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The paper presents the uniform technique for constructing SUSY ladders of rational canonical
Sturm-Liouville equations (RCSLESs) conditionally exactly quantized by Gauss-seed (GS) Heine
polynomials. Each ladder starts from the RCSLE exactly quantized by classical Jacobi,
generalized Laguerre or Romanovski-Routh polynomials. We then use its nodeless almost
everywhere holomorphic (AEH) solutions formed by the appropriate set of non-orthogonal
polynomials to construct multi-step rational SUSY partners of the given Liouville potential on
the line. It was proven that eigenfunctions of each RCSLE in the ladder have an AEH form,
namely, each eigenfunction can be represented as a weighted polynomial fraction (PFrs), with
both numerator and denominator remaining finite at the common singular points of all the
RCSLEs in the given ladder. As a result both polynomials satisfy the second-order differential

equations of Heine type.
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1. Introduction

In our recent study [1] referred to below as Part | we presented the general analysis of SUSY
partners of the 1D rational canonical Sturm-Liouville equation (RCSLE) with the second-order
poles using almost-everywhere holomorphic (AEH) solutions as factorization functions for the
corresponding canonical Liouville-Darboux transformations (CLDTSs) defined as the three-step
operations including

)] the Liouville transformation of the given RCSLE,

i) the Darboux transformation of the resultant Liouville potential,

iii) the inverse Liouville transformation back to the original RCSLE.

For the RCSLEs with the singularity at the finite end of the quantization interval we additionally
require that CLDTSs in question do not change the zero-energy exponent difference for this
singular point which assures that the Liouville transformation necessarily converts the given
RCSLE into the Schrddinger equation on the line.  (SUSY ladders of radial Liouville potentials
will be covered in a separate publication [2].)

The purpose of this paper is to apply the aforementioned formalism to the ladders of multi-
step SUSU partners of the Gauss-reference (GRef) potentials [3-5] exactly quantized by classical
Jacobi, generalized Laguerre or Romanovski [6, 7] (‘Romanovski-Routh’ in our terms [5])
polynomials and referred to below as the r-, c-,and i-GRef potentials accordingly. Contrary to
the r- and c-GRef potentials broadly cited in the literature [8-27], the i-GRef potential, having
the Kepler problem in spherical coordinates [28-33] and Gendenshtein [34-36] potential
(‘trigonometric Rosen-Morse’ and ‘Scarf II” potentials, respectively, in the Cooper-Khare-
Sukhatme [37-39] classification scheme) as their shape-invariant [31, 34] limiting cases,
attracted relatively little attention. In this paper we consider only symmetric-tangent-polynomial
(sym-TP) reduction of this potential thoroughly studied by Milson [4] and referred to for this
reason as ‘Milson potential’ [5]. The main reason for focusing on this reduction is that (as proven
in [5]) each eigenfunction formed by the Romanovski-Routh polynomial of order v is
accompanied by an irregular almost-everywhere holomorphic (AEH) solution formed by another
Routh polynomial of the same order. If the second Routh polynomial does not have real roots
then the latter (irregular at +00) AEH solution can be used as the factorization function (FF) for
the single-step CLDT. In particular, one can construct the SUSY ladder of rational SUSY
partners of the nearly-symmetric Milson potential which are conditionally exactly quantized by
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‘Routh seed’ (RS) Heine polynomials [5, 1]. It is worth emphasizing the nearly-symmetric
Milson potential represents the only exception when we consider irregular-at-both-endpoints
solutions as seed functions for the DT.

For both r- and c-GRef potentials we use only seed functions regular at one end which are
gathered in our recent survey [40, 41]. It is worth mentioning that the sets of regular Gauss-seed
(GS) solutions for these potentials -- referred to as Jacobi-seed’ ($S) [40] and ‘Laguerre seed’
(£S) [41], correspondingly -- generally include nodeless solutions formed by polynomials of the
order either larger or equal to the number of bound energy levels. For two shape-invariant
potentials on the line — the Rosen-Morse potential [42] and Morse oscillator [43] — these are the
only GS solutions lying below the ground energy levels, as initially demonstrated by Quesne [44,
45]. This is indeed the common feature of all shape-invariant potentials as it has been pointed to
by Odake and Susaki [46] who refer to these solutions as ‘overshoot eigenfunctions’.

It has been proven by us [1, 40, 41] that each eigenfunction generally belongs to the quartet
of GS solutions of four distinct types formed by polynomials of the same order. Some of these
quartets necessarily include nodeless solutions regular at either -oo or +oo. However all regular
solutions disappear in the limit of the constant tangent polynomial (const-TP) corresponding to
the mentioned shape-invariant potentials on the line, contrary to ‘overshoot eigenfunctions’.

The most important observation made by the author is the CLDT using the so-called ‘Jacobi-
seed’ (§S) [40], ‘Laguerre seed’ (£S) [41], or ‘Routh seed’ (RS) [5] solutions as seed functions
converts each seed solution into the AEH solution having form of a weighted polynomial fraction
(PFr). This remarkable feature of the SUSY ladders of rational Liouville potentials generated by
the above CLDTs is reminiscent of the technique utilized by Odake and Sasaki [46, 47] in the
particular case of the shape-invariant GRef potentials. However the crucial element of our
approach is that we require that power exponents appearing the weight function coincide with one
of two characteristic exponents (ChExps) at each finite regular singular point of the resultant
RCSLE.

We then take advantage of the fact that each single-step CLDT does not change exponents
differences (ExpDiffs) at the intrinsic singularities (finite ends of the quantization interval for
r- and c-GRef potentials or i for the Milson potential) for any GRef potential on the line, except

[5, 1] the Gendenstein potential which will be covered in a separate publication. Indeed, since



the PFr forming the given AEH solution must generally remain finite at all the singular point it
may not have zero at any of the intrinsic singularities. Based on the fact that this assertion holds
for each single-step CLDT using a regular FF as well as for the seed solutions themselves we can
use mathematical induction to prove both numerator and denominator of the PFr in question
remain finite at each intrinsic singularity and therefore satisfy the second-order differential
equation of Heine type at the origin.

For this proof to be valid, the mentioned FFs must remain nodeless at each step and this why
we did not include into our analysis multi-step SUSY partners [47, 48] constructed using pairs of
juxtaposed eigenfunctions [49-51]. We also prefer not to use GS solutions irregular at both ends
[46, 47] until it is proven that the appropriate FFs are nodeless at each step.

It is also worth mentioning that the CLDTs do change ExpDiffs at the origin for any radial
potential and this is the main reason of why we restricted the current analysis solely to multi-step
SUSY partners of GRef potentials on the line.

The progress outlined above was to a large extend made due to use of Krein determinants
[52], instead of Crum Wroskians [53], in following Bagrov and Samsonov’s cutting-edge
suggestion [49-51, 54] which (to our knowledge) was mostly ignored in the literature. Though
potential use of Krein determinant, instead of Crum Wroskian, was recently mentioned by
Grandati [55], that the main advantage of the former representation — the fact that it contains
only first derivatives of seed functions which significantly simplifies an analysis of its behavior
near singularities -- has not been fully appreciated.

In Appendix A we derive explicit formulas for zero-free energy term in the generic canonical

Sturm-Liouville equation transformed by a multi-step Darboux deformation of the Liouville
potential. We express solutions of this equation in terms of both Crum Wroskians and Krein
determinants. We traced the representation of solutions in terms of ratios of Crum Wroskians to
Schulze-Halberg’s paper [56] who uses a different terminology: ‘foreign auxiliary equation’ (see
also [57]) for the Sturm-Liouville equation and ‘generalized Darboux transformation’ for the
CLDT. (Remember that we changed the term ‘generalized Darboux transformation’(GDT)
introduced in the scattering theory [58-64] for ‘Liouville-Darboux transformation‘ because the

latter expression was repeatedly used by various authors in completely different sense [1].)



2. Multi-step SUSY partners of GRef potentials and related GS Bose invariants

Let us consider the CLDT of the GRef potential V[§| 16K3] (1t=0,1,o0ri)usingthe p=2j+/

GS solutions tkmk as seed functions. (Compared with [1], we dropped the third superscript in
the notation of the PFrBs lGKSO keeping in mind that the present study deals solely with GRef
potentials on the line so the omitted superscript is always equal to 0.) It directly follows from the

analysis presented in Appendix A leads to the RCSLE
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As pointed to in Part I, the CLDTSs preserve the density function which is chosen (in this series of

publications) to have the very specific form
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where 8T = 3—K+1 for K>0 is the order of the TP zero &1.1 (if any) and TTp[E; ] stands for the
monic polynomial with n simple zeros gy (k=1,...,n). For any GRef potential on the line,
excluding the Gendenshtein (Scarf 11) potential [34] discussed in a separate paper, the TP roots
L&t differ from the intrinsic singular points er (16r =T, 0e0 =0, and jeg = —i, ieo = + i) which

implies that the density function of our interest has the second order pole at each intrinsic
singularity. The direct corollary of this observation [1] is that the sequential CLDTs of our
interest keep unchanged the energy-dependent characteristic exponents (ChExps) at the intrinsic
singular points of the resultant RCSLEs.

Making use of representation (A.27) for the zero-energy free term in CSLE (A.21) in terms

of Wroskian \WI[& |{'rm}p] formed by GS solutions tkmk we can also write (2.5) as

MOTE | T, 1= (- DAKGLE: T} (28)
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The Schulze-Halberg [56] representation of the zero-energy free term and similar formula for
AEH solutions of RCSLE (2.1) is convenient to relate our results to Odake and Susaki s scheme

[45, 46] for constructing multi-step SUSY partners of shape-invariant potentials. We will come
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back to this analysis in Part I11 where both shape-invariant potentials on the line: the Rosen-
Morse and Morse potentials will be analyzed in great details as the limiting cases of the linear

TP (LTP) r- and c-GRef potentials, respectively.

It is convenient to re-arrange the second term in the right-hand side of (2.5),
d _
250%[@ LTK]d_a{lsO %[ﬁ, Jk]id ‘LKp[‘i | famy;...; tpmp] ‘} (2.8)
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where pT = %ST . It will be proven in next two sections that the second-order poles

appearing in the first and second terms in the right-hand side of (2.8*) compensate each other
and that the last term has no singularities at the TP zeros £T:k’ for ¢ = 0 as expected from the

general analysis presented in Part I. It is worth emphasizing that the latter assertion holds iff
density function (2.7) has second-order poles at the intrinsic singular points which is not true
either for radial GRef potentials or for two exactly quantized trigonometric potentials: the D/PT
potential [64, 65] and its i-GRef analogue [29, 33].

Substituting GS solutions
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into Krein discriminant (2.4) one can represent the latter as the weighted polynomial:
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and the so-called ‘GS main polynomial determinant’ (GS-MPD) have the form
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for even (¢ =0) or odd ( ¢ = 1) numbers of steps, respectively. Note that use of the Krein
determinant [15], instead of the Crum Wroskian [17], allows one to consider only the

first derivatives of the polynomials O, [& lEfkmk] making use of the auxiliary polynomials
defined via (7.4) in [1], with *ggr‘ﬁfm) = EM ZE__ 2j+, namely,
Pmal&ltml= P& T M4m; Etm] (2.15)
=B1[& T A m I m[& 1 &tm]+ rlfillo (E—er) Ml (Etm]. (2.15%)
where
Bi[& T AT = 25 [ [ +D(E— e1) + (M +D)(E— 1&0)]

2.16
+ 128,00 +1—-2198). (2.18)

In this series of publications it will be always assumed that PDs (2.14a) and (2.14b) have only

simple zeros and therefore can be represented as scaled monomial products

P ogtmy, [ pMpl = Progyy 1M 3pM) T gy (51 Egtmy, |

(2.17)



It will be proven in next section that polynomials (2.17) remain finite at the intrinsic singular points
er (r =0, 1]) — the common remarkable feature of the GS Liouville potentials on the line (with the

Gendenshtein potential as the only exclusion).
Substituting (2.12), coupled with (2.17), into the first two terms in the right-hand side of (2.8%)

(while keeping the third term unchanged) we can represent the PFr in question as

d _ —
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where the PFr
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(2.19)

was adopted by us from Quesne’s works [44, 45, 66-70] and for this reason is referred to below
as ‘QPFr’. It will be demonstrated in next section that the second-order poles in the second and

third terms in the sum in the right-hand side of (2.18) compensate each other so that the sum in

question has only first-order poles at the intrinsic singular points er (r =0, [1).
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Let us consider the AEH solution of RCSLE (2.1) obtained by applying the (2j + ¢) -step

CLDT in question to the GS solution t2j + ¢ +1m2;j + ¢ +1. Substituting (2.12) into generic formula

(A.31) for solutions of the CSLE undergone a multi-step CLDT one finds

. K3 .
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or, making use of (2.7),
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We thus conclude that the PFr in the right-hand side of (2.21) may not vanish at intrinsic singular
points. Since the latter statement generally holds for Jacobi, generalized Laguerre, and Routh
polynomials, we can prove by induction that the PDs of our current interest remain finite at the
mentioned singular points and therefore satisfy the Heine-type second-order differential equations
introduced in Part .

Though representation (2.21) for the AEH solution of RCSLE (2.1) is applicable to the
potentials on the line, on the half-line, as well as to two trigonometric potentials mentioned above,

the rational potentials on the line represent the very special case when

i) the TP does not vanish at the intrinsic singular points

and as a result

i) the CLDTs in question do not change the zero-energy ExpDiffs for intrinsic singularities.
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This conclusion cannot be extended in general to either radial or trigonometric GRef potentials
and this is the main reason of why we restricted our current analysis solely to rational potentials
on the line.

Up to now we did not impose any restrictions on sets of GS solutions used as seed functions
for the given CLDT. It should be however stressed that we are solely interested in RCSLE
conditionally exactly quantized by GS Heine polynomials and for this reason the sets of our current

interest include only regular §S or regular £S solutions lying below the ground energy level, i. e.,

{tm}p =a{malp _:b{mblp, (2.22)
assuming that
184 my <18co for k=1...p=p_+p, . (2.22)

With this choice of GS solutions the AEH solution of type t2j+r41=aorb (lying at the energy
l8*2j+€+1m2j+€+1 < .€c0) become nodeless and therefore this should be also true for the PFrs in
the right-hand side of (2.21). Since the latter statement generally holds for both Jacobi and
generalized Laguerre polynomials to construct GS solutions (2.22), we can prove by induction that
the PDs in question may not have nodes inside the quantization interval.

Excluding the shape-invariant Rosen-Morse and Morse potentials, we can also delete P,

lowest bound energy levels by adding pc eigenfunctions to set (2.22):

{tm}, = a{ma}pa ;b{mb}pb ¢{v=0,...p -1} (2.24)

and also extending constraint (2.23):

18amy <18ep, for k=L...p ., (2.24a")

18bmg < 1€ep, for k=1...p,. (2.24b")

However the above arguments are not applicable to CLDTs using pairs of sequential
eigenfunctions as seed solutions. Indeed, though the resultant AEH solutions must be also

nodeless according the Krein-Adler theorem [52, 71] the denominators of the appropriate PFrs in
12



the right-hand side of (2.21) do have zeros inside the quantization interval and therefore this
should be also true for their numerators. This is the main reason of why we did not include

‘juxtaposed’ [49-51] seed solutions into the current discussion.

3. Invariance of ExpDiffs at the intrinsic singular points under multi-step CLDTSs

with GS functions

According to the arguments presented in Part | CLDTs with AEH FFs keep unchanged the
ExpDiffs at the intrinsic singular points er (r = 0, [1]) which implies that PFr (2.5) does not have

second-order poles — the characteristic signature of GS Liouville potentials on the line.

To confirm this assertion let us first demonstrate that the second-order poles in the second and
third terms in the sum in the right-hand side of (2.18) compensate each other. In fact,
differentiating the logarithmic derivative

2j+0 )
Iy > WPritemy —J }/ 2j+0
ld |, ©;El{tm},. 1= X — = 75010 X VHm 3.1
J 2j+/ =0 - e, 2 k=1 kMg
(with v¢ m, = 0r;t,m, ) gives

2j+¢ )

. It 2 WPritemy, —J
ld|,ojlg1{tm},, 1| =- X = (317)

r=0  (&—e,)

which confirms that the PFr in question

. N1 1®{Tm}p +2[1](j+1)
21d|,0le 1t} 1 +21] ojle g}, ]| £ =—— |
/ o088
H (a_ler)
r=0
(3.1)

has only the first-order pole at any intrinsic singular point £ = e, Note that each summand
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O m) =1 (Aotm + Mtm) =8 10 Vim: (3.2)

in the sum
p _
1®{1'm}p = 2 10 m) (3.2%)
k=1
appearing in the numerator of PFr (3.1) is an odd function of lem:

O 1) = ,0(-1). (3.2

It will be shown in Section 7 that this feature of function (3.2) plays an important role in matching
; o] 2,K3
the double-step DT and two-seed Crum representations of the RefPFr 1°[& | lelmlifzmz]

Let us now prove that that GS-MPDs (2.17) do not have zeros at the intrinsic singular points
©r (r=0, [1)) as far as the TP remains finite at these points. The latter assumption does not hold

either for the aforementioned Gendenshtein potential or for radial GS Liouville potentials which
will be thereby discussed in separate publications. The proof requires a more detailed analysis of
the FF

0 £ | 2j+0—1,. K ]
t2j+rM2j+s VMY 4 p—1 41254+ eM2j+s

1-0) .
o« lT}%é [E] 1®[&1 2190;12j+gm2j+f -1 zlpl;'l'zj_,.gmzj_,_f — |1 |]

) lPlU{fm}sz [El+my;.. ¥2jeM2jyr] .
| Plo{fm}zjw_l [E1tma;. Y25 r—1M2jy p—1]

implicitly used for the pth single-step CLDT which by definition acts on the PFrB

p_llG{lﬁq}p_l Ltpmp to generate the PFrB ?G{fﬁ]}p . The cited expression can be directly

derived from Krein’s formula [52] for the given solution of the Schrddinger equation with the RLP
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VIEX) | P~ {1'm} _1tpm, 1 by changing seed functions W+, m, [E(X) | 16 {'rm} 1 for

GS solutions

¢1'kmk[§| 1 {fm} 1= }/[@ TK]\VTkmk[§| {1'm} 1 (3.4)

Since the power lpr;-|-|om|o coincides with one of the ChExps at the singular point e
the PFr in the right-hand side of (3.2) must remain finite at & = e, for r =0, |1| (excluding the
potentially exceptional case of an integer ExpDiff —Lkr;fpmp > 0). This implies that the PFr

numerator does not generally vanish at § = e, unless this is also true for its denominator. Now
we can apply mathematical induction to prove that the GS-MPDs do not have zeros at the
intrinsic singular points e - keeping in mind that this assertion normally holds for the first
polynomial in the sequence, i.e., for the Jacobi polynomial if 1=1, for the Laguerre polynomial
if 1=0, or for the Routh polynomial if 1=i, again putting aside anomalous points along threshold
curves (2.38) in [40] or (2.26) in [41] for the regular §S or £S solutions, respectively.

We conclude that PFr (2.8*) does not have a second-order pole at any of the intrinsic singular
points e». This is also true for universal RI-independent correction (2.5). Indeed, substituting

both (2.9) and its derivative with respect to & into (2.5) one can represent the latter PFr as

| _ 2)1) g _wer 1
AHo[E TiT3=20[E; &1 pr]- 2L T
{olt Tk 13=2Q[E &75 o] (};—leo)(a_tel)-i_ k’zz:l‘:_t‘:T;k' rZO‘:
(3.5)
where
S = _ s[&@T] 1 m 3.6
Q& &r507] =% 007 Tale B -1 weT(eT+D - (3.6)

15



An analysis of (3.6) reveals that the universal correction (if appropriate, i.e., iff £ = 1) has second-
order poles only at the TP zeros. We thus explicitly corroborated the assertion in [1] that CLDs
using ¢S, £S, or RS solutions as seed functions do not change ExpDiffs at the intrinsic singular

points.

4. Erasing singularities at TP zeros by even-step CLDTSs

In Part | we suggested the conjecture that the intrinsic singular points .er are the only common

singularities of two sequential RCSLEs in the ladder generated by multi-step CLDTs using GS
solutions (2.10) as their seed functions. (In general it is theoretically possible that the given
CLDT with an AEH FF turns second-order poles in the initial arbitrarily chosen RCSLE into the
first-order poles in the resultant partner equation thereby excluding the possibility for a further
extension of the SUSY ladder using the technique developed in Part I.) The purpose of this
Section is to prove that each TP zero is a regular point of RCSLE (2.1) generated by an even
number p = 2j of sequential CLDTS.

Indeed an analysis of universal RI-independent correction (3.1) shows that the coefficients of

the second-order poles at the TP zeros £T:k’ match those in the general expression for the

partner RefPFr given by (2.24) in [1] and therefore PFr (2.8*) may have only first-order poles at
these points. The immediate corollary from this observation is that the GS-MPD (2.14a) and
(2.14b) may not share common zeros with the TP. Otherwise both first and third terms in the
right-hand side of (2.8*) would have second-order poles. However, since the coefficients of

these poles are negative in both cases they cannot cancel each other.

Let us now explicitly corroborate that the last term in the right-hand side of (2.8*) does not
have first-order poles at the TP zeros for /=0, in agreement with the arguments presented in

Part I. In other words we need to prove that the first derivative of Krein determinant (2.4)

vanishes at each point &T:k":

LK2j[ Tk [11my;..., T2jm2j]=0 (k'=1,.,3). (4.1)
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To do it we take advantage of the fact that computation of the first derivative of the Krein
determinant only requires differentiation of its last row since all other determinants in the sum

has a pair of identical row which gives

LR2j[EITMy;. tojmajl = — @l Tk ] D2jlE [ fimy;...; 2 jmajl, (4.2)
where

1D2jlE [ t1my;..., t2jm3j]

K30 KJO
(I)'l']_ml [‘tal \L{.I.m} ] (I)szmzj [il 1 i«{‘l’m}z ]
. 630 630
K\O K O
81'1m1¢1'1m1[§| 1 J({.;m}z 1. ngmzjd)'rzjmzj (&l J/{‘.:.m}z ]
= (4.3)
K\sO j K\sO

K30 ]

K\SO

‘fzjmz ¢"21m21 [l .6 »L{'I‘m}z

Since the last row in the determinant does not contain the first derivatives of GS solutions the
weight of the substituted PD (GS-SPD)

P gt [E]timy;...; F2jm2j] (4.4)
Hml [E.H 1%1'1m1] Hij [@ Lg‘l'zjmzj]
1 Pm1+1[<t: [tim1] .. 1 szj + 1[‘2 | 1'2jm2j]
- j—1 .z 1 Y
l8{‘1”11“””1 S &ymg ] - sz m2;j mzj[g’lé*zjmzj]
j .z J .z
lg'r]_mlnml [F;' 1&1’1m1] L | -'-ern2J 2j [E_u 1E.>'|'ij21]
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in the weighted-polynomial representation of function (4.3),

(DajlEImy;.... T2jmajl=— O 4[E[{Tm}] lﬁ’lﬁ{fm}zj [E]timy;...; o jma;l,
' (4.5)
differs from that in (2.12) by the monomial product 1‘[ (§—€er) . Substituting (2.7) and (4.5)

into (4.2) and dividing the resultant expression by (2.12) we come to the PFr

ld | \Koj[& | tmy;...; t2jmo;l|

aKH<~ [ ET].P gty [E]tmy;... 1‘2sz,]

_ (4.6)
- Y
2 Ho(i er) (P 1Om)y; [E]¥imy;... TijZJ]
r=
The last term in the right-hand side of (2.18) can be thus represented as
23 ld [Kpl& | f1my;... tajmajl|
- PR 1M1 T2jM2j
k=1 & 1§Tk P Il
3K T IE=ED TP gy, [E M tama] (47)

Y —
H (E,v_ ler)HlU{Tm}zj [};1 Lg{fm}zj]

r=0

where we set

{Tm} [E.; | Tlmlv 1.2]m2]] U{'rm} [é | flml’ 1.2]m2j]/ P U{Tm} | 1-1m1’ tpmp)
(4.8)
making use of (2.17). This confirms that the term in question and therefore RefPFr (2.2) remain
regular at each point &1k’ if £ =0 (assuming that zeros of the Krein determinant differ from TP

zeros.)
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5. The Quesne partial decomposition of multi-step GS RefPFrs

It directly follows from the analysis presented in previous sections that RefPF (2.2) can be

represented in the generic form specified by rational formulas (3.25a) and (3.25b) in Part | for

¢ =0and 1, respectively. Namely

°[a|216,,m} 1=1°[& 7o, ,OG1+2QIE; (Egtmy,;]

. 2j
N (5.10)

[ _
411 (&— Ler)HU{-'-m}zj [&; la{fm}zj]

r=0

and

°[¢| 2*le ory

{Tm}g 1]_| [E ho !

+2Q08; Egmy,; 1+2Q6 Erspr] O

N 2]~K3
@) ~
U{Tm}2j+1 +3 [& | t {Tm}2j+1]

“+

Y _ _
411 (E.a - ler)no{tm}2j+l [E-,, L&.{‘I’m}zijl ]HS[E_n 1&.’T]

r=0

It is essential that PFrs (2.19) and (3.5) appearing in the right-hand sides of RefPFrs (5.1p) and

(5.11) include both second- and first-order poles at the singular points with energy-independent

ExpDiffs. Since the TP turns into a constant in the extreme cases of the shape-invariant RM and
Morse potentials (K=0) there is no need to distinguish between even and odd numbers of steps.

As a result the Ref PFrs in question take the form
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1181 R6gimy, 1= 1°LE ] Gf{ofm} 1+2Q[&:  Etmy,, ]

PG 00
A0 oy T PGy, ] .

Y _
411 (- Ler)Hn{fm}p [& 1a{1'm}p]

r=0

+

regardless of evenness of p. We [X, 1] thus refer to the given representation as the ‘Quesne
partial decomposition’ (QPD) where the term ‘partial’ is used to emphasize that we do not
separate explicitly all the second-order poles from the rest of the BI, in contrast with the original

definition of Bls of our interest via (2.2) in Part I.

Let us start from evaluating the polynomial numerator of the fraction in the right-hand side of

(5.10). Substituting (3.1) and (4.7) into (2.18) gives

IU{fm} AEL {f‘rdn} 1= 4(1®{fm}2J+2|1|J)HU{1_} [ Eptmy;] (5.3)

Y . _
_ e\ :

~ K-1 5 .
+2,p73 2K (§-(&7) 1Plo{1m}2j[§|f1m1,---7*2jm2j]-

Differentiating (2.12) with respect to & and substituting (2.7) and (4.2) into the left- and right-
hand side of the resultant expression, respectively, one can explicitly express polynomial (4.8) in

terms of polynomial (2.14a) and its first derivative:

-1 lTK[%]lf’Lo{fm}zj [S1+mys... F2jma;] / 1Plo{fm}2j | tmy;...; tpmp) (5.4)

2j 1Y .
={k2131[§: U l%tkmk]—l Z (E- ler)lll}lpll){-'-m}zj [Stmy;...i 12 jma;]

+ H (E—18r) 1 P U{1-m}2 [Elfmy;...; TZJmZJ]

r=
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where we took into account [1] that first-order polynomial (2.16) can be alternatively represented

as
Bi[&;T;2,p - 1,]=By[& T; ] .57
1o ){ L J 65)
= - — p .
A ' r'=0 &—&r 107208
=[1/[,po(E— 8D+ P1(E—e0)]+8,0(0P0 — Yo 0P18).  (5.5%)
where

or (5.6)
0 for 1=0.

3 {(190’ 18p) for [1]=1
1=
The polynomial representing the right-hand side of (5.4) is thus necessarily divisible by the TP

so the orders of polynomials (4.4) and (2.14a) differ by K-1:
(Oftmly; = 16{1'm}2j +K-1. (5.7)
For odd numbers of steps (p = 2j+1) we explicitly take advantage of the fact that

Id | 1K2j+£[i | 1'1m1;...;1'2j+gm2j+£] |
M ogtmyyg, 5 1 5mbj | (5.8)
I

~1d,0 jlel{tm}, 1+ —
J+ ll){fm}zj_l_/ [éi 13.{1'm}21+/]

assuming that the PD has only single zeros lé{fm}p;k fork=1,..., Oftm}, :

1 PU{'l'm}p [&s 1%T,ﬁ] oC HU{fm}p [E_,, 1E{Tm}p ], (5.8*)

and then re-group PFrs in the logarithmic derivative (3.14") in the following fashion
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2j+/
)y Bl[é l’lpfkmk] i

k=1 _
] ©jle{tm},;, 1= 7= JrZO = (5.9)
H (g_ler)
r=0
Taking into account that
1 e B « 3-1
M5[&  &7] Z ——=I5[& & ]1=3(E- &1) (5.10)
k=1 &- LE.»T;k’
with
1
Er== Y 1§T k (S=lor2). (5.11)
Sk=1
The last term in the right-hand side of (2.18) thus takes the form:
tK2j+alE My 12 eM2 1]
2 Z PT )+ (5.12)

k=1 &=tk (Kojal€ltamy;..; ¥ mojal

WPT 3(§_1§T)S_ O{tm}j+1 +1[8] 21+11 {}?f\f:l}z +1:I

1Y _ _
411 (E"_ler)HtU{‘l'm}zjﬂ [E;;L&{Tm}zjﬂ]HS[a;l‘taT]

r=0
where
J+1 K3 J+1 K3
U{Tm}z +1+l[&,~| 1 {tm}Z +1] U{fm}z +1+1[E,~| 1 {Tm}21+1] (5.13)
g Y H o
L TR LT
and

2j+1
0 gty 1 iy 1= z BT Pym]- Jz G-} (513

sy 5
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After substituting (5.12) and (3.1) into (2.18) and making use of (3.4) the numerator of the last

PFr in the right-hand side of (5.11) can be thus represented as

I 2j +1 K3 ; . T -
Aoo{tm}21+1 _|_\5[é;| J 1 {1-;;]}2 1] 4(1®{1'm}2j+1 + 2 | l| J)HS[@ lE.\T]HlU{-l-m}zj_l_l [E." L{S{Tm}zm]
Y _ _
+8 ZO €- 1er)|l|HS[§; 1671 Hlv{fm}zjﬂ [E t&{tm}2j+1] (5.14)

07 (- &)

2]+1 K3 L I .z

X0 +8 I1 : . .
{ 1Oftmlgje1+1 S {‘fm}z 1] ré (Ger) 1Uftmjeg £ lg{"m}ZJﬂ]}

Note that the coefficient of the second-order pole (€ — &1k’ )_2 in PFr (5.15) matches

that in the general expression for RefPFr |°[E§,| fB] given by (2.13) in Part I iff the PD remains

finiteat &= &1

6. The gauge partial decomposition of multi-step GS RefPFrs

While the QPD provides a compact formula for the RLP the gauge partial decomposition (GPD)
originally introduced by us in [72] for shape-invariant potentials (both on the line and half-line and
then extended in Part | to the generic GRef potential on the line) is preferable as a starting point

for the gauge transformations turning the given RCSLE into the Heine-type differential equations.

The RefPFrs in the GPD formally have the structure

151 6 imy,, = 18 1Pos 051+ 2" 5 Egamyy) (6.10)

2] K3
lU{fm} LS5 {fm}z]
+

I _
4r1;10 (&- lef)nl‘){fm}zj & L&{‘l’m}zj ]

and
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1°Le| 21*%6{§;2}2j+1] = 1°1&; 1o, 091+ 2Q" (& Eamyy, 1 v (6.11)

Ad 2j+1~K3
AO ~ G
1U{Tm}2j+1+~5[§| ! {tm}2j+l]

0 - - |
4r1;[0 (é - 1er)Hf§[av 1 ‘iT]H 10{1‘m}2j+1 [& 1(2{1-m}2j+1 ]

reminiscent to (5.10) and (5.11) accordingly, except that the PFr

. ~ , o
M ogmyp 8 Eermy ] M ogmap (& Eprmy,, ]

Ql&: Eptmy, 1= — — — (6.20)
in (6.1p) has the twice smaller first term, compared with QPFr (2.19), whereas the PFr
QI Etmiyy g1 ET1 = QG Etmyyy, 0+ Qe (BT
(6.21)

+AQM I Etmipyyy i BT

in (6.11) has the mixed term

B lpTS(é_lEiT)J—l . Hlo{tm}zjﬂ [E; 1_‘3{1'm}2j+1] |

AQ I Etmyyyg 1 BT =
(6.3)

Decomposing the QPFr in (5.1p) and (5.11) as

I 1O{tm}p [év IE{Tm}p ]

. | (6.4)
211 LO{tm}p [@ 1 @{Tm}p ]

QLE; 1E{Tm}p 1= QL& 1E{1'm}p 1+
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we come to the following polynomial formulas for the numerators of the fractions in the right-
hand sides of (6.1p) and (6.11):
KIS 1_ 2jg K30
U{'f b (€] 76 {Tm}g ]=A U{Tm} (€] 76 {.|-m}2 ] (6.50)

Y -
+4 1:[0 (g a ler) I 10{1-m}2j [@ L&{Tm}zj ]

and

ACA)i [E.~|ZJ+1 K3 1= \ [E,.|21+1 K3 ]

0
lU{'rm}Zj{I_ ! {1'm}2 +1 lU{tm}zjﬂ t {Tm}z +1 (6.51)

| -
+4 H (E.:_ 1er)HlU{1'm}2j [& L&{Tm}zj]

r=0

+8,pTI(E— &T)’ 1| H (€= @) otmyyiyg [E";‘E{*m}zl'*l]'

r_

Introducing the auxiliary polynomial

_ I . .
l-:all){-rm}p [é |{1’m}p] = rl;lo (é_ 1er)H lU{'fm}p [Eﬁ 1§{1'm}p]

It . _
2 _ It I : 6.6
+ IEO@ 1er) \Vgtmp & Egtmip] (6.6)

+ 1®{Tm}p 1 wo{tmy = Lz{tm}p]

and making use of (5.13) and (5.15) for p=2j+1 we can then represent (6.50) and (6.51)

0{t b 196 {};,;} 1= 41~lo{fm} [€[{tm}y;] (6.70)
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)K—l D

+2,p73 8K (E— &7 lPlG{Tm}Zj[§|T1m1;m;1.2jm2j]

and
-1 2+1,K3
AO
(OftmYj41+3 ! {*m}2j+1]
=415 &r){ 2 ptmyygg M2l + G T T oy 6 St}
. 31 21+1K3
- 0
+p7 36~ &7) R tmy,y ] (6.71)
accordingly.

For the single-step (p=1) SUSY partners of the GRef potentials one can exclude the second
derivative of the monomial product TTy[&; ,E+m] from auxiliary polynomial =, [€|+m]

taking into account that the latter satisfies second-order differential equation (3.35) in [1]:

1Y

I (G o) TImlE B+ 2BA0E T Py TTmlE: Egm]
r=0 (6.8)

+Co(1&tm [ 1614m:o4)m[&; lE“'m] =0,

where

Co(i&tm | 1G¢1-m;61') = 1C8(17"0;1‘m M m) + %(108 +d 1&4m),
(6.9)

and
Co(k-rn k-m):}/| | ((Aotm +D(A4m +D) = 75 (0hotm +D oA 4m- (6.9%
>0 AM0 M AL 2 ILIAD;+ ML 2\ 0/0;F 0AL;4m- (6.9%)

This gives
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EmlE | tM]=2B4[E T~ g, A]TT_[&)  Eqm]

(6.10)
_[ch(_lko;fm ’_17¥1;Tm)+%(108 +.,d ISTm)]Hm[ﬁ; &tml,
where we also took advantage of the symmetry relations
o Yo ! !
Bil& T A ]+ BlE; T;—hp, M= X (E—&1) 6.11"
r=0
and
COl A0t s M) = CO(= Mgt = Mtrm) = (O *
oL A0 Em AL Im T\ A0 M T UMM T P tm (6.11)

for first-order polynomials (5.5T) and functions (6.9%) accordingly, with the right-hand side of

(6.11*) defined via (3.1*). Substituting (6.10) together with the simplified expression

Om1lE| 164 1=~8B[&; T; Ky Il & Em] (6.12)

for polynomial (5.13*) into (6.71), with j=0, we come to single-step formula (6.30a") in Part | for

the polynomial

AL

PeKI 1 A0 . E =
OlU{fm}p -I—S[E.\l 16{1-m}p ]_ LOO HS[{;' léT]HLU{Tm}p [‘tw 1§{fm}p] (6 13)
X PeKS -
Aolu{fm}p #5051 €y, |

in the GPD of the RefPFr
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ho- h P _
°le | P6gimy, 1= (&‘_°;°O)2—| |4(§‘_°:)2 4800v6+2QLE: Fgtm  E1]
1

-~ p K3
O U{'l'm} +\S[§| {'I'm} ]
t— , (6.14)

Iy _ _
4rl;[0 (E—er)I5[E; LaT]HlU{Tm}p [&; lg{fm}p]

withp = 1.
The main advantage of GPD (6.14) is that one can easily convert the original RCSLE to the

Heine-type equations

SrP K3 ’ H p K3 [
ID{ G{tm} Tm’}Hllo{fm}pﬂ[a G{'rm} +'m]=0 (6.15)

using the appropriate gauge transformations [ ]. The latter can be directly obtained from (3.15)

in Part | by setting € = &4y Which gives
52t A KS ' , 2]+/ K3 =

CAr = . .z
= D{iPtm; Lé{fm}zj.,.gw‘iT} (6.16)

2+£ K3
+C U{fm}z +¢ +g\5[<t, Erm’ | t {'rm}21+/ Ot ]

where we set the energy-dependent second-order differential operator D{sl gKS. ;G}in therightr

hand of (6.16%) is defined as follows:

A 2+~ K3 G It B
D{e | J+fG{'rrrs1}2j ,10t= D] 6 i{'rm}2 )’la{fm}p’lgT} (6.17)
C gty +515E16 Sz,
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The second-order differential operator and the free term in the right-hand side of (6.16) are
defined via relations (3.16) and (3.29) in [1], respectively. It directly follows from the form of
AEH solutions that equation (6.15) has polynomial solutions

U{Tm} +1 [g | 1 {'I'm} Tp+lmp+l] = HLU{Tm}p+1 [E.n lg{*m}pﬂ] (6.18)

referred to by us as GS-Heine polynomials. By setting € = &4/ in the aforementioned

relations one finds

fﬁ{tﬁf’m’; 1E{fm}2j+g ; 1ET}
[ _ g2 (6.19)
H (é F)H lo{fm}2j+€+l [& 1 E.{Tm}zﬁ_g ]H [E_n 1 Efl’] ?

r=

¥4
+2 +g\5+|l|[§ PH'm’ w‘i{fm}p wiT]

WO{tmiojy ¢ dg

and

2+ 2+l
c U{1'm}2j+e+€"[a wrm |75 {Tm}z +0 orl= % LO{t M)+ S {fm}z +e

+{%, 1di&tm + leo;f’m'ﬂ L PL+'m’ —%51,0 vim' 1}

-z lre. &
Hlu{fm}2j+g+l & lé{fm}zj'.,.g ]HS[E.:’ L‘taT]

~2B1& T P 1T ogrmiy 4y 16 Sty T SIE B ]

—20pT BUS G prm I oy, o 1S 1Etmyp 1T 5l Erlt
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where the first-order polynomial Bq[&;T; p] is defined via (5.5*) in previous section. The

polynomial coefficient of the first derivative in the right-hand side of (6.18) can be thus

represented as

1
B
L WO{tm}y, +/

=1 vetmy, [ Egrmy, I5[E; Er1BLIE T Py ]

3+|1|[§; PE'm’s lg{'l'm}p ;lET]
(6.21)

_ _ N
T ety 185 B, 0508 ErlT &= o)

lU{Tm}p 1 1 03 1
2 t= X |
k=l Si&fmipk k=l STETK

where

~

1
ET=% 2 (ETK- (6.22)
\S k!zl

As outlined in Part I, we can then make use of the appropriate gauge transformation to
convert the given RCSLE to the second-order differential equation solved by GS Heine

polynomials which is the main result of this paper.

8. Conclusions and further developments

The very specific common feature of the RCSLES associated with multi-step rational SUSY
partners of the r-GRef potential on the line is that they have only regular singularities, including
infinity. In the generic case of the second-order tangent polynomial [1] discussed here the
exponent differences (ExpDiffs) for singularities at the ends of the quantization interval as well
as the ExpDiff for infinity is unaffected by CLDTs. This implies that polynomial determinants
formed by Jacobi-seed (§S) solutions [40] satisfy the Fuschian equation and thereby are referred

to us as §S Heine polynomials.
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On other hand, the CLDTs of the linear-TP(LTP) r-GRef potential analyzed in Part I11 do
change the ExpDiff at infinity. It turns out that the PD constructed in the aforementioned way

has as a rule zero of order k > 1 at the origin. To obtain the appropriate §S Heine polynomials

one thus need to divide the PD by 2K, We moved a study on SUSY ladders of the LTP

potentials V[§ | 161S ]Jinto Part 111 because they have some specific features which do not fit

the general pattern for the generic r- and c-GRef potentials V[§ | L623] generated using
second-order TPs. We also postponed any study on its shape-invariant limiting cases (already

addressed in the literature [73, 74, 44-47] in this context.

An analysis of the LTP r- and c-GRef potentials is significantly simplified by the fact
that energies of AEH solutions are determined by roots of quadratic (instead of quartic)
equations so that we can directly formulate constraints selecting regular AEH solutions below
the ground-energy level. When the TPs turn into constants the derived constraints become
equivalent to the parameter ranges obtained by Quesne [44, 45] for the RM (1=1) and Morse
(1=0) potentials. This would present a convenient opportunity to more precisely relate Quesne’s
works to our general approach. Without going into details let us only mention two other

astounding attributes of the LTP r- and c-GRef potentials:

i) their single-step SUSY partners constructed by means of CLDTs with one of four basic
FFs exactly quantized in terms of Heun or c-Heun polynomials for 1=1 or 0,
respectively;

i) both r- and c-GRef potentials preserve their form under some double-step CLDTs with
basic GS solutions.

In Part IV we will present a more thorough analysis of the double-step SUSY partners of GRef
potentials. A special attention will be given to CLDTSs using the basic §S and £S solutions as seed
functions keeping in mind that the resultant RLPs are conditionally exactly quantized by Heun and
c-Heun polynomials, respectively.

The only exception from this rule is the Gendenshtein (Scarf I1) potential [3] which is
constructed using the TP with zeros at the singular points —i and +i of the given RCSLE. The

remarkable feature of this exceptional family of rational potentials on the line is that ChExps at
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the singular points —i and +i of the RCSLE are energy-independent and as result each of the

mentioned SUSY partners is quantized by a finite set of orthogonal polynomials.

As pointed to in [5] the symmetric curves [3, 14, 4] form the intersection between r- and i-
GRef potentials. As a result it can be alternatively quantized via both ultraspherical [75] and
Masjedjamei [76] (symmetric Romanovski-Routh) polynomials. The most important
consequence from this observation is that multi-step RCSLEs constructed using irregular
Gegenbauer-seed (SS) or alternatively symmetric Routh-seed (sym-RS) solutions [5] allow the
dual quantization scheme via both S and sym-RS Heine polynomials. The main advantage of
sym-RS Heine polynomials is that they form orthogonal sets.

In particular this implies that the symmetric Rosen-Morse (sym-RM) potential — the
“soliton” potential in terms of [46, 47] — also. Quantization of the Schrodinger equation with
multi-step symmetric ‘algebraically-deformed’ [77, 78] soliton potentials via Gegenbauer-seed
(8S) Heine polynomials (in our classification scheme) was discussed in detail in [79-83]. The
appropriate finite orthogonal sets of sym-RS Heine polynomials will be analyzed in detail in
[84].

As mentioned above the benchmark feature of the GRef potential on the line is that line the
density function of the appropriate RCSLE has the second-order pole at the origin and as a result
the CLDTSs of our interest do not change the ExpDiff at this singular point. On the contrary, for
the Liouville transformation to convert the given RCSLE to the Schrodinger equation on the
half-line the density function must have the first-order pole at the origin (if any). As a result, the
Darboux transformations do change the exponent differences (ExpDiffs) for the zero singular
point, contrary to the ladders formed rational SUSY partners of GRef potentials on the line. The
direct consequence of this change is that the polynomial determinants used to define the Heine
polynomials in question generally vanish at the above singularity so one first needs to determine
the order of this zero root bearing in mind that each Heine polynomial must remain finite at each
singular point by definition. The explicit expression for the order of the zero root in terms of the
number of regular-at-origin GS solutions used to construct the given rational SUSY partner of

the radial GRef potential will be given in [85].

Appendix A
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SUSY ladders of canonical Sturm-Liouville equations

The purpose of this appendix is to study transformation properties of the canonical Sturm-
Liouville equation (CSLE)

2
{j?+l°[é:Q°]+850[&]}CD[&:S:QO]:O (A1)

under multi-step Darboux transformations (DTs) of the corresponding Liouville potential

expressed in terms of the variable &. For the reasons explained in Introduction the operators

generated by these transformations in the space of the energy-dependent solutions ®[&; ;Q°]

are referred to us as CLDTSs. In principle the derivation presented below can be done with no
relation to the Schrodinger equation obtained from (A.1) via the appropriate Liouville
transformation, as it has been independently done in [56] for the multi-step GDTs. However
applying Krein’s conventional formalism [52, 49-51, 54] to the resultant Schrédinger equation

(instead of deriving all the results from scratch) allow us significantly simplify the arguments.

potential V[£(x);Q°] associated with CSLE (A.1). (Here and below subscript {1}y indicates

that the potential parameters are restricted to the region where all the p seed solutions co-exist

with each other.) The Crum Wroskian W{\V{T}p[g(x)]} formed by these solutions can be

converted into the Krein determinant

Kyl&{ap] = K{vgaplel eggpk (A2)

formed by seed functions Yy [€] of & using the easily verified relation
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Wy s i E0OI =0 o2 2 001K L0 3 (A3)

where we have to distinguish between even (¢ = 0) and odd ( ¢ = 1) numbers of steps, namely,

gl vyl
Koy ojlElegady = eqmlE] - ey wey;lé] (Ado)
ST C IR R
1 1 J TZ]
and
vyl . Vg, [E]
Vld o ey
Kg{wfk =1..., 2j+1[§] {T}21+1} ) (A.41)
L
¢l L Vol - | Tz wrzj[él
WTl[a] ji1 ‘Vt21+l[§]

with dot standing for the derivative with respect to & we can represent the Liouville potential

obtained from V[&(x); Q°] via the p-step DT with the seed solutions Y, 0 [@(X)iQ?{T}p] as

follows

Vi L& Q?{T}Z i 1=V[g; Q?{T}zw 1+ 2i AV{plE]} (A5)

where
AV{plEl}=- %@‘%[a]j—a(so‘%[a] Id ¢<]) (A6)
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= 1 073 el - 20lE) plE]}- (A6)
Our next step is to express Liouville potential (A.5) in terms of the solutions

q)‘tk [&; Q?{T}p 1= So_%[};] WYy [E; Q?{T}p ] (A.7)

of CSLE (A.1). Keeping in mind that the Krein discriminant transforms under multiplication of

each seed solution by the same function in the same way as the Crum Wroskian:

KEFLEl oy [Ehegg d=TPlEIK v 5 B} (A8)
one finds
K{vgy, [ gy, 4= &%p NUGNEHN ¢ (A9)
where
.0 .0
0qliQlyy, 1 -+ 0oleQlpy, ]
2.0 . .~0
.0 .0
811(1)11 [§1Q¢{T}2j] 8T2j¢T2j [a’Q‘L{T}Zj]
SUGEEN (A.100)
-1 .0 -1 .A0
gfl ¢11[§’Q¢{T}2j] 8T2j¢T2j[EﬂQ~L{T}2j]
17 re.AO 1% .0
oy 0ql6Qpy, 1 el by lEQT ]
and
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K{¢{T}2j+l [a’ Q\T/{‘C}z J +1 ] ’ S{T}Z j+1}

0y [5Q0, ]

2.0
by [g’Qi{r}z j+1]
Srld)rl[&:Qf{r}sz]

2i192j1 600, i)

=25 e.A0
‘1 ¢Tl[é’Q¢{r}2j+1]
-1 .0
‘1 ¢T1[E“"Q¢{T}2j+l]

(A.101)

Or ]

.0
2j+1 [‘g’Qi{r}z j+1

¢T2]+1[‘t°;Q${r}2 j+1]

12 : .0

sz 1¢21'+1[a’Q¢{r}2' 1]
j -1

T2J+1 21+1[E"‘ QJ’{T}ZJ 1]

In particular, combining (A.3) and (A.9) we come to the following general relation

between the Krein determinant

Kgle{th] = K{ogaplelegap}

(A.11)

(A.12)

formed by seed solutions of an arbitrary RCSLE and the Crum Wroskian formed by seed

solutions of the corresponding Schrddinger equation after the former function is converted from

€ to x.

Substituting (A.9) into the right-hand side of (A.5) thus gives

V{r}2j+€[é:Q?{r}2j+ J=VIEQ] 1-AVAple]y

A0

(A.13)

207 21e] g—a{so_% (€] 10 | K gl o -

36



It seems useful to present an alternative representation for Liouville potential (A.14), in
following Quesne’s prescription [67] originally implemented in her pioneering study for multi-
step rational SUSY partners of the isotonic oscillator. Namely, to find an explicit expression for
the ‘algebraically deformed’ [77, 78] isotonic oscillator in terms of generalized Laguerre
polynomials and their derivatives she converted Wroskian (A.11) from x to §(x) via the

conventional formula [86]

W{\l’{r}p[ﬁ(x)]}ZSO_%'p(p_l) [EO0TWy, [E00: {4 /], (A14)

where we set
Wiy [ {ehp] = Wiv gy [E1} (A.15)

and also took into account that the derivative of £(x) with respect to x is related to the density

function [&] via the conventional formula

g'(x) = so_% [E(X)] - (A.16)

This implies that Liouville potential (A.14) can be alternatively represented as

Viajo 6 QL 1= VE Qg 14900 -DAVIGLED (A17)

2072e) j—&{p‘% [€] 1d | Wy, & 1 {11}

By converting Wroskian (A.15) to the Wroskian W¢[<§|{t}p] formed by seed solutions

b7 [S Q?{T}p] of CSLE (A.1):

W{¢{r}p [el}= so_%p[&] Wy [E{T}2j4-] (A.18)

and bearing in mind that
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Woga, & Q= U Lelkfopgple QLegan}, (A19)
or, which is equivalent,
i(i-1+0=Yp(-2)+ 1)1, (A.20)

we come back to (A.11) which confirms that representations (A.13) and (A.17) are equivalent.

Let us now remind the reader that our final goal is to find the zero-energy free term

{T} [E; Qi{} ] in the CSLE

42
{ p + |§I_}p & Qf{r}p 1+eplE] }d){r}p [E Qf{r}p+l | 1p+1]1=0 (A.21)

obtained from (A.1) via the p-step CLDT in question. By excluding the Schwarzian derivative

from the standard relation between this function and the corresponding Liouville potential:

VIEQ%,  I=—¢ MEl? B, [6Qg, 1 12160 (A22)

Ahyje

one finds

b, 6 Q0,117 6 Qg 1= wleHVI QL{T} 1=V 15 Q0,1

(A.23)
Substituting (A.13) into (A.23) brings us to the expression sought for:
0 0
[é Q¢{T}2 o |{T}ZJ+€]_ I [i Q¢{ }21+€ ]"'(AI {plEl}
1202 [a]j—a{so‘%[a] Id | K [E:{}p] |}, (A.24)
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where
Alo{sc[é]}zso%[ilj—é(so_%[él Id p[e]). (A.25)

Representing Liouville potential (A.17)

Voo [y, VIR, | 1+p0-2AVEAD) (A26)

2072g) g—é{so_% [£] 1d | Wy [e [{hp] [}
one can re-write zero-energy free term (A.24) as

(o] PN . 1-19T=- Q0 oy A0
| [EJ,Qi{T}2j+ gl{T}ZJ—f—f]—' [é'Qi{T}zw] p(p—2) AIC{IE]} (A.27)

1202 [a]j—a{go‘%[a] 1d | Wole [{hp] l}-

One can verify that Sturm-Liouville equation (1) in Schulze-Halberg’s paper [56] turns into

CSLE (A.21) with zero-energy free term (A.27) ifwe putg=0, f= go_l[a] , and then make

trivial substitutions

-1 . -1 .
M=o TAPEQY, 1 Vo =—p TEP[6 Q0 | ol (A.28)
and
A3 = —f—l}'+%|df
in his formula (5) for the potential V2.

In the particular case p=1(j =0, /=1) one finds

QY i PlEll ] =P[5 Q7 T+AI{plelt+ 202 [é]j—&{so_%[&] TIEE QP |}

(A.29)
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in agreement with (B.20) in [1] or (7) in [56].
Since any solution of RCSLE (A.21) is related to the appropriate solution of the Schrodinger

equation (converted to the variable &) via the conventional formula

Op (&6 Qf{r}p+l | tp41] =so_%[é] Vi, [Ge; Qf{r}p | tp+1] (A.30)

it can be represented as

@_%g[i] Kol&{m2j+ o+l

QY j+041]= A3l
O3, [Ge:Q) (ojera | t2j+041] KolE (2101 (A.31)
Alternatively, making use of (A.19) and (A.20), we can write the latter formula as
Lp
0 @ A TEW e {Tpal
Of3, [&’8’Q¢{T}p+l |t2p41]= W& [{hp] , (A.32)

in agreement with (3) in [56].

It is crucial that both expressions (A.27) and (A.31) were derived in [56] with no reference
to the Schrodinger equation with the associated Liouville potential. One can thus start from
these expressions and then express both zero-energy free term and solutions of CSLE (A.21) in
terms of Krein determinants using (A.19). By deriving (A.24) and (A.31) in such a way we
would stay within the framework of the Sturm-Liouville theory, with no need in the Liouville

transformation to the Schrédinger equation.
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