AN INTRODUCTION TO THE n-IRREDUCIBLE SEQUENTS AND THE

= W o=

5.

5.1.
5.2.
5.3.
5.4.
5.5.
5.6.
5.7.

6.

7.

8.

n-IRREDUCTIBLE NUMBER

A. ZAGANIDIS

ABSTRACT. In this work, we introduce the n-irreductible sequents and the n-irreductible
numbers defined with the help of the second order logic. We give many concrete examples of
n-irreductible numbers and n-irreductible sequents with the Peano’s axioms and the axioms
of the real numbers. Shortly, a sequent is n-irreductible iff the sequent is composed by some
closed hypotheses and a n-irreductible formula (a close formula with one internal variable
such that the formula is only true when we set that variable to the unique natural number
n), and it does not exist some strict sub-sequent which are composed by some closed sub-
hypotheses and some sub-m-irreductible formula with m > 1. The definition is motivated
by the intuition that the “Nature’s hypotheses”do not carry natural numbers or ”hidden
natural numbers” except for the numbers 0 and 1, i.e., they can be used in a n-irreductible
sequent. Moreover, we postulate at second order of logic that the “Nature’s hypotheses” are
not chosen randomly: the “Nature’s hypotheses”’are the only hypotheses which give the
largest n-irreductible number Ny < 103:026X107 o 91.005x10% " o Goldbach’s conjecture,
the Polignac’s conjecture, the Firoozbakht’s conjecture, the Oppermann’s conjecture, the
Agoh-Giuga conjecture, the generalized Fermat’s conjecture and the Schinzel’s hypothesis H
are reviewed with this new (second order logic) n-irreductible axiom. Finally, two open ques-
tions remain: Can we prove that a natural number is not n-irreductible? If a n-irreductible
number n is found with a function symbol f where its outputs values are only 0 and 1, can
we always replace the function symbol f by a another function symbol f such that f =1— f
and the new sequent is still n-irreductible?
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1. INTRODUCTION

The present paper is motivated by the consequences (in number theory and in funda-
mental physics) of the definition of a n-irreductible number, the definition of a n-irreductible
sequent, the (second order logic) m-irreductible axiom which states the existence of the
largest n-irreductible number Nz and the (second order logic) n-irreductible hypothesis on
the “Nature’s hypotheses” (the required hypotheses to explain the physical measurements).
The first set of consequences are: the Goldbach’s conjecture, the Polignac’s conjecture, the
Firoozbakht’s conjecture, the Oppermann’s conjecture, the Agoh-Giuga conjecture, the gen-
eralized Fermat’s conjecture (which requires computational resources which are not reached
today even for checking the simplest case: a = 2 and b = 1) and the Schinzel’s hypoth-
esis H (which requires computational resources which are not reached today for checking
about (m (Nz) 2Nz )NZ cases) are solved by the (second order logic) n-irreductible axiom.
The second set of consequences are the “Nature’s hypotheses” generated by the n-irreductible
hypothesis on the “Nature’s hypotheses”.

From researches in fundamental physics, the n-irreductible numbers and the n-irreductible
sequents definitions arise from the intuition that the “Nature’s hypotheses”do not carry nat-
ural numbers or "hidden natural numbers” except for 0 and 1, i.e. the “Nature’s hypothe-
ses” can be used in a n-irreductible sequent. Shortly, a sequent is n-irreductible iff the sequent
is composed by some closed hypotheses and a n-irreductible formula (a close formula with one
internal variable such that the formula is only true when we set that variable to the unique
natural number n), and it does not exist some strict sub-sequent which are composed by some
closed sub-hypotheses and some sub-m-irreductible formula with m > 1. Moreover, we pos-
tulate (at second order of logic) that the “Nature’s hypotheses”are not chosen randomly: the

“Nature’s hypotheses”are the only hypotheses which give the largest n-irreductible number
Ny < 103026x107 o 91.005%10°

The paper is organized as follow: firstly, we present the notations used throughout this
paper. Secondly, we define what is an explicit sub-formula in order to define what is a n-
irreductible number and a n-irreductible sequent. Thirdly, we present some n-irreductible
number examples. Fourthly, we present the Goldbach’s conjecture, the Polignac’s conjecture,
the Firoozbakht’s conjecture, the Oppermann’s conjecture, the Agoh-Giuga conjecture, the
generalized Fermat’s conjecture and the Schinzel’s hypothesis H as n-irreductible sequents.
Fifthly, we present the (second order logic) n-irreductible axiom, the (second order logic)
hypothesis on the “Nature’s hypotheses”and their consequences. Sixthly, we ask ourselves
two open questions about the n-irreductible numbers. Seventhly, we present some larger
n-irreductible number examples. Eighthly, we present some n-irreductible number examples
with the axioms of the real numbers and ninethly, the conclusion and the acknowledgment.
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2. NOTATIONS

In the present paper:

1-

2-

In general, the notation f(...) should be read 7(...)f when we look at the explicit
sub-formulas of a formula ¢.

We omit some parentheses and parenthesis labels to improve the readability but they
are necessary for writing the related explicit formulas and explicit sub-formulas.

We use the formula ¢ — 1 instead of the formula —¢ V ¥ to improve the readability.
However the strict explicit sub-formulas of the formula ¢ — 1 are ¢, ¥, =¢, and ¢V
instead of only ¢ and .

We use the formula t; = t2 instead of the formula R— (¢, t2) to improve the readabil-
ity. However the strict explicit sub-formulas of the formula ¢; = ¢9 are only ¢; and ¢9
instead of t1, to, t1 = and = 9. In general, if define the function fupe: fa, fo, fe, foes
fac or fap can not be obtain form a sub-formulas of fup.

If the formula ¢ is previously defined, the formula ¢, /,) is a shortcut for the formula
¢ written with the variable y instead of the variable x with respect to the explicit
sub-formulas of ¢y, /.

3. DEFINITIONS

Let consider a language LUL peano of first order logic which contains the language needed

for the Peano hypotheses (except the recursion hypothesis).

Let introduce the necessary preliminary definitions and lemmas:

1-

Preliminary definitions and lemmas about the explicit sub-formulas of a formula ¢:

a- A formula ¢ containing [ pair of parentheses is an explicit formula iff the i** open-
ing parenthesis and the corresponding " closing parenthesis are labeled unam-
biguously with respect to the other parentheses with an injection f: {1,...,1} C

N — N such that: ... < ) -
f@  f@
b- Preliminary lemma:
Every formula ¢ can be written as an explicit formula.

c- An explicit formula v is an explicit sub-formula of a formula ¢ iff the formula
1 is an explicit formula and %) is a sub-sequence of the symbol sequence of the
formula ¢ written as an explicit formula.

Remark: an explicit sub-formula v of a formula ¢ may contain a function symbol
f of arity strictly smaller than the function symbol f in the formula ¢. Roughly
speaking, an explicit sub-formula can be written by removing the same number
of argument for each function symbol f of the original formula.

d- Preliminary lemma about the explicit sub-formulas of a formula ¢:

An explicit sub-formula of an explicit sub-formula of a formula ¢ is an explicit
sub-formula of the formula ¢.
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2- Preliminary definition about the n-irreductible formulas:

A formula ¢y, _irreductibie 18 a n-irreductible formula iff ¢,, i reductivie 18 a closed formula
and a formula ¢ exists such that:

(31) Pn—irreductible = (b[fs(--‘fs(co )) /] A El'y ((b[y/a:}) :
n times n times

We rewrite the previous equation without the shortcut symbol 3!:
(3.2) Pn—irreductible = P(f, (.. fi(co )...) o] =3y3y' (—y =¥ A bpyja) A By /a]) -
n times  n times
The main definition: the following sequent ()
(3.3) ' n—irreductible

where - means it exists a model such that

the n-irreductible formula ¢,,_jrreductivie 18 verified under the hypotheses I'
is a n-irreductible sequent and n is a n-irreductible number iff:

1- the hypotheses I' are closed formulas and the formula ¢, _;rreductibie is @ n-irreductible
formula (see the equation 3.1),

2- and for every closed and explicit sub-formula A of the hypotheses I' and for every m-
irreductible formula ,,, _jrreductibie Where @ is an explicit sub-formula of the formula
¢, we have the following relation:

(3.4) A F Ym—irreductible and m = o
or
(3.5) A & Y —irreductible and m = fs (co)
or
(3.6) A =T and Ym—irreductible = Pn—irreductibie

or it exists a model such that,

(37) A¥F Q/Jmfirreductible

Important remark: for all n-irreductible numbers in the present article, we include
the Peano hypotheses inside the n-irreductible hypotheses I' or either the following
Peano sub-hypotheses:

(3.8) Vady (z = fs (v))
V1. Y20 ((Geo fwo,21ssen] N Y20 (Plao,ar,en] = Plfs(@o)wrsn])) = (V20D 21, zn]))
with ¢ = ¢ V =z < 0, from the following Peano hypotheses:
(3.9)
Va (—fs () = co)
Yoy (-2 =co = = = f5 (y))
V..V, ((qf)[co/mo,ml,...zn] A Vg (ﬁb[xo,x,...,mn] — ¢[fs(m0),z1,...,zn])) — (Vzo‘ﬁ[zo,zh...,mn])) .

If we use the Peano sub-hypotheses above, we use the integers rather than the natural
numbers. The use of Peano hypotheses in a n-irreductible sequent with respect to the
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Peano sub-hypotheses should be motivated by other definitions like the prime number
function definition.

4. SOME n-IRREDUCTIBLE NUMBER EXAMPLES

We give in this section some examples of n-irreductible numbers. Firstly, we write the
preliminary formulas satisfied by the following function symbols:

0- If required, we add to the hypotheses of the n-irreductible sequents the following
formulas satisfied by the ordering function symbol R.:
VaVy (3z (z = f+ (y,2) A =z = co) = R< (z,y) = True)
(4.1) VaVy (-3z (x = f+ (y,2) A -z =¢p) = R< (x,y) = False)

1- If required, we add to the hypotheses of the n-irreductible sequents the following
formulas satisfied by the prime function symbol fpyime:
V‘T(Hyaz(y <zANz<zTAT=fx (y,Z)) - fPrime(«T) = CO)
(4.2) Ve (-Jydz(y<axAz<zAz=fx(y,2) = frrime () = fs(co)) -

Important remark: If we use the prime function f,.ime in a n-irreducible sequent,
we should use the Peano hypotheses (natural numbers) rather than the Peano sub-
hypotheses (integers). Using the above prime function fprime with the Peano sub-
hypotheses implies that all strictly positive integers are prime numbers and all nega-
tive integers are not prime numbers.

2- If required, we add to the hypotheses of the n-irreductible sequents the following
formulas satisfied by the sub-function symbol g,,_;q and the function symbol f,, _iq
which gives the sum of proper divisors:

V2 (9o, —ia(T, fs (co)) = co)
VaVy (32 (2 = fx (4, 2)) = or—ia (T, fs () = [+ (9o1-ia(2,9),y))
VaVy (=32 (2 = fx (Y, 2)) = or—ia (2, fs (Y)) = 9oy —ia(7, y))

(4.3) V2 (for—id(T) = goy—ia(T, 7))

Trivially, 0 and 1 are n-irreductible numbers with the following formulas ¢:

(4.4) p=x=coand p =z = fs(co) .

2 is a n-irreductible number with the following formula ¢:

(4.5) ¢=z= f1(fs(co), fs(co))
or for instance, the following formula ¢:

(4.6)

p=Vyly<z—= (y=coVy=[fs(c) ATz (z<a'AVy(y<a' = (y=coVy=fs()))) -
If we would like to include the Peano hypotheses (except the recursion hypothesis) for the

n-irreductible number 2, we should look at the following formula ¢ which requires the mul-
tiplication hypothesis:

¢ =Ty3z (x = fx (y,2) A (fs(co) <y V fs(co) <2)) A
(4.7) -3’ (z < 2’ A JyFz (2/ = fx (y,2) A (fs(co) <y V fs(co) < 2))) -
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In order to prove that some other natural numbers are n-irreductible, we use the prime func-
tion fprime (see 4.2).

3 is a m-irreductible number with the following formula ¢ (see 4.2):

(4.8) ¢ =Yy (fPrime (y) = co — o < y) A =32 (a: < AVy (fpm'me (y)=co—a' < y)) )

4 is a n-irreductible number with the following formula ¢ (see 4.2):

(4.9) & =fpPrime (r) = co A =32’ (a:’ < A fPrime (ac') = co) )

In order to prove that some other natural numbers are also n-irreductible, we use the function
fo1—id (see 4.3):

6 is a n-irreductible number with the following formula ¢ (see 4.3):

(4.10) p=-z=coA fo,—ia(@) =x A3 (2 <z A2 =coA fo_ia(a') =1') .

5. CONJECTURES WHICH INDUCE MONSTER n-IRREDUCTIBLE NUMBERS IF
COUNTEREXAMPLES EXIST

In the previous section, we introduced some n-irreductible numbers that are small and
easy to find. In this section, we examine how some monster n-irreductible numbers can be
produced if some conjectures are false. Firstly, we write the preliminary formulas satisfied
by the following function symbols:

1- If required, we add to the hypotheses of the n-irreductible sequents the following
formulas satisfied by the unary inverse function symbol f;!:

Vo (mz =co— fs (fi' (2)) =)
(5.1) Vo (z = co — fil(z) = ) -

2- If required, we add to the hypotheses of the n-irreductible sequents the following
formulas satisfied by the subtraction function symbol f_:

VxVy(y <z fy (f— (x,y) >y) = x)
(5.2) VaVy (—y <z — f-(x,y) = cp) .

3- If required, we add to the hypotheses of the n-irreductible sequents the following
formulas satisfied by the twin prime function symbol fry, (see 4.2 and 5.1):

Va ((fPrime (f;l (IE)) = fs (CO) A fPrime (fs (.T)) = fs (CO)) — fTwin (x) = fs (CO))
(53) Va (_‘ (fPrime (f;l (.’E)) = fs (CO) A me'me (fs (33)) = fs (CO)) — fTwin (.T) - CO) .

4- If required, we add to the hypotheses of the n-irreductible sequents the following
formulas satisfied by the ceiling prime function symbol fop (see 4.2):
(5.4)
Va3y (fop (x) =y A frrime (y) = fs (co) A =32 (3 <2 A2 <y A frrime (2) = fs (c0)))



AN INTRODUCTION TO THE n-IRREDUCIBLE SEQUENTS AND THE n-IRREDUCTIBLE NUMBER 7

5- If required, we add to the hypotheses of the n-irreductible sequents the following
formulas satisfied by the function symbol f,_ prime which give the nt" prime number
(see 4.2)

fp—Pm‘me (fs (CO)) = Co
(5.5) Y (fp—Prime (fs (¥)) = fop (fp-Prime (7)) -

6- If required, we add to the hypotheses of the n-irreductible sequents the following
formulas satisfied by the coprime function symbol fooprime:

VaVa! (EIyEIZElZ/ (ﬁy =fs (CD) ANz = fx (yv Z) Nl = fx (y7 Z/)) — fCoprime (fE, x/) = CO)
(5.6)
VaVa! (_‘Elyzlzazl (_‘y = fs (CO) Nx = f>< (ya Z) N = f>< (yv ZI)) — fC’oprime (377‘7:/) = fs (CO)) .

7- If required, we add to the hypotheses of the n-irreductible sequents the following
formulas satisfied by the power function symbol fx:

VaVy (y = co = fa(x,y) = fs(co))
(5.7) Vavy (my = co = fa (2, fs () = fx (fa(z,9) 7)) -

5.1. Goldbach’s conjecture. If required, we add to the hypotheses of the n-irreductible se-
quents the following formulas satisfied by the sub-function symbol ggorgpach—1 and the function
symbol faoidbach—1 Which gives the minimal number of prime numbers necessary to express
a natural number as a sum of prime number minus one (see 4.2 and 5.2):

Vavy (ferime (Y) = fs (co) = 9Gotdbach—1(2,y) = o)

VJEVy (me'me (y) =co — Jdz
(Z <yA fPrime (Z) = fs (CO) A gGoldbachfl(a% y) = fs (gGoldbachfl(xa f— (yv Z))) A =37

(2" <Y A frrime (2) = fs (c0) A ggoidbach—1(x, [~ (¥, 2")) < gGotdbach—1(x, f- (y,2))) >
(5.8)
Va (faotdbach—1() = gGotdbach—1(T, T)) -

If a first counterexample my exists for the Goldbach’s conjecture [Hell3|, we can show that
my is a n-irreductible number with the following formula ¢ (see the previous equation):

¢ =z =co A~z = fs(co) Ny (y <z = folabach—1(y) < feoldbacn—1(x)) A
(5.9) Yy (r <y = ~fGodbach—1(%) < fGoidbach—1(Y)) -

5.2. Polignac’s conjecture. If required, we add to the hypotheses of the n-irreductible se-
quents the following formulas satisfied by the Polignac function symbol fpiignec Which gives
the difference between the two next prime numbers of a natural number (see 5.2 and 5.4):

(510) Va (fPolignac (.’E) = f, (fCP (fCP (.T)) 7fCP (l‘))) .
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If a first counterexample my exists for the Polignac’s conjecture [dP51], we can show that
my is a n-irreductible number with following formula ¢ (see the previous equation):

¢p=—x=co Nz = fs(co) A
31/ (fPolignac (l’) =y —dz ($ < zA fPolignac (l‘) = fPolignac (Z))) A
(511) —E|£L‘I (x/ <z A fPolignac (l‘l) =yA -3z (.73/ <z A fPolignac (.I/) = fPolignac (Z))) :

Since the set of prime numbers is infinite, the following explicit sub-formula will not work
(see 5.2 and 5.4):

(512) vV (fPolignac (x) = f— (fCP (‘T) 7x)) :

5.3. Firoozbakht’s conjecture. If a first counterexample my exists for the Firoozbakht’s con-
jecture [20004], we can show that my is a n-irreductible number with the following formula

¢ (see 5.5):

¢ =-xr =co N\ _‘f/\ (fp—Pm'me (fs (:E)) 71‘) < f/\ (fp—Prime (:L‘) 7fs (:E)) A
(5:13) Vo' (@ <@ = fa (fo-prime (f5 (27)) @) < Ia (fo-Prime ('), fs (27))) -

5.4. Oppermann’s conjecture. We define the first variant of the Oppermann’s conjecture
[vsOFS83|:

For all natural numbers = such that z > 1, there is at least one prime number between
z(x —1) and 2.

If a first counterexample my exists for the Oppermann’s conjecture [vsOFS83], we can
show that my is a n-irreductible number with the following formula ¢ (see 4.2 and 5.1):

p=—xr=coN\x=fs (CO) A —Jy (f>< (x’fs_l (l‘)) <yAy < fx (:E7x) A fPrime (y) = fs (CO))
(5.14)

A =32’ =Ty (2’ <z A fx (:c’,fs_l (@) <yAy < fx(@,2") A frrime (y) = fs (c0)) -
If a first counterexample my exists for the Oppermann’s conjecture [vsOFS83| and the first

variant of the Oppermann’s conjecture [vsOFS83| is true, we can show that my is a n-
irreductible number with the following formula ¢ (see 4.2 and 5.1):

¢»=-x=cyNx=fs(co) A

=y (fx (2, f71 (@) <yAy < fx (@,2) A fx (@,2) <Y AY < Fx (2, fs (2)) A

fPrime (y) = fs (co)) A =32’ =Fy3y’

(a:’ <zTA fx (m’,fsfl (x’)) <yANy < fx (x/,x/) A fx (x/,x/) <y ANy < fx (x/,fs (af:’) A
(5.15)

frrime (y) = fs (c0))) -

5.5. Agoh-Giuga conjecture. If required, we add to the hypotheses of the n-irreductible se-
quents the following formulas satisfied by the Giuga sub-function symbol ggiuge and the
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Giuga function symbol fgiuga(see 4.2, 5.1 and 5.7):

vV (gGiuga (x) CO) = fs (CO))
VaVy (gGiuga (-737 fs (y)) = fy (gGiuga (xvy) s A (y7 fs_l ($>)))

Vx((fPrime (x> = fS (CO) — Ely (fS (gG’iuga (.’B, l’)) = f>< (.%', y))) — fGiuga = fs (CO)>

(516) Vo <_' (fPrime (!T) = fs (CO) — Ely (fs (gGiuga (x,x)) = f>< (x7y))) — fGiuga = CO) .

If my is the last natural number where the Agoh-Giuga conjecture [Giu51] is true, we can
show that my is a n-irreductible number with the following formula ¢ (see the previous
equation):

(5.17) ¢ = faiuga (x) = co A =32’ (2" < 2 A faiuga (2') = o) -

5.6. Generalized Fermat’s conjecture. We define the generalized Fermat’s conjecture [Riell]:

Let be some natural number a and ¢, there is an infinite number of natural numbers b
such that a® + ¢’ is a prime number.

If myz is the last number where the generalized Fermat’s conjecture [Riell] for some
fixed natural number a and c is true and every explicit sub-formulas which are equivalent to
the Generalized Fermat’s conjecture [Riell] with the fixed natural number o’ and ¢ are true
, we can show that my is a monster n-irreductible number with the following formula ¢ (see
4.2 and 5.7):

¢ =fprime (f+ (fa (Na, T) , fA (e 7)) = fs (co) A
-3z’ (3: <2 A fprime (er (f/\ (na,x/) , fa (nc,x'))) = fs (Cg)) A

—3z" (55" <@ A fprime (f+ (fa (na, 2")  fa (e, 2"))) = fs (co) A

(5.18) =3z’ (2" < 2’ A ferime (f+ (fa (R, 2”) 5 fa (ne,2"))) = fs (o)) ) ;

where ng = fs(...fs(co )...) and ne = fo(...fs(co )...) .
—_—— —~~ —_— ~~

a times a times ¢ times c times

If we can show that the generalized Fermat’s conjecture is true for many fixed natural
numbers a and ¢, we can show that m is a n-irreductible number with the following formula
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¢ (see 4.2 and 5.7):
¢ =3y (fPrime (f+ (Fa (nasy) s o (2,9))) = fs (co) A
=32 (z <2 A ferime (f+ (Fr (nas ), fa (2',9))) = fs (o)) >/\
-3z 3y (w” <@ A fprime (f+ (fr (na,y), o (2",y))) = fs (co) A

(5.19) -3z (x” <2 A fprime (f+ (fA (na,y), fa (w’,y))) = fs (co))> .

If we can show that the generalized Fermat’s conjecture is true for many fixed natural numbers
a, we can show that my is a n-irreductible number with the following formula ¢ (see 4.2 and
5.7):

¢ =dy3z (fP'rime (f+ (fa(z,y), A (2,9))) = fs (co) A
-3z (96 < &' A fprime (f+ (f/\ (ﬂflay) s A (z,y))) =fs (CO)) ) A
-3z Y3z <JU// < A fPrime (f+ (f/\ (:E”,y) A (z,y))) = fs(co) A

(5.20) -3z’ (x” < ' A fPrime (f+ (f/\ (xl, y) I (2, y))) = fs (CO)) ) .

5.7. Schinzel’s hypothesis H. If required, we add to the hypotheses of the n-irreductible
sequents the following formulas satisfied by the r polynomials function symbol f; scninzer of
maximal degree d (see 5.7):

(5.21)  Va(
fr.5chinzer () = fv (f+ (o fr (Fx (@10, fa (2,00)) , fx (@11, fa (2,01))) ), [x (a1a, fa (2, 04)))

fr.Schinzel () = fr (f+ (oS (fx (@0, fa (2,00)) 5 fx (ar1, fa (2,01))) o) 5 fx (@ras A (2, 04)))
)

where a;; = fo(...fs( co )\) and b; = fs(...fs(co )\,-)/

a(i,j) times  a(4,7) times i times 1 times

Since the r polynomials f; schinzer are irreducible, the polynomial coefficients a;; satisfy
the first following constraint (see the previous equation):

(522) (%xflﬁ’chinzel (l‘) = CO) ARTHVA (ﬂxfT,Schinzel (33) = CO) .
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Since the product of the r polynomials f; schinzer has not a fixed prime divisor, the polynomial
coefficients a;; satisfy the second following constraint (see 5.22):

ﬂwvyﬂz (fPTime (37) = fs (CO) A

(523) f>< (fX (f>< (fl,Schinzel (y) )f2,Schinzel (y)) ) s fT,Schinzel (y)) = f>< (xu Z)) .

If my is the last number where the Schinzel’s hypothesis H [Guy04] for some fixed polynomial
is true and every explicit sub-formulas which are equivalent to the Schinzel’s hypothesis H
[Guy04] for some fixed polynomials are true, we can show that my is a monster n-irreductible
number with the following formula ¢ (see 4.2 and 5.22):

¢ EfPrime (fl,Schinzel (33)) = fs (CO) JANIAN me'me (fr,Schinzel ($)) = fs (CO) A
(5.24)
ﬂx, (5[; <a'A fPrime (fl,Schinzel (xl)) = fs (CO) ARTAN fPrime (fr,Schinzel (xl)) = fs (CO)) .

We build new formulas for new monster n-irreductible numbers like in the generalized
Fermat’s conjecture:

If we can show that the Schinzel’s hypothesis H [Guy04] is true for a fixed number of
polynomial r, a fixed maximal degree d, many fixed polynomial coefficients a;; and some
running polynomial coefficients a;;, we can show that myz is a monster n-irreductible number
with a formula ¢.

We build new formulas for new monster n-irreductible numbers like in the generalized
Fermat’s conjecture:

If we can show that the Schinzel’s hypothesis H [Guy04] is true for a fixed number of
polynomial r, many maximal degrees d and the running polynomial coefficients a;;, we can
show that my is a monster n-irreductible number with a formula ¢.

Finally, we build new formulas for new monster n-irreductible numbers like in the gen-
eralized Fermat’s conjecture:

If we can show that the Schinzel’s hypothesis H [Guy04] is true for many numbers of
polynomial r, the running maximal degree d and the running polynomial coefficients a;;, we
can show that my is a monster n-irreductible number with a formula ¢.

6. THE SECOND ORDER LOGIC n-IRREDUCTIBLE AXIOM AND THE SECOND ORDER LOGIC
HYPOTHESIS ON THE “NATURE’S HYPOTHESES”

We introduce one important axiom on n-irreductible numbers and one important hy-
pothesis on the “Nature’s hypotheses”at second order logic for both of them:

The (second order logic) n-irreductible axiom:

Any n-irreductible number is smaller or equal to:

(6.1) N, < 103026x107 o 91.005x10°

. The (second order logic) hypothesis on the “Nature’s hypotheses”:
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The hypotheses of any Nz-irreductible sequent are the “Nature’s hypotheses” which
explain the physical measurements.

Some consequences:

1-

1-

The physical measurements confirm but do not prove that the “Nature’s hypothe-
ses”, the mathematical explorations over the n-irreductible numbers confirm but do
not prove that Ny is the largest n-irreductible number and they do not prove but
confirm that the hypotheses of any Nyz-irreductible sequent are the “Nature’s hy-
potheses” which explain the physical measurements.

The Goldbach’s conjecture, the Polignac’s conjecture, the Firoozbakht conjecture’s,
the Oppermann’s conjecture, the Agoh-Giuga conjecture can be checked with quan-
tum computers with 21.005x10° qubits or less since the computation can be fully
parallel [LS14], the generalized Fermat’s conjecture (which requires computational
resources which are far from what we can imagine technically even for the simplest
case: @ = 2 and b = 1) and the Schinzel’s hypothesis H (which requires monster
computational resources for checking about (m (Nz) 2Nz )NZ cases). . Moreover, 27
is a m-irreductible number if the Goldbach’s conjecture is true.

A paper is under preparation in order to present the theory of everything where its
hypotheses are the hypotheses of a Nz-irreductible sequent (N would be the number
of Lagrangian terms but experimentally, we can only access to a very small fraction of
that terms) and to show that any obvious variant of the theory of everything requires
some hypotheses which give a n-irreductible number strictly smaller than N.

7. SOME OPEN QUESTIONS ABOUT THE n-IRREDUCTIBLE SEQUENTS AND THE
Nn-IRREDUCTIBLE NUMBERS

Can we show that a natural number n is not n-irreductible? The difficulty is to prove
that there is no n-irreductible sequent among an infinite set of possible sequents which
give the n-irreductible number n.

If a n-irreductible number n is found with the help of a function symbol f where its
output values are only 0 and 1, can we replace the function symbol f by a function
symbol f such that f =1 — f and the new sequent is still n-irreductible?

In quantum field field theories with gauge fields, the number of space-time dimensions
should be larger or equal to 4 in order to have a "renormalizable” theory. Therefore
the Nature’s hypotheses are n-irreducible only if there are 4 space-time coordinates.
The Nature’s hypotheses with 5 space-time coordinates are not n-irreducible and one
specific spatial coordinate may be skipped at the multiple places where it is written
in the theory. From that example, we conclude that every sub-formulas should be
considered when we study some n-irreducible sequent. It confirms that the required
number of sub-sequents to explore in order check that a sequent is a m-irreducible
sequent is roughly exponential to its number of symbols in the general case. However,
for a specific n-irreducible sequent, some specific mathematical tools may be developed
in order to explore a set of sub-sequents in one time.
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8. EXTRA: SOME LARGER n-IRREDUCTIBLE NUMBER EXAMPLES

In this section, with the help of the formulas satisfied by the symbol function fpyime
joined to the hypotheses of some n-irreductible sequents, we try to reach the closest n-

irreductible number (1024 in the present section) to the largest one Ny < 103026x107 o

91.005x10% Firstly, we write the preliminary formulas satisfied by the following function

symbols:

1- If required, we add to the hypotheses of the n-irreductible sequents the following
formulas satisfied by the sub-function symbol g,,—1 and the function symbol f,,_1
which gives the number of proper divisor of a natural number:

Vx (goo—1(, fs (o)) = co)

VaVy (3z (x = fx (Y, 2)) = Goo—1 (2, fs (V) = fs (Goo—1(,¥)))

VaVy (=32 (2 = fx (¥, 2)) = Goo—1 (@, [5 (¥)) = Gop—1(2,Y))
(8.1) Yz (foo-1(2) = gog—1(z, 7)) -

2- If required, we add to the hypotheses of the n-irreductible sequents the following
formulas satisfied by the highly composite function symbol frgc (see the previous
equation):

Vo (Vy ((my = co Ay < x) = foo-1(Y) < foo-1(x)) = frc(z) = fs (o))
(8.2) Ve (= (Vy (-y =co Ny <) = foo-1(Y) < foo-1(2)) = fuo(x) = co) -
3- If required, we add to the hypotheses of the n-irreductible sequents the following

formulas satisfied by the Euler’s totient sub-function symbol g and the Euler’s totient
function symbol fe which gives the number of coprime numbers below it (see 5.6):

Va (go(z, fs (o)) = co)
Vavy (fooprime (2,y) = [fs (co) = ga (x, fs (y)) = fs (90(2,9)))
Vavy (fooprime (2,Y) = co = g (7, fs (¥)) = ga(z,y))

(8:3) Vz (fo(z) = go(z,z))

4- If required, we add to the hypotheses of the n-irreductible sequents the following for-
mulas satisfied by the highly coprime function symbol frcp(see the previous equa-
tion):

Ve (Vy ((my =co ANy <) = fo (y) < fo (x)) = fucp(z) = fs (o))
(8.4) Vo (Vy ((my =co ANy <z) = fo (y) < fo () = fucp(z) = co) .
5- If required, we add to the hypotheses of the n-irreductible sequents the following

formulas satisfied by the sub-function symbol g, —; and the function symbol f5 _;
which gives the sum of divisors minus one of a natural number (see 5.1):

Y (goy—1(z, fs () = co)
Vavy ((-y = fs (o) A3z (@ = fx (4,2)) = gor—1 (2,9) = f1 (9or1(2, 5 (¥)),9))
Vavy (= (my = fs (co) ATz (z = fx (4, 2))) = Gor—1 (€, Y) = g1z, f5 " (1))

(8.5) Vz(fo-1(z) = goy—1(z,2)) .
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With the concept of complement, we can show that 10 is a n-irreductible number with the
following formula ¢ (see 8.2 and 8.4):

(8.6)

¢ = fuc (x) =co A fucp (x) = fs(co) N =3y (y <z A frc (x) = co A fucp (x) = f5 (o))
and we can show that 24 is a n-irreductible number with the following formula ¢ (see 8.2 and
8.4):
(8.7)

¢ = fruc (x) = fs(co) A fucr (x) = co A=3y (y <z A fruc (x) = fs(co) A fucr (x) = co) -
In order to find much larger n-irreductible number, we use the concept of amicable numbers:

1- 220 is a n-irreductible number with the following formula ¢ (see 8.5):
(8.8)
d=Ty (@ <yA fo-1 (@) = fo,c1 (W) AVz(z <z = =Ty (2 < YA fo,-1(2) = fo,-1W))) .

2- 284 is a n-irreductible number with the following formula ¢ (see 8.5):
(8.9)
¢= Y <z for1(2) = for 1 (Y)) AV2 (2 <2 = 23y (Y <2 A for-1(2) = for-1(9))) -

3- 503 is a n-irreductible number with the following formula ¢ (see 8.5):
¢ =3y3z
(8.10)
(= for1 (W) Ao = for1(2) ANVw (w <z = =Fy3z (W = for1 (Y) Nw = for-1(2))) -

9. EXTRA BIS: SOME n-IRREDUCTIBLE NUMBER EXAMPLES WITH THE AXIOMS OF THE
REAL NUMBERS

In this section, with the help of the formulas satisfied by the axioms of the real numbers
joined to the hypotheses of some n-irreductible sequents, we try to reach the closest n-

irreductible number (1024 in the present section) to the largest one Ny < 103026x107 o
91.005x10% Firstly, we write the preliminary formulas satisfied by the following function
symbols:

1- If required, we add to the hypotheses of the n-irreductible sequents the following
formulas satisfied by the natural number function symbol fy:

I (o) = fs (o)
Vo (fy (x) = fs (co) = fn (fs (2)) = fs (o))
(9.1) Vo (fx(x) = co — fu(fs () = o) .

2- If required, we add to the hypotheses of the n-irreductible sequents the following
formulas satisfied by the integer part function symbol frp (see the previous equation):

(9-2) Vo (3n (fn(n) = fs (o) AN—n <z Aw < fs (n) A fip (x) =n)) .

3- If required, we add to the hypotheses of the n-irreductible sequents the following
formulas satisfied by the ceiling function symbol fceiiing (see 9.1):

(9.3) Vo (In(fu(n) = fs(co) N <nA=fs(n) <xA foeiting (x) =n)) .
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4- If required, we add to the hypotheses of the n-irreductible sequents the following
formulas satisfied by the negative function symbol f_

YTy (fy (x,y) = co A f- (x) = y)
(9.4) Ve=3y3y (~y =y A fr (z,y) = co A [y (2,9) = o) -

5 If required, we add to the hypotheses of the n-irreductible sequents the following
formulas satisfied by the factorial function symbol fi (see 5.1 and 9.1):

Vn (fn(n) = fs(co) An=co — fi(n) = fs(co))
(9.5) Vn (fN (n) = fs(co) N—m=co— fi(n) = fx (n,f; (fs_l (n)))) .

6 If required, we add to the hypotheses of the n-irreductible sequents the following
formulas satisfied by the exponential series function symbol ggzp (see 5.1 and 5.7):

Va (gE'zp (.I, CO) = CO)

(9.6) VaVy (gEa:p (z, fs () = f+ (gEzp (z,9) s fx (fa(z,9), f-1 (fi () )) :

7 If required, we add to the hypotheses of the n-irreductible sequents the following
formulas satisfied by the exponential function symbol fgs, (see 9.1 and the previous
equation):

VeEINVn((O <eAN <nA fn(N) = fs(co) A fu(n) = fs(co))

(97) — (gEJ:p (1'7 n) < szp (:U) A fExp (CL‘) < f+ (€7gEJ:p (1’, n)))) .

We suppose we can define the Lebesgue integral or the Riemann integral irreducibly in order
to define the function f 75 in a n-irreductible form (see 5.7, 9.1, 9.4 and 9.7):

(9.8) Vn (fN (n) = fs(co)) N\ =co— fz2(n / fEzp (f= (fr (z,1))) dw) .
We can define the real number /7 /2 irreducibly with the following formula ¢:

9.9) 6=3n (fiu(n) = fu (o) Aw = f o (M) A=3n (fir () = f(co) A fmpa () <)

Sketch to prove that 5 and 7 are n-irreductible numbers: The (n — 1)-sphere of radius R and

center 7 can be defined irreducibly by imposing a maximum volume for a fixed surface in R"

or a minimum surface for a fixed volume. By defining a n-irreductible n-cube with vertex

coordinates (+1,...,4+1) and taking the biggest (n — 1)-sphere inside it, we can find the n
—_——

n times
which maximize the volume V' (n) or the surface S (n) of the (n — 1)-sphere: 5 or 7.

Therefore, we can also define irreducibly the real numbers 1673 /15 and 872 /15 with the
following formula ¢:

(9.10) ¢ =3In(fv(n) = fs(c) Az =S (n))A=3n' (fx (n) = fs(co) N < S(n'))
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and the following formula ¢

(011)  ¢=3n(fi(n) = fu(co) =2 =V (n)) A=3n' (fix (W) = fi (o) Az < V() .

We can also define irreducibly the real number e with the following formula ¢:

(912) ¢ =T = fExp (fs (CO)) .

For some n-irreductible real numbers x and 2, we can show that n is a n-irreductible number
with the following formula ¢:

¢ = ImIpIq (fn (n) = fs (co) A fv (m) = fs (co) A f (p) = fs (co) A fr (@) = fs (co) A
(9.13)
Ix (p> In (ZL‘,?’L)) = [x (Qa In (ljvm)) A fCoprime (p, Q) = fs (CO) N fCoprime (mv n) =fs (CO)) .

For some n-irreductible real numbers x and 2/, we can show that p is a n-irreductible number
with the following formula ¢:

¢ = 3ndmIq (fx (n) = fs (co) A fn(m) = [fs (co) A fv (p) = fs (co) A [ (q) = fs (co) A
(9.14)

Ix (0, fa (@,n)) = fx (@, fr (&', m)) A feoprime (0, @) = fs (c0) A feoprime (m,n) = fs (o)) -
Therefore, from the n-irreductible real numbers, /7 /2, 1673/15, 872/15 and the help of the

two last formulas, we deduce that 2, 3, 4, 6, 15, 128 and 1024 are n-irreductible numbers.

With the help of the integer part function frp and the ceiling function fceiiing on the n-
irreductible real number 872 /15 and 1673/15, we deduce that 5, 6, 33 and 34 are n-irreductible
numbers.

Finally, we can derive that 8 and 9 are n-irreductible numbers with the help of the
following prime exponential number function fprimeEzppr and fprimeEzpCeiting:

(9.15) Vn (fn(n) = fs(co) = frrimeBzppr(n) = frrime (fP1 (fE2p(1))))

(9.16) Vn (fn(n) = fs(co) = frPrimeEapCeiting(n) = fPrime (fceiling (fEzp(1))) )
7 is a n-irreductible number with the following formula ¢:

(9.17)

vm (ﬂn <m — me'meEmpPI(m) = fs(CO)) A ﬂn/vm (n < n A -n’ <m — fPrimeEa:pPI(m) = fs(CO)>
20 is a m-irreductible number with the following formula ¢:

(9.18)
Vm (m <n-— fPrimeE:cpPI(m) = fs(CO)) A ﬂn/vm (n < nl Am < nl — fPrimeExpPI(m) = fs(CO))

8 is a n-irreductible number with the following formula ¢:
Vm (m <n— fPrimeEzpCeiling (m) = fs(co)) A

(919) ﬂnlvm (Tl < n/ Am < n/ — fPrimeEzpCeiling(m) = fs(CO))

10. A SET OF n-IRREDUCTIBLE NUMBERS

In this section, we insert every n-irreductible number derived in the present paper inside
an only one set:

(10.1) §=1{0,1,2,3,4,5,6,7,8,10,14, 15,20, 24, 27, 31, 33, 34, 37, 128, 220, 284, 503, 1024}
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11. THE RIEMANN HYPOTHESIS

In this section, with the help of the formulas satisfied by the axioms of the complex
numbers and the new complex constant variable ¢; (co = fi (fs(co), fx (¢i,ci))) joined to
the hypotheses of some n-irreductible sequent, we propose a method to prove the Riemann
hypothesis.

1- If required, we add to the hypotheses of the n-irreductible sequents the following
formulas satisfied by the log function symbol fr44:

(11.1) V2 (0 <2 = fEap (fLog () = )

2- If required, we add to the hypotheses of the n-irreductible sequents the following

formulas satisfied by the real power function symbol fir (see 11.1):

(11.2) Ve (0 <z = far (#,9) = fEop (fx (Us fLog (7))

3- If required, we add to the hypotheses of the n-irreductible sequents the following

formulas satisfied by the Riemann zeta series function symbol g¢ (see 11.2)

Va (x <0 — ge(x,c0) = o)

(113) VaVy <SL‘ <0— g¢ (xv s (y)) = f-i- <gC (SC,y) , AR (y,ﬂf) >> .

4

If required, we add to the hypotheses of the n-irreductible sequents the following
formulas satisfied by the Riemann zeta function symbol f; (see 11.3 and the previous
equation):

V:UVeHNVn((O <eAN<nA fn(N)=fs(co) A fnu(n) = fs(co))

(11.4) = (9¢ (z,n) < fe (@) A fe (2) < fr (€ 9¢ (%n)))> -

We assume we can define irreducibly the homomorphic functions and the analytic continua-
tion. Therefore, we can define the holomorphic Riemann zeta function fec.

From here, we define the function f¢n7z which enumerates the imaginary part of the none
trivial zeros of the holomorphic zeta function f:

fentz (co) = co

Vo (fn (n) = fs(co) = fentz (n) < fentz (fs(n)))

vn (fn (n) = fs (co) = fec (fenrz(n)) = co)

(11.5)

—3a3b3n (fx (n) = fs (co) A feo (f+ (a, fx (€i,0)) = co A fenz(n) <bAD < fonrz(fs(n)))



18 A. ZAGANIDIS

With the help of the function fenrz, we can find four n-irreductible numbers (14,15,31,37)
derived from four n-irreductible sequents:

(11.6)
¢=x= frp (fontz (fs(c0)))
(11.7)
¢ =17 = [Ceiling (ngTZ (fs (c0)))
¢ =3In(fv(n) = fs (co) ANz = frrime (fceiting (fentz (fs (n))) = fs(co)) A
(11.8)
—3n’ ( n/) fs(co)NO<n An' <nA fprime (feeiting (fentz (fs (n))) = fs(CO))))
¢ =3n(fn(n) = fs(co) Nv = fprime (fip (fenTz (fs () = fs(co)) A
(11.9)
—3n’ (fN (n,) = fs(co) Nep < n An' <nA fprime (fip (fCNTZ (fs(n)) = fs(CO))))

From the holomorphic Riemann zeta function fcc, if the Riemann hypothesis is false, we can
define a monster n-irreductible number m; with the following n-irreductible sequent:

¢ =3aTbIn (fn (n) = fs(co) N =nA~fx (fs (fs(co)),a) = fs(co) A fenrz (fs (n)) = DA
(11.10)
—3a/30'3n’ (fN (nl) = fs (CO) An' <nA ﬂf>< (fs (fs(c())) 7a/) = fs(c()) A fCNTZ (fs (n/)) = b/))

12. CONCLUSION

This paper may open a new area in second order logic with some important consequences
in number theory and in fundamental physics if we do not notice contradictions between the
(second order logic) n-irreductible axiom and other well known axioms, and we do not observe
experimental contradictions between the hypotheses to produce the largest n-irreductible
number found and the experimental measurements. It is the first paper which gives a hint to
solve the Goldbach’s conjecture, the Polignac’s conjecture, the Firoozbakht’s conjecture, the
Oppermann’s conjecture, the Agoh-Giuga conjecture with a quantum computer of 21.005x10°
qubits or less and with only one (second order logic) n-irreductible axiom. The generalized
Fermat’s conjecture requires computational resources which are far from what we can imagine
technically even for the simplest case: a = 2 and b = 1 and the Schinzel’s hypothesis H

requires also monster computational resources for checking about (7T (Nz)2N Z)NZ cases. It
is also the first paper which gives a hint to generate the “Nature’s hypotheses” with only one

(second order logic) hypothesis.

Since I am not a mathematician and I am a lonely human, I may have overseen some
mistakes (especially, T could miss an explicit sub-formula in the present paper since the
number of sub-formulas is roughly 2" for a formula with n symbols or I do not noticed that a
sequent is not n-irreductible or my approach to the generalized Fermat’s conjecture and the
Schinzel’s hypothesis H are sensitive to some mistakes since it is one more level of abstraction
from the other prime conjectures). Moreover, Nz may change after the publication of the next
paper about the theory of everything. Please send me an email (see it below the references)
for any mistake noticed in the present paper. Every ideas or comments related to the present
paper are also very welcome.
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