Some Aggregation Operators For Bipolar-Valued
Hesitant Fuzzy Information

Tahir Mahmood

Department of Mathematics
International Islamic University
Islamabad, Pakistan
tahirbakhat@yahoo.com

Kifayat Ullah

Department of Mathematics
International Islamic University
Islamabad, Pakistan
kifayat555@gmail.com

Abstract—In this article we define some aggregation operators
for bipolar-valued hesitant fuzzy sets. These operations include
bipolar-valued hesitant fuzzy ordered weighted averaging
(BPVHFOWA) operator, bipolar-valued hesitant fuzzy ordered
weighted geometric (BPVHFOWG) operator and their
generalized forms. We also define hybrid aggregation operators
and their generalized forms and solved a decision-making
problem on these operation.
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bipolar-valued hesitant fuzzy elements (BPVHFEs), BPVHFOWA
operator, BPVHFOWG operator, BPVHFHA operator, BPVHFHG
operator, score function and decision making (DM).

. INTRODUCTION

At any level of our life decision making plays an essential
role. It is a very famous research field now days. Everyone
needs to take decision about the selection of best choice at any
stage of his life. Using ordinary mathematical techniques, we
are not able to solve DM problems

To deal with problems related to different kind of
uncertainties, L. A. Zadeh [37] in 1965 initiated the concept of
fuzzy sets (FSs). After his idea of FSs, researchers started to
think about different extensions of FSs and some advanced
forms of FSs have been established. Some of these extensions
are interval-valued fuzzy set (IVFS) [5], intuitionistic fuzzy set
(IFS) [1], hesitant fuzzy set (HFS) [22] and bipolar-valued
fuzzy set (BVFS) [15] are some well known sets. Later on
these new extensions of FSs have been extensively used in
decision making [5], [16].

As different advanced forms of FSs came one after another,
scientist started to merge two kinds of fuzzy information in a
single set. The idea was quite useful and some very interesting
extensions of FSs have been defined. These extensions include
intuitionistic hesitant fuzzy sets (IHFSs), inter-valued hesitant
fuzzy sets (IVHFSs) and bipolar-valued hesitant fuzzy sets
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(BVHFSSs). The idea of merging different kind of fuzzy sets
was quite useful and very shortly some new advanced forms of
FSs have been established which are inter-valued intuitionistic
hesitant fuzzy sets (IVIHFSs), cubic hesitant fuzzy sets
(CHFSs) and bipolar-valued hesitant fuzzy sets (BPVHFSS).

Tahir M [25] introduced BPVHFSs, a new extension of FSs
and a combination of HFSs and BVFSs. BPVHFSs have
affiliation functions (membership function) in terms of set of
some values. The positive affiliation function is a set having
values in the interval [0,1] which conveys the satisfaction
extent of an element belong to the given set. While the negative
affiliation function is a set of some values in [-1,0] which
conveys the negative or counter satisfaction degree of an
element belong to given set. Tahir M [25] defines some basic
operations for BPVHFSs and proved some interesting results.
He also defines aggregation operators for BPVHFSs and then
used these operators in DM.

In our article, we apply some order on previously defined
bipolar-valued hesitant fuzzy weighted averaging and weighted
geometric operators by defining bipolar-valued hesitant fuzzy
ordered weighted averaging and bipolar-valued hesitant fuzzy
ordered weighted geometric operators along with their
generalized operators. We also defined some hybrid
aggregation operators on BPVHFSs along with their
generalized forms. Finally, we did solve a DM problem using
these newly defined aggregation operators and get very useful
results.

This article consists of 4 sections with section one as
introduction. In section two we recall the definition of
BPVHFSs, their properties and some aggregation operators of
BPVHFSs. Section three contain BPVHFOWA operators,
BPVHFOWG operators, BPVHFHA operators and BPVHFHG
operators. We also solve some examples on these defined
operations. In the last section, we solve a DM problem using
the defined operations in section three. Finally, we finish our
article by adding a conclusion to it.



Il.  PRELIMINARIES

This section consists of the definition of BPVHFS and
some aggregation operators on BPVHFSs. We also add some
properties of BPVHFSs to this section and we recall the
concept of score function for BPVHFSs.

A. Definition 1: [25]
For any set X, the BPVHFS & on some domain of X is
denoted and defined by:
= {ls, (b (o) b~ (1)) )i € K}

where lb*: X — [0,1] is a finite set of few distinct values in
the interval [0, 1]. It conveys the satisfaction extent of “x”
corresponding to BPVHFS & and Bb™:X — [-1.0] is a f|n|te
set of few distinct values in the interval [-1, O]. It conveys the
implicit counter or negative property of “»” corresponding to
BPVHFS .

Here b = {7 (k). B57 ()} is a BPVHFE. The set of all
BPVHFE:s is denoted by ®.

Consider two BPVHFSs:
¥ = {(x (" 3 (). (B3 () )i € &}
8 = {(5 (1", (g). (b7, ()i € %}
The set operations for BPVHFSs are defined as:
‘fﬂuﬁB—{%EI-hf{ﬁ]UI-h%{s] (¥ s U ™)), BB 5 U
b))}
ﬂni&—{ﬁem.ﬁ{@u&ﬁ{@ (B Nb ). BN
)05} u u
(@) = (. (175069)". (B~500) e € ).

(B*309) = 1 - 7€ B30},
(B &) = —1-mve B30

i3, € B g 7y € By ()

(ABB)(9) = frumy : 7, € Bt g, 1, € B 500, —(—1, —
7 —0,0,):T € (), 1 € By ()}

forany p" = 0

Pl =1-Q -2 5ebr ek, (- )1 Bkl
T (o) = (411 € Byl —1 - (—(~(-1-2)" )
I-h_g':lsj}

B. Definition 2: [25]

Let B (i =1,2,3,4...n) be a set of BPVHFEs and let
e’ = (e ey o5,y i’y )T be the WV of
By(i =1.2.3.4...n) with &’ € [0.1] and Il @’ =1, then

1. BPVHFWA Operator is a function ¥ — ¥ such that
m
BPVHFWA(I,, thy, .., ) = ® (')
P

[1 —ﬁ'& - ai}m,!ﬁj By }[_ ﬁ{—%}m: . }

i=1
2. BPVHFWG Operator is a function ¥™ — W such that
. .
BPVHFWG (tb,, by, .. 1hy) = ® ()"
i= :

i=i =1

3. A GBPVHFWA Operator is a function ¥™ — ¥ such
that

S

mn . Q
GBPVHFW A,-(kb,, Hy, ... b, ) = (_@i (e BBE })
i= 2o

_ {{(1 . 1‘[(1 - })_ e Iﬁ;},{l - @,(,(,1 (-(° )])))_ ‘ H:H

withp =10
4. A GBPVHFWG Operator is a function ¥™ — ¥ such
that

GBPVHFW G, (tby, By, .. Fb,) == (1.%{‘3"1'51 1)

H (-6~ a-) ) L..;ew} [—1—@—(—(—1—(-c-ﬁ)))”);:nem-}]

withp' =10

C. Definition 3: [25]

Let B == ", b~ = be a BPVHFE, then the Score
function (Accuracy Function) of b is denoted and defined by:

S(B) = - (5 + &)
H
where & is the sum of elements of Eo*and £ is the sum of

elements of ™, £y, is the length of s and § (b} € [—1.1].

D. Remark 1: [25]
Length of b and H™ are not necessarily equal.

For two BPVHFEs H, and H. | if
S(H,) < 5(Hb,),

then Hb, is said to be minor than i i.e. By = oy,
S(by) = 5(Hby),

then Hb, is said to bigger than b, i.e. By = b,
S(Hb,) = §(kb,),

then Hb, is indifferent (similar) to b, denoted by H; ~H,.



I1l.  ORDERED WEIGHTED AND HYBRID OPERATORS FOR
BPVHFSS

In this section, we define BPVHFOWA operators,
BPVHFOWG  operators, BPVHFHA  operators and
BPVHFHG operators. We also explain these operations with
the help of examples.

Definition 4:
Let (i =1,2,3,4..n) be a set of BPVHFEs and b, s,
the " largest among them. Let

w = (w'pwywy e, .w,)" be the aggregation associated
weight vector of Hy(j =1.2.3.4..n) with w7 e [0.1]
and I, w0’ = 1. Then '

1. A BPVHFOWA operator is a
function BPVHFOWA: W™ — W, such that

mn
EPVHFOWA(th,, by, ... Tby) = @ (@' iHbyp)
B, (@itha

2. A BPVHFOWG operator is a function
EFVHFOWG:¥™ — W, such that

n o'y
BPVHFWG (tby, Wy, .. Bb,) = ® (B, p)
(2 VPt

1.1.1. Theorem
Let Hb;(i =1,2.3,4...n) be a set of BPVHFEs. Then their

aggregated value determined by using BPVHFOWA operator
or BPVHFOWG operator is a BPVHFE and
BPVHFOWA(Ib,, th,, ... Ib,)

n n
'y 'y _
=11 —H(l ~fem) e € Bl (- —H(—%sm] gy € By
=L i
n i n W’!
BPVRFWG (o, 1oy, . o) = [ﬂ ['Ts'il]%:ﬁ;fi)e}b;‘ii) ]*[‘1‘(‘ (‘[-1 _'75‘:1:)]) )’ﬁme H‘E:i)]
=1 =1

11.2. Definition

Let (i =1.2.3.4..n) be a set of BPVHFEs and b,
the i largest among them.

Let w = (w7 w3 e .., )7 be the aggregation
associated weight vector of H(i=1.234..n) with
@’ € [0.1] and EL; @’ = 1. Then

1. A GBPVHFOWA operator is a
GEFVHFOWA:W" = W such that

GBPVHFOW A,- (b, by, ... Ib,) =

i

(é ('*’1 H:f,',jj )]p

withp' =10

2. A GBPVHFOWG operator is a
GEPVHFOWG: W™ — W, such that

function

function

GBPVHFGIVG':,-{I-EI, B, ..H,) =
Sl . “‘!]
> (iej'l{l'-—" I'hsm}

withp =10

- Hl - (1 - HO -a- e;.;‘;)}"')‘”"f: o mr},
{1(?{(((1({}))))) H:H

Example 1:

Lettb, =1{{0.1,0.2}, {-0.3, —0.2}},
b, = {{0.5,0.6},{—0.2, —0.1}}
and B, = {{0.9,0.8},{-0.2, —0.1}} be three BPVHFESs and
1
let & = (0.3,0.5.0.2)7 be the aggregation- associated weight
vector. Then
stb) = —(&z, + 5, ) =-(01+02+(-03) +
By 2
(—0.2)) = 01
S(H,) = i{-ﬁg’: +85,)=2(05+06+(-0.2) +
(-0.1)) =0.8

S(Hy) = i{f@z +85,)=2(09+08+(-0.2) +

(—0.1)) = 0.7
Clearly as
S(Hb,) < 5(lb,;) < 5(b,)
So
i = B, = {{05,0.6}{-0.2,-0.1}},
By = by = 1£0.9,0.8} {—0.2,-0.13}
and t, () = by = 10.1,0.2}, {-0.3, —0.2}}
Now

GBPVHFOW A, (b, 1o, 1b; ) = @ (wHby)
LACEE
- u {1 - (1 5001 - 50501 —5,)03)

Ty, 2thy by e Ao ey

0.3 0.5 0.2
(— () (=) (=) ™))
= l[ﬂ.?ﬁ}EH-@@,U.?SG}SS%0.644-32‘},&65260&0.?64784,0‘77026,0.66?35&0‘675[]99} [-0.21689,-0.2,
—0.15337,—0.141%2—0.17617,—0‘16245,—0.12457,—0.11487}]

(S RYSY

GBPVHFOW 4, (tby, Hoy, Hoy ) = (.“'%'Em'irhé.-h }]



- y {1 - )90 - )50 -

.:1 El'hi_.:: El'h:_".g El'ﬁg

[{0.3683,0.370241,0.258863,0.26114,0.383151,0.385046,0.276287,0.278511},
{~0.56486,~0.51306,~0.53846, 048564, ~0.32131, ~0.46674, 049248, —0.43439}]

GEPVHFOW G, (Ib,. tb,. th, ) =
BPVHFOWG (b, Fby tb; ) = @ (Hb, . )
B Ubapy

= U {{{L:J”{%gJ’-"E‘{%l]“':}, I—l -

by Ebby 5o e Sy Elbg

(- (-1 - )" (<1 - ) (-1 -
@) ]}}

= y 1-a-a-a-u»2a-

bbbyt el Ay el

(1= 5)0%5(1 = (1 - 2))%9)3),{ -1 -

_,_ _,(_,((_(_1 - ({_{L,:J}:)]])DI!)

(YR

)(--

R

(-(e))) |

= {{0.412435,0.494075,0,403988, 0.48207, 0.432031,0,520179, 0422997, 05080841, {0.02543,~0.0202,
00179, -0.01264, ~0.02092,~0.01367,~0.01336, ~0.00807} |

It seems that BPVHFWA, BPVHFWG, GBPVHFWA and
GBPVHFWG operators concern with the weight of BPVHF
argument and have no concern with their order. On the other
hand BPVHFOWA, BPVHFOWG, GBPVHFOWA and
GBPVHFOWG operators deal with the weight of the ordered
position of each given argument and give no importance to
argument itself. Therefore we need to introduce the hybrid
aggregation operators for bipolar-valued hesitant fuzzy
arguments. These newly defined hybrid aggregation operators
give weight to any given argument and their ordered positions
too.

Definition 5:

[{0.486197,0.558494, 0.458391, 0.526553, 0.513531,0.589892, 0.4851 81 (b 35k 25, £-00. B o collection of BPVHFEs,

—0.2,-0.17383, —0.15147, —0.19307, —0.17123, —0.14412, —0%97D

1P w'
GEPVHFOW G, (b, Hhy Hhy ) = ;(_E%{G'I'h;.-h} ]
=

fhy, Gdg, Gy a0 tip)” IS their  weight  vector
withe; £ [0,1]and L 6 =1, ‘n’ is the balancing
coefficient and w = (e, ey, wswy, ..oy be the
aggregation associated weight vector of Hy(i = 1.2.3.4..n)
with w’; € [0,1] and Z, 0 = 1. Then

1. The BPVHFHA operator is a
BPVHFHA: ¥™ — W sych that

mapping

1l
-

i=1

n n
i {[1 _H{l — ) e €l ] _H(‘*ﬁi))w!: o € B ]}



where H, ; is the »© largest o — I{l L (1—05)%0 1 (1
of b = nw by (k= 1,2,3,...1) ’

2. The BPVHFHG operator is a mapping U.ﬁ]:x"':},{—{—{—ﬂ.ﬂ}:xm,—{—{—U.l]}:xn':}}
BPVHFHA: ¥" — W such that
BPVHFHG(b,.Bb,, .. 15, ) = @® (1, )" th, = {{0.242142, 0.306855}, {-0.52531, —0.39811}}
) = 8 Ubgg

] y h, = I{1 — (1 —0.90*085,1 — (1 —
_H(_[_l - 'Jlgl:j)}) ):'Jlg,jj £ Hl;m] U.E:]:XD'EE}_, {_{—{—U.zj}::’{nlss, _{_{_Ullj}:xn.ﬁs}}

here B, ;) is the r*® largest of th = B, (k = 1,23, ....n)
3. A GBPVHFA operator is a function
GEFVHFHA: W™ — W sych that

n
R
- [H (o) "t Gy € ] -1-

=1

th, = {{0.049881,0.876593}, {-0.12341, —0.0501 2}}

The score values for the given sets can be calculated as
follows:

1 - 1
s(b,) = a(fgi +55,) = 10.031114 + 0.064752 +
(—0.69683) + (—0.61703))

=R

a(i)

GBPVHFH A, (th, thy, ..Th,) = (@31 (wBf ])

withp =10
. i 5(H, ) = —0.60901
- {(1—‘_1 (1-%5) ) ﬂf':i)“”;m}' s(t,) = (&, + £, ) =3 (0.242142 + 0.306855 +
1= foy 2 2 s
/ R (-0.52531) + (-0.39811) )
[_1_[_(Q(_(_l_(_({_%m}a) ]D) ]:%me}h;m} 5(ib,) = —0.18721
here th, ¢, i the m?* largest ' 5(tbs) = (2, + 4, ) = 3 (0.940881 + 0.876593 +
) 3
of Fb = mw oy (k = 1,2,3,...,n) (—0.12341) + (~0.05012))

4, A GBPVHFHG operator is a function
GEPVHFHG: W™ — W such that

5(H, ) = 0.826472
GBPVHFH G,-(Fby. thy, ... ¥h, ) =

Now from these results it is obvious that

L.(.é'[ﬂ"ﬁjmjj}ﬁq 'S{I'E!} * S{I'E:} = 5{1'51}, SO
P thyrp = thy =
with p"> 0 {{0.040831,0.876593},{—0.12341, —0.05012}}

) Hl ) (1 - j (1 - (- Lj.ﬁ‘:)}a')“"!) g € H:r}, B =B, =

{{0.242142, 0.306855}, {~0.52531, —0.39811}}

here Eb, g is the m® largest of £ = B2 (k = 1,2,3, ., m) {{0.031114, 0.064752}, {-0.69685, —0.61703}}

Example 2: Now
GEPVHFHA, (tb,. .. h,) = BPVHFHA(l,, b, b, ) =

Letts, =1{0.1,0.2},{-0.3,—0.2}}, & ()
b, = {{0.5,0.6}, {-0.2, —0.1}} =t
and M, = {{0.2,0.8%,{-0.2,—0.1}} be three BPVHFEs ] .

= (1-%)"(1-%)"(1-4%)"
and @ = (0.15,0.2,0.65) be their weight vector and let _eiemi_'::lé'lm:_'-.gemg {1— 1-73) 11-7) -7 }
@ =1(0.3,0.5,0.2)7 be the aggregation-associated vector. 0.2 05 0.2
Then {—({— %z}) (— %:}) (—{91}) J}

H:rl = I{1 —(1—-01)05 1 _ (1 —
U.E:]:XD"-E‘}, {—{—{—U.E]}:xnlls, —{—(—U.E]}:xnlls}}

th, = {{0.031114,0.064752},{-0.69685, —0.61703}}



{[0.647589, 0650071, 0862071, 0,665344, 0.538204,0,541436, 035836, 0.561473, {~0.35095, ~0.3513,
-0.31335,-0.30582,-0.27469, -0.26808, -0.23913, —0.23338}]

I~

[

GBPVHFH A, (tb,, . Hh,) = (@1 (o H:;m})
RACE

=I-!1EI;E'1-I"2I"E-J|;E:.1!3EI;E3 ]1—((1 — r'T!}:)

= {{0.305137,0.305361,0.311788, 0.31201,0.200132,0.209387,0.216702,0.216955}, {0.78632,
-075583,-0.72939,-0.72307,-0.76922, -0.73631, -0 ‘?4013,—0.?030?}}

Now we calculate Fb,, b, Fb,

b, = {{{U.IJ:XD'“‘, {0.2)3x0.15), I_l _ (_ (_{_1 -

-03))" ") =1 = (= (~(-1- {—u.zj}]:xmﬁ)}}

b, ={{0.501187,0.617034},{-0.10148, —0.06475}}
b, = {{{U.E]:XD':,{U.ﬁj:xn':}, I_l _ (_ {_ -1

(_n.zj}:l:xn':} 1 (_ (—(-1- {—u.ﬂ})mMJ}}

b, = {{0.757858,0.815193}, {-0.08539, —0.04127}}

b, = {{(U.Qj:xn,s; (0.8)055), I—l - (— (—{—1 - (—Ugj))fxm] 1l (_ (_{_1 _ (_U‘lj}):xn.ss)}]

b, = {{0.871998,0.748199},{-0.2518, —0.128}}

The score values for the given sets can be calculated as
follows:

= U
Ly ebhy 5 ety tgeths

(- (1= 6) (1= ) (- (-
) )}

= {{0748¢,0.780182,0.693242, 0722681, 0.764955, 0.797430, 708575, 0738667}, (-0.1757,

5(t,) = (&2, + £, ) = 2(0.501187 + 0617034 +

By

(—0.10148) + (-0.06475) )

5(H, ) = 0.475996
s(th,) = i(f,ﬁz +&5, )= (0757858 + 0.815193 +
(—0.08539) + (—0.04127) )
5(k,) = 0723196
1 - 1
s(th,) = a(f,ﬁg +&5,) =1 (0871998 +.748199 +
(—0.2518) 4 (-0.128) )
5(H,) = 0.620199
Now from these results it is obvious that
5(th,) = 5(kb;) = 5(kb, ), s0

B,y = by =
{{0.757858,0.8151923}, {—0.08539, —0.04127}}

b, = B, = {{0.871998, 0.748199}, {—0.2518, —0.128}}

By =, =
{{0.501187, 0.617034}, {—0.10148, —0.06475}}

GEPVHFHG,(tb,. .. b, ) = BPVHFHG( b, b, Hby )} =
3 'y

® {Hljmjj} )

i=1

(607606

036007, D101, 010085 016397, L1574, 008755 08019
! ,
GBPVHFHG, (b, oy Foy ) = = ( @ (pb ) ")

i=1



L ety 5, oy T ]1 - (1‘ -(1- G- EJ:)M (1-

},4_

[

0.2

(1-5))" (1- 1-5)%)")

A .

(~(-6)7)) I (=1
05 % f:

(~(-6)7)) I (=1

[l

= {{0.716701,0.762406, 0.670905, 0.718435 ,0.720636, 0778288, 0.600034, 0.731372},{-0.01834,
-0.01773,-0.00624, -0.00363, -0.01731, -0.01651, —U.UUSHJ—U‘UU‘}?Q}}

IV. MULTI-ATTRIBUTE DECISION MAKING BASED ON
BIPOLAR VALUED HESITANT Fuzzy SETS

In this section, we describe a brief technique to deal with
MADM problems using BPVHF aggregation operator in
which a DM provide information in bipolar valued hesitant
fuzzy decision matrix and every element is characterized by
BPVHFE.

Consider that we have n substitutes &;{i = 1.2,3.4,..n)
with m attributes x;(j =1,2,3,..m) and assume that
w = (W, Wy,...Wy} be the weight vector such that
wj e [-1,1], j=123..m andZfL; @’ = 1. The decision
makers assigned values in the form of BPVHFEs (H;; ) for the
substitutes A; under the attributes x; in the state of being
anonymous.

The DM method is based on the following steps:

Step 1:

This is the step of decision matrix formation as each
alternative 4; has assigned some values in the form of

BPVHFES (Ib;; ) under some attributes ;.

Step 2:

In this step, BPVHFE e; (i = 1.2.3, ....n) can be obtained
for the substitutes &;(j = 1.2.3, ....n) by using bipolar-valued
hesitant fuzzy hybrid operators.

Step 3:

By applying score function (accuracy function) we get the
accuracy value §(g; )G = 1.2.3,....n) of @; (j = 1.2.3,....4).

Step 4.

To get the most suitable alternative &; (i = 1.2.3, ..., n), we
established an order in the score
values 5(e;).(i = 1,23, ..., m).

Examp'le 3:

A cricket board needs a head coach for their cricket team.
The cricket board advertised the post in a news paper and a
number of candidates applied for the post. Based on their
history in the cricket field initially 4 candidates are called for
an interview. The cricket board is going to appoint a coach
who possesses the qualities like hard working, Creative,
Committed and skillful. For the better future of cricket in the
country, the cricket board needs to appoint the most suitable
head coach.

LetA ={A, A A A,Y be the set of substitutes
and X = {k,. ;. K. %, be the set of attributes and let
w = (0.25,0.23,0.35.0.17)7 be the weight vector of the

attributes X; (i = 1,2,3,4) and & = (0.3,0.4,0.2,0.1)7 be the
aggregation associated weight vector.

CONCLUSION

In our treatise, we successfully apply aggregation operators
of BPVHFSs in a DM problem. The results clearly indicate that
either we use BPVHF hybrid averaging operators or BPVHF
hybrid geometric operators, we get the same results. Hence
these two aggregation operation can be very useful in DM
especially in two-sided DM. Future research will involve the
generalization to bipolar-valued hesitant neutrosophic
information and its aggregation operators.
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