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Abstract

This note presents a collection of fractals related with constant pi



Figure 1. f(z)=zInz-z-1

(bl,ur)=(-11-3i,5+3i)



Figure 2. f(z)=zInz-z-1

(bl,ur)=(-3-15i,4+15i)



Figure 3. f(z)=zInz—-z-1, (bl,ur)=(-2.5-1.5i,1+1.5i)
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Figure 4. f (z)=sin(2z)—z , (bl,ur)=(-6-6i,6+6i)

= Ism(ax)ln +§dx )
sin(2a)—a =0, a=0.947747... (5)
a =sin(2sin(2sin(2...))) (6)



Figure 5. f(z)=sin(3z)—z , (bl,ur)=(-6-6i,6+6i)

T X+3
= In——|d 7
7 '([sm(ax) e @)
sin(3a)—a =0, a=0.759620... (8)



Figure 6. f (z)=sin(5z)—z , (bl,ur)=(-6-6i,6+6i)

X+5

r =Tsin(ax)|n dx 9)

sin(5a)—a=0,a=0519147.., (10)



Figure 7. f(z)=2°-z-1, (bl,ur)=(-4-4i,4+4i)

1 3 _
= azj 4x’—3x dx (11)
% (1+0? —2ax)V1-X*
a®—a-1=0,a=1.324717... (12)

a= %/1+ s (13)



Figure 8. f (z)=ze’-2sinz, (bl,ur)=(-10-10i,10+10i)

- 2

= Isin (ax)In M dx (14)
5 1+(x-1)

ae” —2sina =0, a = 0.626790... (15)



Figure 9. f(z)=z —cosh(z)ln(1+e‘z) ,(bl,ur)=(-10-10i,10+10i)

i

a—cosh(a)In(1+e)=0, o =0.529486.. (17)

>In(2+2cos x)dx (16)
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Figure 10. f (2) = z(1+ 2 J-s (bl,ur) = (~5-10i,5-+10i)
1 %[ sin(ax) ’
o
o =221 | d 18
Vg !(sinh(nx)] " =
a(1+ e2“2 1)—3=0,a=2.984704... (19)
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Figure 11. f (z)=z+In(1-2%), (bl,ur)=(~10-10i,10+10i)
1
T
1-a’)=0,a =0.714556... 1)

et (22)

O t—38

J; (ax) Ny (x)dx (20)
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—_

a=\l-e
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10.

Figure 12. f (z)=2z+sinz+zsinz—-1, (bl,ur)=(-3-3i,3+3i)

r=4tan"(a)+4tan (sina) (23)

f(a)=0 ,a=0.420362... (24)
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11.

Figure 13. f (z)=z+cosz+zcosz—1,(bl,ur)=(-3-3i,3+3i)

m=4tan"(a)+4tan*(cosa) (25)

f(a)=0,a=1881764... (26)
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12.

Figure 14. f (z)=z+tanz+ztanz -1, (bl,ur)=(-3-3i,3+3i)
7 =4a+4tan" () (27)

f(a)=0,a=0402628... (28)
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13.

Figure 15. f (z)=z+sinhz+zsinhz-1, (bl,ur)=(-3-3i,3+3i)
mr=4tan™ (a)+4tan™ (sinha) (29)

f(a)=0,a=0408497... (30)
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14.

Figure 16. f (z)=ze’ —e™ ,(bl,ur)=(-3-3i,3+3i)

r=4tan™(a)+4tan™ (tanh ) (31)
f()=0, @ =0.426302.. (32)
a=e" (33)
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15.

Figure 17 f(z)=z—3tanh(%),(bl,ur)=(—4—4i,4+4i)

r=4tan™ (%)+4tan‘1(e‘“) (34)

f (a)=0,a=2.575678.. (35)
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16.

Figure 18. f (z)=sinz+sinhz+sinzsinhz—1, (bl,ur)=(-4-4i,4+4i)
m=4tan™(sina)+4tan (sinh ) (36)

f(¢)=0,a=0414161... 37)
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17.

Figure 19. f (z)=e" +cosz+ecosz—1,(bl,ur)=(—4—4i,4+4i)

m=4tan"(e)+4tan (cosar) (38)

f(a)=0,a=1.062781.., (39)
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18.

Figure 20. f(z)=e" +sinz+e*sinz—1, (bl,ur)=(-4-4i,4+4i)

7=4tan*(e)+4tan” (sina) (40)

f (2)=0, & =2210365.. (41)
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19.

Figure 21. f (z)=tanz+sinhz+tanzsinhz—1,(bl,ur)=(-4—-4i,4+4i)

7 =4a+4tan” (sinha) (42)

f(a)=0,a=0397744... (43)
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20.

Figure 22. f (z)=tanz+coshz+tanzcoshz—1,(bl,ur)=(—4—4i,4+4i)

n=ﬂa+ﬂtan‘1(cosh a) (44)
5 b
f(a)=0,a=2515440.. (45)
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21.

Figure 23. f (z)=e"tanz—e™, (bl,ur)=(-4—4i,4+4i)

7 =4a+4tan™* (tanh o) (46)

f (¢)=0, & =0.412803... (47)
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22.

Figure 24. f (z)=2z*+(sin z)2 —1,(bl,ur)=(-4-4i,4+4i)

7 =2a+2sin"(a) (48)

f (a)=0,a=0.739085... (49)
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23.

Figure 25. f (z)=2"+(tan z)2 —1,(bl,ur)=(—4-4i,4+4i)

m=2sin"(a)+2sin (tan ) (50)

f (¢)=0, & =0.649888... (51)
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24.

Figure 26. f (z)=2"+(sinhz)’ —1, (bl,ur)=(—4—4i,4+4i)
7 =2sin""(a)+2sin" (sinh ) (52)

f(a)=0,a=0.679807... (53)
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25.

Figure 27. f (z)=2*+(tanh z)2 —1,(bl,ur)=(-4-4i,4+4i)

7 =2sin"(a)+2sin™ (tanh @) (54)

f (a)=0,a=0.765009... (55)
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26.

Figure 28. f(z)=2z"+e™ —1,(bl,ur)=(-4-4i,4+4i)
7z=23in‘1(a)+23in‘1(e“") (56)

f(¢)=0,a=0.916562... (57)
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217.

Figure 20. f (z)=(sinz)" +(sinhz)* —1, (bl,ur)=(~4-4i,4+4i)
7 =2a+2sin” (sinha) (58)

f (a)=0,a=0.703290... (59)
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28.

Figure 30. f (z)=(sin z)2 +(tanh z)2 —1,(bl,ur)=(-4-4i,4+4i)

7 =2a+2sin"(tanh ) (60)

f (¢)=0, & =0.825607... (61)
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29.

Figure 31. f(z)=e +(In z)2 —1,(bl,ur)=(-2-2i,2+2i)

7r=25in‘1(e‘2“)—25in‘1(ln a) (62)

f(a)=0,a=0.460363... (63)
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Part 2: Iterative Formulas

f(x)=xInx—x-1=0:

_ 1+X,
Inx,

, X =4=x, > 3.5911... (64)

n+1

f (x)=sin(2x)-x=0 :

_ 2x,c0s(2x,)—sin(2x,)

x =1 0.9477... 65
" 2cos(2x,)-1 TR 9
f (x)=sin(3x)—x=0:
sy =20 OOS(EX) ZSINE) gy 07506 (66)
3cos(3x,)-1
f (x)=sin(5x)—x=0:
gy = 2 COSX)ZSINGR) 5y 05101, (67)
5cos(5x, )—1
f(x)=x"-x-1=0:
2x3 +1
- =—3XE o1 =l= X, 13247, (68)
f(x)=xe*—2sinx=0:
Yoy 2 ;
=K TR COSK F2SINK, gy 50,6267 (69)

e’ +x.e" —2cosXx,
f(x)=x—coshxIn(1+e™)=0:

_ x,e"coshx, —(L+e™ )(x,sinhx, —coshx, )In(1+e™ )
~ 1+e™(1+coshx,)—sinhx, (1+€™)In(1+e™) (70)
X, =1/2=x, — 0.6267...

2
f =X|1 -3=0:

_ 3™ —6e" —4xje™ +3
g™ —4x e —1

n+1

X =3=>Xx, —2.9847... (71)

n+1
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9. f(x)=x+|n(1—x2)=0 :

2 2 2
y _2xn+(1 xn)ln(l xn)

n+1

X2 +2x -1
10. f(x)=x+sinx+xsinx-1=0:

_1-sinx, +XCOSX, + X COS X,
™ 14sinx, +C0SX, +XCOSX,

11. f(x)=x+cosx+xcosx—1=0:

(%2 +x, )sinx, +cosx, —1

n+l

(X, +1)sinx, —cos X, —
12. f(x)=x+tanx+xtanx—-1=0:

X, + X +c0sx, (cosx, —sinx, )

n+1

1+ x, +c0sX, (Cos X, +sinx,)
13. f(x)=x+sinhx+xsinhx-1=0:

1-sinh x, +(x, + X} )cosh x,

n+1

1+e™ +x, cosh x,
14. f(x)=xe*—e™=0:

242X,
X . =1+X;Xez X% =1/2=> % —>0.4263...
1+(1+x,)e*
X
15. f(x):x—Btanh(Ej:O:

_ 3sinh x, —3x,

= , X =5/2=x, — 2.5756...
coshx, —2

16. f (x)zsin X +sinh x+sin xsinhx-1=0 :

= , X =1/2=x, —0.7145...

, % =1/2=x, —0.4203...

T X, =2= X, —1.8817...

, % =1/2=x, - 0.4026...

= , % =1/2=x, —0.4084...

1-sinx, + X, cos X, + (X, cosx, —sin x, —1)sinh x, +(1+sinx, ) x, cosh x,

Xn +1

(1+sinx, )cosh x, +(1+sinh x, )cosx,
x =1/2=>x, —0.4141..

17. f(x)=e™+cosx+e*cosx—1=0 :
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(73)

(74)

(75)

(76)

(77)

(78)

(79)



18.

19.

20.

21.

22.

23.

24,

X =

e (14X, + X, Sin X, +(1+X,)cos X, )+ X, sin X, +Cosx, —1

n+1

sinx, +e7 (1+sin x, +cosXx, )
x =1=>x —1.0627...

f(x)=e"+sinx+e™sinx—1=0:

o e (X, cosx, —(1+Xx,)(1+sinx, ))+x, cos x, —sinx, +1

n+1

cosx, +e " (cosx, —sinx, —1)
X =2=X, = 2.2103...

f (x):tan X+sinh x+tan xsinhx—-1=0 :

1-sinhx, —(1+sinh x, ) tan x,

=X, +

1+e* +tan x, cosh x, +(L+sinh x, )(tan x, )’
X, =1/2=x, — 0.3977...

f (x) =tan x+cosh x+tan xcosh x—1=0 :

1—cosh x, —(1+cosh x, )tan x,

= Xn + . 2
1+e™ +tanx,sinh x, +(1+cosh x, )(tan x,)

X, =5/2=x, > 2.5154...
f(x)=e‘tanx—e™*=0:

1+ X, +e°" (xn +(x, —1)tan x, + X, (tan xn)z)
X =

n+1

1+ (1+ tan x, +(tan xn)z)
x, =1/2=> x_—>0.4128..
f(x)=x*+(sinx)’ -1=0 :

2 2 .
x Xt (OOSK) £, Si(2X) L gsy 07300,
2x, +sin(2x,)

f (x)=x"+(tan x)2 -1=0:

1-x2 —(tanx, )’

2x, +2tanx, +2(tanx, )

=X +

Xn +1

f (x)=x*+(sinh x)2 -1=0":
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7. % =1/2=x, —0.6498...

(80)

(81)

(82)

(83)

(84)

(85)

(86)



25.

26.

27.

28.

29.

L K sinh(2x,)—(cosh x, )’ +x2 +2
me 2x, +sinh (2x,)

f (x)=x*+(tanh x)2 -1=0:

1-x2 —(tanh x, )’
2x, +2tanh x, —2(tanh x,)

f(x)=x"+e>-1=0:

L —(142x, )

X =
m 2x, —2e7°"

, X, =1=x, — 0.9165...

f (x)=(sin x)2 +(sinh x)2 -1=0:

. X sinh(2x, )~ (cosh x, )" +1+ x, sin(2x, ) +(cosx, )’
e sin(2x,)+sinh(2x,)
X, =3/4=x, > 0.7032...

f (x)=(sin x)2 +(tanh x)2 -1=0:

1-(sinx, )’ —(tanhx, )’

Xo =X, + 5. % =1=>x, —0.8256...

sin(2x, )+ 2tanh x, —2(tanh x)
f(x)=e2+(Inx)"~1=0:

_ 2 _
X, (ane 24 (Inx,) +e? —2Inx, —1)

Xouy = , % =1/2= x, — 0.4603...

n+1

—2X%,
2x.e " =2Inx,

, % =1/2=x, —>0.6798...

7. % =3/4=x, —0.7650...

(87)

(88)

(89)

(90)

(91)

(92)

Remark: formula(20), J, () Bessel function of the firt kind, N, (X) Bessel function of

second kind (also called Neumann function).
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