of the attribute dj, j=12,...,p.

Let (U,AF,D,G) be the information system. For
B < AuD, we define a relation, denoted Rz = IND(B), as
follows, Vx,v € U:
xIND(B)y < f;(x) = f;(y) forall j € {j:q; € B}.

The equivalence class of x €U based on Rg is
[x]p = {y € U: yRpx}.

Here, we consider R, =IND(A), R, =IND(D). If
R, < R R4 & Rp, i.e., for any [x]4 x € U there exists [x]p
such that [x]4 € [x]p, then the information system is called a

consistent information system, other called an inconsistent
information system.
Let (U,A,F,D,G) be the information system, where

(U,A,F) be a classical information system. If
D ={D;|k =1,2,..,q}, where Dy is a fuzzy subset of U, then
(U,AF,D,G) be the fuzzy information system. If
D ={Dylk = 1,2,..,q3where Dy is an intutionistic fuzzy
subset of U, then (U,A,F,D,G) be an intuitionistic fuzzy
information system.

Definition 6.

Let (U, A, F, D, G) be the information system or decision table,
where (U,A,F) be a classical information system. If
D ={Dy|k=1,2,..,q} where Dy is a standard neutrosophic
subset of U and G is the relation set of U and D, then
(U,A,F,D,G) is called a standard neutrosophic information
system.

Example 2.

The following table 2 gives a standard neutrosophic
information system, where the objects set
U={u,us, ..., uso} condition  attribute  set s



attribute  set s
is the standard

A=1{ay,a;,as} and the decision
D ={D;,D; D3}, where Dy(k=1,23)
neutrosophic subsets of U.

Table 2: A standard neutrosophic information system

U a a g4 D, D, D,
u, 3 2 1 (0.2,0,3,0.5) (0.15,0.6,0.2) (0.4,0.05,0.5)
uz 1 3 2 (0.3,0.1,0.5) (0.3,0.3,0.3) (0.35,0.1,0.4)
U3 3 2 1 (0.6,0,0.4) (0.3,0.05,0.6) (0.1,0.45,0.4)
U4 3 3 1 (0.15,0.1,0.7) (0.1,0.05,0.8) (0.2,0.4,0.3)
u5 2 2 4 (0.05,0,2,0.7) (0.2,0.4,0.3) (0.05,0.4,0.5)
Uj 2 3 4 (0.1,0.3,0.5) 0.2,03,04) (1,00
U7 1 3 2 (0.25,0.3,0.4) (1,0,0) (0.3,0.3,0.4)
u8 2 2 4 (0.1,0.6,0.2) (0.25,0.3,0.4) (0.4,0,0.6)
ug 3 2 1 (0.45,0,1,0.45)  (0.25,0.4,0.3) (0.2,0.5,0.3)
(0.05,0.05,0.9) (0.4,0.2,0.3)  (0.05,0.7,0.2)

V. THE KNOWLEDGE DISCOVERY IN THE STANDARD
NEUTROSOPHIC INFORMATION SYSTEMS

In this section, we will give some results about the
knowledge discovery for a standard neutrosophic information
systems by using the basic theory of rough standard
neutrosophic set in section 3. Throughout this paper, let
(U,AF,D,G) be the standard neutrosophic information
system and B € A4, we denote RP;(D;) is the lower rough
standard neutrosophic approximation of D; € PFS(U) on
approximation space (U, Rg).

Theorem 5.
Let (U,AF,D,G) be the standard
information system and B € A. If for any x € U:

(5, (X)s775, (%), 75, (¥)) = (@(x), B(x),0())

neutrosophic

= RPg(D))(x) > RPs(D;)(x)(i # ),

then [x]e N (~ DL = @ [x]s N (~ DEEY" = 0

[, A(~D,)° 22 bels 0 (~ D)2 20 ang

], 2 (D Bl 0 (~ DA = 01x], € D)E*

[xlzn(~DPEE’ =+ @
where (a(x), B (x),8(x)) € D*,

Proof.
We have

(D)™ =€y €U (st ()70, (¥),76, ()

= (a(x), f(x),6())}.
Since (a(x), B(x),0(x)) = RPs(D))(x),
we have o(X) = A, #o (V) B(X)=Aqq 5, (¥), and

0(x) =V, 7o (y) So that, for any x € U,y € [x]p then

pp, (¥) = a(x), g, (y)26(x)¥o, ) =6 () and
np,(¥) = 6(x). It means that

X

[Xls = (D) )y " s = 00557
Now, since
(2(x)(x).0(x)) = RPg (D)) (x) > RPy (B )(x)(i # ) th
en there exists y € [x]g such that

(40, (¥)s720, (¥) 75, (¥)) < (@(x), B(x).0(x))

(#0,0),10,0),v0, ) < (@ (), B(),0(0). i, or
(o, < alx), yp, W 20()) or (up O = al),
Yo, () = 0 (x)) or (up, ) = alx), yp,(¥) =6 (x)) and

np,(¥) < B(x)). It means that here exists y € [x]g such that

(7o, (¥).710, (¥) 115, (¥)) = (8(x),0,x(x)). ie.,

¥ € (~ D)3, o that [x]z N (~ DYES° = 0.0

Let (U, A,F, D, G) be the standard neutrosophic
information system, R4 is the equivalence classes which
induced by the condition attribute set 4, and the universe is
divided by R, as following: U/R, = {X4, X, ..., X;}. Then the
approximation of the standard neutrosophic decision denoted
as, foralli =12, ..,k

RP, (D(X,)) =(RPA(Dy(X,)).RPA(D, (X,)),.- RPA (D (X))



Example 3.
We consider the standard neutrosophic information system in
Table 2. The equivalent classes

U /R, ={X; ={u,u;,uy}, X, ={u,,u,,u},

X3 = {us}, Xy = {us, ug}, Xs = {ug}}
The approximation of the standard neutrosophic decision is as

follows:
Table 3:  The approximation of the picture fuzzy decision
U /R, EA(Dl(Xi)) EA(Dz(xi)) EA(D3(Xi))
X, (02,0,0.5) (0.15,0.05,0.6)  (0.1,0.05,0.5)
X, (0.05,0.05,0.9) (0.3,0.1,0.3) (0.05,0.1,0.4)
X, (0.15,0.1,0.7)  (0.1,0.05,0.8)  (0.2,0.4,0.3)
X, (0.05,0.2,0.7)  (0.2,0.3,0.4) (0.05,0,0.6)
X, (0.1,0.305)  (0.2,0.3,0.4) (1,0,0)

Indeed, for X; = {uy,u3,us}. We have Vx € X;,
Hep () (x) = Ayex, Mo, (y) =min {0.2,0.6,0.45} =0.2 ,

Tep(0,) (x)= Ayex, o, (y)=min{0.3,0,0.1} =0
Ve, () (X) =V,ex, Vn, (y) = max {0.5,0.4,0.45} = 0.5,

¥ € (~ D)EEIY, so that RP4(D;)(x) = (0.2,0.5,0). And

Hap, () (X) = Ayex, o, (¥) = Min{0.15,0.3,0.25} = 0.15
N&ea(0y) (X =Ayex, 1p,(¥) = min{0.6,0.05,0.4} = 0.05,
Ve, (0,) (x)= Vyex, 7o, (y)=max{0.2,0.6,0.3} = 0.6 so
RP,(D,)(x) = (0.15,0.6,0.05) and

Hre 4 (py) () =Ayex, #p, (¥) = min{0.4,0.1,0.2} = 0.1,
Tep,50) (X) = Ayex, 1o, (V) = Min{0.05,0.45,0.5; = 0.05

Vep, (o0 (X) = Vyex, 7o, (V) = max {0.5,0.2,03} = 0.5

so that RP,(D5)(x) = (0.1,0.5,0.05).

Hence, for Xy = {uy,u;3,u0}, Vx € X,
max,_,5 RP4 (D, )(x) = RP,(Dy)(x) =(0.2,0.5,0),

1,2,3)

max;=g1,2,3RP4(D;)(x) =

and Xy = {uy, u3,us} < (Dl)g%‘] = {ug, ug,u3, U7, Ug},;
For X, = {u,,u7,110}. We have Vx € X,

maxi:{1J2J3}&Dﬁ(Di)(x) = &DA(Dz)(x) = (03,03,01),

0.3,0.1
and X5 = {us,uz,u10} S (D2)gx = {uzuz,u0}

For X3 = {u,}, we have Vx € X5,

maxi:n,z,a}R_PA(Di)(x) = RP4(D3)(x) = (0.2,0.3,0.4),

and
0.3,0.1

Xy ={u}<(Dy),, = {us.Us. Uy}
X3 = {us} S (D)3 = {ug,ug, us}.

For X3 = {u,}, we have Vx € X,

max;—g123RP4(D;)(x) = RP,(D3)(x) = (0.2,0.3,0.4)

and X, = {us’us}g (Dz )2;2,'0'3 = {uz’us’us’ug’um}

0.2,0.3
Xy ={us,ug} € (D3)qy ~ = {uz, s, Uug, Us,Usp).
For X5 = {u,}, we have Vx € X,

max;—q; 2,33RP4(D;)(x) = RP4(D3)(x) = (0.2,0.3,0.4), and
Xs z{ue}g(Dz)to ={Us ) -

VI. THE KNOWLEDGE REDUCTION AND EXTENSION OF
STANDARD NEUTROSOPHIC INFORMATION SYSTEMS

Definition 7.

(1 Let (U,A,F) (U, A, F) be the classical information
system and B € A. B is called the standard neutrosophic
reduction of the classical information system (U, 4, F), if B is
the minimum set which satisfies the following relations: for
any X € PFS(U),x € U.

RP, (X)=RP, (X), RP(X) = RPs (X)

(i) B is called the standard neutrosophic lower

approximation reduction of the classical information system
(U,AF), if B is the minimum set which satisfies the

following relations: for any X € PES(U),x € U
RP,(X) = RPy(X),
(iii) B is called the standard neutrosophic upper

approximation reduction of the classical information system
(U, A F), if B is the minimum set which satisfies the

following relations: for any X € PES(U),x € U
RPA(X)=RPs(X)

where

RP, (X),RP; (X), RPa(X),RPs (X )RP4(X), RPg(X),



RP,(X),RPz(X) are standard neutrosophic lower and
standard neutrosophic upper approximation sets of standard
neutrosophic set X € PFS(U) based on R,,R; R4 R,

respectively.

Now, we express the knowledge of the knowledge
reduction of standard neutrosophic information system by
introducing the discernibility matrix.

Definition 8.
Let (U,AF,D,G) be the standard neutrosophic
information system. Then M =[D; ], where

o, _{ {a e ALf (X)) = (X)) 95, (D)= gy, (D,) is
A 19x, (D) =9y, (D,)
called the discernibility matrix of (U, A, F, D, G) (where
gx,(Dy) is the maximum of RP,(D (X,)) obtained at D, Dy,

ie. gy (D) =RP,(D,(X;))

max {RP, (D, (X;)),2=12,...,q})
Ix; (Dy) = R_‘PA(DR(X[')) = maX{R_PA(Dt(Xi));f =
12,..,q)).

Definition 9.
Let (U,AF,D,G) be the standard neutrosophic

information system, for any B € 4, if the following relations
holds, for any x € U:

RP, (D,)(x)>RP, (D,)(X)=  RP, (D,)(x)>RP, (D,)(x)(i# i)
then B is called the consistent set of A.

Theorem 6.
Let (U,AF,D,G) be the standard neutrosophic

information system. If there exists a subset B € A such that
B N D;; # 0, then B is the consistent set of A.
Definition 10.

Let (U,AF,D,G) be the standard neutrosophic
information system
o - {a,eA:f,(Xi)zf,(Xj)}; gy (D)= 9y, (D))

% 19x, (D) =9y, (D)

is called the discernibility matrix of (U,A,F,D,G) (where
gx,(Dy) is the maximum of RP, (D (X,)) obtained at Dy, i.e.,

gy, (D) =RP, (D, (X)) =max{RP, (D, (X;)),z=12....,q})

Ix; (Dy) = R_‘PA(DR(X[')) = maX{R_PA(Dt(Xi));f =
12,..,q)).

Theorem 7.

Let (U,AF,D,G) be the standard neutrosophic
information system. If there exists a subset B © A such that
Bn DE,- = (, then B is the consistent set of A.

Proof.
If BN DS = 0, then B C D;;.
According to Theorem 6, B is the consistent set of A.O

The extension of a standard neutrosophic information system
present on the following definition:

Definition 11.

M Let (U, A, F) be the classical information system and

A € B. B is called the standard neutrosophic extension of the
classical information system (U,A,F), if B satisfies the
following relations: for any X € PES(U),x € U
RP, (X) = RP, (X), RPA(X)=RPs (X)
(i) B is called the standard neutrosophic
approximation extension of the classical information system
(U, AF), if BB satisfies the following relations: for any
X€EPFS(U),x€eU
RP, (X ) =RPg (X )
(iii) B is called the standard neutrosophic upper

approximation extension of the classical information system
(U, A F), if B satisfies the following relations: for any

X EPFS(U),x €U

RPA(X)=RPs(X)
Where RP,(X),RP;(X), RP4(X), RP5(X) are picture fuzzy
lower and upper approximation sets of standard neutrosophic
set X € PFS(U) based on Ry, R, respectively.

We can be easily obtained the following result.
Definition 12.
Let (U, A,F) be the classical information system, for any

lower

hyper set B, such that A € B, if A is the standard neutrosophic
reduction of the classical information system (U, B, F), then
(U, B,F) is the standard neutrosophic extension of (U, A4,F),

but not conversely necessary.

Example 4.

In the approximation of the standard neutrosophic decision in
Table 2, Table 3. Let B = {ay,a,}, then we obtained the

family of all equivalent classes of U based on the equivalent
relation Rz = IND(B) as follows
U Ry ={ X, = Uy, Uy, b, X, = Ut g}, X = {u, X, = {ug, Uy} X = {ug )
We can get the approximation value given in Table 4.



Table 4:  The approximation of the standard neutrosophic
decision

O7Re R, (0(x)) e (0.(X) RP,(D,(X)
X, (0.2,0,05) (0.15,0.05,0.6) (0.1,0.05,0.5)
X, (0.05,0.05,0.9) (0.3,0.1,0.3) (0.05,0.1,0.4)
X, (0.15,0.1,0.7)  (0.1,0.05,0.8)  (0.2,0.4,0.3)
X, (0.05,0.2,0.7) (0.2,0.3,0.4) (0.05,0,0.6)
X, (0.1,0.3,0.5) (0.2,0.3,0.4) (1,0,0)

It is easy to see that B satisfies Definition 7 (ii), i.e., B is
the standard neutrosophic lower reduction of the classical
information system (U, 4, F).

The discernibility matrix of the standard neutrosophic

information system (U, 4, F, D, G) will be presented in Table
5.

Table 5: The discernibility matrix of the standard
neutrosophic information system

U/Rg X, X, X, X, X
X, A
X, A A
X 3 {a,} {ay. a3}
X, {ay, a5} A 4 A
Xs {ay, a3} A A {as} A
CONCLUSION

In this paper, we introduce the concept of standard
neutrosophic information system, study the knowledge
discovery of standard neutrosophic information system based
on rough standard neutrosophic sets. We investigate some
problems of the knowledge discovery of standard neutrosophic
information system: the knowledge reduction and extension of
the standard neutrosophic information systems.
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