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Abstract

In this article, we computed the homology groups of real Grassmann manifold
Gpn,m(R) by Witten complex.

1 Introduction

For a Morse function f on a compact manifold M, and choosing a Riemannian metric g
on M. In [1], Witten introduces a chain complex and the homology groups of M by studing
the negative gradient vector field associated to (f,¢g), and he claimes that these groups are
the ordinary homology groups. Salamon gives a more detailed and precise interpretation to
Witten’s method in [2], we can also see the books [3] and [4]. Here below we give a brief
description to Witten’s method.

Let M be a n-dimensionial compact smooth manifold and f be a Morse function on M.
We can choose a suitable Riemannian metric on M such that the negative gradient vector
field —V f to be Morse-Smale type(i.e.f is a Morse-Smale function), then the connecting
orbits determine the following chain complex.

First choose an orientation of the vector space E*(p) = T,W"(p) for every critical point
p of f and denote by (p) the pair consisting of the critical point p and the chosen orienta-
tion. For r =1,2,---dim M, denote by C, the free group C, = P, Z(p) where p runs over
all critical points of index r. The function f being of Morse-Smale function implies that
W(p) N W*#(q) consists of finitely many trajectories if ind(p) — ind(g) = 1. In this case one
can define an integer n(p, q) by assigning a number +1 or —1 to every connecting orbit and
taking the sum. Let ¢(t) be such a connecting orbit meaning a solution of # = —V f with
lim; o ©(t) = p and lim;_, o ¢(t) = ¢. Then (p) induces an orientation on the orthogonal
complement E%(p) of v = limy,_o | ¢(t) [7" ¢(t) in E*(p). Then the negative gradient
flow induces an isomorphism between Ej(p) onto E*(p) and we define n,, to be +1 and —1
according to whether this map preserved or reverse the orientation.

Define
n(p7 q) = Z nlp
©

where the sum runs over all orbits of £ = —V f connecting p and ¢q. Then Witten’s boundary
operator 0 : C,,1 — C,. of the chain complex is defined by

a(p) = _nlp, q){q)

q
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where ¢ runs over all critical points of index 7.

Witten claims that  is a boundary operator, i.e.0? = 0, therefore
0=-C,—»Chq1—--—=C —=-Cy—0

is a chain complex. Define for r =0,1,2,--- | n,

ker{0: C, — C,_1}
a<Cr+1)

HY(M,7Z) =

1. HY(M,Z) are independent of the choice of the Riemannian metric on M;
2. HY(M,Z) = H,(M,Z), the usual homology groups of M.

To compute the homology groups of real Grassmann manifold by Witten complex comes
from the work of Feng Hui-tao on G5 2(R)(see [5]) for provide a nontrivial example of Witten’s
method. In [6], Qiao Pei-zhi gives the result on RP", i.e.G,411(R). In [7], Yang Ying gives
the result on G, 2(R). In this article we will give the result on G,,,,(R). Computation of
the homology groups of G, ,,(C) by Witten complex see [4]. We must point out that the
comuptation of the homology groups of Grassmann manifold has been known to topologist
by use Schubert calculus(see [10] and [11]).

2 A Morse funtion on the Grassmann manifold G, ,,(R)

Let the Grassmann manifold G, ,,(R) is the set of all m-dimensional linear subspaces of
n-dimensional real vector space R™. Set

11 T2 T1in
To1 Ta2 - Ton

M =< (xar) = Tar € Ryrank(zo,) =m |
Tm1l Tm2 Tmn

then the Grassmann manifold G, ,,(R) can be defined by
Gpm(R) = M/GL(m,R).

Let m: M — G, m(R) is the standard projection and define

T1ip Tiip "0 Tligy,

X4y X2y T2 . . .
Uiiigin, = § (Tak)|Tar € M, m =1, 0, 1<iy<ig<-vr<ip <n.

'Tmll xmiz l‘mzm

where I, is the identity matrix of rank m.

. m(n—m
¢i1i2-~~im : Ui1i2~~~im — R ( ),
¢i1i2~~~im (xak> == (xlk'la xle? Tt 7':E1k3n7m7 x?k)l)ka‘zy e akanfma e 7xmk17$mk27 e 7$mkn7m)'

where kg # 11,199, yim; s=1,2,--- n—m; 1<k < <kpm<n.



Set

~ L= -
Uiyigoriimn = W(Uiliz---im)a Pirig-wvim = Pirigeimy O T Uiyigeiy, = R™=m),
Then {(Uiyiy-iy,s Pirigering )|l < i1 < g < -+ < i, < n} are the local coordinate covering of

Grm(R).
Here we will construct the Morse function on G, ,,(R) by the same way as in [5],[6],[7].
Let 0 < A\ < A < -+ < A, be fixed numbers, for any (z.;) € M, set

fa - (xalaxa% T 7xom)7

- Tal Ta2 Lan
50{ ( )\1 ) )\2 ) )\n )7 & ) ) 7m

(€1,61) (&,8) - (&)
A = det (€2:&) (628 - (&2:6m)

A <g2’gl> <£27€2> T <§2’§m>

A = det
<_m7 El> <Em7 EQ) <_m7 Em)
where
(€, &) = vawjn + TioTjo + - F Tim T, 4,5 = 1,2,- -+ ,m.
we define a function f on M by
f=2
A

Lemma 1. The funtion f is defined on the Grassmann manifold Gy, ,(R).

Proof. Let A € GL(m,R), because

<51751> <51752> <§17€m> i1 T2 0 Tin 11 Ti2 r Tin
<§27§1> <§2,§2> (52,§m> _ Ta1 T2 -+ T2p Ta1 T2 . Top
(&) (Embe) o (G Twt Tmp o Tn ) \ Twt Tz o T
and _ o _ _
<§17§1> <§17§2> <§17§m>
<€27§1> <£27€2> <€27 m>

1
A
| 0 T
11 T12 L1in 2 11 T12 L1in
2
. To1  T22 Ton To1  T22 Ton
.................... 1
Tm1 Tm2 Tmn >\12er—1 Tm1l Tm2 Lmn




L1l  T12 Lin Ti1  Ti2 Tin
where 2u T2 Ton is the transposed matrix of 2r T2 Ton
Tmi Tm2 - Tmn Tmi Tm2 - Tmn
By computation we have
<A£1a A£1> <A§1a A£2> T <A€17 A€m> <§17 §1> <§1a €2> o <€17 €m>
(A, AL (A&, AL) - (A&, AGn) | _ 4| &) (&) - (&m) | yr
(A AGL) (A, AG) -+ (A, AE,) (En€) (Emne) - {6 En)
and
<A§17 A§1> <A§17 A§2> e <A§17 A§m> <§1’ §1> <§17§2> o <§1’ §m>
<A§27 A§1> <A§27 A§2> T <A§2: A§m> — A <§2a f1> <§27 52) T <§2a £m>
where A7 is the transposed matrix of A. So we have the function % is invariant under

A
the natural left action of the group GL(m,R), then we get f is defined on the Grassmann

manifold G, ,,,(R).

O
Lemma 2. The funtion f is the Morse function on the Grassmann manifold G, ,(R), has
and only has one critical point O; zy..i,, = ¢t i (0,0, ,0) on each Uiy, 1 < iy < iz <
) (n—m)
s <y <.

P’I"OO?. By the definition
A
f = —

so on the local coordinate systems Uj,;,...;,, we have

of Ar-A-A-

O

- . 1

where i = 1,2,--- ,m; j = ks # 11,19, - , ;. By computation we have

(€,&) &) o &) Ty (G Ga) o (&L 6m)
aA:2det (€2,61)  (§2,&) -+ (&2,&1) wo (§2,8i41) 0 (§2:6m)

Tij |
(Em &) Em &) o Emi&ic1) Ty Emo&ir) o (&)
<§17§1> <§17§2> <§17§171> % §I’§i+1> <§1a§m>

aA — 9det <€27£1> <£27£2> <€27 1,—1) aj\ij 527£i+1> <£27£m>
Tij e
<Em7 §1> <§m7 EQ) <Em7 €i71> z)t%_j <gm7 €Z+1> <Em7 5m>
then _
DA oA
c%ij . B al‘ij n



(w1 A + aj Ao+t Ty Ami) - A — 2 H Ay + H g+ TN (2)

A3 A3 A3

where A;; is (4, j) cofactor of

<§1a§1> <€17€2> T <§17§m>

(€2,&) (&.&) - (&.&m)

Em &) (Eme) ~ (Em )
Ay is (i, §) cofactor of o o o

<§17§1> <§17§2> ) <§17§m>

<€27§1> <€27€2> ’ <€27 m>

<Em7 gl> <gm752> T <Em7 gm>
so we have O;,iy...i,, = N;I}.Q._,Z.m(o,o, --+,0) is a critical point of f. In the following we can

m(n—m)

proof that O;,,..;,, is the only one critical point on each (N]im...im.
If there exists another critical point p # O;,;,...i,,, then for some i, j we hz_we zi; # 0, and
according to the definition of critical point %(p) = 0, then % CA—-A- % =0, so
ij g 3

- Tyj— | Toj— L —
(21 Ay + 195 A0i + - + Ty Ami) - A — (%Au + %A% T+t )\—2] mi) A =0
J J J

If we get i from 1 to m, by them we can get a linear system of equations, because z;; # 0 so
we get

Alm A - %Alm A AQm A - %AQm A Amm A — %me A
we denote the above matrix by B , because
<£17£1> <€17€2> T <§17£m>
<§2a§1> <€27§2> U <£27§m> B
<§ma£l> <€m>€2> e <€m7£m>
<Zla gl> <§1)\§1) <§17 EQ> - <£1>§2> <Zl> Em> <§1}1§m)
| GG -8 (66 -8 €6 — 532 |
<Em7§1> - <Eﬂ;\2&> <£m752> - <£Wj\72€2> <Em7gm> - <£W;\§m>
J J J
where
All A é?l . A Eml A Ell EQl Eml
C — A12 A A22 : A AmQ A — A . AIQ AZQ Am2
Alm A A2m A Amm : A Z1m Z2m zmm



by computation we have

€.6) - S8 (6.6) - B (€1, € — 5520
€.80) - S (6.6) - B (€2.€) — 5322
€ &) = Lt (€,,6) — E5f2 - (8, — Logpe
1 1
1 1
by 0
1 1
=X A?—l A? 11 XT
NN
0 .
Mo 1 1
where
Ti1  Ti12 Ti(j-1) T1(j+1) Tin
X — T21 T2 To(j—-1)  L2(j+1) Ton
Tml Tm2 - TmG-1) TmG+1) " Tmn
X7 is the transposed matrix of X. Because det B = 0, so we have
<El ) El) <£1)\7]§1> <gla Z2> <£1)\7§2> <Zla gm) - <§1>7\gm>
A (€2,61) 3 (62,€2) ra (€2.8m)
det (€2,61) 2,\51 (€9, &a) 2,\52 (€2:6m) — 2,\3 —0

because it is independent of the value of zy; (K =1,2,--+ m; 1 =1,2,---  j—1,5+1,--- ,n.),

so we must have /\%2 — % = ( for some [/, then we get \; = \;, which contradicts to \; # \;, (I #

J). So we get x;; = 0, there non-exists another critical point p # O; 4,...;,, o0 ﬁi1i2~--im-
O

Lemma 3. The critical point O4,..;,, 0N each ﬁili?”im (1 <ip <ig < -+ <y <m)is
non-degenerate, and ind(Oy,4y...,,) = i1 + i 4 -+ + iy, — 3m(m + 1).

Proof. On Uy,,...;,, we have

a’EklaJ?ij B a$kl A

1 (0 (oA | OAN <, [OA . OAN O
—A4 <8xkl (8@] A A 6$2]> A <8.TZJ A A 8@]) 8$MA)

*f 0 (&i-ﬁ—ﬁ-%@)




1 0’A s OA OA _, OA OA _, PN, OA OA
N F (al'klal'ij . B 6%@ AT %&rw AT A@xklamUA B 2A8ZE” QTM . A)
When k <4, [ < j, then
PN
8xk18xij
(€1,&1) (&1, &) (&,8i-1) (€&t o (sém)
(E1€) (G o (Enb) Tay En &) e (G Em)
2 det T T Tkl T T(i—1)1 0 T(i4+1)1 T Tmil
<£k+17 fl> T <fk+17 §k> U <£k+17 §i71> T(k+1)5 <§k+1a fz‘+1> T <fk+1a fm>
<§m7 §1> ......... : §m’§k> ......... <§m7 &_1> ..... $m] . < 5% &H > ......... : gm’§m>
<51751> <§1,§k—1> T <€1,§i—1> T1j <§1,§m>
(E1&) o (G ber) g o (Gt i) Teeny o (Gt
+2det | (& &) (&ks&1) T (€, &i1) Ty (Eks Em)
(Err1,61) 0 G 1) Taan 0 G &ic1) Tt (Ers1,Em)
<€m’ §1> ......... <£m’ &ﬁ) ..... xml ......... <£m7 &71> o wm] e <£m’€m>
so we have %(Omg..%) = 0. When k > i,l < jand k # 4,0 > j the result is the same.
By the same way we can get %(Omg._im) =0.
When k # i, | = j, then
A
&rkjaxij
<51>51> <£1:£k> <51,5i71> T <fbf¢+1> <£1>€m>
(E1s6) o (1) o (Genbi) Teen (Eenbin) o (Ge1En)
2 det T1; E Tj T 1 T(i+1)j Ty
(v, 61) - Gt &n) o G &) Ty Crens Giv) o (G Em)
<€m’ £1> ......... : fm’£k> ......... <£m7 &71> ..... xm] o < gm’ &H > ......... < €m7£m>
= 2Ay;

because Api(Ojiy-ip,) = 0, s0 wWe get 5

9’A
O

(Oiyiyi,) = 0, by the same way we can get

s (Oirigei,) = 0.
When k£ =14, [ = j, then
(€1, 61) (€.&-1) iy (i) (€1,6m)
A (61,60 - (G &) Ty (En&e) o (EnEm)
S or. — 2det Tij o Ty 1 T(i+n)j T Tmj
R <€i+1> 51> e <fi+17 5i71> T(i4+1)j <€i+1a fi+1> T <€i+1a fm>
(&) (Embict) Ty AEmbin) (s &)




<Ei—17€1> <€i—17£i—1> x“;;” <Ei—17€i+1> <Ei—17gm>

9%
PA vy R ! Trns ... Img

——— = 2det Svi 22 22 22 AZ

8@-)-81:27- — 7 — K — 7 —

<€i+1agl> <Ei+1ajgi71> % <§i+17gi+1> <£i+1a§m>

<gm751> e <Em7§i—1> % <Em7§i+1> T <_magm>
SO a?A
T (O ) =2
a&:ijal’ij <O“ZQ m)
02N\ 1
T2 (Onige,) =2
Oy ein) = T e

then by computation we have

>’f A2
—(Oiyigeiyy) = 2002 N2 (1
axijaxij (O 122 m) 117712 im ( /\3 ) 3

here j = k;. B
So at the critical point O;4,..;,, of f on each U,,;,..;,,, we have the Hessian matrix
Ho, ... (f)
HOili?»-im (f) =

A2 A2 ... \? diag 1_)‘121,...71_ )‘@21 7...71_)‘127717...71_ A?m
R % i 3 i

n—m

then the critical point O;,;,..;,, is non-degenerate. By the definition of Morse index of f, we
have lnd(O“w,m) = (Zl - 1) + (22 — 2) + -+ (Zm - m) = il + iQ + -+ Zm - %m(m + 1)

O
3 Riemannian metric on the Grassmann manifold G, ,,,(R)

Lu Qi-keng introduce a Riemannian metric g on the Grassmann manifold G, ,,(R) in [8].
It has the following form

g=tr[(I+ 22" Ydz(I + Zz"2)"'dZ"]

where [ is the identity matrix,

L1k,  Llky L1kp—m
7 — Lok,  L2ks L2kp—m :
xmkl xmkg xmkn—m

Z" is the transposed matrix of Z.



we have
<£17£1> <£17£2> T <€17£m>
I+ 777 — (€2,61)  (§2,&2) -+ (&2,6m)

<€ma§1> <£m7€2> <§m>€m>

All A21 Aml
(I 4 ZZT)il — l A12 A22 Am2
ALl
Alm A2m Amm
Set
77]61:(x1k17x2k17"'7$mk1a1707"'a0>
My = (xlkza T2kos " " s Tmkas 07 17 o 7())
Nep—m = (Ilkn,"” L2%kr—ns """ s Tmky_m s 07 Oa Ty ]-)
SO
<77k1 ) 77k1> <77/€1 ) 77k2> T <77k17 Ukn_m>
I+ ZTZ _ <77k2> 77k1> <T7k27 77k2> e <77k27 nkn—m>
<rrlkn7’m7 nk1> <nkn7m7 T]k2> e <nkn7m7 nkn7m>
Dll D21 D(nfm)l
R:(I+ZTZ>_1_ 1 D12 D22 D(n—m)2

Tdet(T4+ZTZ) | oo

where D;; is (i, 7) cofactor of I + Z7Z.

Lemma 4. On {(Us iy s Giyigei, )| < i1 < ig < -+ < iy < 0}, the local matriz expression
of the Riemannian metric g of Gpm(R) is given by

An(I+Z72)Y Ag(I+2T2)7! A (I + 27 2)71

G- 1| Ap(+ ZTZ2)Y Ap(I+272)71 Ao (I + 27 2)71
A
A (I +ZT2)7Y Ay (I + 27 2)71 A (I + 27 Z) 71

Proof. By definition
g=tr[(I+ 22" Ydz(I + Zz"2)"*dZ"]

Ay Ay - A dX;
| h | e e e LR g (axtaxg e ax)
Ay Ay oo A dX,,
AyR AnR --- AR Xmi
R IR O | Bl B
AR Asy R - AR dxT

m



where X, = row,Z, a =1,2,--- ,m. So we get the result

AH(I + ZTZ)il Agl(j + ZTZ)il s Aml(l + ZTZ)il
oo 1| Al +272) An(l+ 272) Apo(I + Z7Z)71
A
AT+ Z72)7Y Ay (T +Z272)71 oo A (T +2Z72)7!
we can see that the matrix G is rank of m(n —m). O
By computation we have
&)U +272) (&L, &U+2"2) - (&, &I +2"27)
oo | ©&u+27) g1+ 272) o @b+ 272) |
i i e

By simple computation, it is obviously that G is the unit matrix of m(n —m) x m(n —m) at
critical point O; ;,...q,,,-

4 The study of the dynamical system z = —V f

We can use the above-mentioned Riemannian metric to define the negative gradient vector
field =V f on G, (R ) R) for the Morse function f = £ Gn,m(R) — R, which has the following

local expression on {( i gbm2 i)l <y <o < C <y <}
—Vf = _((vf)lku (vf)1k27 ) (vf)lknfm’ ) (vf)mku (vf)mk27 Ty (vf)mknfm>'
we can get the computation formula of —V f by g(Vf, V)=V f,

JOf 0

—Vf=-g" axj ox;

where g% is the inverse of the matrix expression of the Riemannian metric g.
By computation we have

0 0
(7 P = {60 €0 )5+ (660} )
0 0
+ <€ia§2><nksank1>ﬁ + -4 (& &2) (M Ukn_m>ax2kf
J’_ e
0 0
+ <€i,§m><77ksﬂ7k1>ﬁ +--+ <§i7€m><ﬁksyﬁkn_m>ﬁ-

Because (1) and (2) we have

af 1 T4 Toj— xm
Bz, -~ X2 (2(5U1jA1i + x9jAgi + -+ T Ami) - A — 2( )\2] Ay + )\?j Ao + - )\5 Aml) . A)

10



n—m

(VHir, = =5 D & &) (g mi ) (T1r, An + ok Aor + -+ -+ Tnge A ) - A

1
(&, &) My, M) (18, Ara + Tk Ao+ + Ty Ama) - A+ -+
< Nk nkt>(x1ktA1m + $2k’tA2m -+ xmk’tAmm) : A]

Fay
3

=
—~

L1k — Lok — Lmks —
[@“&>mmn%»<1kAn+~ﬁﬂAm+~-~+/vamg-A
Ky

<€lv€ ><77k’sv77k’t>( 1ktA + A
2 )\it 12 )\zt
Tik, — Lok — Tk, —1
<€u €m><nk5’ nkt>( * Alm + LkAZm + -+ _kAmm) ’ A]
[(fw £1> "Xk, T <§u 52> A-A- Tok, + <§z= §m> AA- xmks]
B A R 1) bt T = o,
— =5 \Sh CA A Tigg Tt (G EVE Tk ) mi\y2~ = Y2 JTmks
Az 1 1 1 1 )\zs /\2 1 1 /\zs )\?m
_ — 1 1 — 1 1
+ (&, &) - A A my, 4+ (€5, 62) - A A12(/\_2_)\_2)x1ks+"'+14m2<)\2 )\2 5 )Tk, |+
ks i1

_ — 1 1 — 1 1
+ <£zv§m> “ACA Tk + <§za€m> A (A1m<)\2 )\2 )xlks + -+ Amm()\_Q - AT)$mks)]
ks ks m

2A 1 — — _
= A2 [()\2 /\—2) (&, &) A+ (& Eo) A+ (&, ) Arm) - Tk,
1 1 — — _
+ ()\_2 - )\_2) (& 1) Aar + (& Eo) Ao + -+ -+ (&3 ) Aom) - o, - - -
ks
1 1 _
+ (_2 N2 ) (<£h§1> m1 + <£u£2> m2 o+ <§z7£m>Amm) ’ $mk‘s]
NN
by the computation we have
(Vf)lkl
(vf)1k2
(vf)'lkn,m oA <€17£1>In7m to <€17£m>[n7m
_ _E <§27£1>[n7m <€27€m>In*m F-H-X (4)
(Vf)mkl <§ . §1> ....... . <§ . § >I _ .
(vf)mkg
where
X — (x1k17x1k27 tee 7x1kn7m7 x2k17 $2k2, Ut 7x2kn7m7 e 7$mk1axmk2> tee Jxmkn,m)T'
lelnfm Z21[nfm e Zmlj’nfm
F = A12[nfm A22[nfm e Amllnfm
AlmIn—m A2mIn—m Ammln—m



- Hay
O H(n—m)(n—m)
where
(- ) 0
G-
Ho_ Y RRRYS
8s T
0 o~ )
s=1,2,---,n—m
Lemma 5. O;,;,..;,, is a hyperbolic singular point of © = —V f, and the linear part of © =
=V f at Oyiy...i,, has the expression AX on (Us iyi,, s Qivig-ir,) Where
\2 22 22 )2
A=-22X... NMdiag|1-"&,... 1—-—4— ... 1-Zm ... 1 m
e " )\21 ]%nfm )\il )\l%nfm
and X - (Ilkla xlkzv e 7':Elk’n7m7 '1:2k‘17$2k’27 e akanfma e 7$mk1a xmkza e 7$mkn7m)T'
Proof. Because at Oyyj,...i,, by comptutation 33(O;yi,,) = 2X AL -+ AL |
(st 5o 0
i9 7ig im
(ot )
F(Oiigin) = e

then by (4) we can get

A2 A2 A2 A2
212 2 : 11 21 im Tm
A==2X X - X} diag <1— /\il,... 1 — )‘in_m"” 1 — )\%1,... ’1_—>‘%n_m>

Let M be a compact smooth Riemannian manifold with metirc g, and f be a Morse
function on M, then the negative gradient vector field —V f determines a smooth flow ¢ :
R x M — M, and ¢, is a diffeomorphism of M for all ¢t € R(see [4]).

Definition 1 (see [4] ). Let p € M be a non-degenerate critical point of Morse function f,
the stable manifold of p is defined to be

Weip) ={r e M| lim ¢ (x)=p}

t—400

the unstable manifold of p is defined to be
W(p) ={r e M| lim ¢i(z) = p}

12



Obviously
alklaalkza te 7alkn_m7 821617 e 782kn_m7 8mk1, e 7am

kn—m
is the orthonormal basis of the tangent space on [71»17;2...%, where 0;; = %.
ij
By the computation in lemma 3., we have linear part A = —Ho, . (f), so use the

stabel and unstable manifold theorem for a Morse function(see [4]), we identified the positive
definite eigenvalue subspace

E*(Oiyigiy,) =

Spa‘nR{al(ll+1 O (i14+2)>» 8112a T 751i\3a T 78/1;7 oo, Om,
Da(in41), Da(ins2): - (92237...73/2;7...73%
8(13-1-1 a323+1 a3l47"' 7532717"' 7a3n7

. Y
Om(im+1)> Om(im+2), "+ » Omn }

and negative definite eigenvalue subspace
Eu(OiliQ"'inL) =

span]R{ﬂn, 312, T ,31(11—1)7
a217 a227 T 782i17 e 782(i2—1)7
a317 a327 e 7831'17 T 7831'27 T 783(i3—1)7

Y
— — —_ L —

amhamQa"' 787717,'17"' aamim'" 78mi3a"' 7amim_1a"' 7am(imfl)}

and

E*(Oiigin) = To,

i1igim Ws(Oiliz'“im)? Eu(Olllzlm) = TOiliQWim Wu(OnZzZm)

where 0;; means this one is empty.

Definition 2 (see [6]). An invariant manifold N of a vector field V on a manifold M and of
the corresponding differential equation & = V (z) is defined to be a submanifold of M which
is tangent to the vector field V at each of its points.

An invariant manifold N is global if the initial value problem

& =V(x), z(0) =p
has a global solution x = x(t), (—oo < t < 400) for any p € N.

Lemma 6. The following sets as global invariant manifold of © = =V f on G, m(R),

Uivigeim (Thay s Tohays "+ Tpks,)
= W({(mak) € Uiliz---im ’ Lak = 07 (Oé, k) 7é (/87k5p)7p = 17 T 7t}>7
Ui1i2"'im (Iﬂlks% ) xﬂlksé7 Ty xﬂlks1 ) xﬂgksg ) x52k527 e 7x62k3% )

= T({(zak) € Uiyigein, | Tar =0, (o, k) # (B}, k sl ), J=L2p=1,-t}),
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Uirig-rim (xﬁﬂcs% ) wﬁﬂcsy T xﬁﬂfs% ) xﬁsz% ) xb’zksgv e >xﬁ2k5§ >xﬁ3ks§ J xﬁ:aksg’ e 7$ﬁ3ks§ )
1 2 3

= 7T({<5L‘o¢k) € Ui1i2---im ‘ Lok = 07 (aa k) 7& <6j7k5£)7j = 17273ap = 17 e 7tj})7

Ui1iz---im (xﬁjksgl' ) xﬁjksga T 7xﬁjk's‘g’ )
J

- W({({Eak) € Ui1i2~--im | Lok = 07 (047 k:) 7é (/6]7 ksgj))j = 172737 e,y p = ]-a e 7tj})
Proof. ¥or any U; ;,.i, (--+), when zg & (---), then 24 = 0, s0 @g(t) = 0 on Us,ipoi,, (- )
and —(V ) |5 = tpr(t) = 0, then —(Vf) |5 .y Is tangent vector field on

N Ullg"m( Uilig“‘im(
Usivigeiy (- =+ ). S0 Uiyigewiy, (- ) is invariant manifold of & = —V f on G, (R).
Because Gy, (R) is compact smooth manifold, so the initial value problem

on Gy, (R) has global solution.

(7’&1i2~~~im<’ .. ) € Gn,m(R)

the initial value problem

b= (V)

7 oy #(0) =, p € Unpigia(-++)

i1ig - im

on Uz, (-+ ) also has global solution. Then Uj,s,..;, (- - ) is the global invariant manifold.

[]

Lemma 7 (see [6]). Let V' be a smooth vector field on a manifold M and p € M be a
hyperbolic singular point of V.. Let N be a global invariant manifold of V in M and p € N.
Then we have the following sets equalities

Wy (p) =W?*(p) NN, Wy(p) =W"(p) NN,

where W3 (p),Wi(p) are the stable and unstable manifold of V' |n, the restriction of V. on N
at p, particularly we have

Wi(p) =W?(p) if dimW(p) = dim W*(p)
Wy (p) =W*(p) if dimWy(p) = dim W*(p).
Lemma 8. The stable and unstable manifold of O;;,...,,, have the following results

a)

Ws(Oilizmim) C UiliQ“‘im(xﬁjksj’xﬁjksja . 71»,8]_]2]_ )
1 2 .

where 7 =1,2,--- ,m;
whenj:L ZEtﬁl :17 kszl, :21+1721+27 7’é27"' 72‘37“' ai’mv"' y 1y

~ —

wh’enj:27 Z@tﬁgZZ, ks%:i2+172.2+27"' 72{;7"' 72.47"' 77;m7"' y 1y

when j =m, let By = m, kgn = tm + 1,0m +2,-- ;0.
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b)

u
W (Oilig---im) C UiliQ'“im('xﬂij{7'%,3]'163%7 ce 7:13'5].]{5{ )
J

where j =1,2,--- ,m;
when j =1, let By =1, kg = 1,2, iy — 1
when j =2, let Py = 2, k2 =1,2,--- i1, -+ ia — 15

Y Y Y

-~ ~ —

when 7 =m, let B, =m, ks;n:1,2,--- B TR I R

Proof. Because O;,4y...i,, € Uiyiyei, (:L‘gjksj s TBsk LBk ), where j = 1,2 -+ m; 80 O;ip..i,,
1 2 ts
J

is a singular point of —V f |(7i11,2u_im(mﬁ_k R
IR iVl
J

By lemma 6., fjiliQ...im(.TIBjk Tk ;> Tk, ) 1S a global invariant manifold, so O i,...q,,
51 52 St
is the hyperbolic singular point of =V f |5 @ ) and the linear part at
i1 im ﬁij{ :mﬁjks%, ’mﬁjksg‘
J
Oi1i2-~~im 1S

A2 A2 A2 A2

_ 2 \2 2 : 21 i1 im im

A= =222 diag 1= S o 1m e 1= TP 1 3

kI kL Il iy

1 I 1 o
1 . o~ o~ - .
Wherektp—ll—i_lvll_'_Q?”'7227"'7237"'721%7'”7”7

ktp—712+1,22+2,"',Z3,“‘,Z4,"','lm,“',n7 ...... ’kg_zm+1’zm+2’...7n.

Then the positive definite eigenvalue subspace is

EZ
Uiyigim (Tajk ;BB ;o Tk
51 52 S

] )(Oi1i2~"im) -
7
J
SpanR{al(iH—l)a a1(11+2), oo, Oy, O, o0, Oty oo, O,
a2(1’2+1)7 82(i2+2)7 U 7621'37 e 782im7 e 7a2n7
83(i3+1), 83(i3+1); e 7a3i47 e 7a3im7 e a83n7
am(ierl)a 8m(im+2)> T amn}

So we have EX (Oiyigin,) = E*(Oiyig.i, ), and we get

iqig-vim ( ,Bjksjly B]kséy ; ,6']1@5?')
J
. s : s
dim ”(7 i ( )(Oi1i2~--im) = dim E(j. oo ( )(OiliQ"'im)
1199 im mﬁjk jyxﬁjk IR 1$ﬁjk j i1%9 im Iﬁjk jaxﬁjk 'R 7$ﬁjk j
51 52 5 51 5 5t

= dim ES(OiliQ.‘.im) = dim Ws(OiliQ.A.im)
by Lemma 7., we have

s .
w (OiliQ---im> - Ui1i2'--im (a:ﬁjksgl' ) mﬁjkséw T 7$,3ij]~ )7

ty
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where j =1,2,--- ,m; R R e
Whel’ljzl, let 51:1, kszl):?:1+1’i1+2’”' ,ig,"' ,ig,"‘ ,im,"' , N

~ ~ —

Whenjzzv let 52:27 k3§:i2+17i2+27”' 7Z.37'” 77;47"' JZ"I’)’H..' » 15

when j =m, let B,, = m, ken = im + Lipm +2,--- 0.
By the same way, we can get

u r7 .
w (Oiliz"-im) - Uiliz---im (xﬁjksj ) xﬁjksj P 7565]‘163]' )7
1 2 i

J
Wherej:1,27-~ , M

when j=1,1let f1 =1, kg =1,2,--- iy — 1;

when j =2, let By =2, kg = 1,2, ip, e g — 1

5 The Morse-Smale transversality condition

In this section we will to proof f = % is a Morse-Smale funtion. For all critical points
Oiyigein s Olylget,, of [ = % we need to proof the stable and unstable manifolds of f intersect
transversally(see [4] and [9]).

Lemma 9. Let O;,4y..i,,, s Oly1y--1,, be the different critical points of f, and let l;, > iy, for some
kel,2 --- m, then have the following result

W*(Oiigevin) N W*(Ot14.00,,) = 0

Proof. It W*(Oyyiy.i,,) D W5(Ouuy.00,,) # 0, there is p € W*(Oyyiyeiy,) N W3(Opyiy-.a,,) and
Jp(t)(—oo < t < +00) is the solution of & = —V f, with ¢(0) = p and

lim 90<t> - Olll2"'lm’ tEI—nooSO(t) - Oi1i2~"im

t—-+o0

SO (p(t) € Wu<021122m> N W8(01112...1m).
Because Oy p,..t,. € Uppyot,, 50 Jto > 0 with ¢ > to,0(t) € Uy,..t,,. By Lemma 8., we have

(,D(t) € Uhlg---lm N Uilig---’im(xﬁjk i xﬁjk gt 7$ﬁjk j )7 t> th
51 sy sy

J

where j =1,2,--- ,m;
when j=1,1let f1 =1, kg =1,2,--- ;i1 — 1;
when j =2, let fy =2, kg = 1,2,- - R TP A

when j =m, let B, =m, kgn = 1,2, i1, g, g1, 0 — L
But because Iy > 1), for some k € 1,2,--- ,m, so we have
Ul112---lm N Ui1i2---im (xﬁjkgj ) xﬁjkgj )t 7*%5]'121 ) = @,
1 2 “ts

J
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where 7 =1,2,--- ,m;
when j =1,let f1 =1, kg = 1,2, ;i1 — 1;
when j =2, let fo =2, k2 =1,2,--+ i1, ,ia — 1

when j =m, let 3,, = m, k:sm =1,2, - i1, 09, sl 50y — L.
Then we get
Wu(Ohiz-"im) N Ws(OlllQ-"lm) =0

Lemma 10. The function f = % is Morse-Smale funtion.
Proof. Let Oyyiy..i,, s Otyip--1,, be any two different critical points of f, and with
Wu(OiliQ“‘im) n WS<OZ112'“lm) 7é 0.

By the lemma 9., we know that [} < iy,ls < dg, -+, 1y, < ip. Let p € W*(Oyip.i,,) N
W#(Oy,1,..4,, ), the tangent space of W*(O;,;,..;,.) at p is

Tqu(Oi1i2-~~im) = SpaﬂR{au, Oig, - ;31(1‘1—1)7
6217 6227 e 782i17 T a82(i2—1)a
a317 a327 e 7631'17 e ,837;2, e 783(i3—1)7

Y
— — — —

am17 am27 e 7amz'17 e 7am1'27 e 7ami37 T Jami»,nfl? T Jam(im—l)};
The tangant space of W*(Oy,,...,,) at p is

TpWS(Olllg---lm) = SpanR{aI(ll—H)a 31(11+2), T ,(9112, T ,8113, s ,aum, oo, O,

a(l2+1 8252+2 (92z3,"' ,3/2;1,"' , O,
D1y 11y, Os1511) -+ > Ostas -+ Dsgyrs = O,
° )
am(lerl) 0 m(lm+2)s """ mn}

So we have
T,Gnm(R) C T,W*(Ouiy.iyy) + TyWe (O,

and because

W“(OiliQ...im) C Gmm(R), Ws(OlllQ...lm) - Gmm(R)

SO
T,Gnm(R) D T,W*(Ouiy.iyy) + TyWe (O,
Then we get
T,Gnm(R) = T,W*“(Os,iyein,) + TyW3(Ouiyet,)-
It means that the stable and unstable manifolds of f intersect transversally, f = % is a
Morse-Smale funtion.
m
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6 The trajectories connect the critical points
Theorem 1. Let O;,iy...i,,, Oijiy-1,, be any two different critical points of f, with
ind(Oy,iy-4,,) — Ind(Oy15.0,,,) = 1,
and iy — Il > 1 for some k € 1,2,--- ,m; then
W Ouigering) VW2 (O1yea,,) =0

Proof. It W*(Oyyiy..i,,) N W5(Optyoa,,) # 0, there is p € W*(Oyy4y.,,) N W5(Opy1y..a,,,) and
Jp(t)(—oo < t < 400) is the solution of & = —V f, with ¢(0) = p and

lim 90<t) = OlllQ"'lm’ tLi{nwso(t) = Oi1i2~~-im

t——+o0

SO gO(t) € W“(Olmzm) N Ws(0l1l2~~~lm)-
Because Oy,y,...,, € [71112...lm, so Jtg > 0 with t > to,p(t) € ﬁlllz...lm. By Lemma 8., we have

©(t) € Unigeiy N Uspigewing (B350 ;s Tpjk 557 s Ta,k 5 )5 t > o,
51 52 5t;
where j =1,2,--- ,m;
when j =1, let 51 =1, ksz% =12, i — L
when j =2, let By =2, kg = 1,2+ iy, -+ iy — 1

~ —

when j =m, let 8, =m, kg =1,2,--- ,z'Al,--- B R

Because ind(O;,;,...i,,) —ind(Oyypy..0,,) = 1, so we have iy +ig+- - +ip, — (I + 1o+ +1,) =1,
and by i — lp > 1 for some k € 1,2,--- ,m, we get thereis a j # k, 7 € 1,2,--- ,m with
l; > i;. By it, we have

Ubitytn O Uigigeinn (Tah 5 Tgin 5 @i, ) = 0,
51 52 St'
J

where 7 =1,2,--- ,m;
when j =1, let 51 =1, kSé:LQa"' i — 1
when j =2, let By =2, kg = 1,2+« iy, -+ iy — 1

when j =m, let B, =m, kgn =1,2,--- ,z'Al,~~ 9y ybm_1," " ,im — 1. Which contradicts
to _ _
(,O(t) S Ul1l2~~-lm N Ui1i2'~~im (xﬂjk 2Bk 5o s Bk )7 L > to.
51 55 sy

So we get
Wu(OhiQ---im) N WS<OZ112'"lm) = @

]

By Theorem 1., we know that if ind(O;,4y...5,,) — ind(Opy1y.0,,) = 1 and W*(O44y.4,,) N
W5(Oyy..0,,) # 0, so 3k with i, — I, = 1, where k € 1,2,---  m.
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Theorem 2. Let O;iy...i,,, Oy, be any two different critical points of f, with
ind(OiliQ...im) — ind(0l112-~~lm> = ].,
Then

Wu(oi1i2-"im) N Ws(Oiliz'”(ik—l)'"im) = Ui1i2---im (xk(ik—l); Lh(ip—1) 7& O)
Proof. By Lemma 8., Vp € W*"(Oj,4y...i,,) N W*(Oiyige(ig—1)-in, )» the coordinate in U,

1927 im

(In(p),ﬁlz(p),'” 7131(1'1—1)(]))717
11321(17), $22<p); T 7$2z1(p)7 T 7132(1'2—1)(17); L,

—_—

3731(1?), 1’32(]9)7 T aSE':sil(p)a T 73731'2(]?)7 T ,953(2'3—1)(}9), L,

—_—

xkl(p>7$k2(p>7 sy Ty (p)7 e 7$ki2(p)7 e 75’5ki3(p)> o Ty (p)u e 737k(ik—1)(p)7 1)

xml(p>7xm2(p>7 oy Ty (p>7 o 7xmi2(p)7 e ;xmig(p)a sy T, (p)a U 7xm(im—l)(p)a 1)7
the coordinate in ﬁili2...(ik_1)...im is
(L1 (P)s i+ (P)s s y1(P)s 5 Y105 (0)s -+ s Y1 (P) 5 Y1n (D),

—

17 Y2(ia+1) (p>7 Y2(ia+2) (p)a Ty Y2is (p)7 sy Y2u,, (p)7 U 7y2n<p)7

—

17 Y3(i3+1) (p)7 Y3(iz+1) (p)a Ty Y3y (p)a s Y30, (p)7 o 7y3n(p)a

T
——— —

17 Ykiy, (p)a yk(ik+1) (p)7 e 7ykik+1 (p)a S Ykin, (p)7 e 7ykn(p)7
L Yn(im+1) (P)s Ymim+2) (D)5 + s Ymn (D))-

So the change of the coordinate is

i 1 Yk, (p) .
= T )

Th(if—1) (P)

Then we get

W*(Ouigeviin) VW (Oiigers(i=1)wim) = Ulrigeion (Th(in—1)5 Tuiy—1) 7 0)

By the theorem 2., we can get the following corollery
Corollery 1. Let O;,iy.i,,, Olyiye1,, be any two different critical points of f, with
ind(OiliQ..‘im) — ind(OlllQ...lm) =1.

Let T(Oyyiy.i, s Oty1y-1,,) be the numbers of trajectories connectting Oy iy...i,, to Oy, , then

o 0 )2, =lhyie =y i = leryie = e+ L ik = L, i
( 11927 im lll2"‘lm> - .
0, otherwise.

where k € 1,2,--- . m.
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7 The homology groups of G, ,,(R)

Now we choose an orientation of the vector space E"(Oyiy...ir,) = 10,100, W (Oiyiy i)
for every critical point O;;,..;,, and denote by (Oi,..4,,) the pair consisting of the critical
point Oy,4,...,, and the orientation.

<Oili2---im> = {Olllglwn <8117 8127 e 781(i1—1)7
a217 a227 e 7827L17 e a82(i271)7
a317 a327 o 7a3i17 e 7831'27 U 783(1'3—1)7

aml; 8m27 T 7ami17 e 78mi27 Tt 7ami37 e Jami»m717 e Jam(im—l))}
By theorem 2., between the critical points O;,,...;,, and O; j,...(ix—1)-i,,» We have two orbits
©T(t) and ¢~ (t) as following in the coordinate system Uj;

90+(t> = (07 07 07 e 707 Th(if,—1) (t), 07 T 707 07 0)7 xk(zk—l)(t) >0

where limy_,_ o Zx(,—1)(t) = 0, limy_,_o 0T (t) = O

Soi(t> = (07 07 07 T 707 T(if,—1) (t), 07 T 707 07 0)7 xk(zk—l)(t) <0

where limy, oo Zg@,—1)(t) = 0, limy, oo™ (t) = Oiyiyi,; and in the coordinate system

Usyiger-(igg—1)-im

1

+
2 (t):(070707"'707 )
Th(i—1) (1)

0,---,0,0, O), fk(lkfl)(t) >0

where limy_, o Zi(i,—1)(t) = 400, iy 400 0T (£) = Oiigee(ip—1)im’

tm)

1

(p_(t) = (070707"' 707—
Ti(i—1)(t)

,0,-++,0,0,0), Tr,_1y(t) <0

where limy_, 4 o Tr(i,—1)(t) = —00, im0 9T () = Oiyiper(if—1)i

im*

Theorem 3.

nw—(o o) =1

1‘11’2.‘.(%,1)‘.47”) )

y=(=D)*F (1 <k <m)

iqd9im >
M= (04, ig-wim O

iqigee (i —1)+im

Proof. Because the tangent vector of @i(OiliQ...im,OiliQ...(ik,l)...im) at Ojjigeiy 18 E0k(ip—1),
then (O;,;,..,,) induces an orientation on the orthogonal complement B, (Oirigewving ) Of £O0k(ip—1)
in E*(O4,iy.i,,) as follow

(£011, 012, -+, 0135, -1,

82178227“‘ 782117”' 782(i2—1)7
83178327“' 7832'17"' 7831'2)"' 783@371)7
)

ak17ak27“' 78161'17”' 78167;27”' Jak(ik—2)7
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Y
— — —_ —

amla@mQu"' 7ami17"' )amigf” 7ami37"' 76m7:m717". Jam(im—l))~

Because
<Oi1i2---(ik71)---im> = {Oilig---(ikq)---im; (011,012, - ;0131

62176227"' 78/27:\17"' ’82(i2—1)’
a3178327"' 753@'\17”' 7531'\27"' 783(i3—1)7
o
akhakQa"' 7519?17"' 751%\27"' aak(ika);

T

o Omim—1))}

amlaam%"' Jamiu"' 7ami27"' 78mi37"' 7amim,17

tO COMPULE Nt (0,55 0,4y iy (3 1)-)» WE COMPULE the Jacobian of the coordinate transfor-
mTi1t9 (i, —1) - im

mation from Ui1i2~-~im to Ui1i2~~~(ik—1)~~~im7 we denote it by Jn + 5
® (Oi1i2~-im'Oiligm(ikfl)wim)

n"i(oilig-»-im*Oi1i2~-<(ik71)~-im>
1 1 1 1 1
diag(L"'?L—a"'? y T 9 ) 7"'7—715"'71)
Th(ir—1) Th(i—1)  Tg(ip—1) Th(ip—1) Lh(i—1)

)(:i:a1173127 w01 —1),

nwi(OiliQ.“im,Oi1¢2m(ik_1)mim
Oa1,Ona, - - - ,521‘\1, e, Oa(in—1),
Os1, O,y - - 75;7... 75;’;’... Dy 1),
T
Ot Ona, - - - 75,;1,... ,@;’...  Onin—2)»
: bl
_ _ _ _
Ot Omzs -+ 3 O+ 3 Omis =+ > Omigs =+ > O 12+ > O —1))
= (£011, 012, - - - ;01311
a217 8227 e 7521'\17 e a82(i271)a

83178327”' 7631'17"' 7831'27"' 783(i3—1)7

T
Ok O 5 5= Ok(ir—2)
) y "t o Ukiyy """ 5y Ukigy " 77 )
Th(ip—1) Thk(ip—1) Th(ig,—1)
)
—_— —_— —_—

amham% e )amiu e 7ami27 T Jami;:,a e 7amim,17 e 7am(im—1)>
I; if @p,—1) < 0 then

So we get, if xp;,—1) > 0 then o+ (04 iy Oty i (i 1) i)
n

_ = (—1)%—*
n(p (Oiliz""im7Oi1i2'“(ik*1)“"im) ( 1) :
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By Theorem 3., we have

1(Oiyig-vis Oz (i —1)wim) = Tt (Oiiyim 1Oyt 1)) T T~ (O Oty (i 1)

Then we can get the result about Witten’s boundary operator

Lemma 11.
HOuwiy-i) = Z(l + (1) N Os iy (1)) (1 < k<)
k
and if iy — 1,49 — 2, 1y, — m all is odd, then
9{O0;yiy.i,) =0
Proof. Because ngt+o Oiyig- (i —1)im) T Mo (0 =1+ (-1)%"* 50

W Oivigevigs Oiviger-(ig—1)vim) = 1+ (—1)*=* and by the definition of Witten’s boundary oper-
ator, we get

i im > ivig-im Qigig--(igg—1)-im)

a<Oi1i2"-im> = Z(l + <_1)ikik)<Oz‘1i2--~(ik—1)--.z‘m>~
k

When iy — 1,49 — 2, -+ iy, — m all is odd, then 1+ (—=1)*~% = (0 so get the result. O
Now we can give the most important result in this article,

Theorem 4. The homology groups of real Grassmann manifold G,, ,,(R) with integral coeffi-
cients by Witten complex is

H(G.n®).Z) =P P e H 2

k j1+io++im=r j1+io+-+im=r
jkw‘»lfk:odd jk+17k:e'uen

where k =1,2,--- ., m.
Proof. Since Witten chain complex
0— Cm(n_m) — Om(n—m)—l — o= C1—=>Cy—0

where
C.o= P ZOiiin)-
t1t+i4Fim=r
By lemma 11., we have

(Crs1) = $b L0(Osyig-iyn)

i1-Hig e tim=r+1
= @ Z(Z(l + (=D ) Oty (ig—1) i ));
i tizbotim=r+l &
ker{a : Cr — C’r—l} = ®j1+j2+-~~+jm:rZ<Oj1j2'”jm>’ where jl — 1,j2 — 2, cee ,jm —m all is
odd. By the definition of homology groups
ker{0: C, — C,_1}

HY(M,Z) = :
P (07 3Cor)
then
HF/(Gn,m<R)>Z) = @( @ Lo ® @ Z)
k  ditiotetim=r J1+iot-Fim=r
Jjt+1—k=odd Jjp+1—k=even

where k = 1,2,--- ,m. And because HY (G, ;n(R),Z) = H,(Gy,,m(R), Z), so we get the result.
[
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