Global in Time Solvability of Incompressive NSIVP in the Whole Space
abstract

Global in time solvability of incompressive Navier-Stokes initial value problem in the whole
space is proved using time transformation analysys.

Introduction

Navier-Stokes equations was derived as foundmental equations for hydromechanics by
Navierl! and Stokes!?!. Hereafter, its solvability is studied for a long time, but, due to the
difficulty based on nonlinearity of the equations, even limited to incompressive fluid, not
enough results for solvability have gotton over 170 years.

With regard to NSIVP for incompressible fluid, local in time solvability and global in
time solvability for small initial value, including well-posedness, are known by means of
arguments based on analysys stareted by Leray[®!, Hopfl* or Kiselev-Ladyzhenskayal®, Ttol6],
Kato-Fujital”, and enhanced by Katol®,Giga-Miyakawal®. But, global in time solvability for
initial value not only for small value has not been known.

In the present paper, global in time solvability in the whole space for initial value not only
for small value is proved using time transformation analysys. Meanwhile, global in time
solvability in periodic space for initial value not only for small value is proved as well using
time transformation analysis, in another paper(!!].

This gives positive answer to the whole space version in the CMI millenium problem!!?!
related to Navier-Stokes equations, and similar results for more comprehensive initial values.

Overview

As main result, NSIVP in the whole space R" ,>3 has global in time classical solution, for
initial value not only for small value. The global in time solution is well-posed, which means
this is unique, smooth and continuous to initial value.

Also, there is a decreasing upper limit function of initial value for norm of solution.

The proof consists of local in time analysis, and global in time analysis based on a priori
estimation. Analysis based on a priori estimation is typical global in time analysis. Basic
analysis has application limit and due to this limit, global in time solvability of incompressive
Navier-Stokes initial value problem has not been proved. In the present argument, to
overcome this limit, time transformation is used. By this time transformation analysis,
effective area with regard to norm upper limit estimation is expanded to overcome the limit.
With regard to local in time analysis, as the first step, for initial value acpe ge(n,o0), the
existence of existing time T and solution wcrpe tcfo,1,,) is proved, and for initial value
Qcr2nLa,qe(n,00]; the existence of existing time T and solution wer2nra tcjo, 1y, IS Proved.
And next, a priori energy nonincreasing is proved, and L" ,¢[2 oj-norm of solution and
derivertive of solution has nonincreasing or decreasing upper limit function. After that, based
on local in time solvability and a priori estimation, global in time solvability is proved. Time
transformation analysis are repeatedly used through these process not limited in the step of
proving global in time solvability.

1. preliminary

Difinition 1 (function space)

For time point t¢jp o), time interval T7c(g ) and Lebesgue space LI(R"™) je1,00],n>3
functional space L{(R™), L1 (R"™) are defined as follows.

HSDHLZ(R") = HSDtHL‘I(R") ) L?(Rn) = {<P| H‘PHLg(Rn) < OO}



H‘PHL‘?TI(R”) :tsequIHSotHLq(R") ) LqTI(Rn) = {‘P} H‘PHL‘?TI(R”) < OO}
Here, function over spatial space ¢; is function over time and space ¢ with fixed time ¢.
These functional space L{(R™), L%, (R"™) are Banach space.
Hereafter, these are noted simply by L{, L1.,.
Moreover, function spaces L4 L4 are defined as follows, providing 1 < p < ¢ < co.
Llpd — ﬂ L7, Lwd = ﬂ L I

r€[p,q] r€(p,q]

Difinition 2 (multiple index)
In the present paper, size of multiple index a = (a1,...,an)eojun)» is defined by
la] = a1 + -+ + ay, and product of powers of spatial variable corrrespond to « is defined
by % = z{*...2%, derivative in regard as spatial variable correspond to « is defined by
0% =0y ...09.
Difinition 3 (Helmholtz discomposition)
For a function ¢, its nondivergent component P¢ and nonrotational component Py are
defined as follows if these exist, and Helmholtz decomposition means decomposition of ¢ to
P, Pep.

p=Pp+Pp,dPp=0,(Pp,Pp)r: =0
If there is series of priodic functions, each of which has Helmholtz composition {yx }ren, Yr =
P +Pepr and serieses of Helmholtz components {(Pepr, Pr)ren have limits (P, Pep),
nondivergent component of ¢ is defined by P¢ and nonrotational component of ¢ is defined
by P, and Helmholtz decomposition means decomposition of ¢ to P, Pep.
Generally for function space X (like L9, L%, above), function space PX is defined as follows.

PX ={pcX|p=Pp} [
Difinition 4 (heat kernel)

Heat kernel K corresponds to heat equation 0; f —vAf = 0 is defined by following expression.
2

1 x
Varut" P (_ m>

Difinition 5 (initial value)

K(t,xz) =

Basic condition for initial value function a is defined as follows, providing g € (n, oco]; m > 2.
(1.1) ac€ PL24  9%a e L2 Jal<m

Difinition 6 (NSIVP)

NSIVP (Navier-Stokes initial value problem) is defined as follows.

(1.2) uwe PLZY

(0,00)
1
Btu —vQAu + (ua)u + ;8}7 =0 ,(t,x)€(0,00)xR™
u(0,z) = a(x) xERn

Following integral equation is equivalent to NSIVP(1.2), providing existence of derivertives of

solution.
t

(1.3) u; = K;*xa —/dTP(aKtT*'UTUT) ,(t,2)€(0,00)xR™
0

For funtion ¢ = &(t) with property ®(0) =0,P(t) > 0,0,2(t) = ¢(t) and function f = f(t,x),



definding f®(t,z) = f(®(t),z), time-transformed solution u® for original solution = is
defined. Then, following time-transformed-equation for u? is equivarent to original equation.

t
(14) 'u,f = K?*a —/dTP(aK?T*gOTufo) L(t,2)€(0,00)xR™
0

Difinition 7 (linear term and nonlinear term of solution)

In case of the solution w for NSIVP (1.2) is decomposed to 2 terms according to integral
equation (1.3) or time transformed integral equation (1.4), term u%) is defined as linear term
of the solution and term uV™) is defined as nonlinear term of the solution.

t
uﬁL) = K;*a , uENL) = / dr P(OK;—_rx-u,u;)
0

t

uf" = Kfva  uf™ = - [arPOKE o ulud) n
0

2 .local in time solvability analysis

In this chapter, local in time solvability of NSIVPs is proved. First local in time solvability
of integral equation (1.4) is proved, and second smoothness of its solution is proved, then
local in time solvability of NSIVPs is proved. Using strict contracting map based fixed point
theorem, local in time solvability of integral equation is proved.

proposition 1 (local in time solvability of integral equaion)

There exist decreasing function TM = T'M (§) of poritive number &, for arbitrary initial value

@ cpLa, ge(n,o0]; iNtegral equation (1.3) has a solution Uers

gy T =TM (la] a)- ]

proof
Map ¥ and set Sy are defined as follws, for T € (0,00],t € [0,7] and A € (0, c0).

t
Wft = Kt*a — /dT P(aKt,T*‘foT)
0
Sn = {fexs,, |I1Flzs, <A}

Then following estimation relations are derived for f,g s, , providing x(t) = v~ (vt)? p=1(1-m)
’ q

¥ flls < Cillallza + Cox(®)[I £II7

[0,7]

95 —vglzy < Cox()(Ifllzs,, + Iz, )IF — gy,
Constant Oc¢ g1y and TM (), Tar, A are defined as follows.

1 1
TME) =6 (1a ) - T =TM(lalz)
1

A= m(l — V1 —-4C1CslallLax(Tar) )

Then, following relations are derived.
X(Tar) = ©°(4C1Csla|pa)
A < 2C|allLs

Also, there exist constant C'¢(g,1), and following relations are derived for each time ¢ co 7,,]-
Cillallpa + Cax(H)A* < A
20 x(HA < C

Therefore, based on estimation relations above, following relations are derived for f,ges, .
Uf e,




& f —¥gllL

OT]_

Cllf —glly ,

These mean that map ¥ gives strict contradlcting map over set S).

Therefore, by fixed point theorem, map ¥ has a fixed point u in set Sy.

This gives Yu; = Uy sefo,1,,) and therefore u is a solution of integral equation (1.3) over time
interval [0, T].

Moreover, based on aforestated arguement, following relations are derived, so u € L[0 Tad]’

lullzs . < 2Ci]la]Ls

[P < Cillallze I

Note (estimation of upper limit for nonlinear term)

Estimation of upper limit of ||P(OK;—7 * frfr)|lLe qe(n,00) in the proof above is based on
following relations.

| PijOk Kt —r* frr firlla < | PijOkKe—r | pellferllzallfi-llna

&l .
ki <o (1- e,
k) _nl_ 1
< 20Q[l6K e = COt 44 1ia it gepa
Here P;js are components correspond to spatial coordinates of Ps, & = (&1,...,&,) is

n-dimentional Fourlier variable, K is Fourlier transformed function of heat kernel K ; the
former expression is confirmed by means of Young’s inequality and the latter expression is
confirmed by means of Hausdolf-Young inequality.[]

proposition 2 (regularity of local in time solution of integral equation)
Local in time solution ucp L of integral equation (1.3) based on proposition 1 for intial
T

value @ cpri2.a ge(n,00) has following characteristics (2.1-4) and regular, providing |a| > 1 and,
as for (2.2)(2.4), q < oc.

(2.1) w € L7, .rei2.q) o

(2.2) ue L(o Tar]r€(q,00] ; sup tf(Ef?)HuHLg < 00
te(0,Th] ol

(2.3) 0%u € L(o Tar]r€l2,d] ; osup  t 2 ||0%ul|Lr < oo
te(0,Ths] o lal

(2.4) 0w € Ly 1) re(a,o0] ; sup t2 R ||8au| Ly <00
te(0,Th]

Moreover, local in time solution ucp L of integral equation (1.3) based on proposition 1
T

for initial value @ cpriz.a ge(n,00)y 07@ cpLI has following charactristics (2.5)
adding to (2.1-4) above.

(25) aau € L{O,TM]WE[Z(]LIO"SWL H

2,d] :qe(nvoo]v‘O"Sm

proof
(1) First, charactricitcs (2.1) are proved as follows.

Following expression is confirmed for time ¢ ¢[o r,,], providing r € 12, q].

t
fulis < Cilalle + ol , | [ dr e = 7)" 35 H
Here, set A, X and operator K as follows, providing ¢ € (0, Th].
A= CallLr
Xi = [lufLy



t
_mni_1
Kfi=Callulyy, [ dr@e-n) by,
T 0
Then, the expression above can be expressed by following relation.
X <A+KX

Iterating use of this relation, following expression is confirmed for k ¢ .
k

X <Y KA+ KX
§=0
Then, for jen and t¢p 7, following expression is derived, providing B(z,y)s are beta

1
functions, I'(x)s are gamma functions and § = 3 (1 - ﬁ).

g1
KA < Aleollulzg v 0)°) T] BB, 1+ kB)
k=0

1 _ J
< A (CT @) lallow™ o))
1

X < Wl T3 5 (o Pl 00

Therefore, limit of K*X as k approaches infinity equals 0, and following relations are
confirmed, provided ¢ € [0, Ts].

X <UD (|a||r,t) < oo

o0

1 .

(r) o) = N (o.r e LAY

U (llallLr,t) = Ciflalz ;:0 T+50) (C2I(B)llallLar™ (v1)")
This concludes following result.

sup uflz; < oo
te[0,T]

This is what is to be proved.

(2 ) Next, charactricitcs (2.2) are proved as follows.

In case of r € (g, 00], by setting &(t) = t€7ae(07(%(%7%)+%)—1), following characteristics is
confirmed under condition ®; € (0, T].

n(l

t
_ncl_ 1 _n¢2_1y_ 1
L < Ci(v@) " al Lo + cof|ulF dr (v®_,) 272,
[0,Tpf] 0

< Oy (v®) 2@ |a g + Cov ™~ (vBy) T~ 2D |a2,

[

77777 2 1

lullzy < Crwt) 2 a] Lo + Cor ™ (vt) 2~ 3G a3,
(W) |lulzy < Cillalpe + Cov ™' (wt) 21V al3,
(W)™ D ullz; <UD(|lal L)

This is what is to be proved.

(3) Next, charactricitcs (2.3) are proved as follows.
In case of r € [2,¢], by setting @ = min{q,2r}, &(t) = ts,se(o,(g(%—l)-i-%-i-%)*l)’ following
expression is confirmed under condition @; € (0, T].

t
_ ol _mnc2_ 1y_1_ lof
HaauquL;; < Cy(vdy)” 2 Ha||LT+CQ|yuHi[Q ]/dT(udBtT) s (6—7)—2— 32 Or
0,Tps 0



2

_lal _ 1_nc2_1y_lof
= Ci(v®:) 7 |lallpr + Cov ™ (v®,)2 2@ )7 b full? o

[0,T]
n,2 1 1 o
ol 1) )
€ € 2\Q " r +2+ 5 €

_lal l1_nc2 l_
[0°ull; < Ci(wt) ™5 [laflzr + Cov™ () =3 G5 a2,
0

@

Tp)
lal
()= |0%ull; < U (la] L)
This is what is to be proved.
(4 ) Next, charactricitcs (2.4) are proved as follows.

In case of r € (gq,o¢], by setting &(t) = t° ce(0,(2(2—1)+14lal)1; following expressin is
,e€(0,(3(2-1
confirmed under condition &; € (0, Ty].

t
2_1 1_ o

—n(l_1y \a\ _n(2_1y_1_ lad
0z < Crw) HG DS el realuly [ dr )P
TM 0

2 _ 17M\
=)

laf _ 1_n laf
) 2Ha||Lq+02V Hvd,) 23 2 bellal|z

n ‘O‘
Hé’“uHm<Cl w% v 2!!a\|La+02v Ywt)r 2G5 b, |a|2,

l_* lo (6% (0%
() E G oy < U0 (allz)
This is what is to be proved.
(5) At last, charactricitcs (2.5) are proved as follows.

Here, (2.5)|q|<k for k =1,...,m are confirmed by mathematical induction. In case of k = 1,
for as that satisfy |a| = 1, following expression is confirmed.

n 1

t
10%ul[z; < Ci[|0%a]zr + CoflullLg / dr (v(t — 7)) %12 0%ul|;
Tl 0

Here, set A, X and operator K as follows for time t¢(g,7,,-
A= C1]|0%a||Lr
Xy = 0%y

t
_ni_1
Kfi=Callulyy,, [ dre-n) by,
Tml Jo
Then, like arguement in ( 1), following results are confirmed for a's that satisfy |a| = 1.

sup  [|0%ul/Lr < oo
te[0,Tar]

Therefore (2.5)|4|=1 is confirmed.

In case of (2.5)|q|<k<m—1 is valid, for as that satisfy |a| = k 4+ 1, following relations are
confirmed, providing 8 + v = «a; |B], || < k for 8,~ as regards to summention.
_nl_1
|0%u||Lr < C1[0%al|L- +czzcﬁ7\|aﬁu||ﬁ /dT (t—7)" 23 20"l Lr

By
+Cs|ul L / dr (l/(t—T))_fE_%H@auHLr
[0,Tpr] 0 T

Here, A, X and operator K are defined as follows for time t¢ (g 7,,]-

t
A= Ciloralir +Co Y s |0 uly, [ drle=) Aol
By



X; = [|0°ul|z;

Kf, = CQ‘U’HLEIO,TJVI]/(]

Then, like argument in (1), following results are comfirmed for s that satisfy |o| = &k + 1.

sup [|0%ul/Lr < oo
te[0,Th]

Therefore, (2.5)|q|=k+1 is confirmed.

These above are what are to be proved. I
Theorem 1(Local in time solvability of NSIVP)

NSIVP(1.2) has a local in time solution. I
proof

According to proposition 2, integral equation (1.3) has a local in time solution that can be
partially differentiated arbitraly times. Then integral equation (1.3) is equivallent to following
integral equation.

t
u; = Kixa — /dT Ki_+P((ur-0)u,)
0

Therefore, this integral equation has local in time solution which can be partially derivated
arbitraly times. Then, this integral equation is equivallent to NSIVP(1.2). Therefore,
NSIVP(1.2) has a local in time solution. I
3. A priori estimation

Here, a priori estimation for NSIVP are confirmed. This corresponds to energy nonincreasing.
proposition 3(energy nonincreasing)

of NSIVP for

Following a priori estimation is confirmed for local in time solution w _, 2.4
[0, 7]

initial value @ cpriz.a1 ge(n,o0)-
(B g, | < lal 2]
proof

Solution w of NSIVP with initial value a satisfies following equation, providing ¢t € [0, Th].

(0 — I/A)UQ = 2v0udu — 8<-u<u2 + Zp)) , Oudu = Z 0iu;0;u;
,J

t t
2
u? = Kyxa® — 2/ dr Ki_; xv0u, 0u, — / dra(Kt_T*- w, (ui + fpf»
0 0 P

< Kyxa? — /(]th(?(KtT % Uy (uz + ZpT»

Therefore, following expression is confirmed for k cfoyun and B, = {xcprn |z <7 }.

k+1 k+1 t k41 9
/ dr/dvuf g/ dr/dVKt*aQ—/dT/ dr/dva(Kt_T*-uT(uierT))
k B, k B, 0 k B, P

Then, according to mean value theorem, for each kcioyun there exist 74 ¢k rt1), and
following expression is confirmed.

k+1
lim dr/dvuf— lim/ dV u? = |ju,||3
k Br k—o0 BT}c

k—o00

Similarly, following equation is confirmed.



k+1

lim /dVKt*a K], < [l
k— o0
On the other hand, following equation are confirmed, providing 0B, = {xcpn|z =
T},ABk:{meRn|k<{I}<k+l}
k+1 k+1 9
‘/ /dvaKt T*uT( + pT ‘ ‘/ dSKt T*UT< 34—;]77-)

S/ /dSKt T*uT(u + pT) —/dVKtT*uT<uf+pT>
oB P ABy, P
P , 2
Z 4V Ko ur (u + pT) — AV K, . +u, (uT n —pT>

9 2
<l 2)
1 p

2
= H Ky r*u; (U?r + 7p7'>
p
Here, following relation is used.
luplls < lullslplls = ullsl pAT'00(uw)|| s < Cf ulf3
Therefore, following relations are confirmed.

1
lim | dV K, . %u, (ui n —pT) —0
—JABy p

T /dva T pf))_o

k— o0

| < Cllulf < o

Therefore, followmg relation is confirmed.
2 2
luellz < llallz
This is what is to be proved. ||
proposition 4(estimation of upper limit of solution)

Following a priori estimation for Lj ,c[2,0 norm of local in time solution uePL%"T] ] of
Thr

NSIVP (1.2) with initial value @ cppe.a ge(n o0 18 confirmed.
1

(32) fu® gy < )3 G0 |al| e
lu By < O v ()~ E A3 a2,

[

(3.3) [[0%uP) |z, < 7 ()~ 2G5 ||a] 2
10°u ™| < CET T (wt)~F DT a2,
proof

By setting &, = t° n(p_1y,1y-1y OFf @ = t° based on time
y g ,e€(0,(3(A=5)+3)71)

Le€(0,(5 (=) +3+15) 1y
transformed integral equation (1 4) and (3.1), following equations are confirmed.
L) _n(1l_1
[

HuﬁNmHv < e / dr (v®,—.) 273 |lal2. = Cov™H(vd,) "2 5 a2,
0

10°u™?|| e < Cy(v®) 3G a s

[

t
n \Ot\
0% || < e / dr (v®y—,) 200737 5 o |la|2e = Cov ™ (v®,) 2094375 ||a| 2,
0

This is what is to be confirmed. []

4. analysys of global in time solvability



proposition 5 (global in time solvability of NSIVP)
In regard to NSIVP with initial value acpri2.a ge(n,00), f0llowing results are confirmed.

(1) For a local in time solution ©__, (2,41 , there exist expanded time AT = AT(||a||g2,T) and

€PL{; 3
[0.7]
expanded local in time solution u_, 2.0 . Moreover, AT(||al|r2,T) is increasing function
[0, T+ AT]
of T.
(2) There exists global in time solution w. This satisfies u € PL%’ZL) N PLES’EZ]),ﬁau €
(2,00]
PL o) 1l
proof

(1) is confirmed as follows.

Resetting the endpoint time of finite time interval of a solution w; ¢c(0,77,7¢(0,00) @8 initial
time resetting the solution at endpoint time as initial value, and using solvability analisys
(proposition 1), expanded solution is constructed. Based on a priori estimation of ex-
panded solution at time ¢t = T : |up|pe < U2(Q)(HaHL2,T)yqe(nyoo](proposition 4), for

existance time AT of the expanded solution, AT > TM(UQ(q)(HaHLz,T)) is confirmed.
(@)

Because Uy" (||al|L2,t) is a decreasing function of ¢ and T'M(§) is discreasing function of &,
TMU? (a2, T)) is increasing function of 7.

(2) is confirmed as follows.

Based on local in time solvability of NSIVP (proposition 1), solution of NSIVP in finite
time interval is expandable ((1)abobe) and its expanded existing time increase to the length
of existing time interval ((1)above), by iterating expansion of solution, for arbitrary length of
interval, solution can be constructed. Therefore NSIVP is global in time solvable.

Moreover, by means of proposition 2, u € PL%:Z]O) N PLEg:z])ﬂau € PL%;Z}) are com-
firmed. ||

proposition 6 (asymptotic attnueation characteristic and global in time boundedness of
solution of NSIVP)

For global in time solution w of NSIVP(1.2) with initial value acppi2.q
results are confirmed.

La€(n,00)> following

(1) asymptotic attnueation characteristic

Solution w and its partial derivertives in regard to spatial cordinates have asymptotic
attnueation characteristic for t— oo as follows.
_n(l_ 1
A1) JJu® gy =002
[Pl = O 0=+
(42) [0 ulM |y = 0@ G075
189uND) ||, = Ot~ 31— D+3-5h)
(2) global in time boundedness
Solution wu is global in time bounded as follows.
(4.3) Julz,  <oo rel2.q) [
proof
(1) asymptotic attnueation characteristic

Based on proposition 5 and, (3.2) in regard to (4.1), (3.3) in regard to (4.2), these are



confirmed.
(2) global in time boundedness

Based on proposition 1, Hu(NL)HLq < Clla||La tejo,1,, is confirmed, and based on propo-

sition 3 [|[u™)| 12 = |lu — u'™)| 2 is confirmed; and interpolating these, following relation
is comfirmed.
(NL) (r) 0q 02
u » < Cy e a 11
I I < Gy laligall \\Lzﬂq:%:%ﬂz:i b eloTalrel2l
2

Q|+
[N
Q||

On the other hand, following relation is confirmed based on proposition 5 and proposition
4.

[P zr < 70 wt) allze < Vv 0 Tn) T el et oo etz
Therefore, with expression of Th; in the proof of proposition 1, following relation that gives
(4.3) is confirmed.

0 _ _
[Pl < max{C{"llal|f |al 7. v~ W Thr) 7 al72}
0 1
< max{C{"”|a| % llall . O v al| el Fe ) -
proposition 7 (equable continuous on initial value and uniqueness of solution of NSIVP)

Global in time solution of NSIVP(1.2) correspond to initial value acpri2.q depends equably
and continuously on initial value @, moreover and is unique. ||

proof

For 2 solutions u(®),u(? of NSIVP which correspond to 2 initial values a(V), a(Q)EpL[z,q]
respectively, following expressions are confirmed, providing r € [2,q] and t € [0, Ta].

¢
ugl) - u%z) = K;x(aW - a®) —/ dr POK,_rx(-ulMult) — P u(?)
0

JuV — ;< Crllal) - a1,
t
© (2) — M) z2a 2 |l — @l
oz, + 16y, ) [ dr =0 ) —u®
Therefore, similarly as in proof of proposition 2 (1), following expressions are confirmed,
providing ¢ € [0, Th].
Hu(l) _ u(2)| Ly < Cl||a(1)— a(2)||L'rU(T) (t)

sup ul? —u® |y < Cifla™ = a®||- U (Tn)

YRS S S Wy @, —1, 8
U0 =3 i OO g g e 00
j=

On the other hand, similarly as in proof of proposition 4, following expressions are
confirmed, providing r € [2,¢| and t > 0.

n (1l 1

lulV? —ulP?|| e < C1(v@,) "GP la® — a@| 2

t
_n(1_1y_1
+02(Ha(1)||L2+||a(2)HL2)/dT(V@T) 2070720 oM —a®)|| e
0

1 1

< Ci(v@,) 3G D — a®)|| s
— _n(1-1 1
+Cou (vdy) "2 T2 (@ 2 + (@@ £2) @) — a®) | 2
[u® — u||; < a® — a® 2057 (1)

Therefore, following expression is confirmed, providing ¢t € [T, 00).

10



sup [u® —ul||; < [la® = a® | 205" (Tr)

tE[TM,OO)
Therefore, following expression is confirmed.

Ly < [la® = a® || max{U") (Thy), U3 (Tnr)}

sup |lu) —u®)|
t€[0,00)

Therefore providing |a® —a® |- — 0, sup [u® —u®)|
t€[0,00)
solutions equably and continuously depends on initial values.

Ly — 0 is confirmed. Namely,

By setting a(Y=a®in arguement above, u")=u?is confirmed. Namely, solution is unique. ||
5. problem with constant value at point of infinity

In previous sections, problems with solution u with 0 value at point of infinity as of following
view are analized.

[l ) = Z / @@ <%0 a0
CD

In this section, problem w1th solution u# with constant value ¢ cg» at point of infinity as of
following view is analized.

u# = ellt o gy = Z / V@)t (@) el < 50 epp oo el
Namely, initial value problem of which initial value a” and solution u# satisfy following
conditions(5.1)(5.2) will be analized.
(51) a# €c+ 'PL[ZQ] 806(1# € L[2,q] al=1,...,m
(5.2) u* € c+PLEY

(0,00)
1
ou” —vAu” + (u” - 9)u” + ;81) =0 (£,2)€(0,00)xR"
u?(0,z) = a¥ (x) ,wER"

With regard to existance of global in time solution and its characteristic of this problem,
argument regards to problem which is already analized depends on transformation of equation
is effective. Namely, by setting & = u# — ¢, a = a¥ — ¢, this problem is transformed to initial
value problem of which initial value @ and solution u satisfy following conditions (5.1)(5.2)".

(5 1)~ ac PL[Q’q] 0%a € L[2’q} Jal<m
(5.2) @ e PLEY

(0,00)
- - - JURE |
ou —vAu+ (c-8)u+ (u-d)u + ;3]0 =0 (£,2)€(0,00)xR"
@(0,z) = a(x) weRn

These equations above differ from NS equations at point that these have linear term (c-9)u

Correspond to this diffrent point, following kernel K®) that correspond to linear equation
Oif —vAf + (c-8)f = 0 over whole space R", instead of heat kernel K*), will be used.

1 ( (x — ct)2)
Vamut" P 4vt

In case of there exist derivatives of solutions, following equation (5.3) is equivarent to initial
value problem (5.1](5.2).

KW (t,x) =
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t

(5.3) ;= [Z’t*a —/dT P(Bkt,T*-ﬂTﬂT) J(t,2)€(0,00)xR™
0

Kernel K has similar charasteristic as heat kernel K, especially expressions |K]| ¢ =
| K |lg: |0“K]lq = ||0*K]|, are comfirmed. Based on these expressions, almost similar results
in previous section are confirmed and it is confirmed that this problem has global in time
solution with following form.

u? =c+ a4 a™Mb)
On the other hand, solution u of problem in previous sections and solution u# of problem in
this section have following relation.

(5.4) u¥(t,x) = c+u(t,x — ct)

This is proved as follows.

0y — v (t,x) = (0 — v )u(t,x — ct) — (c-0)u(t,x — ct)

= —((u(t,x —ct) + ¢)-O)u(t,x — ct) — ;317

= —(u#(t,x)-a)u#(t7$) - ;8]7

Using relation (5.4), based on extistence of solution of problem in previous sections, existence
of solution of problem in this section is automatically confirmed.

note (relation to CMI problem)

Relation between results of this paper and CMI (Clay Mathematical Institute) problem!®! is
as follows.
In the CMI problem, 4 candidate propositions (A)(B)(C)(D) are given, 2 of which (A)(C)
correspond to initial value problem over 3 dimensional whole space R3. In these 2 propositions
(A)(C), regard to initial value, conditions that are consisted from (1)nondivergence, and (2)
existence of arbitraly times derivatives on spatial variables and its spatial discreasing.

10% | < Cax(1+2)™"  sereac(fojuny?, k>0
These 2 conditions are sufficient condition for initial value condition @ € PL? N L™ in the
present paper, therefore, results of the present paper conclude for the CMI problem, viz.
proposition (A) is comfirmed and proposition (C) is denied.
Results of the present paper give not only existence of global in time solutions, but also
various characteristic regard to solutions like uniqueness, partial derivativability, equable
continuous on initial value, etc. Also results of the present paper weaken conditions of
propositions from these 2 propositions (A)(B), and give similar results for comprehensive
initial values.

On the other hand, results related to 2 propositions (B)(D) are given in other paper!®!, which
are like as results related to 2 propositions (A)(C). Although, as for uniqueness, attention
should be required.
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