A FINITE FIELD ANALOGUE FOR APPELL SERIES F;

BING HE

ABSTRACT. In this paper we introduce a finite field analogue for the Appell series F3 and
give some reduction formulae and certain generating functions for this function over finite
fields.

1. INTRODUCTION

Let g be a power of a prime. F; and ]@2 are denoted as the finite field of ¢ elements and
the group of multiplicative characters of I respectively. Then the domain of all characters
x of Iy can be extended to F, by setting x(0) = 0 for all characters. Let ¥ and ¢ denote
the inverse of x and the trivial character respectively. For more details about characters,
please see [3] and [9, Chapter 8].

Greene in 1987 developed the theory of hypergeometric functions over finite fields and
proved a number of transformation and summation identities for hypergeometric functions
over finite fields which are analogues to those in the classical case [7] (see [2] for the definition
of the hypergeometric functions). Greene in [7] introduced the notation

A, B
21 ( C
for A,B,C € ﬁq and x € F, and defined the finite field analogue of the binomial coefficient

as (a) -5

where J(x, A) is the Jacobi sum given by

T06A) =D x(WA(1 — u).

G _— —_ —_
) _ e(m)BCf]” " BB — y)A(1 - )
Y

See [l [6, T1] for more information about the finite field analogue of the hypergeometric
functions.
In this paper, for the sake of simplicity, we use the notation

(4) o) = 5evaa 5
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and define the finite field analogue of the classic Gauss hypergeometric function as

A B A B
2F1< ; x)zq-2F1< ,C

C
A () - () B
X

for any A, B,C € Fq and z € F,. Similarly, the finite field analogue of the generalized
hypergeometric function for any Ag, A1,---, Ay, B1,---, B, € Fy and x € I, is defined by

(Ao AL A N Aox (Aix\  [Anx (@)
e ¢—14\ x ) \Bix Byx '

Bl7 T Bn
In our notations one of Greene’s theorems is as follows.

G
x) = e(x)BC(—1) Y _ B(y)BC(1 — y)A(1 — ay).
Yy

Then

Theorem 1.1. (See [7, Theorem 4.9]) For any characters A, B,C € I/F;, we have

(1.1) oF) <A’CB‘1> — A(-1) <fc)‘

The results in the following proposition follows readily from some properties of Jacobi
sums.

Proposition 1.1. (See [7, (2.6), (2.7), (2.8) and (2.13)]) If A, B € ﬁq, then

()-(4)
(1.3) (g) = (BBA>B(—1),
(1.4) (g) = (i AB(-1),

(1.5) <Z) = —A(-1) + (¢ — 1)5(A).

where §(x) is a function on characters given by

s00={ 5 S

otherwise

Among these interesting double hypergeometric functions in the field of hypergeometric
functions, Appell’s four functions may be the most important functions. Below are three of
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them.

m nbm n
Fy(a; b,V c,y) = Y @rinOmEn i 151 <1, 1yl < 1,

mnb b/nmn
Z()+() )

. /- /u J—
FQ(a7b7b7cac’x7y) - m'n'( )m(cl)n vy, |‘/1:| + |y‘ < ]-7

m,n>0

/ /
F3(a,d’;b,b';c;2,y) = Z (@) (@) (B)m (b )nxmy", lz] <1, |yl < 1.

o m!n!(¢)min

See [I}, 2, 4, [12] for more detailed material about Appell’s functions.

Inspired by Greene’s work, Li et al in [10] gave a finite field analogue of the Appell series
F; and obtained some transformation and reduction formulas and the generating functions
for the function over finite fields. In that paper, the finite field analogue of the Appell series
F} was given by

Fi(A; B,B';C;z,y) = e(xy) AC(— ZA JAC(1 — u)B(1 — ux)B'(1 — uy).

Motivated by the work of Greene [7] and Li et al [10], the author et al in [§] introduced
a finite field analogue of the Appell series F» which is

F(A;B,B;C,C"5 2, y)
=e(xy)BB'CC'(— Z B(u)B'(v)BC(1 —u)B'C'(1 —v)A(1 — uz — vy)

and deduced certain transformatlon and reduction formulas and the generating functions
for this function over finite fields.

In this paper we will give a finite field analogue for the Appell series F3. Since the Appell
series F3 has the following double integral representation [2, Chapter IX]:

I'(c)
T (c— b — V)

: //ub_lvb/_l(l —u =) —uz) (1 — vy) Y dudv,

where the double integral is taken over the triangle region {(u,v)|lu > 0,v > 0,u +v < 1},
we now give the finite field analogue of F3 in the form:

F3(A, A" B,B';C;x,y) = e(zvy) BB'( ZB (vV)CBB'(1—u—v)A(1—ux)A'(1—vy),

F3(a,d';b,V;c;2,y) =

where A, A", B,B',C € IAFq, z,y € Fy and each sum ranges over all the elements of Fy. In the

above definition, the factor F(b)r(b};éc()cibib,) is dropped to obtain simpler results. We choose

the factor e(xy) - BB'(—1) to get a better expression in terms of binomial coefficients.
From the definition of F3(A, A’; B, B'; C; x,y) we know that

(1.6) F3(A, A B, B Csa,y) = F3(A', A; B, B; Cyy, )
for any A, B,B’,C,C" € @q and z,y € Fy.



APPELL SERIES F3 OVER FINITE FIELDS 4

The aim of this paper is to give several reduction formulas and certain generating func-
tions for the Appell series F3 over finite fields. The fact that the Appell series F3 does not
have a single integral representation but has a double one leds us to giving a finite field
analogue for the Appell series F3 which is more complicated than that for F}. Consequently,
the results on the reduction formulas and the generating functions for the Appell series Fj
over finite fields are also quite complicated.

We give two other expressions for F3(A, A’; B, B’;C;x,y) in the next section. Several
reduction formulae for F3(A, A’; B, B';C;z,y) is given in Section 3. The last section is
devoted to deducing certain generating functions for F5(A, A’; B, B'; C; xz,vy).

2. OTHER EXPRESSIONS FOR F3(A, A’; B, B'; C; x,y)

In this section we give two other expressions for F3(A, A’; B, B'; C;x,y).

Theorem 2.1. For any A, A',B,B',C, € @q and x,y € Fq, we have

s ) ) ) (T
+ewB D)

where each sum ranges over all multiplicative characters of IFy.

)B’c@c)A'(l ),

In order to prove Theorem [2.1) we need an auxiliary result.
Proposition 2.1. (Binomial theorem, see [7, (2.5)]) For any character A € @q and x € Fy,
we have
1 A
A+ o) =6(2) + —=> (| Jx(@),
q—1\Xx
where the sum ranges over all multiplicative characters of Fq and §(x) is a function on Fy
given by
|1 ifz=0
5($)_{ 0 ifz£0"

We are now in the position to show Theorem [2.1
Proof of Theorem [2.1, When v # 1, it is known from the binomial theorem that

CBE <1 -2 U) — 5w + qil %: (le)u(—u)uu ).

Then

(2.1) CBB/(1-u—v)=CBB(1 - v)CBE <1 = “ >

_— 1 CBB —
=6(u)CBB'(1 —v) + -1 %: ( i ),u(—u)CBB a(l —wv).
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It is easy to see from the binomial theorem that

(2.2) Al — ux) = §(uz) + %1 Z A>x(—ux),

(2.3) A(1—vy) = d(vy) + % Z A A(—vy).

Applying (2.1)-(2.3)) and using that fact that d(u)B(u) = é(uz)B(u)e(zy) = 6(vy)B'(v)e(zy) =
0, [7, (1.15)] and yield

e(zy) Y. BB (v)CBB'(1—u—v)A(l - ux)A'(1 - vy)
u€lg,v#1

- (q _11)3 Z B(u)B'(v) Z <CBB/>,M(U)CW/L(1 — )

u€lFg,v#£1 K H

S (Dxcn T (3w

X A

- ((1_11)3 > B)B(@))_ (CBB/>M(—U)CW/,L(1 — )

u€Fq,vef, w K

3 (w3 () )rew)

X A

w2 (RGPS (G0 )

I
> Bxp(u) Y B'A(v)CBB'E(1 - v)

uqu vElF,

o2 () (T ez (V)i Zmamema
- ff —(1>2) > (D) () (e )xon

XA

On the other hand, by (2.2), the fact that e(zy)CB’(u)d(ux) = 0 and [7, (1.15)]

e(zy) Y BwB(v)CBB(1—u—v)A(l - ux)A(1 - vy)
u€lFg,v=1
= ¢(xy)CBB'(— Z CB'(u)A(1 — ux)
uclFy

e(y)CBB' (-1)A'(1 - y) ;
N q—1 2 < ) 2) 2 CBx

X u€lF,
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— B L) Bewan -y
B'C '
Therefore,

F3(A, A B,B';C;x,y) = e(xy)BB'(— ( o+ Y )

et weel
Ty () (@) (e )xenw
+e(y)B'(-1) <B’C’> B'C(z)A(1 —vy).

This completes the proof of Theorem

Corollary 2.2. For any A,A',B,B’,C, € @q and x,y € Fq, we have

A,B,AB'C
(2.4) F3(A, A’ B, B'; C; 1):B’C(—1)3F2( OB .CA ﬂf)
A',B',ABC
/. /. . _ _ YT T
(2.5) F3(A, A B,B';C;1,y) = BO( 1)3F2< CB,CA ‘y>

Proof. We first show (2.4). It follows from Theorem (1.3) and (1.1f) that

pa i) = g 2 (1) (3) (G ) (G Jveons
~ 2 () Cm T (V) (Ga)o
) (7))
A ()
L () () (B
A, B, AB'C
CB,CA x)

which proves . follows readily from (2.4]) and (| .

The following theorem gives a third expression for F3(A, A’; B, B; C; x,y).

/\\_/

= B'C(~1)3F (
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Theorem 2.3. For any A,A’,B,B’,C, e ﬁ and x,y € F,, we have

F3(A, A, B, B';C;2,y) I Z ( >< ><%?) (%A>x(m)A(y)
+ zz’(_—l) > <A> <§,>x(f€)h(—y),

xA=BB’ X

where the sum in the second term of the right side ranges over the region x, A € @q, XA =
BB'.

Proof. 1t follows from the binomial theorem that

(2.6) > G/) AM=y) = (= D)A(1 —y) =) = (¢ = De(y)A(1 - y).

A
According to [7, (2.15)], we have

(ﬁ) <Z> = <C> <j§) (g —1)B(—1)8(A) + (¢ — 1)AB(-1)§(BC)

for any A, B,C € ﬁq. Then

CBB'\ (CB'x CBB'\ (BB'x\ —
. = — 2 ) —(¢g—1)CxA(=1)6(CB’
(7)) - (ST7) () - ey
+ (g = 1)B'A\(=1)6(BB'x\).
Using the above identity in Theorem [2.1] m and by @, we get

F3(A,A'; B, B';C;z,y) PENE Z ( )( ><%?> (Bgf\c/\)x(:c))\(y)
- q— 1 C) ( >A &
+i’<:i = ()

xA=BB’
T e()B( >< 4 ) Ca) A (1 - )

“ G ( )@ 5 o
+ 20 XE;B/ () (3 roncn.

which ends the proof of Theorem L]
Actually, from Theorem we can also deduce (1.6)), (2.4) and (2.5).
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3. REDUCTION FORMULAE

In this section we give some reduction formulae for F3(A, A’; B, B’; C;x,y). In order to
derive these formulae we need some auxiliary results.

Proposition 3.1. (See [7, Corollary 3.16 and Theorem 3.15]) For any A, B,C,D € Fq and
z € Fy, we have

(3.1) SRy (E’CB x> _ <g>5(az) _C@)Bo(l — ),
(3.2) JF) (AC’F :c> _ (i)A(—l)C(m)AC(l —2) = C(=D)e()
+ (¢ — 1)A(-1)6(1 — x)d(AQC),
(3.3) JF) (AAB a;) _ (i)e(m)B(l — ) — A(~)
+ (¢ — 1A(=1)0(1 — 2)4(B),
(3.4) S F (Aiféc x) _ @g)ﬂ’l (Abc x) _ BD(=1)B(x) (A; )

+ (¢ —1)BD(-1)5(CD)e(z)A(1 — ).
From the definition of F3(a,a’;b,b’;c;z,y) we know that

F3(a,0;b,0;¢c;2,y) = F3(a,d’;b,0;¢;2,y) = o Fy (a’ b

o).
)

/
F3(0,d;0,V';¢;2,y) = F3(a,a;0,0'; ¢;2,y) = 21 (aéf)

We now give finite field analogues of the above identities.

Theorem 3.1. Let A,B,B’,C,C' € IEA?q and x, y € Fy. If y # 0, then

(3.5) B -
R 88 Ca) = 0B -0 () )ar (]) - B - 05 ()
AT AB| a(l-y)
- BOCWECA -y (| - )
+ (g — 1e(x)C(=1)§(BC)A(1 — z);
if x # 0, then
(3.6) - B
Fale 453, 7 Ciy) = o) (5 o (M2 o) - ewiste - 8- ()

A B
CB
+ (¢ — De(y)C(=1)8(B'C)A'(1 — y).

— B(-1)C(2)BO(1 — 2)oF <

y(l—:v)>

T
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Proof. We first prove . It is easily known from (3.1]) and (3.4} . ) that

€, B’ B’ B
o Fy ( Ox Y ) = (Cx) — CX(y)B'Cx(1 —y),
A,CB,B BC A, B _ ACB'
o (im ) = (5 )n (&) e ()

+ (¢ — 1)B’(-1)5(B€)g(a:)ﬁ(1 — ).
From Theorem the above two identities and ( we deduce that

ez () @35 =92 (3) ()
+HPDQiJBa)d )
ST (O () (&)

X

F3(A,e;B,B';C;x,y)

Ql

)EC@E )
- ? () (o)
B (3) ) (52

A
/ ! o
+ B'(—1) B/C)B C(z)e(1 —y)
P A,CB,B
= CB ( ].)3F2 ( 07 CB/ CL‘)

— B/(-1)C(y)B'C(1 - y)o I <’é’§ — x(ly_ y)> :

which is equivalent to (3.5). (3.6]) follows from (3.5 and (1.6). This completes the proof of
Theorem [3.1] L]
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Theorem 3.2. Let A,B,B',C,C" IAFq and x, y € Fy. If y # 0, then
A B

Zle)+ (oe) (3 ) ac@sn -y

+ A (—1)C(y)AC —y) (Afc>gpl <é~’5 _ x(ly— y)>

Fy(A, A's B,e; i, y) = —C(~1)e(y)oFy (

+ (g — 1e(x)C(y)A’C(1 — y)d6(A'BC)A (1 + :E(ly_y)> ;
if x # 0, then

! /
F3(A, A'se, B, Gy, y) = —C(—1)e(x)2 Fy (A B y

oyt —:rf))

Proof. Tt follows from ([3.2)) and . ) that
Cx\ 4/ A\ AT
y) = 4 )AEDOXHACX( ~y) — Ox(=1)e(y)

2F1 (g’;
+ (g = DA(=1)3(1 — y)s(ACx),
o (A5-2052) - () (-2

- AC0CE6n-1) ()

+ (g — DA (~1)5(A'BO)e(z(1 — y))A <1 + x(ly_ y>) :

We deduce from Theorem the above identities and (1.3)) that

rinsmacion = ()BT () oo
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= CCDA) 5 () (5) 0y et Ot

1
A (3 (1) )45
sy () (P40 At -y

= ~c(-vetwars (7o) 40 Jewma -y

+ A(~1)C(y)TC(1 — y)sFy <A ¢, B‘ (1 - y)>

CA,C ”

e (AAféj)(Bjﬁ “)acasa-y)

= —ct-vewen () + (1) (O Jac@st o
+acvewaen - (M50 )am (fp] - L)

Y
+ (¢ —1De(z)C(y)AC(1 —y)5(A'BC)A <1 + M) ;

Y
which proves the first identity. The second identity follows from the first identity and (1.6)).
This concludes the proof of Theorem U

4. GENERATING FUNCTIONS

In this section, we establish some generating functions for F3(A, A’; B, B'; C; z,y).
Theorem 4.1. For any A,A’,B,B’,C € ﬁq and z,t € F;\{1}, y € Fy, we have

% </é€) F3(A0,A"; B,B’;C;z,y)0(t)
q—
6

=A(l -t)F; (A,A’; B,B’;C; 1:E_t,y>

— A(~t)B(~1)C(2)BC(1 — 2)s Fy <A§§’ _

y(l—fﬁ)>‘

X

Proof. Tt follows from (3.3) and (L.4) that

B\, BOX BON\— ,

= (5&) BB'C(—1)BCA(1 — z) — B'A(—x).



EEEEEEEEEEEEEEEEEEEEEEEEEEEEEE

Then, by (1.3) and [7, (2.11)]

(4.1) ; (11,) <g];BX/> <%§§ )x(—x)k(y)

— (¢ —1)*C(—=z)B'(x)e(y) A'(1 — y),

where in the second step we have used the substitution y — C\y. It is easily known from
Theorem [2.1] that

"2 N /A Bh i
> () () (o) (e )y (7)o
~ (¢ 1) <F3 (A,A’;B,B’; C; 1$_ty> — B/(~1)e(y)BT(x)BC(1 — ) A(1 - y>< >> |

It follows from ([3.3)) that

(4.3) 3 @9) (‘2929)9@) ~ (= 1)F <A° jxw

0

D> () (5 oo = - am (247
B
A
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By (L.2), and ([4.3), we have
o Oz () (e

XA B B 79 -
=000 2 (0 (3) (o) (e (75) 2w
~a- a0 S (7) (G ) (o )Xo

Substituting (4.1) and (4.2)) into (4.5), then applying Theorem [2.1] (1.2)), (L.3), (4.4) and
(4.5) in the left side and cancelling some terms gives

711 </20)F3(A9,A’;B,B’;C;x,y)H(t)
q —
0

- S O () (o

0

cwc-npcwaa-n Y (4) (157w

0

1
qg—1

+

=A(l-t)Fy (AA’; B,B';C; 1xty)
A B’
BC

A B(-1)T(@)BC(1 — 2)oFy (

y(l—x)).

X

which is exactly the right side. This finishes the proof of Theorem [4.1] L]

From Theoremand (1.6]) we can easily deduce another generating function for F3(A, A’;
B,B;C;z,y).

Theorem 4.2. For any A,A’,B,B’,C € @q and y,t € F\{1}, = € F;, we have

1 Al
-1 ( 00>F3(A7 A'9; B, B; C; 2, 9)0(t)
0

=A(1-t)F3 (A,A'; B,B';C;uz, 1yt)

— A=) B'(-1)C()BCA - y)sFy @g ' B x(ly_ y)> |

We also establish two other generating functions for F3(A, A’; B, B'; C; x,y).



EEEEEEEEEEEEEEEEEEEEEEEEEEEEEE

Theorem 4.3. For any A,A',B,B’,C € ﬁq and z,t € F;\{1}, y € Fy, we have
1 BB'Co

L )B4, 4 B0, B i, )0(0)
q—1 7 0
= B(1-t)F3 <A, A'; B, B'; C; lxt,y> + BB'C(—t)F3(A, A';CB', B'; C; z,y)

e (3)(5)(E)

Proof. Tt is easily known from Theorem [2.1] that

pianicm i = e () 0) (i) (o
C

+e(y)B'(-1) <Bjj10> B

Then

(4.6) Xz; (‘;) (ff) < C;)() <%§;>x(x)k(y)
= (q— 1) <F3(A,A’; CB',B';C;z,y) — E(y)B’(—1)< %

We see from (L.3)), and [7, (2.10)] that
(1) (5= 505 (oo F)

B’
A

— (= DE DT - + (0~ 1) )T
Then, by ,
(4.7)

> (1) (V) (i) (G e

= —CB'(-1)

@) Q
TR
> >
N—— N
<
|
&
>
&
+
=
|
=
Q
L o)
B
R
SN
N~
>
‘/‘\
N————
VR
oy
>
N———
>
=

+
=
|
Ql
oy
&
Ql
o =
NN
R
5
N
]
S
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From (4.6) and (4.7) we deduce that

48) > (i) (§/> (%i/;()x(—m)k(y)

XA

_ A AN __
~ -1 (0B )y ) () B0 - CB DR A OB B Ciny)).
It follows from ({3.3)) that

BB'CO\ [ Bxb B BB'C, By

—(g— 1>( Bx )Bx(l 1)~ (¢ )BBC(-1).

BB'C
Then
an - S () (NS (7))o
v O (=
~a-vppeen Y (1) (1) (oo

XA

Substituting (4.2]) and (4.8) into (4.9), applying (1.2)), (1.3), (4.9) and [7), (2.10)] in the left

side and cancelling some terms yields

1 BB'CH
q—1 7 0

- (VDT 3 (7)o

XA 0

+ i -<(y)B'(-1) < B‘%) B'C(x)A(1 —y) ; (BE’;C‘9> 0(t)

)F3<A, A BO, B'; Ci 2, )0(1)

= B(1—t)F3 <A,A’;B,B';C; lxty>

which equals the right side. The proof of Theorem is completed. L]

From Theorern and ([1.6]) we can also deduce another generating function for F3(A, A’;
B, B';C;z,y).
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Theorem 4.4. For any A,A',B,B’,C € ﬁq and y,t € F;\{1}, = € Fy, we have

—
L <BB 09> F3(A, Ay B,B'0; C; 2, y)0(t)
q—1 7 0
=B'(1-t)F} (A,A’; B,B';C;z, 1y—t> + BB'C(—t)F3(A, A; B,CB; C; z,y)
C=mr Al Y AN (A
B)B(~1CB (~) (CB) <B :
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