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We construct the logarithmic extension for the set of real numbers in which the numbers, less then
—oo exist. Using this logarithmic extension we give the single formula for hyperbolic representation

of generalized tachyon Lorentz transforms.

1 Introduction

Generalized Lorentz transforms, to be considered in
this paper, are connected with the theory of tachyons,
that is the hypothetical objects, moving with velocity,
greater, than the velocity of light. It should be noted
that Ukrainian physicist, academician, Oleksa-Myron
Bilanyuk stood near the beginning the tachyon the-
ory [1,2]. In early works in this direction the theory of
tachyons was considered in the framework of classical
Lorentz transformations, and superlight speed for the
frame of reference was forbidden. Later in the works
of E. Recami, V. Olkhovsky and R. Goldoni [3-5] the
extension of classical Lorentz transforms for superlight
velocity of reference frames was proposed (see also [6]).
Further the above extended Lorentz transformations
were rediscovered in |7,8]. Interest to this subject had
been increased in 2010-2012 due to the experiments
conducted in the framework of collaboration OPERA
(results of which were not confirmed later). In par-
ticular B. Cox and J. Hill in the paper [7] have redis-
covered the formulas of Recami-Olkhovsky-Goldoni’s
extended Lorentz transformations by means of new
and elegant way of deduction them (the fact, that ex-
tended Lorentz transforms, obtained in [7] are not new
is noted in the comment [9]). Also Recami-Olkhovsky-
Goldoni’s extended Lorentz transformations were in-
vestigated in [10] and generalized in [11}/12].
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The hyperbolic representation of classical Lorentz
Transforms is well-known. The hyperbolic representa-
tion of generalized Lorentz transforms for superlight
reference frames can be found in the papers [7,[10]. At
the same time, formula that would give a single hyper-
bolic representation for extended superluminal Lorentz
transforms together with classical Lorentz transforms
is unknown now. In the paper [10] author tries to give
such formula, using so-called extended hyperbolic func-
tions. But, in fact, such “extended hyperbolic func-
tions” are not conventional hyperbolic functions. In
our opinion, the main cause of this situation lies in
the fact that classical hyperbolic functions are defined
on all real axis R, and substitution any real value as
hyperbolic argument into the formulas of hyperbolic
representation of Lorentz transforms does not lead to
superluminal velocity of reference frame. In the present
paper we are aiming to show, that going beyond of the
real axis for hyperbolic argument in the formulas of
hyperbolic representation of Lorentz transforms leads
to reference frames with the superluminal velocity.

In the next section we construct the logarithmic
extension of the set of real numbersﬂ Next, using
this logarithmic extension, we present the simple for-
mulas, which give the single hyperbolic representation
for classical Lorentz transforms as well as generalized
Lorentz transforms (in the sense of Recami-Olkhovsky-
Goldoni).
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2 Logarithmic Extension of Real
Numbers

2.1 Motivation

We start our considerations with one simple example.

Example 1. Consider the algebraic system of kind
(Ry, +, x), where Ry is the set of positive real num-
bers, + and x are the operations of addition and mul-
tiplication of real numbers (correspondingly). This al-
gebraic system has many beautiful properties. But it
is not “completed” because the operation of subtrac-
tion (which is inverse to the operation of addition) is
not defined on whole R;. Indeed, if a,b € Ry and
a < bthen a —b ¢ Ry. So, in this case the equation
b+ z = a has not any solution in R . This means that
algebraic system (Rj,+, x) is not field. Apparently,
we may “correct” this situation by means of “comple-
tion” R4 by zero and negative real numbers. In this
way we obtain the usual field of real numbers (R, +, x).

Now we consider the other algebraic system. We
introduce the following new operations of “multiplica-
tion” and “addition” on the set R of real numbers:

;vQy::x—i—y;

zF¥y:=In(e*+e¥) (Va,y€R).

It is easy to see, that the mapping

R >z +—exp(x) € Ry (1)
is bijection (one-to-one correspondence) between R and
R,. Moreover, for any z,y € R we have:

(2)
3)

Thus, the algebraic systems (R, +, x) and (R, +, x)
are isomorphic and the mapping provides iso-
morphism between them. Hence, the algebraic
system (R,—T—,Q) is not “completed”, similarly to
(Ry,+,x). And (similarly to (Ry,+,x)), all real
numbers are “positive” with respect of the algebraic
system (R, +,x), so “zero” and “negative’ numbers
are missing in (R,+,x). Therefore the problem of
constructing the natural expansion of algebraic system
(R, ¥, Q) to the field, including “zero” and “negative”
elements arises. In the next subsection we solve the
above problem.

) = exp () exp (y) ;
) = exp (x) + exp (y) -

exp (

r Xy
exp (zi—y

2.2 Construction of Logarithmic Ex-
tension

Definition 1. We name by logarithmic extension
of real numbers the following set:

R = RU{—oc}U{a + 7i|a € R} (where i =+/—1).

Further we will need the following function, defined
on R*:

exp¥ (z) = {eXp(x),

0, T = —00

T #£ —0o0

(ac e R¢) . (4)

So, function expjr (z), determined by formula coin-
cides with the usual complex exponent exp (z) on the
set RT\ {—oo} = RU {a + i | a € R}. Moreover, this
function is a bijection from R* to R. The following
function is inverse to the function exp™ (-) : R* +— R:

In(z), x>0
In™ (2) = { —o0, z=0 (zeR).
In|z|+mi, <0

For any x,y € R* we denote:
Tty = In" (expjr (z) + expjr (y)) ; (5)

TXy = In" (expjr (x) expi (y)) . (6)

It is easy to see that for z,y € R it is true the equality
Xy =x+y. So, the operation “X” (“multiplication”
for R‘T’) is the extension of the operation “+” of usual
addition from the set R to the set R¥.

Now we extend the order relation from the set of
real numbers R to RT. Below we consider, that the
order relation is already defined on the set R by the
usual way. So, it remains to define the order relation
for the pairs (z,y) € RT x RT such, that 2 ¢ R or
y¢R.

Definition 2. Let x,y € RF be such, that x ¢ R
ory ¢ R. We say, that x < y (x < y) if and only
if exp™ (z) < exp ™t (y) (exp$ (x) < exp ™t (y)) (corre-
spondingly).
Assertion 1. For any z,y € R¥ the following equiva-
lences are true: R

z <y <= exp’ () < exp’ (y);

r<y<=exp’ (z) <exp’ (y).
Proof. Indeed, for z,y € R the both equivalences are
trivial, whereas in the case = ¢ R or y ¢ R these equiv-
alences follow from Definition 21 O

From Assertion [1] we get the following Assertion
immediately.

Assertion 2. 1. The relation < 1s linear order re-
lation on RT, that is the following propositions
are true:

(a) for any x € RY z < x;

(b) ifx,yeR‘?, <y andy < x then z =y;
(c) ifx,y,zERjr,xSyandygzthenxgz;
(d) for any x,y € R one of inequalities x < y

ory < x is true.

2. The relation < is strict linear order relation on
R*, generated by the non-strict order <, that is
for any z,y € RT the correlation x < y is true if
and only if ¢ <y and x # y.



Theorem 1.

—~ ~

1. The algebraic system (R*, T X, <) s an ordered

field.

2. The element 0F = —oco is zero element of the
field RT.

3. The number 1 =0 s identity element of the
field RT.

4. The field RF is isomorphic to the field R and
the mapping RT™ > z — exp™ (z) € R provides
isomorphism between these fields.

Proof. 1,2,3: According to definitions of field and or-
dered field (see [13\[14]), to prove the first three items
of Theorem we need to verify the following properties:

(a) atb=bTta (for any a,b € RY);
(b) (a+b)Fe=a+ (b+c) (for any a,b,cERfr);
(c) axb=>bxa (for any a,b € R);
(d) (axb)xc=ax (bxc) (foranya,b,c€Rjr);
1+

(e) at0t =ax :a(foranyaER;);

(f) for every element a € R* there exist the element

~a € R* such, that a F (: a) = 0+

(g) for every element a € R+ such, that a # 0F

there exist the element a~ -1 S R+ such, that
aXa-'=17F.

(h) if a,b,c € R*, a <band b < c then a < ¢

(i) for any a,b € R+ exactly one of the correlations
a=0>b,a<borb<ais true;

@3) ifa,b,cE]R‘Tr and a < bthenafc<b¥e
(k) ifa,b,cERjr,a<bandc>O;thena§c<b?c

Applying the formulas (5| (@) for any any a,b,c € RY
we obtain:

||
+>
-

F(0) e’ (0)) =

=In" (exp'T' (a) + equ' (b)) + exp"Tr (c)) =
=a¥ (b F c)
So, properties (a),(b) have been verified. The verifica-

(b
tion of properties (c),(d),(e) is conducted similarly. To
verify properties (f),(g) we put:

a+mi, a€R
0t, a=0"

a — i, aeRi\(Ru(o?))

(ae]R;);

—a, ae€R
a”l:= —x + 7, a=x+ 7, (

where z € R

aGRﬁ,
a# 0t

)

and then apply the formulas (@ taking into ac-

) = 1% and anr (1"’) =0+,

count, that exp™ (0+

To verify Property (h), let us suppose that a, b, c €
]Ri, a < band b < ¢. Then, according to Assertion
(item [2), we have a < b and b < ¢. So, by Assertion
(item , we obtain, a < ¢. Assume, that a = ¢. Then
(since a < band b < ¢) we have a < band b < a. So, by
Assertion [2] (item 1)), we get a = b, which contradicts to
correlation a < b and Assertion [2] (item [2). Therefore,
assumption a = c is false. Thus, we have proved, that
a < cand a # ¢. And, by Assertion [2[ (item , we
have a < c.

Consider any elements a,b € R¥. If we suppose,
that a # b then, according to Assertion [2[ (items || and
[2), one of correlations a < b or b < a must be ful-
filled. The correlations a < b and a = b, according
to Assertion [2] (item [2), can not be fulfilled simulta-
neously. Similarly, correlations b < a and a = b are
incompatible. Correlations ¢ < b and b < a also are
incompatible, because otherwise, according to property
(h) we obtain a < a, and so, by Assertion 2] (item [2),
a # a, which is impossible. Hence, Property (i) also
has been verified.

From equalities (5), (6) it follows, that equalities
. can be extended for any z,y € R¥ in the form:

+)

(

(7)
(8)

x) exp'T' (y);
() +exp* (y).

(v xy) =
(z+y)

exp Xp

+)
+)

e
exp exp

Properties (j),(k) may be easy verified, using the ana-
logical properties of real numbers, Assertion [I] and

equalities (7)), (8)-

4: Function exp; (z) is a bijection from R¥ to R.
Using equalities (7] . as well as Assertionlit is easy
to verify, that this functlon is isomorphism between the
ordered fields RT and R. O

Further we will use the term “field R+ meaning by
this term the all algebraic structure (R+, F, %, g).

Remark 1. Using Assertion [I] it can be easy proved,
that for a € R* the condition a < 07 is satisfied if
and only if the number a can be represented in the
form a = x 4 7i, where 2 € R. Taking into account,
that 0F = —oo, we have seen, that in the field R+ the
numbers, less then —00 exist (namely, numbers of kind
a =z + mi, where z € R).



3 Hyperbolic Representation of
Generalized Lorentz Trans-
forms

3.1 Case of One Space Dimension

According to the results of the papers [3H8L[10], for the
case of one space dimension, any generalized Lorentz
transform for finite velocity of reference frame (in the
sense of Recami-Olkhovsky-Goldoni) may be repre-
sented in the form:

_Vz _
ct' = SLCZ; = sxivi‘, (9)
i =

where:

e (t,x) are coordinates of some point in a fixed ref-
erence frame I.

e (t/,2') are the coordinates of the point (¢,x)
in the reference frame I', moving relatively the
frame [ with the constant velocity V' (|V| # ¢).

e cis a positive real constant, which has the phys-
ical content of the speed of light in vacuum.

e s € {—1,1} is constant, that can take only two
values (1 and —1). This constant is responsi-
ble for the direction of time in moving reference
frame [’ relatively the fixed frame [.

Note, that in the case |V| < ¢ and s = 1 formula (9)
gives the classical Lorentz transforms. R

Now, we introduce the new variable ¢ (v € Rt
1) # —o0) such, that:

1. 2 P SC(V)
exp <—2S|gn+'l/1> cosh 5 = \/j, (10)
-
~ v
exp (;signﬂp) sinh% = & (11)
-

where
1
se(V) =41 |V|<corV>O;
-1, |V|>candV <0

signix =In" (sign (epr?(x))) =

1+ r €R

~Jot  z=o0f -
~qF zeR?\(Ru{oi})
0 zeR

={ -0, T=-—-00 (.IER?)
T T < —00

(signjrx is the function, which represents the analogue
of the real function sign () in the field R™T).

Parameter 1 in , is uniquely determined by
the parameter V. Indeed, from , , taking into
2

account equality cosh? % —sinh? £ = 1 we obtain:
- 1-v
exp (—signﬂb) = ﬁ =sign(c—|V|). (12)
ez

Hence,
exp (sign*v) = (sign (c — V]) ™" = sign (c — V),
and so:

1 ~
exp <—2sign+¢> =

- (_1n+ (signéc— V))) a3

Thus, in the case |[V| < ¢, according to (12),
and , we have, 1) € R (1) > —o0) and sinh § =
—Y/e __ Therefore in this case we deliver:

_v2
1-

Vie+1
Ji-=

Similarly in the case |V| > ¢ we obtain ¢ < —oo (so
1) can be represented in the form ¢ = « + wi, where
a € R) and —i cosh% = 2« The last equality

v2

o2

together with ¢ = a + mi leads to sinh ($) =

¥ =2In

sign(V)

[v2 )
w1

V1 4 sign
Hence a = 2In <c\/+;27g(v)>, and:
21
-z
V]

VI 4 gion(V
Y =2In Lgn() + .

Ve -1

So, we have seen that in the both cases the parameter
1 is uniquely determined by the parameter V.

Using the new parameter 1, the formulas @ may
be rewritten as follows:

1 —~
ct’ = Sexp <2sign+w)
(ct cosh % — xsinh 15) ; (14)
e (i)
T’ = sexp —§S|gn P
(x cosh Y ct sinh 15) , (15)

2

where = ss.(V).

Since the parameter s takes the values from the set
{—1,1}, the parameter s also takes the values from
{—1,1}. Thus, any generalized Lorentz trans-
form may be represented in the form -@,
where 5 € {—1,1} and ¢ € RT \ {—occ}. Besides,



for ¢ € R we obtain the classical Lorentz transforms
and for ¢ € RT, 1) < —oo we obtain the generalized
Lorentz transforms for superluminal velocities of refer-
ence frame. In the case 1) = 7mi we obtain the general-
ized Lorentz transforms for infinite velocities of refer-
ence frame (cf |7]).

3.2 Case of General Real Hilbert Space

In the papers [11,|12] the generalized Lorentz trans-
forms (in the sense of Recami-Olkhovsky-Goldoni) had
been introduced and investigated for the most general
case, where the “geometric variable” runs over arbitrary
real Hilbert space. Moreover, in these papers the gen-
eralized Lorentz transforms were introduced for arbi-
trary orientation of coordinate axes. The most general
representation of these generalized Lorentz transforms
is given by |12, Theorem 4.2 and Corollary 4.2] with
the help of following functions:

_1+010]

1—-0160

(16)

where 6 € R\ {0} (see also [15, Corollary IL.17.1]).
Some properties the functions ¢ (6) and ¢; () are
similar to the properties of hyperbolic functions (for ex-
ample, 7 (6) -7 (8) = sign 6 and so o7 () -7 (0) = 1
for # > 0). However, actually, these functions are not
hyperbolic. But now we are going to show that these
functions can be reduced to the hyperbolic functions,
defined on R*. For this aim we introduce the new
variable 1) such, that:

1 P+ signjrw _
g~ P 2 ’

The variable ¥ in , is uniquely determined by the
variable 6. Indeed, in the case 6 > 0, according to
([17), we have ¢ € R (that is ¢ > —o0) , because for
1 < —oo we will have exp ‘%ﬂ < 0. So, in this
case the equality may be rewritten in the form,
% = exp (%) Therefore ¢ = 21n (%) for & > 0. Sim-
ilarly, in the case § < 0 we have ¢ ¢ R, consequently
¥ < —oo and Y = «a + 7i, where @ € R. Hence,
in this case the equality may be rewritten in the
form, % = exp (LQ’”) Thus, we get % = —exp (%),
a=2In (f%) and ¢ = 21In (fé) + 7.

It is easy to verify, that equality leads to the
following equality:

1 (w—signTy
o~ P 2 '

Using the equalities and (18), we may express the
functions g (0), 1 (0) via new parameter 1):

1 1
=3 (@)=

_signF ot
_ %(exp(w 5|§n w) + exp (_w+5|2gn w)) —

Y eRF, g £ —oc0. (17)

(18)

®o (0)

= exp (—;sign:‘w) cosh (g) ;
1/1
901(9):5 (W_0> =

= exp (;signﬂ/)) sinh <15> .

Applying the last equalities as well as [12, Corollary
4.2] (or [15, Corollary I1.17.1]) we obtain the follow-
ing Theorem [2f (in this Theorem we use the system of
notions and denotations, accepted in [11L[12}[15]).

Theorem 2. Operator L € L (M (9)) belongs to
the class OF ($,¢) if and only if there exist numbers
se{-1,1}, ¢y € R+ \ {—o0}, vector n € By (1) and
operator J € ($1) such, that for any w € M ($)
vector Lw can be represented by the formula:

Lw = exp (;signjrd)) :
: <s cosh (Z) T (w) — sinh (;”) <n’cw>> eo+
+ J<exp <;sign¢¢> :
: (csinh (;b) T (w)n — scosh (Z) X1 [n] W) +

+ X7 [n] w).

Linear coordinate transform operator L is v-determined
if and only if ¢ # wi, and in this case:

V(L) = cswn = cs tanh (7’[]) n.
cosh (%) 2
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